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Topological crystalline phases (TCPs) are topological states protected by spatial symmetries. A broad range of
TCPs have been conventionally studied by formulating topological invariants (symmetry indicators) at invariant
momenta in the Brillouin zone, which leaves open the question of their stability in the absence of translational
invariance. In this work, we show that robust basis-independent topological invariants can be generically
constructed for TCPs using projected symmetry operators. Remarkably, we show that the real-space topological
markers of these invariants are exponentially localized to the fixed points of the spatial symmetry. As a result,
this real-space structure protects them against the presence of impurities that are located away from the fixed
points and also sufficiently slowly varying disorder potentials. By considering all possible symmetry centers in a
crystalline system we can generate a mesh of real-space topological markers that can provide a local topological
distinction for TCPs. We illustrate the robustness of this mesh of invariants with one- and two-dimensional TCPs
protected by inversion, rotational, and mirror symmetries. Finally, we find that the boundary modes of these
TCPs can also exhibit robust topological invariants with localized markers on the edges. We illustrate this with
the gapless Majorana boundary modes of mirror-symmetric topological superconductors, and relate their integer
topological edge invariant with a quantized effective edge polarization.
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I. INTRODUCTION

Over the past decade, dramatic progress has been made in
understanding the interplay between symmetry and topology
in quantum phases of matter [1,2]. A particular focus has
been the so-called topological crystalline phases (TCP) [3.,4],
which are topological states protected by spatial symmetries.
A number of experiments have already revealed their exis-
tence in nature [5-8], and over the course of just a few years,
significant theoretical progress has been made [9-27].

It has been argued that the surface states of TCPs are
robust to the presence of disorder as long as it is symmetric
on average [28-30]. Experimental signatures of TCPs appear
to be qualitatively consistent with this idea, even in crystals
that are expected to have moderate amounts of disorder from
alloying, e.g., Pb,Sn;_,Te [31]. Bulk studies have also argued
the existence of statistical topological insulators which have
protected boundary modes as long as the spatial symmetry
is preserved on average [29,30,32]. Notwithstanding these
studies, a bulk understanding of the mechanism behind the
robustness of TCPs against the presence of impurities is still
lacking, especially in cases in which a notion of average
symmetry has not been clearly defined.

In this work, we find that a large class of TCPs protected
by point-group symmetries can be characterized by a mesh
of topological invariants that can be robustly quantized
even in the presence of impurities. To demonstrate this
we construct basis-independent forms of topological
invariants protected by point-group symmetry, and show
that their associated position-space topological markers
are spatially localized to the fixed points of the spatial
symmetry. We then construct a mesh of such invariants by
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considering invariants defined on each of the symmetry
centers of the lattice. We provide evidence that this mesh
can remain robust in the presence of impurities, and can
provide some rigidity to the TCP. We exemplify our results
for one-dimensional (1D) inversion-symmetric insulators,
two-dimensional (2D) rotation-symmetric superconductors,
and 2D mirror-symmetric superconductors. In the latter
case, we also find cases in which the edge states are also
characterized by topological invariants that are themselves
robustly quantized in the presence of impurities.

II. LOCALIZED MARKERS IN 1D
INVERSION-SYMMETRIC INSULATORS

We begin by analyzing 1D topological insulators protected
by inversion symmetry on a lattice having an even number
of sites L,. On a system with periodic boundary conditions
and lattice translation symmetry, there is an extensive set
of possible inversion-symmetry operations Ps distinguished
by the two positions S = {Ry + rg, Ry + ro} they leave in-
variant; here, R;, each label a unit cell, and ry takes one
of two possible values O or % For this work, we focus on
gapped Hamiltonians A such that [ps, H] = 0, where ps is
the Hilbert space representation of Ps.

The conventional topological classification of inversion-
symmetric insulators implicitly assumes translation sym-
metry and proceeds by formulating the problem with a
Bloch Hamiltonian in momentum space H= Zkt cth(kx )C -

The Bloch Hamiltonian must satisfy ps(k)h(k:)pg' (ki) =
h(Psk,), where ps(k,) is the momentum representation of
the inversion operator. At the inversion-invariant momenta
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kj(“" = 0, w, the Bloch states can be labeled with inversion
eigenvalues. Let nfsi)(kjcnv) denote the number of occupied

states with inversion eigenvalues £1 at momentum k;“v, and
let us define

Ag — Z[ (+)(k1nv) _

inv
kx

ns (k)] M

It was shown in [33] that Af'9|,.0=1 2 1s an integer invariant
that distinguishes 1D inversion-symmetric topological insu-
lators from the trivial atomic limit. For example, a simple
model with nontrivial Agl,ozl 2 s h(ky) = sink,0n + (m —
cos ky)o, where the o, are Pauli matrices acting on two
orbitals {A, B} per cell. The inversion operator is 'ﬁg(kl“v) =
e 2k g which leads to A% |,—1/2 = 2(0) in the topological
(trivial) phase.

As it stands, the computation of Ag relies on momentum
being a good quantum number. It is thus unclear to what
extent A; can remain quantized when translation symmetry is
broken by disorder. However, even with translation symmetry,
using the momentum-space description is just a choice of
basis. Hence, we expect there is a way to compute the topo-
logical invariant in a basis-independent manner. Indeed, we
find that we can write A in the general form (see Appendix)

A% = Trlps], @)

where ps = PgpsPq, and Pg = Y, cocc. [Un) (Un| is the pro-
jector onto the occupied single-particle states. Thus, instead of
analyzing the contributions to A%; in momentum space, Eq. (2)
affords us a way to study its position-space structure by taking
the trace in the position basis.

To this end, it is natural to consider the spatially resolved
topological marker

7?5,‘)()6) = (-x'Tro[pS”x)’ 3)

where Tr, traces over only the local degrees of freedom
in each unit cell. The topological invariant is thus given
by AL = Zf‘:l ﬁ?(x). Topological markers have been used
in other contexts to study the local properties of topologi-
cal phases [34-38]. Remarkably, we can identify a generic
structure in the topological markers of gapped systems by
noting (i) the position matrix elements for the inversion op-
erator satisfy (x, a|ps|x’, B) o 8, psr, and (ii) for a gapped
or localized system with inverse gap or localization length
of order ¢, the position matrix elements of the projector
satisfy |(x', a|Pglx, B)| < O(e"**1/%) when |x —x'| > ¢.
Using these results, the topological marker obeys

|TEx)| < O(e 258y for |x — S| > ¢, )

where |x — S| denotes the smallest distance of x to any of the
fixed points in S. Hence, Eq. (4) implies that, for a given Ps,
the associated topological marker is localized in a neighbor-
hood of §. We illustrate one of these localized markers in
Fig. 1(a); the inset shows the marker on a logarithmic scale
to confirm its exponential localization.

We note that this stands in sharp contrast to the topological
markers of Chern insulators and other strong topological in-
sulators, which have markers that are not spatially localized.
The spatial symmetry, combined with the exponential decay
of the projector for a gapped or localized system produces the

o AL mV
2Ry, 0-

] —oee-ee--0eeee--ceseee-ce

1 10 g 20 (d)

g

1- ceoe - O

o SOV A W“W\/\

20 '1 x 50

5A%

e 00 oo o-a

1 10 X,

FIG. 1. Inversion-symmetric 1D insulator. (a) Topological
marker 7g(x). The inset shows the same data on a logarithmic scale.
(b) Deviation of the invariant [§ A’| induced by an impurity at posi-
tion X;. The inset shows the same data on a logarithmic scale. (¢)—(e)
The net local invariant Agi (red and gray dots) for each inversion
center S as the distribution of impurities (blue squares) increases its
spatial variation. The dots that are red denote the cases for which
|A’éi| differs from the clean-limit value 1.0 by 103, whereas gray
dots deviate more significantly.

spatial localization. Interestingly, the full set of operators Ps
for a translationally invariant lattice generates a position-space
mesh of localized topological markers, and their associated
invariants, that are spread throughout the lattice [cf. red dots
in Figs. 1(c)-1(e)]. This mesh, which we will define more
precisely below, endows topological crystalline phases with
some local robustness against impurities as we now discuss.

Suppose we add an impurity at a position X, where for our
purposes an impurity is any localized term in the Hamiltonian,
which of course breaks translational symmetry. The projection
operator of the new ground state in the presence of the impu-
rity can be written as Pg; = Pg + §Pg. Since the system is
gapped, 6’P¢ has support in an exponentially small neighbor-
hood of size ¢ centered at the impurity. For an impurity placed
far away from S, and using (x|6§Pg|Xo) < O(e Ho=1/8) we
find the basis-independent expression

|8A | |A (X())—Ap| < O(e—2|Xo 5|/§) 5)

This implies that the effect of the impurity on A% is ex-
ponentially suppressed in the distance between the impurity
center and the inversion center(s). We confirm this numeri-
cally in Fig. 1(b) where we show |§ A§| as a function of the
impurity position Xp. This effect holds even if the impurity
strength is much greater than the bulk energy gap since the
topology is encoded in a localized manner. Furthermore, we
can define a mesh of topological invariants by summing each
topological marker over the neighborhood of one inversion
center: Ay =3 s, T&(x), such that AL ~ 3", ) A%
(i runs over the two invariant points in S). For our example
model, in the topological phase and without impurities, we
have A§i|r0=1/2 =1, and hence A%, _i/» =2. Our results
for a single impurity imply that if we consider the full mesh
of invariants, only those exponentially close to the impurity
have a chance to be strongly impacted, hence, the mesh of
topological invariants is robust.

While we have argued that local invariants away from an
impurity remain robust, we will now show that the invariants
can remain robust even when impurities are close to the their
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FIG. 2. Rotationally symmetric 2D superconductors. (a) Invari-
ant points under Cg” (left) and Cg) (right). For example, in the
former case, each set of symbols maps to themselves under fourfold
rotations centered at that symbol. (b) Invariant momenta in the BZ.
(c)—(e) Topological markers for the rotationally symmetric topologi-
cal superconductor with (Ch, [X], [M,], [M>]) = (1,1, 1, 0).

associated symmetry center. To show this, instead of a single
impurity let us focus on a disorder potential V (r). We expect
that if V() varies on a scale &, the TCP should remain ro-
bust as long as { < &. This will effectively lead to a locally
inversion-symmetric system, even though the Hamiltonian
does not commute with the inversion operator. In Figs. 1(c)—
1(e) we show the mesh of invariants Ag,- for all possible S
as the impurity potential progressively varies more rapidly
in space. When the potential varies slowly [Fig. 1(c)], all
invariants remain robustly quantized. As the potential is made
to vary more rapidly, the impurities destroy the quantization
of the mesh at some points (gray dots), while at other regions
A’; remains robustly quantized (red dots). Thus, the system
can retain a local distinction between the trivial and nontrivial
topological phases (i.e., unobstructed and obstructed atomic
limits). Interestingly, even in the worst-case scenario of com-
pletely uncorrelated disorder [Fig. 1(e)], some invariants in
the mesh remain robustly quantized.

Let us also note that the strength of the potential can have
an impact on the topological mesh. We expect that a slowly
varying potential preserves the quantization of the local in-
variants unless it is strong enough to close the gap or mix
localized states with delocalized states at that point. However,
we expect that a potential that locally varies faster than ¢, say
on the scale of the lattice, can destroy the quantization even
for weaker strengths without the gap closing.

III. LOCALIZED MARKERS IN 2D
ROTATION-SYMMETRIC SUPERCONDUCTORS

Next, we consider 2D topological superconductors pro-
tected by rotation symmetries and without time-reversal
symmetry. With periodic boundary conditions, a given n-fold
rotation operation Cg‘) leaves invariant a set of positions
S = {R; + ro} [see Fig. 2(a)]. Defining 2a; and 2a, as prim-
itive vectors, then ry € {0, a; + a,} for CY¥. whereas Iy €
{0,a;,a,,a; + a,} for Cg). We consider models that satisfy

[ég:2’4), H 1 = 0, where Eg’) is the representation of Cg’) . The
conventional classification of rotation-symmetric insulators
focuses on Bloch states at the rotation-invariant momenta
which can be labeled b;/ rotation eigenvalues. As illustrated
in Fig. 2(b), 6g':4) (659": )) leaves invariant the momenta I", M
(', M, X, X"). One of the topological invariants in this sym-
metry class is a Chern number Ch, which exists regardless
of the spatial symmetries. Additionally, there are three more
integers ([X], [M], [M>]) [15,16]. These invariants count the
difference in the number of occupied states at the X, M points
that have rotation eigenvalues (¢™/2, ¢/, ¢37/%)  respec-
tively, compared to those at I".

Rather than writing out momentum-space expressions for
these invariants, we can again express them in a basis-
independent manner. By defining the projected rotation
operators Eg’) = Pcég’)”PG, we obtain (see Appendix)

X1 = @) + )l ©

121 = ZT{V2EE ] Ly ) £ G n)] O

Similarly to the inversion-symmetric case, the presence of
Eg’) in these expressions implies that these invariants have
exponentially localized topological markers. To exemplify the
topological markers associated with these invariants, let us

consider the following model:
h(k) = sin(k - a;)7; + sin(k - a5) 1,
4 uy[cos(k-a;) + cos(k - ay)]t3
+uz[cos(k - a}) + cos(k - a))]ts, (8)

where a; = a(1,0), a, =a(0,1), aj =a; +a,, and a] =
—a; + ap, a is the lattice constant, and the Pauli matrices
7, act on the Nambu degree of freedom. We choose u; =
1.0 and u, = 0.5, which leads to (Ch, [X], [M ], [M>]) =
(1, 1, 1, 0). The corresponding topological markers are illus-
trated in Figs. 2(c)-2(e), which indeed are spatially localized
to the symmetry centers. As with the previous 1D case, this
localization can be used to define a local mesh of invariants
that grants these TCPs robustness against the addition of
impurities.

IV. GENERAL ROBUST TOPOLOGICAL
INVARIANTS OF TCPS

Our results suggest that many TCPs should support a robust
mesh of localized topological markers. Naively, one might
have attempted a systematic study of such robust invariants
in terms of exponentially localized Wannier functions. But,
interestingly, the rotational case above shows that such topo-
logical markers are still localized even when Ch # 0, which
precludes the construction of localized Wannier functions.
The localized nature of topological markers is thus more
general, being fundamentally due to the action of projected
symmetry operators of gapped or localized systems.

We now show that robust invariants can indeed be con-
structed using projected symmetry operators for a large class
of TCPs that are invariant under a spatial symmetry gs, where
again S labels a choice of symmetry center(s). Consider a
Bloch Hamiltonian i (K¢ ) of a d-dimensional system obtained
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by Fourier transforming only the spatial components rg that
change under Gs; we denote by dg(< d) the number of
components of r¢g. For example, under C; symmetry only the
x and y components change, hence, rg = (x,y), d =2 or 3,
and dg = 2. At the invariant momenta in the BZ dual to rg,
the states {|u7.kinv)} are labeled by the eigenvalues {¢'%/*¢")} of
. G

gs(k®) where j runs over the set of symmetry representa-
tions, and 7 is a band index.

The topological invariants (e.g., symmetry indicators,
mirror Chern numbers) of a large class of TCPs are conven-
tionally obtained using projection operators at K3 : ijisnv =
D neoce. |“?kg~)(“’}kgv|' Let us generally denote such topolog-

ical invariants as 7;(ki?V). Examples include the counting
of states with a particular symmetry eigenvalue, or for in-
stance mirror-winding numbers and mirror-Chern numbers
[3,12]. In all of these examples, one finds that rj(kig;‘v) =
Tr[F (P jyin)], where F is a suitably defined function of 7 jyin
that ultimately projects the trace into a sum over occupied
states. For example, in the simplest case of counting occupied
symmetry representations we just have F(Pjn) o< P jjnv.
More generally, F (iji(?v) could also involve commutators
of Pl'kiGnv with position operators that are not components of
rg. Examples include mirror (y — —y) winding numbers for
which .F(ijinv) o P jpiny X, Pjxin] where (d =2,dg =1);
and mirror (z — —z) Chern invariants for which F(P i) O
P [[X, Pjgan], [¥, Pjgan 1] where (d = 3,dg = 1).

Now, the 7;(ki%) are clearly not robust to the presence
of impurities since they depend on identifying well-defined
momenta in the BZ. We can nevertheless construct new robust
invariants through the remarkably simple linear combination

TE=)" & (k). ©)

Ky

The robustness of the T§ is made manifest when we rewrite
them in terms of a trace over the full Hilbert space, leading to
the basis-independent expression

T§ = Trlgs F(Pa)l, (10)

which we derive in the Appendix, with g¢ = PsgsPs and
Po=Y ke Pikg- Since the invariants depend on g, we thus
find that their topological markers are localized as a function
of rg:

|TE(xg)| < O(e719577TllE) for ¢ « |Gsrg — rgl.
(11)

As an immediate consequence, if we place an impurity at
Ry far from S, then [cf. Eq. (5)]

TS (Ro) — TE| < O(e™GsRoRal/), (12)

We thus see that the topology of these TCPs is generi-
cally encoded in localized meshes of topological markers
that are robust against the presence of impurities. These lo-
calized markers are consistent with other real-space layered
approaches [22,39,40], as well as with approaches using path-
integral formulations [41-43], though the focus of these works
was not on the effects of disorder.
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FIG. 3. Mirror-symmetric DIII 2D superconductor. (a) Mirror-
invariant lines at yo = 0 (dashed-dotted blue) and y, = % (dashed
green). (b) Schematic of the energy bands in the BZ for TCPs with
trivial DIII strong index. (c), (d) Topological markers of the bulk
(square lattice) and edge (purple strip) invariants, as well as some of
the Wannier functions |WX|? at the edge for the phases (ii) and (iii)
discussed in the main text.

V. ROBUST TOPOLOGICAL
MARKERS AT THE BOUNDARY

After completing our discussion on general bulk topo-
logical markers for TCPs, we now demonstrate that the
boundary modes of TCPs can also exhibit robust topological
markers connected with the localized bulk invariants ng . To
exemplify this, consider 2D mirror-symmetric superconduc-
tors in class DIII [12]. This symmetry class is described by
a Bogoliubov—de Gennes Hamiltonian A(k,) that commutes
with a mirror operator 7izs that sends y — —y, and where
S = (Y1 + yo, ¥> + yo) denotes the mirror-invariant lines [see
Fig. 3(a)]; we assume /% = —1. A chiral symmetry § = 7C
arises from having both time-reversal T and particle-hole C
symmetries, and satisfies {T', ¥} = 0. Chiral symmetry im-
plies that, in the basis in which s is diagonal, each mirror
block of h(k;,“") belongs to class AIII [12]. Hence, a natural
topological invariant to apply is the basis-independent topo-
logical winding number of class AIII [44]. Indeed, each mirror
block has a topological winding invariant

vE (™) = THF (P )], (13)
where

F(Pa ) = 2L P g[X, Prsin 1R (14)

and X is the position operator. By implementing Eq. (9), we
obtain the robust (bulk) invariant

Tg' = Tr[msF (Pg)]. (15)

In what follows, we use the invariant Vg = —%Té", with an
added prefactor to simplify later expressions.

As expected, the presence of the projected mirror operator
ms in the expression for Vg localizes these integer-valued,
position-space topological markers to mirror lines. Let us con-
sider three representative cases. (i) If V|0 =V¢ly=12=1,
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then the full mesh of markers is nonvanishing and has support
on every possible mirror line of the lattice. This implies a
nontrivial (strong) DIII Z, index, and a single Kramers’ pair
of propagating helical Majorana modes at the boundary. (ii) If
V& ly=0 # 0 and Vg|y,—1,2 = 0, then nonvanishing markers
are centered at yo = 0. Such a phase has a trivial DIII Z,
index, and is adiabatically connected to the limit of decou-
pled DIII mirror-symmetric wires parallel to the x axis and
stacked in the y direction; as such it is a weak topological
superconductor. (iii) If V§|y,—o = 0 and Vg|,,—1,2 # 0, then
its DIII strong invariant is trivial, but it has nontrivial markers
that are localized on y lines centered halfway between cells.
Thus, while this is still adiabatically connected to a decoupled
wire limit, the wires are shifted by half a unit cell in the y
direction compared to case (ii). This case is unusual and has a
quantized edge topological invariant we will discuss below. To
exemplify cases (ii) and (iii), let us consider the Hamiltonian
h(k) = sink, 'y +t, sink,(I'y + m3A3)
2
+ (ju + cos ky + 1, cos k,)T3 + ZmiA,-, (16)
i=1

where 'y = f3t303, [a=/o1301, '3 = fot100, A1 = f37100,
Ay = fortio3A3 = fi1302. Here, the Pauli matrices t,, o,,
fs. act on Nambu, spin, and orbital degrees of freedom,
respectively. The time-reversal, charge-conjugation, chiral,
and mirror operators are T = oK, C = it02K, S = 1, and
ms(ky) = je2kYo ey respectively. The parameters we choose
are indicated in the table below:

ty " my mp ms
Weak TCP 0.25 -1.0 1.0 0.0 0.0
Mirror TCP 1.0 0.0 -1.0 0.5 0.5

These parameter values realize a weak TCP with
(VElyo=0s V&lyo=12) = (2,0); and a mirror TCP with
(VS lyo=0s V&lyo=172) = (0,2). We illustrate the resulting
markers in Figs. 3(c) and 3(d). We see that the marker for case
(i) [Fig. 3(c)] is localized around the center of the unit cell,
while the marker for case (iii) [Fig. 3(d)] is localized halfway
between unit cells.

To gain intuition about cases (ii) and (iii) we note that
each mirror line having a nonvanishing invariant corresponds
to a nontrivial 1D topological superconductor that must have
Kramers’ pairs of Majorana end modes on boundaries with
normal vector £X. In case (ii) such Majorana modes should
arise along the edge at integer sites in the y direction, while in
(iii) we expect them to be displaced to the midpoint between
integers. This suggests that these phases could be distin-
guished by the location of Majorana modes along the edge.

To quantify this intuition, we examine the distribution of
Wannier centers inside a unit cell R at the edge where a
mirror line terminates. First, note that with a trivial strong
index, the edge spectrum can always be detached from the
bulk bands while preserving the DIII and mirror symmetries
[see Fig. 3(b)]. By detaching the bands from the bulk we can
define Pegee Which is the projector into this spectrally de-
tached Majorana band (DMB). Since Pegqe includes positive

and negative energies related by chiral symmetry, we can write
it in terms of projectors into chiral subspaces

Peage = Y Plie- (17)
x==x

To characterize the position space structure of the edge
modes we can consider the Wannier centers {¢ 27/ (R+v&)/Lvy
and Wannier functions { |‘I’1)e(‘, j)} of the DMB that are obtained
by diagonalizing the periodic projected position operator
We’i,ge = Pe)ii . _Z”i?/L)‘Péj . [45]; here, R, labels unit cells
along the edge and j runs over the N, states per unit cell
included in the DMB. Using these Wannier centers, we can
locally characterize the edge modes at R by the edge shift

SYH(R) = Z vr; |mod 1, (18)
J

where 8)) edge
try Furthermore, because of mirror symmetry 6)2

R) = ay;jge(R) from time-reversal symme-

edge (R) =
edge(R) mod 1. Thus, the edge shift must be quantized
to either § edge(R) =0 or >
Now, the value of § ed e(R) can be determined by the
(parity of the) number of Wanmer centers located at the sym-
metry centers in the unit cell at R, and the mirror-related cell
R'. Hence, consider the pair of invariant points S|y —i =
{R+ % R + %}. The Wannier states centered at these two
symmetry centers are eigenstates of ris|y,—1/2, Whereas the
remaining Wannier states come in mirror-related pairs. It fol-
lows that we can write the equality

SV R = | =2 D7 (W [ Ghslyym1y)| W ) [ mod 1,
Ryj

19)

which we derive in the Appendix. The sum can be re-
placed by a trace over the Hilbert space of the entire
system to obtain § (R)_[ A%ly=1/2lmod 1, where

s = —ETr[(PedgemSPedge) x1. If we evaluate the edge in-
variant A’ and use the connection between the bulk AIII
winding invariant and the number of zero-energy boundary
modes, then we find

edge

AT =V, (20)

as we show in the Appendix. The edge shift is then determined
by the bulk invariant

8Vl1ee(R) = (3V5E|,,_, ))mod 1. 1

We thus conclude that the two possible quantized edge shifts
(O, %) are determined by the bulk and correspond to the two
phases (ii) and (iii) we discussed earlier.

A remarkable by-product of this analysis reveals that the
DMB is characterized by the integer topological invariant A'g
which must be equal to the bulk invariant V5. Its topological
marker is also exponentially localized at S along the edge and
is robust to the presence of impurities at the edge. In Figs. 3(c)
and 3(d) we illustrate the resulting topological markers of V¢
(labeled bulk marker) and A’ (labeled edge marker) as well as
representative Wannier functions |¥*|? at the edge. In order
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to numerically obtain the projector Pegee for a given edge,
which is required for these calculations, we gapped out the
boundary modes on the opposite edge (see Appendix). These
results show that there is a clear correspondence between the
bulk and edge topological markers that are centered at the
mirror-invariant lines. Furthermore, the Wannier functions at
the edge are centered at these mirror-invariant points as well,
consistent with Eq. (21). Finally, the topological marker at the
edge is localized, indicating that this edge invariant is indeed
robust against the presence of impurities.

VI. CONCLUSIONS

In this work we have found that a large class of TCPs are
characterized by a mesh of robustly quantized bulk and edge
topological invariants that are constructed using projected
symmetry operators. Our results constitute a starting point to
further explore the real-space structure of other kinds of TCPs,
for example, those on nonsymmorphic lattices. Furthermore,
it suggests a pathway to study disordered systems with in-
teractions by replacing single-particle projectors with Green’s
functions [46]. Finally, our findings point to the possibility of
experimentally studying TCPs through local probes; for ex-
ample, in ultracold atomic systems, where the single-particle
projection operator can be extracted from time-of-flight
measurements [47].
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APPENDIX: LOCALIZATION AND ROBUSTNESS
OF TOPOLOGICAL MARKERS OF TCPs

1. General formulation of basis-independent
topological invariants

a. Conventional momentum-space classification

Consider a translationally invariant d-dimensional sys-
tem described by a Hamiltonian A. Suppose the system is
invariant under a spatial symmetry Gs, where S denotes
collectively the set of points that are left invariant by Gs in

J

a system with periodic boundary conditions. If we denote by
8s the Hilbert space representation of G, then

[¢s, H] = 0. (A1)

Depending on the dimensionality of the system, when the
spatial symmetry acts on a general position vector r, it can
leave invariant a subset of its components. We denote by
r;(rs) the components of r that are invariant (changed) by the
operation Gs. The number of components of r;(rg) is d;(dg)
such thatd; +dg = d.

We study the Bloch Hamiltonian /(k) obtained by Fourier
transforming only the spatial coordinates rg. Thus, K is a wave
vector with dg components. The momentum-space expression
of g5 is

2s =) 3s(k) ®|Gsk) (K|, (A2)
k

so the action of the spatial symmetry on the Bloch Hamilto-
nian is then

2s(hk)Zs' (k) = h(Gsk). (A3)

At the momenta k™ that are invariant under Gg, we have

g5 &™), h(K™)] = 0. (A4)
Thus, the occupied states {Iu;fkim,
to the eigenvalues {¢/®™} of gs(k™). Let us denote the
projector into the occupied eigenstates of a given subspace by
Pixim = coce |u;?kim,)(u;fkmv |. The conventional classification
of a large class of TCPs is based on determining the topology
encoded by Py .

The set of topological invariants {z; (k™)} that characterize
the invariant subspaces depend on their effective dimension-
ality d; and the other symmetries of the system. Examples of
possible invariants that could be relevant include occupation
numbers (e.g., [9]), winding numbers (e.g., [12]), and Chern
numbers (e.g., [3]). Such topological invariants {z;(k"")} can
generally be written as the average over occupied states of an
operator F that is a function of P jyin :

fj(kinv) =Tr, [‘F(ijinv)]’

where Tr, refers to the trace over the nonspatial degrees of
freedom as well as the d; spatial degrees of freedom that
do not get transformed by Ggs. For a broad range of TCPs,
the function F is written as a sum of products of projection
operators and position operators that are components of ry,
such that it projects the trace into a sum over occupied states.
Examples of the form of F are

)} can be classified according

(A5)

P (e.g., OD occupation number [9] for 1D TCP),

F(P) x {PIX, P]
PIIX, P, [Y, Pl

where X, ¥ are the x, y components of the position operator.
These commutators are the basis-independent generalizations
of momentum-space derivatives that naturally arise in the
calculations of Berry connections.

(e.g., 1D winding number [44] for 2D TCP),
(e.g., 2D Chern number [48] for 3D TCP),

(A6)

(
b. Basis-independent topological invariants of TCPs

We now set out to obtain topological invariants with
localized topological markers using the momentum-
space invariants {r;(k™)}. Let us now define the
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quantities

TE=)" &g ™),

j,ki""

(A7)

Since the {Tg} are linear combinations of the momentum-
space topological invariants, they are themselves topological
invariants of the TCP. We will now show that these topologi-
cal invariants have topological markers that are exponentially
localized and are robust to the presence of impurities in the
system. This will be done by expressing them in terms of the
projector in the full ground state given by

=Y T[NPy F(Pjjm)] (A1)
j,kiuv

= Z Tro [ijinv ei¢/(k‘"V)iji“V ]:(Pj,kinv )] . (A 1 2)
j,kinv

Now, since #; and Pjun commute with gs(k™), then
[gs(k™), F (Pjign )] = 0. This implies that F (P ) is block
diagonal in the basis of Zs(k™), and we can thus write
» i F(Pjn) = F o ; Pjxin). Furthermore, by assumption,
the terms that make up F(Pg) are invariant under translations

P = Zpk je (A8)  along the components of £. This means that F is block
Jjk diagonal with respect to k. As a consequence
We can rewrite them in a basis-independent form
i Y FPO® KK =F( Y Pokikl| (A13)
TS =) M7 ™) (A9) " "
ke = F(Pq). (A14)
= Z Tr, [/ 5D F (P jon )] (A10)  Using these properties of F, we then obtain
j,ki"" ‘
TE=Y"Tr, | | D P |Zs&™) [ Y Prm | F[ D P (A15)
ki J1 J2 73
= Z Tro [(Pin )85 (K™ )(Pign )(F (Pigin )] (A16)
Kkinv
= D K™ Tr (P @ [K™) (K™ D@5 K™) ® [K™) (K™ )).
Kkinv
X (P @ [K™) (K™ (F (Pyn) ® [K™) (K™ )] [K™) (A17)
= > KMTe | [ Y Py @ la (@l || D 2s(@) ® 1Gsq) (gl
ki a @
< | Y Py @)l | | D] F(Py) ® laad(qal | | k™)
q3
=Y KT | [ Py ®laial || D 2s(@) ® IGsa) (qu
k qi q2
X ZP% ® las){as| | qu4 Q lga) (g4l | [IK) (A18)
q3 Q4
=Y (k|Tr.[PegsPcF (Pe)lk) (A19)
k
= Tr[gs F(Po)l, (A20)

which is the basis-independent expression quoted in the main
text for these topological invariants.

¢. Localized topological markers

We now show that the presence of the projected symmetry
operator g in our expression for Tg implies that the topo-
logical markers are spatially localized. Consider a position
ri far away from the fixed points S (a condition we denote

[
by |S — rg| > ¢), which implies that |Gsrg — rg| > ¢. We
know that for gapped systems, the projection operator has the
long-distance behavior

l(rg,. @|Pglrg,, B)| < O(eFa—ral/t), (A21)

when ¢ < |rg, — rg,| where «, 8 denote all internal and re-
maining spatial degrees of freedom. Furthermore, since F is
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only dependent on P and the components of ¥;, then

|(r6,, @| F(Po)lrg,, B)| < O(e™ " 7rel/t) (A22)
when { < |rg, — rg,|. Using this, we can then write the topological marker ’7:§g(rG) = (rg|Tr.[gs F (Po)lixe) as
T$(xg) = Tr.[(r518sP6F (Po)lre)] (A23)
= Y Trl(rglgsIre1) (rai | Polre) (rea | F(Po)Ire)] (A24)
rG1rG2
= Y Trlbes.Gsre (Ta1 | Palra) (v6al F (Po)lrg)] (A25)
rGirG
= ZTro[(G§1PG|PG|er>(l'Gzl]:(PGNI'G)] (A26)
rc2
= Z Tr.[(G5'r6|Pelrea) (rea| F(Po)lrg) | + Z Tr.[(G5're|Polrea) (raa| F(Po)lrg)]  (A27)
[re2—rgl<¢ Irea—Gg'rgl<¢
+ Y T[(Gs'r6|Pelr) (el F(Po)Ira)]. (A28)
Ir2—Gg'rgl>¢
[re2—rgl>¢
Now, we have that
Ar=| Y T(G5'r6|Polrea) (k| F(Po)irg) ]| < Oe10smerel/6), (A29)
[re2—rgl<¢
=] Y T[(G5're|Polr) (ke F(Po)lrg)]| < O(eT10s oel/t), (A30)
Ir2—Gg'rgl<¢
As=| Y T[(Gs're|Pelrc) (real F(Po)lre)]| < Ara. (A31)
Ire2—Gg'rgl>¢
[r2—rgl>¢
We thus conclude that
|TS(xg)| < O(e19s7e™el/%)  when¢ « |Gsrg — gl (A32)
[
which implies that the topological marker is concentrated It follows that
around the fixed points of the spatial symmetry.
|, @|T(PG)[Ro, B)| < O(e™m7R0l/E)  (A35)

d. Robustness to impurities placed far from fixed points

We now show that although the conventional momentum-
space invariants cannot be used in the presence of impurities,
the invariants 75 can remain robustly quantized. Suppose
we add an impurity Viyp(r) = Vodr R, at a position Ro. The
projection operator of the new ground state can be written
as P; = P + §Pg. Since the system is gapped, §P¢ only
has support in an exponentially small neighborhood of size ¢
centered at the impurity:

[(rg, @|8PgIRg, B)| < O(e~ o Rol/ey - (A33)
Let us now define a function I'(P(;) by
ST(Pg) = PLF(P;) — PeF(Pg). (A34)

The function I'(P(;) must vanish when §Pg = 0, so it must be
a sum of terms all of which possess at least one factor of §Pg.

for [rg — Rg| > ¢. For an impurity placed far away from the
points in S, the topological invariant is modified as

TS (Ro) — T§ = Tr{gsT(Py)]
= Y Trl(rel2slran) (raiID(P)Irg)]

IGrgi

> Tro[8eg.6sra (rat IT(PG)ING) ]

IGrgi

=Y T [(G5'ra|P(PE)Ire)]

I

- ¥

IG5'r6—Ro|<¢

Tr.[(G5'r6|T(Py)Irg)]

035146-8



ROBUST TOPOLOGICAL INVARIANTS OF TOPOLOGICAL ...

PHYSICAL REVIEW B 110, 035146 (2024)

+ > Tr[(Gs're|T(Py)Ire)]

[r¢—Rol<¢
+ Y. T[(Gs're|T(PY)Ire) ]
|G5're—Ro|>¢
[rg—Ro|>¢
(A36)
Now, we have that
B, = Z Tr.[(G5'r6|T(Py)Irg) ]
|G5'r6—Ro|<¢
< O(e—|RO—GSRO‘/§)’ (A37)
By=| Y Tr[(G5're|T(Py)IrG)]
[r¢—Ro|<¢
< 0(6—\G§|RU—R0\/§)’ (A38)
B; = > T [(Gs're|T(PL)IxG) ]
|G5're—Ro|>¢
[r¢—Ro[>¢
< Bi). (A39)
We thus conclude that
TS (Ro) — Tf| < O(e™10sRo—Rol/cy (A40)

which implies that impurities in the system will not affect the
quantization of the invariants 7§ as long their distance to S is
many times bigger than a correlation length ¢.

2. Inversion-symmetric topological insulators in one dimension
a. Conventional classification

Consider topological insulators in one-dimensional pro-
tected by inversion symmetry. With periodic boundary con-
ditions, an inversion-symmetry operation Ps leaves invariant
two positions S = {R + ry, R+ 1 + L, /2 + ro} on the lattice
with R < L,/2. The number ry is a fixed position within the
unit cell that can take the values O or %, where we set the
unit-cell length to be a = 1. Consider the momentum-space
expansion of the inversion operator

ps =) Psk) ® [Psky) (ks.
kx

(A41)

The conventional momentum-space classification is based on
counting the number of occupied states nﬁ(kjc“") with eigen-
values of the operator ps(k,) at the invariant momenta ki,“v =
0, . The invariant is given by [33]

AL = 3" [ng (k) — n§ (o],
k=0,

which is an integer invariant.

b. Basis-independent classification

‘We now discuss the topological invariants TS” for this TCP.
The topological invariants at the invariant momenta are

2 (") = ng (k™) = Tro[Pejm ] (A42)

Itis clear then that, in this case, F (P tin) = P tinv. By using
these invariants in Eq. (A20), we find

T2 = Y [+ DS (k) + (=D (k)]
k=0,7

= Tr[ﬁs . Pj:’k)i(nv] = Tl'[ﬁs]

In this particular example, the linear combination Té’ of
momentum-space topological invariants is precisely the topo-
logical invariant A% that was proposed for these TCPs [33].
The topological marker for this invariant satisfies

[TE(x)| < O(e 2514, (A43)

when ¢ < |x — S| and an impurity placed at x = X, will
change an invariant centered at S by an exponentially small
amount

T (Xo) — TL| < O(e2X0=51/%), (A44)

when ¢ <« |Xy — S| where the notation |Xy; — S| means the
shortest distance to any of the invariant points in the set S.

3. Rotationally symmetric topological superconductors
in two dimensions

a. Conventional classification

Consider topological superconductors in the absence of
time-reversal symmetry and protected by rotational sym-
metries. With periodic boundary conditions, a given n-fold
rotation operation Cg") leaves invariant a set S = {R; + 1o}
of positions on the lattice. In particular, we will consider
models that satisfy [@‘(él=2,4)7 H 1 = 0, where 65;” is the Hilbert
space representation of Cg'). By denoting the primitive vectors
as 2a; and 2a,, then fourfold rotations allow the posi-
tions ry € {0, a; + a,}, whereas twofold rotations allow ry €
{0, a;, a,, a; + a,}. Consider the momentum-space expansion
of the rotation operators

oW = Z k) ® |CLK)(K. (A45)
k

The conventional momentum-space classification is based on
counting eigenvalues of the specific operator E(S")(k)|r0=0.
For a given invariant momentum I (=T, X, M;), the pos-
sible eigenvalues of Eg’)(k)|r0:0 are TV = e @r=bin - for
p=1,2,...,n. Let us denote by #l'[;”) the number of occu-
pied states with eigenvalue I19" at the momentum M. The
topological invariants are then obtained by defining a relative
occupation number

(V] = #1100 —#1". (A46)

In particular, as we mentioned in the main text, the topolog-
ical invariants for systems that are symmetric under fourfold
rotations are ([X], [M1], [M]).
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b. Basis-independent classification
We now proceed to adapt Eq. (A20) to these TCPs. We
define the topological invariants of the invariant subspaces as
the occupation numbers ng"’p (™) of the eigenvalues of the
operator ¢ ")(k)

Tup(M™) = 0GP (™) = Tr, [Pjem ], (A47)
where we again have used F(Pjm) = Pjn. From
Eq. (A20), we know that this implies that

75" = Te[ey’ F(Po)] = Tr[ey]. (A48)

In contrast with the inversion-symmetric case, the conven-
tional momentum- S?ace topological invariants are not exactly
the invariants T We can, nevertheless, find a relation

J

4
TC(4)

p=1

4
— Z(ein(Zp—l)M#l—wp +eirf(2p—l)/4—ib1<ro#Mp)

p=l1

S = Z (eid"‘f’(r)nf;”’)(l") + €i¢4"(M)ng’p)(M))

between both. The rotation operator at an invariant momentum
for a given set of fixed points S can be written in the form

(COTI™ ™).
) = [E8 0], e o (Ad9)
which implies that their eigenvalues are
oM7) _ LiGr2p=1)/n+(CS M~ xy) (A50)

Since the M™ are invariant momenta under rotations by
definition, (Cg’)l'[(”) —O®).ry= > ;mib; where the m;
are integers and the b, , are primitive vectors in reciprocal
space that satisfy b; - (2a;) = 27§;;. With these definitions,
the traces of the projected rotation operators for n = 4 can be
written as

(AS1)

(AS2)

4
_ Zem@p,l)“[(l _’_efibl.ro)#l-\p_,r_efibrro[Mp]]

p=l1

P

(1 + e*ibl-ro) Zein(2p71)/4#r\p

+iv2e ™ ([My] + [Ma]) §, (AS53)

where we have used that [M] = —[M4] and [M;] = —[M3] due to particle-hole symmetry. For the n = 2 case, the topological

invariants are
T c(2)

p

§2 = (P OnG (D) + NG P (M) = i((HT) +#I5) + e OO UM, 4 #M3) + (e 4 e PTOHX))

— i((#T + #T4) + e " OrFEPIT0 AL L #M,) + (67170 4 o7 2T X))

=l(1 +e—ib1-r0 + e—ibz»l‘o + e—i(bl-i—hz)-l‘())(#l—w1 +#F3) + ie—i(b|+h2)-ro([M1] + [MB]) + i(e—ibl-ro + e—ihg»l‘o)[xl]

—i(l 4+ e im0 | pmibaro efi(b1+bz)-ro)(#1—*2 +#Iy) —

{(1 + e~ + e~ b2 1o + e i(b1+by)ro
=2i
2

+ e—i(b1+b2)~l‘o([M1] _ [MZ]) + (e—ibl-ru + e—ibz.ro)[x]},

where we used [X] = [X;] = —[X] due to particle-hole sym-
metry as well. By evaluating these expressions at the rotation
centers ro = aj, a; + a,, we obtain

TSP, L, = —20(IM] — [Ma)), (A55)
TC(2)|r0=al+a2 = 2i{([M] — [Mz]) — 2[X 1}, (A56)
TEYD|, Zaysa, = —IV2(IM1] + [Ma]), (A7)

ieii(bl+h2).r0([M2] + [M4]) _ l-(efibpl‘o + e*ibz-ro)[Xz]

)(#Fl +#T5 — #T, — #T)

(A54)
(
which finally implies using Eq. (A48), that
X] = ( c(2)|r0 al +T§(2>|r0=al+a2)
= )+ )l 5

M) = (VTS Ly £ T80

ro=a+ax 1‘0=31)

= ZTr[\/E(Eg)|r0:a1+a2) :l: (E‘(S%)h'o:a])]! (Asg)
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which are the expressions discussed in the main text. The
topological marker for this invariant satisfies

|7§(n)(r)| < 0(6_2 sin[ £ ]lr—S1/¢ ). (A60)

When ¢ <« |x — S| and an impurity placed at r = Ry will
change an invariant centered at S by an exponentially small
amount

|T5™ (Ro) — (A61)

when ¢ < |Ryg — S| where the notation |Ry — S| means the
shortest distance to any of the invariant points in the set S.

c(n)‘ < 0( —2sin[Z]|Ro— S\/!)

4. Mirror-symmetric DIII topological
superconductors in two dimensions

a. Conventional classification

In the main text, we discussed the basis-independent
approach to the classification of mirror-symmetric DIII topo-
logical supercondctors in two dimensions. Here, we will make
contact with the momentum-space classification in order to
connect with Eq. (A20).

As we mentioned in the main text, a 2D mirror-symmetric
superconductor in class DIII is described by a Bogoliubov—de
Gennes Hamiltonian A such that [ms, H] = 0. The mirror-
invariant lines are located at S = (Y} + yo, ¥> + yo), with

J

Yo = 0, 5. We focus on the case when 7 > 5 = —1.1f we Fourier
transform only the coordinate that changes under mirror sym-
metry, the mirror constraint on the Bloch Hamiltonian is

ms (ky)h(k, )msl(k ) = h(—k,), (A62)

where ms(ky) is the momentum representation of the mirror
operator. At the mirror-invariant momentum lines k;“v =0,m,
the Bloch states can be labeled with mirror eigenvalues. By
using the chiral symmetry x = T'C that arises from having
both time-reversal T and particle-hole C symmetries, one can
define topologically invariant mirror-winding numbers given
by [44]

. 1 N
Véi) (k;ﬂV) = — ]vTr[(S, Q:E,]{if‘"S+)[X’ (S+ Qi’kj’n\,S7 )]],

(A63)

where Q pim = 2P i — I, S¢ = (I £ X)/2 projects into
chiral subspaces with eigenvalue x = +1, and Py i is
the projection operator into the occupied states with mirror
eigenvalue £i. Due to time-reversal symmetry, U(H(k““’)

- vg)(k;,"v). The integers at the two invariant momenta lead to
the known Z x Z classification [12]. To express the winding
in terms explicitly of projection operators, we write

) = 3T (5= Qu g SR, (5 Qe )] (Aod
- _I%Tr[(zpi,k{.‘“ —D)Si[X, (2Psym —T)]S-] (A65)
= —%Tr[?i,k;" [X, 8Py kv S— 1] (A60)
_ _%Tr[m,km[ ((H + X))Pi,k{,'w((]l ;X))H (A67)
= _NLXTI[P i [Xs Presin + AP — Prain 8 — R Prain ] (A68)
- _]%Tr[lpiﬁk;“v [X, Pesp + (R = Praw &) = Pesw & — (I = P ] (A69)
- _J%Tr[ﬂ,k;rw [, Pepn]] + NixTr[Pi*ki"" [X. Per 2] (70
= ]%Tr[Pi,k;.nv [X Pi,ki."v]f(]* 47D

X

which is the expression we presented in the main text.

b. Basis-independent classification

We now implement Eq. (A20) for this TCP. As is clear from
the previous section, the topological invariants of the invariant
subspaces are

3, (k™) = v (™), (A72)
where we added the index b to be reminded that it refers to
the bulk invariant, as opposed to the edge invariant that we

(

introduce in the next subsection. Furthermore, we have that

F(P)=2N'P[X, Plx. (A73)

By applying Eq. (A20), we then have the topological
invariants

T8 =Y [(FivE (™) + (=g (K™)]

inv
ky

= Tr[ms F(Pg)]. (A74)
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The relation with the invariant we defined in the main text is
then

V= —%Tg". (A75)
The topological marker for this invariant satisfies
T3] < 05, (AT6)

when ¢ < |y — S| and an impurity placed at y =Y, will
change an invariant centered at S by an exponentially small
amount

|TZ (Yo) — T&| < O(eM0=5V/%)y (A77)

when ¢ < Yy — S|.

c. Integer topological invariants for the edge

In the main text, we used the bulk-boundary relation A% =
—¥Tr[ﬁ;,§ge x1= V%, which we will now prove in this sec-
tion. To do this, we begin by noting that we can write A’g in
the suggestive form

i
gl' = _zTr[mS-F(Pedge)L (AT8)
which has the form of the invariants in Eq. (A20), in this case
with the function F(P) = Px. Thus, in momentum space we
must obtain that A’; receives contribution exclusively from
the invariant momenta in the form

As = (—%) D [T (R™) + (=i (k)]

&
(A79)
where we defined new edge topological invariants
) = TP () 7 (Prts ()]
= Tr[ Pegge (k™) x ] (A80)

with Pedge(ki,“v) the projector onto the boundary states with
momentum ki"" and mirror eigenvalue mi. Because of the form

of the function F in this case, the quantities 7o ¢ (k}i,nv) count
the difference

Tr[Pedge (k;nV)X] = Z <MZ{“‘ X ’uZ{"‘)
needge
= N (K™) = NT(K) (A8

at the invariant momentum kinv in a given mirror subspace m,
with N ’”(k““’) the number of modes with chiral eigenvalue
X = :|:1 Due to the bulk-boundary correspondence of AIII
systems, this difference must be equal to the bulk topological
winding (A71), and thus

,L,edge ( k;nv)

Finally, putting together Eqgs. (A75), (A79), and (AS82),
we obtain the relation

A= 5 3 [ ) - e )
i
1 i - inv m
= ST DR M =V a8y
Kgm

as we had set out to prove.

d. Quantized edge shift of gapless Majorana boundary modes

In this section, we derive Eq. (7) from the main text, which
relates the local edge shift § edge(Rl) with the bulk invari-

ant V¥%. Consider the projected position operator W

edge
2 ’27”'? /LypX  We denote its eigenvalues and eigenstates
edge edge* g g

by {e2*#i/Lvy and {|\III)§y j)}, respectively. Here, R, labels
unit cells along the edge, and j = 1, ..., Np, where N, is the
number of subbands included in the detached Majorana band
(DMB). Thus, the number of states in the edge projector Pege
is NyLy. Let us write Ag ; = Ry + vg, ;. The edge shift is then
defined by )

Ny
SVl ®1) = [ Y vg,; |mod 1. (A84)

j=1

Now, mirror symmetry imposes the constraint
-1 _ pX 5 =21V /L, »—1pX
Wedgem - Pedgemse l mS Pedge
o= 4TiS/Ly ()X i
I (Whige) (A85)
_2 L, . .

Thus, we have that W, [V ;) = Tikeyi/ Ly |Wg ;) implies

WedgemSN'Ry ) = e 2mi25— AR‘f)/’“‘m |\IIX) ). Because of this
constraint, for a given fixed unit cell Ry, there are three types
of Wannier centers vg, ;:

(1) Those that come in
{vg,jmod 1, —vg ;mod 1}.

(2) Those that coincide with an integer mirror-invariant
point vg jmod 1 = 0.

(3) Those that coincide with a half-integer mirror-
invariant point vg jmod 1 = %

In view of these possibilities, if we denote by N, 1,2(R;)
the number of Wannier states centered at Ry + %, then

Ny
Z )\,le mod 1
j=1

Ny

Z% mod 1

i=1

symmetry-related  pairs

5y§1ge(R1) =

1
= [ENX’l/Z(Rl)}mOd 1. (A86)
Thus, the only way to obtain a nonzero shift § ed J(R1) =3
is for there to be an odd number of Wannier centers at the
midpoint of the unit cell R;. Next, let us write N, 1,2(R1) =

N(Jr])/z(Rl) + N 1/2(R1) where N)((ﬁ)/z(Rl) is the number of
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Wannier states centered at Ry + % with =i mirror eigenvalues.
Then

8 e)ilge(Rl) = [%(N;ﬁ)/z(Rl) + N)((Tl)/Z(Rl ))]mod 1
[N ,RD) — N p(R))|mod 1. (A87)

Consider the set of mirror-invariant points S|y—i,» = {R; +
%,RZ + %}. Due to the constraint of mirror symmetry, for
Ar,j 7 R+ 1 the state |\Il}§y j) is orthogonal to the state
ﬁz$|\lli§yj). By contrast, if Az ; =R + % then |\Ill)§yj) is an
eigenstate of /iis|y,—1,2. It follows that

_ i N
N)((-’F])/Q(Rl) - N)((’ )/Q(Rl) = _5 Z (ly;e(yj|(m5|)'o:l/2)|\p1§vj>-

Ryj

(A88)

Note that the dependence of the right-hand side on R; comes
from the index S|,,—1,> of the mirror operator that is chosen.
The factor of % is due to the fact that the sum counts the two
points in S|, —1/2, and we defined N, 1/, with respect to only
one of them. Using Eq. (A88) in (A87), we then obtain

8Vl R) = | =3 2 (W [(islypmr2)| W ) [ mod 1.
Ryj

(A89)

Now, note that since )A(Tllll;‘_j) = —XT|\IJIJ{‘J then T|\IJI‘€J) 1o
|Wg ;). Thus, if rhg|y0:1/2|\111€j) = e’¢|\I'}}ij), then by acting
with 7" on both sides we obtain riisly,=1/2| W ;) = e“"’|\Il,§yj),
i.e., the two states |‘~1113Ly j) and |\111;v j) have opposite mirror
eigenvalues. Because of this, we can write

(W7 | Ohsly=1/2) | WE ;)
= 3 (9| Onslyo=12)[ W )

— (Wr | Ghsly=1/2)| Wk ) (A90)

We then obtain

Sye{ige(Rl) = |:_é Z {(\IJ;VJ'|(ﬁ1$|yo=l/2)|\y1€j>

Ryj

— (W ;| (R |y0=1/2)ily&'j)}i| mod 1.

(A91)

Finally, we replace the sum over Wannier functions by a trace
over the full Hilbert space of the system by introducing the
projection operator Pegge :

Syexdge(Rl)

[ . .
_g Z (\I!gyj|(m3|y0:1/2)x |‘~I’1€j> mod 1
Rij
[ i
= —gTr[Pedge(ﬁislyozl/z))? ]}mOd I (A92)

1

1 §|y0=1/2i|m0d1,

1 n
= ZV‘S }yo_l/z]mod 1,

(A93)

which is the expression we discussed in the main text.

e. Constructing the projection operator for the DMB

As we state in the main text, to obtain the edge projector
Pedge of the boundary bands of only one of the edges, we gap
out the boundary modes on the opposite edge. To achieve this,
we add the term

V= Za(flrgao)lx =1L k)(x =1,k
ky

+ B(fit301 — cosk, for200)1x = Ly, ky) (x = Ly, kyl,
(A94)
with « = —1.0, B = 0.5 for the weak TCP example. For the
mirror-topological TCP, we use
V=Y a(fitoo)lx =1,k)x=1,k|

ky

+ ﬂ(fOTSGl)lx = L,, ky><x =L, ky|’ (A95)
witha = 0.1, B = —0.8.
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