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A one-parameter family of invertible states gives a topological transport phenomenon, similar to the Thouless
pumping. As a natural generalization of this, we can consider a family of invertible states parametrized by
some topological space X. This is called a higher pump. It is conjectured that a (1 + 1)-dimensional bosonic
invertible state parametrized by X is classified by H*(X;Z). In this paper, we construct two higher pumping
models parametrized by X = RP? x §' and X = L(3, 1) x S' that corresponds to the torsion part of H*(X; Z).
As a consequence of the nontriviality as a family, we find that a quantum mechanical system with a nontrivial
discrete Berry phase is pumped to the boundary of the (1 + 1)-dimensional system. We also study higher pump
phenomena by using matrix product states, and construct a higher pump invariant which takes value in a torsion
part of H*(X; Z). This is a higher analog of the ordinary discrete Berry phase that takes value in the torsion part
of H2(X; Z). In order to define the higher pump invariant, we utilize the smooth Deligne cohomology and its
integration theory. We confirm that the higher pump invariant of the model has a nontrivial value.
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I. INTRODUCTION

A. Invertible states and higher pump phenomena

An invertible state is a state which is realized as a ground
state of a unique gapped Hamiltonian. It is known that a
one-parameter family of (1 4+ 1)-dimensional G-symmetric
invertible states gives a Thouless-type charge pumping
phenomena [1], and classified by the group cohomology
H'(G;U(1)) [2—4]. This can be understood as a nontriviality
of a family of invertible states with symmetry G parametrized
by one-dimensional circle S'. Similarly, it is believed that a
family of (1 + 1)-dimensional bosonic invertible states with-
out any symmetry parametrized by some topological space
X 1is classified by H3(X:Z) [5]. When X = S', this group
is trivial, so no nontrivial classification arises. This means
that if there is no symmetry, there are no nontrivial pump
phenomena. On the other hand, when the dimension of X
is higher than 3, this group can be nontrivial. This implies
that, even if there is no symmetry, there is some kind of
pumping phenomena [5-7] (we called this the higher pump
phenomenon), but its physical interpretation is still unclear.

B. Summary of this paper

In this paper, we construct two models with nontrivial
higher pump parametrized by RP?> x S' and L(3, 1) x S'. We
make a physical interpretation of higher pump phenomena:
a pump of the ordinary discrete Berry phase and a boundary
condition obstacle. In addition, we define a topological invari-
ant of a higher pump by using an injective matrix product
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state (MPS) bundle which takes value in the torsion part of
H3(X;Z). This invariant can be viewed as a higher analog
of the discrete Berry phase, and this is the kind of nontriv-
iality that cannot be detected by the higher Berry curvature
proposed in [5]. In the formulation of this invariant, the
smooth Deligne cohomology and its integration theory are
useful [8-12].

C. Outlook of this paper

The rest of this paper is organized as follows: In Sec. II,
we introduce models parametrized by X = RP? x S! and
L(3,1) x §', and discuss the nontriviality of this model from
the boundary perspective: we reveal that the ordinary discrete
Berry phase is pumped to the boundary, and makes an ef-
fective (0 + 1)-dimensional model which is pumped to the
boundary. We also show that there are no boundary terms that
are parametrized by X and open the gap over the whole X.
In Sec. III, we give a quick review of the smooth Deligne
cohomology. This is a useful tool for describing generaliza-
tions of the Berry connection and the Berry curvature to higher
dimensions. As an application example of the smooth Deligne
cohomology, we write the ordinary pump invariant of fermion
parity [4] as an integration of the smooth Deligne cohomology
class. In Sec. IV, we define a higher pump invariant. To this
end, we extract the Dixmier-Douady class [13] of an injective
MPS bundle, and construct a cocycle of the smooth Deligne
cohomology. Then, we define the higher pump invariant as
an integration of the smooth Deligne cocycle. This can be
regarded as a higher analog of the discrete Berry phase.! As

I'This is not a common terminology, This is not a common term, but
to avoid confusion with the holonomy we will refer to this quantity as
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an example, we compute injective MPS bundles of the models
introduced in Sec. II, and perform an integration of the smooth
Deligne cohomology. As a result, we confirm that the higher
pump invariants of these models are nontrivial.

II. A MODEL OF A HIGHER PUMP

In this section, we introduce a (1 4 1)-dimensional spin
model with parameter X = RP?x S'and X =L(3,1) x S.
In Secs. ITA 1 and II B 1, we define models parametrized by
X =RP?>x S"and X =L(3,1) x S' respectively, and con-
struct their ground states. In Secs. I A2 and II B 2, we argue
the flow of the discrete Berry phase. Although the Berry con-
nection in (1 4 1)-dimensional systems is known to diverge,
parameter space allows us to define an effective Berry con-
nection as the difference between divergent quantities, which
is regarded as the ordinary discrete Berry phase of a quantum
mechanical system pumped to the boundary. In Secs. I1 A3
and II B 3, as another perspective, we examine the absence of
a boundary condition that is parametrized by X and that opens
the gap of the system at all x € X. This can be regarded as an
obstacle to the boundary theory.

A. RP? x S model (or Z /27 charge pump model)
1. Definition of the model

Let us consider a model on a one-dimensional lattice. We
put labels on the lattice as ...,—%, -1, —%,0, %, 1, %,
and so on. We will refer to integer sites as o sites and the
others as 7 sites. At t site there is three-dimensional Hilbert
space, and at o site there is two-dimensional Hilbert space.
Let {Z = (21, 22)||z11* + |z2)*> = 1} be a coordinate of three-
dimensional sphere S3 and let ¢ € [0, 2] be a coordinate of
interval I = [0, 27r]. At 7 site, we take the following orthonor-
mal basis depending on Z:

1 0
lury @), =0, lu-@), =z,
0 2
0
@), = -z 1. (1)
z

At o site, we take the following orthonormal basis depending
on¢:

oron, = @) oy, = (W)
—i sin (i) cos (i)

Note that |o4(7)), and |o(t)), are not periodic but satisfy

loy(t +2m)), =iloy (@), and |o) (t +27)), = —i|oy(2)),.

In the following, we omit the subscript o and t of the basis.
Consider the operators on these Hilbert spaces:

@) =13 =2 |u-@) (@) — @) =@ 3)
= |ut(@) (ur @] — lu-(@)) (u-@I, “

the discrete Berry phase in this paper. See Appendix C for definitions
of terms.

T93) = |ugr (@) (u-@) + [u—(@) (w+ @I, (%)
o(t) ;= oy (1)) (o, (D] + |oy (1)) (or(1)] (6)
o(t) := loy (1)) (o (D] — oy, (1)) (o ()] (7
Together with 67 (t) := —io*(t)o*(t), o*(¢) with u = x,y, 2

are the usual Pauli matrices for site o. On the one hand,
(Z) and t%(7) satisfy only the anticommutation relation
{t%(), T(Z)} = 0 for Z € S°. On the subspace spanned by
lur(Z)) and |u_(3)), the operators T*(Z), t%(Z) and T’(Z) :=
—it%(Z)t*(Z) behave as the usual Pauli matrices.

By using the above operators, we consider the following
model:

HE 1) == 7, @ojO)r,, @)

JeZ

- Z@(UT}L @05y, (). 8)

2
JEZL

At (Z=(1,0),r =0), this model resembles the cluster
model [14]. Since 7%(Z) and 7¥(7) satisfy
(=) =—-1°@), (=2 =71, )

the Hamiltonian (8) coincides at 7 and —Z:

H(=Z,t) =H@Z,1). (10)
Also, since o*(¢) and o*(¢) satisfy
ot +2m) = —0°(t), o @ +2m)=0"¢), (11)
the Hamiltonian (8) coincides at ¢t and ¢ 4 27:
HGZ,t +2n)=H@,1). (12)

Therefore, the operators are parametrized by S* x I, but the
Hamiltonian is parametrized by RP? x S!.

In order to write the ground state of H(Z, t), we introduce
the decorated domain wall state [15] with respect to |u+(Z))
and |0y, (1)). A typical decorated domain wall state is

s D)oy (DU Doy (g Doy (Du—@)or (1)), (13)

i.e., put u_(7) where the o arrow reverses and u(Z) oth-
erwise. The place where the o arrow reverses is called the
domain wall of o arrows. Since we “decorate” u_(Z) on the
domain wall, the state in Eq. (13) is called a decorated domain
wall state. We will denote the set of decorated domain wall
states as DDW,. Here, the subscript 2 means that it is a
domain wall for Z /27 with up and down arrows, and the
purpose is to distinguish it from the domain wall for Z/37Z
in Sec. II B 1. The ground state of H(Z, t) is found to be the
equal weight superposition of decorated domain wall states:

2

{ix,ji1}€DDW;

|y (o, (1) oy (o, (1)) (14)

Another useful representation of the ground state is the way
to use the fluctuation term, which is defined by

[iED =147, @007, , 6 (15)
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for all j € Z. By using this term, the normalized ground state
is given by

IG.S.(Z, 1)) :

fj(Zst)
Ref 16
£;~5 IRef(Z, 1)) , (16)

where |Ref(Z, t)) is a decorated domain wall state.”> We call
|[Ref(Z, 1)) a reference state of this representation. Note that
|[Ref(Z, )) is not unique but the ground state (16) is indepen-
dent of this choice.

In particular, by taking z; € R, the parameter space be-
comes RP? x S'. We define ns := z;, n; := Re(z), and n, :=
Im(z,), and use 7 = (n;, ny, n3)" as a coordinate of RP2. In
the following, we consider a model

H(n, 1) == HEZ, 1) er. a7

and verify the nontriviality of this model® as a family of
invertible states over RP% x S!.

2. Physical interpretation I: Discrete Berry phase pumping

In the ordinary pump phenomenon of (1 4 1)-dimensional
systems, a (04 1)-dimensional invertible state is pumped
from one edge of the system to the other [16]. As a gen-
eralization of this, in higher pump phenomenon of (1 +
1)-dimensional systems, families of (0 4 1)-dimensional in-
vertible states are pumped from one edge to the other. In
particular, it is believed that when the parameter space X
is S' x M" for some n-dimensional topological space M", a
(0 4 1)-dimensional system with parameter M" is pumped
to the edge [7].* Let us check that this picture holds for the
model (8).

In order to show a physical interpretation of the higher
pump, we cut the system between sites 0 and 1, and create
a boundary such that T appears at the left edge:

HGi.0) = =) T (Do} ()75, , (i)
jeN
_ Z HOLMCIL MO (18)
jeN
The Hamiltonian (18) has doubly degenerated ground states
D0 i@y ). wi, (), (1) (19)
{ix,j1}€DDW;
and

Z r;(ﬁ)|uil(ﬁ)0j](t)...

{ix, ji}eDDW;

u, (o, (1)) (20)

“Remark that f;/2 is not a projection on the whole Hilbert space as
(fi/2)* # fi/2, butis a projection on decorated domain wall states.
Thus, replacing f; by p(Z) — 1: 1 (z)ax(t)r 1(z) in Eq. (15) gives

the same state, where p(Z) is a pI‘OJeCtIOIl onto the space orthogonal
to all |u_(Z)). In this way, in considering the decorated domain wall
states, we can handle f;/2 as a projection.

3Since H3(RP? x S';Z) ~ Z /27, it can be nontrivial as a family
of invertible states.

*In [7], they argue that the flow of the ordinary Berry curvature in
the case of X = S for (1 4 1)-dimensional systems, based on the
Kapustin-Spodyneiko invariant [5].

This can be seen from the fact that these states are eigenstates
of all terms of the Hamiltonian (18), and the Hamiltonian (18)
commutes with t{ (ii). For simplicity, we fix the parameters as

@7 = (0,0, )T, t~= 0), and represent this state as follows:

PP+ F L L)
FFEL b = =)
o @1

Here, we denote |u.(ii = (0,0, 1)7)) as |£) and |0y, (r = 0))
as |1 / |). In this case, there is a degeneracy for the sign of
the edge. By imposing appropriate boundary conditions, we
choose the upper sign of =+ for the initial state:

R D A R SRR
e e e B e R e R
TR 22)

Now we rotate all ¢ spin by r; this is accomplished by varying
t from O to 27:

e+l +d ) +l=t+t+1+1)
e R N e R e
N (23)

By comparing the initial state (22) and the final state (23),
we can see that only the sign of the edge is flipped. Intu-
itively, this sign flipping indicates that the ground state of the
quantum mechanical system at the boundary changes between
the initial state and the final state. In the above process, we
considered a fixed parameter of RP?, but by running it, we
can see that the quantum mechanical system parametrized by
RP? is pumped to the edge, as seen below.

Let us implement this process using the Hamiltonian. We
need to add a boundary term to remove the degeneracy. To
realize state (22), simply add —77(ii)o{(¢) to the boundary’

2

(O 0, DT. In the fol-
1 (Z=7p)and O'

of the Hamiltonian H (i, t).° Set Zo
lowmg, we use the notations r | = ‘L'
—2

“(t = 0) for u = x, z. First, cons1der the initial Hamiltonian,
ie,t =0:

Hi (i) = —t}(i)of — )

j=1.2....

Z 7 X2 >4
tj% ()o; Tj+% ()
_ Z.X 2\~ 2
Z aer%(n)ojH. 24)

This is a unique gapped Hamiltonian for all 7i € RP?. The
normalized ground state when 7i = Zj is given by

GSamGi=%) = []

j=1.2,...

i
— |Ref,.), 25
ﬁ' efin.) (25)

SRemark that this term breaks the 27 periodicity of the Hamilto-
nian. We will discuss this point in Sec. IT A 3.

50f course, there are other choices as boundary terms. We discuss
this point in Appendix A
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where f; is a fluctuation term defined by

fi=1+ r] ot (26)

=377 T i+y

and |Refj, ) is a decorated domain wall state whose eigenvalue
of t{of is 1, for example, |Refi,) = [+ 1+ 1+ +--). Let

(CR ¢2) be the spherical coordinate of 7i:

n; = sin(6) cos(¢), 27
n, = sin(6) sin(¢), (28)
n3z = cos(6). (29)

For generic 7, noticing Hj, (7i) is given by the unitary transfor-
mation

4

Hin (i) = | [ [Ve(@),_y [HinGi=20) | [ [ Ve,
j=1 j=1
(30)

with unitary matrices

1
Ve (it); = cos(9)

€% sin(9)

—e ¥ sin(h) (31)
cos(0)

acting on the site j, and the ground state is given by

o0

1G.S.in.(7)) = l_[ Ve(i); 1 1G.Sin. (i =2)).  (32)

j=1
Then the Berry connection Ay, (7) is formally given by
Ain (1) := (G.S.in, ()| d |G.S.in. (1))
= D (GSun(i=Z0)| Ve dVi(ii);_s
j=1,2,... ?
X |G.S.,‘n,(fl’ = Z())) . (33)

Remark that the Berry connection Aj, (7) is ill defined as a
convergent quantity as it is an infinite sum. We will carefully
extract only the contribution from the left boundary. We define

hy_1 () == Vr(ﬁ);_%dvf(ﬁ) -1 (34)

Since the support of hj_% (n)is{j — %} and the support of f; is

{j £ %, J}, f; commute with A (7i) when j # k, k — 1. Thus,
each term of Eq. (33) is recast into

(G.S.in. (71 =Z0)| h;_1 (1) |G.S.in. (71 = Zp))

1 -
= 4 Reful fifioth; 1 Gfiif; [] filRefin),
k=1,2,...
ktj—1.j
(35)

where fy 1= V2. Moreover, fluctuation terms in the product
can be replaced by 1. This is because f; is the only operator
which acts on the site k among the operators sandwiched
between states |Refj, ), so the fluctuated part is projected out

by (Refj, |.” Therefore,

q 1 _
A (@) = Y 7 (Reful fifiih;_ @)fi1f;IRefin).

j=1.2...
(36)

Let y : [0,27] — RP? be a loop whose homotopy class is
nontrivial. The discrete Berry phase® n;, () along a path y is

1
Hin (v) = cxp ( / An =3 f dAmA)
Y z

X (G.S.in [y Cm)lIG.S.in [y O, (37)

where ¥ is a bounding surface of 2y, i.e., 0% = 2y.
Similarly, the final Hamiltonian, i.e., t = 27, is given by

SN e X (BN T z Ny X re >
Hg, (1) = r% (i)o; ' ; Tj,%(”)aj err%(n)
j=12,...

- Y ot (o, (38)
j=12....

and the ground state is

= = f]
G.S.40. (i = = —
|G.S.in. (7 = %)) ,:1:2[,,,, 7

where |Refg, ) is a decorated domain wall state whose eigen-
value of —tof is 1, for example, |[Refj, ) = |— 1 + 1 +---).

IReffin.) » 39)

Bya similar calculation to that of Ay, (#1), the Berry connection
of the final Hamiltonian is

Agin. (1) := (G.S.n. ()] d |G.S.in () (40)
1
= > g Refanl fifith; (S fi IRefsn) .
j=12,...
@1

and the discrete Berry phase ng, () along a path y is

1
nen. (Y) 1= exp (/ Afin. — Ef dAﬁn.)
1% p)

X (G.S.4in [y QNG S.sin [y (O)]) . (42)

Being a semi-infinite system, the values of each discrete
Berry phase (37) and (42) do not necessarily converge. How-
ever, in the pump model, the bulk states coincide at t = 0 and
27, so we can choose reference states at + = 0 and 27 with
the same bulk configuration. Then, only the edge contribution
remains in the ratio of the discrete Berry phases. We choose
|Ref;, ) and |Refy, ) as

IRefin) = [+ 1+ 1+, (43)

[Refgn) = |— 1+ 1 +--), (44)

"Note that this argument is incorrect if the reference state is defined
as a superposition of DDW states.

8This is not a common terminology, This is not a common term, but
to avoid confusion with the holonomy we will refer to this quantity as
the discrete Berry phase in this paper. See Appendix C for definitions
of terms.
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FIG. 1. y is a path defined by 6 = 7. This is a nontrivial path in
RP2.

and let us compute the ratio r of the discrete Berry phases for
a nontrivial path y in RP?:

o ) ( / (A — A )— + / (dAm.—dAﬁn))
Niin () y 2)x

(G.S.in.(Y)IG.S.in. (Y1)
(G.S.fin. (Y0)IG.S.£in. (y1))

. (45)

We illustrate the path y in Fig. 1. Since the only difference
between |Refj, ) and |Refg, ) is the site %, the expectation

value of an operator not acting on site % is the same. Thus,
we obtain

Ain (1) — Agn. (7)) = 12 (Refjp | flh%(mfl IRefi,. )
+ (Refip | fzflh%(’_i)flfz |Refiy )]
— (2 (Refgn | fih1 (i) f1 IRefgn.)
2

+ (Refgn | f2f1h3 (1) f1 /2 Refqn )] (46)

2
The second term can be nonzero only if one chooses 1 twice
or t{o{t} twice from the two f; =1+ t{ofzr]. By using

2 2 2 2
this observation, the second term and the forth term cancel.
Therefore,

Ain.(71) — Agin. (7)) = 3[(Refin | fih1 () fi [Refin.)
— (Refsn | fihy () fi [Refgn)]. (47)

After a simple calculation, we obtain
Ain (1) = Agn () = 3 (+] (14 75)hy (D(1 + 71) |+)
-1 (=1(1+ t%’)h%(ﬁ)(l + r;) |—) = 0.

(48)
|

0
Ve (i) |dV, () = ) —e® |do +
el

Since |G.S.gn. (1)) o 75 (71) |G.S.in. (7)),
2

(G.S.fin.(MIG.S.fin.(—11))
= (G.S.in. ()] fg (ﬁ)fg(—ﬁ) IG.S.in.(=1))  (49)

= —(G.S.jn.(M[G.S.in (7)) . (50
Thus, the ratio r is —1:
o M)y (51)
nﬁn‘(y)

It is worth mentioning that for each ¢, the discrete Berry
phase is ill defined because it is a semi-infinite system, but
the ratio of it at # = 0 and 2 is well defined because the bulk
state returns to itself when the system goes around in the S
direction. In this sense, this quantity r essentially measures
the nontriviality as a three-parameter family of unique gapped
systems.

In this process, what is the two-parameter family of
(0+1)-dimensional invertible states that are pumped into the
boundary? To clarify this, consider an effective model of
the boundary. For the initial Hamiltonian (24), the boundary
model is given by

HYY () := —t{ (Do} — i (WofTi (i) — of T} (). (52)
2 2

and for the final Hamiltonian (38), the boundary model is
given by

HYY () = o (ot — € (Do 75 () — ofTi (). (53)

. 2 2 2 2

Then, it can be seen that the ratio of the discrete Berry phases

we calculated above is the same as that of these quantum

mechanical systems over RP2. Let us compute the discrete

Berry phase of Hamiltonians (52) and (53), and confirm this

point.
The ground state |G.S.gﬂ (i) of Hitfy "(i1) is given by

bdy. SV l > > Sy -
IG.S.;, (1)) 2[IT (+ 1 () + |1 ()— | (D)
+ [ ()= 1 @) + || G)+ | ()] (54)

1+ tiof 1+ o013
2

= V(i) V, (71): S+ 1.
(55)
Here, 1) = Lz(l, 1,O)T and |+) = Lz(l, 1)T. The Berry
connection is given by
AYY () i= (GS.0Y ()| d | GS.2Y (7)) (56)
1+ tiof 1 +oft3
=1+ z 2[hi (i) + hs (7
(t+ 1 7 ﬁ[;() 3 ()]
1+ tiof 1 +of7}
x = =1+ 1) (57)
7 7 T+1

Here, recall that h;(7i) = V; (ii);dVr (7). We can check that

i sin?(9)
ie'® sin(0) cos()

ie” sin(0) cos(9) | d¢, (58)
—i sin?(0)
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and the Berry connection is
1+ r)%‘ oy
V2
1+ oft3
7 =h; (1)

1+ tiof
h@——

l—i—afr’%‘

7 1+ 1)

(39

(Mhi@ 1) (@) (M) [1)

- 2 + 2 + 2
(I hs () 1))
+—

bdy. -
A ) =

(1) I+ 1)

+ (11

60
> (60)
- %sinz(e)dqb. (61)

Thus, the Berry curvature is
FYY (i) := dAYY () = s1n(29)d9 dg. (62)

Finally, let us compute the overlap (Gdey (n)|Gdey( ii)).
Since V, (n)]V (=) =1} — qu(Zo)>j( f(Zo)|j,

(GSPY (71)| GSpY (—71))

I+ 011~|—cr11'3 1+ tiof 1 +of13
2 2

x 11+ 1) (63)
=+ (1 + o) (L +oiTd) 1L+ 1) (64)
= (t+ Tl (ol) T 1L+ ) (65)
=1. (66)

Therefore, the discrete Berry phase along a nontrivial path y

is
1
o= enp ([ a3 [ an)
y 2
x (G.S0¥ [y @G.S2Y [y (0)]) = 1. (67)
Similarly, the ground state |GS.{: bdy. " (i) of H dy. V(i) is given
by
1 —tiof 1 +of1}
2

A ﬁ‘lT-l-T)-
(68)

G2 () i= Vi (7)1 Vi (i)

1
2

By the similar calculation, we can easily check that the Berry

connection and curvature of Hé’g_y'(ﬁ) is the same as that of
Hi Gi:

AR (i) := (GS.p¥ ()| d |GS 52 (7)) = s1n2(9)d¢ (69)
and

FrY () := dAYY () = —s1n(249)d9 do. (70)

On the other hand, the overlap (GS)Y (—7)|GSpY (7)) i
given by

(GSYY (—i)|GSYY (7))

l—r"afl~|—crlﬂc3

= (1 + 11 T

1 —tiof 1 +oft3
2 2

[

T

[

V22 V22
x 11+ 1) (71)
=(T+T|(l—r’%‘af)(l+01r;)|¢+¢) (72)
— T I+ b (73)
= 1. (74)

Therefore, the discrete Berry phase is

1
o= e ([ A -1 [[aa)
y 2 s ’

x (G850 [y @m)1|G.S 57 [y (0)]) = —1. (75)

Thus, the ratio of the discrete Berry phase is
R (v)
i ()

= —1. (76)

3. Physical interpretation II : Boundary condition obstacle

In Sec. IT A 2, we considered the system with boundary and
discussed the flow of the discrete Berry phase, when compar-
ing ¢t = 0 and 2m. This breaking of the 27 periodicity is due
to the fact that the boundary terms were not 2w periodic. In
fact, the boundary term —t{ (7)o () which was added to the

2
Hamiltonian is not 27 periodic. We can consider a boundary
term like 77 (7) that preserves 2 periodicity, but this time the
3

boundary term is not global on RP2,

It is a natural question to ask whether there exists a term
that is parametrized by RP? x S! globally and makes the sys-
tem a unique gapped at all points in RP? x S'. Let us suppose
that there exists such a term, which we denote by x(#, ).
Then, the flow of the discrete Berry phase is trivial under this
boundary condition. This implies that by stacking two semi-
infinite chains with boundary condition —r{‘/z(ﬁ)of(t) and
x(7i, t), we obtain a nontrivial family of (0 + 1)-dimensional
systems parametrized by RP? x [0, 27r] whose ratio of the
discrete Berry phase at t = 0 and 27 is —1 (Fig. 2). If there
existed such a family, it would be inconsistent with the quan-
tization of the discrete Berry phase. Therefore, there are no
such boundary terms.

In general, when the higher pump is nontrivial, it is ex-
pected to give rise to a nontrivial flow of the discrete Berry
phase or Berry curvature. Accepting this conjecture, it follows
that there is no boundary term that is parametrized over the
whole of X and makes the system unique gap at all points
x € X, if its higher pump is nontrivial.

B. L(3,1) x S' model (or Z/3Z charge pump model)
1. Definition of a model

Let us consider another model with nontrivial higher pump.
As with the model in Sec. IT A 1, we will refer to integer sites
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ct+
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(7, 1) z(7, 1)

semi-infinite system finite system

FIG. 2. By stacking two semi-infinite systems with different
boundary conditions, we can trivialize the bulk of the system as a
family. This results in the system having no more than a finite number
of degrees of freedom. In particular, the discrete Berry phase is well
defined for any 7. From its construction, the ratio of the discrete Berry
phase atr = 0 and 2x is —1. Therefore, there exists a singular point
where the gap is closed.

as o sites and the others as 7 sites. At each site, there is a three-
dimensional Hilbert space. At t site, we take the following
orthonormal basis:

1 1 1
|uo) ! ® |ur) ! LY, |u2) ! 2
uO = —F= k] Ml = —F ’ M2 == w
N e N ¥ N

(77

2mi . .
Here, w = ¢35 . At o site, we take the following orthonormal
basis:

1 0 0
1Go) = {0, I61)=(1[, 62)=(0). (78
0 0 1

We call bases (77) and (78) the decorated domain wall basis.
On the other hand, we define

1 0 0
7o) = (0. lto={1]. l@==|0), (79
0 0 1

and call Eqgs. (78) and (79) z basis. The tilde on 7 and o
is a symbol to distinguish it from the Z/27Z model. In the
following sections, the same calculations as for the Z/27Z
model will be performed in parallel for the Z /37 model. In
that case, we always attach tildes to quantities related to the
7Z./37 model.

We define the Z/3Z spin operator acting on the local
Hilbert space on t sites by

=|lw , Tthi= w ,  (80)
w w?

and the Z /37 spin operator acting on the local Hilbert space
on o sites by

5 =11 ., 6%:= w . (81
1 w?

Remark that these matrices are not self-adjoint, and satisfy the
following commutation relation:

T = Tt 6%

7. (82)

Ug U2

U1 U2 U2

Uo

5’0 5'0 01 oo 09 01 5'()

FIG. 3. An example of the decorated domain wall configuration.

We note that |u;) is the basis for diagonalizing ¥, and it is
cyclically shifted by 7%, and |5;) is the basis for diagonalizing
6%, and it is cyclically shifted by 6*:

) = lui), T lw) = o ), (83)
516,) = ' 16:), GV161) = |6it1) - (84)

Here, the subscript of # and & is defined modulo 3.
Now, we define the following Hamiltonian [17]:

H—§ :_~ZI 5Y77 5% 521 _ =z ~{CT.E{'I'
: J=1T0 s VRSER ROy J=170 T+
J
_ mafext =z
G; TH%UH-]- (85)

Remark that each term is commuted with the other, and the
cube of each term is equal to 1. We regard the second and
fourth terms as the configuration terms and the first and third
terms as fluctuation terms.

In order to write the ground state of H, we introduce
decorated domain wall state with respect to |u;) and |5;). A
typical decorated domain wall state is

|. .. u()&oul&l u250u262u261 u260 .. ) . (86)

i.e., put u;, where the difference between jix — ji—1 = iy mod-
ulo 3 (see Fig. 3). The place where jiz — jx—; # 0 is called
the domain wall of & spin. Since we “decorate” u; on the
domain wall, the state in Eq. (86) is called a decorated domain
wall state. This is a natural generalization of the decorated
domain wall introduced in Sec. IT A 1. We will denote the set
of decorated domain wall states as DDW3. The ground state
of the Hamiltonian (85) is given by

/i
G.S.) =[] =% IRef), (87)
jeZ«/§
where
Foo_ 27t =x=zz 2z =xf=zf
fi=1+71,6/%, +% 5T, (88)

and |Ref) is a decorated domain wall state. Note that fj /3s are
orthogonal projections satisfying (f;/3)" = fj, (f;/3)> = f;,
and f; fj = fj fi. Note that [Ref) is not unique but the ground
state (87) is independent of this choice. In other words, the
ground state is a superposition of all decorated domain wall
configurations with the same weights:

IGS) o Y

{ix,ji}€DDW3

|ui G, .. u;,65,). (89)
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Based on this model, let us construct a model parametrized by L(3, 1) x S'. First, we give L(3, 1) dependence to 7 sites. To

this end, we define a unitary matrix

| l+z1++22 -2
V(@) = sleta + 0’7 + 0’ — 7

0’ + 71+ wf + 0 — 74

and by using this unitary matrix,” we define

@) = V.tV @), o1
@) =V, DFV. @), (92)

and
%) = V:@)|%). 93)

J

1 +exp (i5) +exp (z%)
3 1+ w?exp (i5) + o exp (i

V(1) := £
1+ o exp (it) + w? exp (i%)

and by using this matrix,'” we define
() =V, ()5, (t)', (98)
&5(t) := Vo ()5 Vo (1) (= 67, (99)
and
16:(1)) = Vo (1) 163) . (100)
Note that they meet the following relations:
Vot +27)i; = Vo (t)i j41s (101)
|6i(t + 27)) = 6 (1) |6:(1)) (102)
Gt 4+ 2m) = w*6%(1). (103)
We define a model for 7 € §3 and ¢ € [0, 27] as
2 _ =27 (2\RX(4\52 2
HGE, 1) = Z ‘CJ,_%(Z)UJ» (t)rﬂ_% @)
JEZL
= D60, @6, ()
JEZL
~ N2 X 22t 2
-2 5 @57 0T, @
JjeZ
- Zaf*(r)r 1@ ). (104)
JEZL

Equations (96) and (103) guarantee that the Hamiltonian (104)
is a model over L(3, 1) x S'. The ground state of this model

9We make a comment on the origin of this matrix in Appendix B.
'We make a comment on the origin of this matrix in Appendix B.

o+t — 0
1421+ 2f + 0’20 — 07}
o+ 71 + 0’7 + 0 — 0z

1+ w exp (z%) + w? exp (z%)
2) 1+ exp (i%) +exp (i%)
2) 1+ o?exp(it) + w exp (i%)

0+ 21 + &7+ 20 — 0?2
— 0?7 |, (90)
1 +z1 + 2} + 0z — 0’2

0* + 71 + 07 + 22

t

Note that they meet the following relations:

Ve(@2)ij = oV @i j1 = Ve DT, %94)
1T(02) = H @) 5G)) . (95)
T (w?) = T°(3), T(w?) = " F(3). (96)

Next, we give S! dependence to o sites. We define a unitary
matrix

1+ w?exp (i%) —i—wexp (123—')
1+oexp(if) +o’exp(iZ) |, ©OD
1+ exp (i%) +exp (i%)

t

is the superposition of decorated domain wall configuration
with the |u(Z)) and |6 (7)) basis:
IGS.G0) o Y

|ui, @), 5,(0), ..., u;, (2), 55, (1))

{ix,ji1}€DDW3
(105)
or, explicitly,
e )
IG.S.GZ, 1)) =1‘[ff(z )|Ref(z,t)). (106)
JjeZ \/g

Here
fi@n =1+, @5 0T, O+ ,05] 0T, @),

(107)

4
1
i=2

and |Ref(2 1))
T (z)(r ,(t) and &ZT(t)“’CJf : (2)67,,(r) with eigenvalue 1.

Let us check expllcltly that the ground state (105) is
parametrized by L(3, 1) x S'. Let AG;(t) = Gip1(t) —6j().
At w7 = (w21, w22),

is a simultaneous eigenstate of 6Z(t)

IG.S.(w7, 1)) =

2 : HeigAﬁj

{ix,ji}eDDW3  j

X |ui1 (Z)a &jl (t)a ey

- ¥

{ix,ji1}€DDW3

x |u;, (), 65,0, ...,
=|G.S.Z,1)).

u;, (2), 6, (¢t )>
(108)
REDWNIO)

w, (2),6;,()) (109)
(110)

035114-8



DISCRETE HIGHER BERRY PHASES AND MATRIX ...

PHYSICAL REVIEW B 110, 035114 (2024)

Here, we used

(111)

ZAaj(r) =0
J

under the periodic boundary condition. Also, at ¢ + 2,

IG.S.GZ, 1 +27))

= Y []60u@.6,0).....

{ix,ji}eDDW3  j

u;, (2), 55, (1))

(112)
= Y |u®@.6,0), .. w3, 6,0)  (113)
{ix,ji}eDDW3

=|G.S.G,1)). (114)

Therefore, |G.S.(Z, t)) is a state over L(3, 1) x S!. In the fol-
lowing, we verify the nontriviality of this model'! as a family
of invertible states over L(3, 1) x S'.

2. Physical interpretation I: Discrete Berry phase pumping

As in the case of RPZ x S! model, we can see that
the quantum mechanical system parametrized by L(3, 1) is
pumped to the edge. In fact, by deforming the system along
the S! direction, we can see the flow of the effective discrete
Berry phase, as we will see below.

Let us cut the system between sites 0 and %,
boundary such that 7 site appears at the edge:

and create a

o0

HE 1) =) ", @5]0)F, 0 - 50

J=1

@50

(Z)é_xl(t)~7f (Z) _ 6.2((t)~xv (Z)O‘]H(Z‘)

(115)

=2
|
)

To remove the ground-state degeneracy, we need to add a
boundary term. We choose —%1 () (¢) as a boundary term,

and consider the following initzial (t =0) and final ( = 27)

Hamiltonians:!?
o0
e W g 22t 2\arz (3
Hy, @) = —tg(z)of — 21: rj_%(z)oj rj%(z)
j:
o0
- Z5f~f+§(3)5fil + H.c., (116)
j=1
o0
Hin () = —wzfg (?)57 — ;2—1: f;i% ®35;7;,, @)
o0
- 277%(*)5541 +Hc (117)

Here, we used 6¢(27) = coz&]?. Let us compute the discrete
Berry phase of these Hamiltonians.

"Since H(L(3, 1) x S'; Z) ~ Z/3Z, it can be nontrivial as a fam-
ily of invertible states.
12Remark that this term is not 27 periodic.

First, the ground states of Hy, (7) and Hg, (7) are

1G.S.in. () HVT(?),_1HL|Refm> (118)
j=1 S V3
= [[%@;-11GSulz= (1,00, (119)
j=1
G.S.m @) = [[Ve@;-: [[ 5 I Refn) (120)
j=1 T = V3
= [[Ve®;_1 G2 = (1,O)D), (12D)

where V(%) I

Jj— %, and |Refj, (7)) is a simultaneous eigenstate of the first
and third terms of H;, (Z = (1, 0), t = 0) with eigenvalue 1,
ie.,

1 is a unitary operator V; (?) acting on a t site

7167 [Refin) = [Refin) , (122)

I—

5% 677 |Refy) =

LN [Refin,) .

(123)

for all j € N. Note that the eigenspace With eigenvalue 1 is

the same for both 7 and its real part ('C 7+ H.c.)/2. The
2

same is true for (123). Similarly, IReffm.(z)) is a simultaneous
eigenstate of the first and third terms of Hg, (Z = (1,0),t =
0) with eigenvalue 1, i.e.,

7167 [Refgn) = [Refn.) . (124)
@657}, 671 IRefn) = |Refa.) (125)
for all j € N. We define
7 % T
hi 1 @)= Vo) %dV (@)1 (126)

Then the Berry connections of Hy, (7) and Hg, (7) are given
by

Ain @) = (G.S.i0.3)d 1G.S.0. () (127)
= 368w @Ih 1 (@GSnE)  (128)
j=1
1 o o
"9 > Refin| fifi-1h; @) fi-1; IRefin)
=1
(129)
= Y (GSn @B IGSm @) (31
=1
1 oo
- §Z (Refn.| /35~ 1h]_,(z)f] 1fi Refgn) ,
j=1
(132)
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NN\

FIG. 4. A nontrivial path in L(3, 1). As is well known, the lens
space can be constructed from a three-dimensional ball. The surface
of a three-dimensional ball is a two-dimensional sphere, and divide
this sphere into the northern and southern hemispheres. Then, the
southern hemisphere is rotated by 2 /3 with respect to the northern
hemisphere and glued together. Consider a path y starting from
a point on the equator and arriving at a point rotated along the
equator by 27 /3. The fundamental group of L(3, 1) is Z/3Z and
a representative path of the generator of Z/3Z is y.

where f; := +/3. By using these quantities, the discrete Berry
phases are given by

. 1 .
in(7) = exp ( / An — 5 / dAin.)
¥ 5

X (G.San G = TGS G = 71)),  (133)
" 1 -
i, (7) = cxp ( f A~ 5 / dAﬁn)
7 5
X (G.S.in. G = 70)IGSm G = 71)) . (134)

Here 7 is a nontrivial path in L(3, 1) as in Fig. 4, and # =
7(0), 71 = 7(2),and ¥ = 37 . As in the case of Sec. IT A 2,
being a semi-infinite system, the values of each discrete Berry
phase (133) and (134) do not converge in general. However, in
the pump model, the bulk states coincide at + = 0 and 27, so
we can choose reference states at ¢+ = 0 and 27 with the same
bulk configuration. Then, only the edge contribution remains
in the ratio of the holonomy

Fi= flm()?) = €Xp </(Ain._Aﬁn.)_ l/'(dANm_dAﬂﬁn)>
figin. (7) 7 3Js

(G.S.in.Z = PDIG.S.in.C = )

X — ————. (135)
(G-S.n.G = 71)IG-S.n.G = 70))
We choose |Ref}, ) and |Refy, ) as
[Refin.) = [uoSouobo - - -) » (136)
|[Refgn ) = |u16oundy .. .) . (137)
Then, by using Egs. (129) and (132),
Ain.(Z) - A~ﬁn. (2)
=2 (ol (1 + 7 + 2N @1+ 7 + 1) lug) (138)
- 2 2 2 2 2

—L | (1 +r +%”)iz

A 1Y
=0. (140)

Here, the first term is a contribution from Aj, (Z) and the
second term is a contribution from Ag, (7). On the other hand,

(G.S.in.Z = PDIG.S.in. G = P0))

(G.S.in.G = 7PDIG.S.n.C = )
_ (G.S.in.Z = 07)IG.S.in. (2 = 1))
" (G.S.fn.Z = 07)|G.S.5n. G = 0))
(GSan @ =70 7@ = 1) 1G.S:n. G = 1))

(GSn@ = )@ = 10) 1G-S0 G = 70)

(141)

(142)

= w. (143)
Therefore, the ratio (135) is

F=w. (144)

In this process, what is the three-parameter family of
(0+1)-dimensional invertible states that are pumped into the
boundary? To clarify this, consider an effective model of
the boundary. For the initial Hamiltonian (24), the boundary
model is given by

HY 3) = ~t@6f ' @67 72— 67712 + He.,

(145)

and for the final Hamiltonian (38), the boundary model is
given by
Hy" () = —’ T @6{ — 1 @] (@) ~ 6713 () + He.

7 2
(146)

Then, it can be seen that the ratio of the discrete Berry phases
we calculated above is the same as that of these quantum
mechanical systems. Let us check this point. The ground state
of the initial Hamiltonian Hil:_jy' (7) is given by

G.8.2%(2))
T+ HE6 + @67 14+6{1@ +6{ 7' @)
R NG
X |T0(Z2)voTo(2)) (147)
I R &{'+r” 21+6ffg+5fo§
=V @1V (D)3 NG ﬁ
X |TovoTo) , (148)
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where |vg) = (1, 1, l)T/«/g is a eigenstate of 6* with eigen-
value 1. Introducing the spherical coordinates'?

z1 = sin(x)sin(0)e”?, (149)

zp = cos(x) + i sin(y ) cos(f), (150)

a loop y generating the first homotopy group m;(L(3, 1)) is
given by

y = {(x =20="1¢)l6c [0, 2?”]}

With the gauge (148), it is straightforward to show that the
Berry connection is trivial:

AY@)=0.

(151)

(152)
J

In addition, since V, (wZ)'V,(Z) = #*7,

(G.S¥ (@D)|G.SLY 2 ))

1+ 267 + f“af 1+67% + &,”Lr’f
2

= (TovoTol : 7 7 fff?
1+ .L.x ZT + fx’ralz 1 +6,11.E3 +6 ~ZT ;T
X 7 \/§ = |TovoTo)
= 1. (153)

Thus, the discrete Berry phase of the initial Hamiltonian
bdy. /o - .
H > (@)is 1:

Y (7)== exp < fy AN 3 /E dA}’ﬁY) (GSL¥ G =)|GSiYE=7)) =1 (154)

Similarly, the ground state of the final Hamiltonian H;:_y'(Z) is given by
1G.5.2z)) = L+ 0?55 + 0t @5] L+6{E@) +5{2]'@) ) ass)

V3 V3 '
140+ wf”af 146725 + 672

=V:(@1V:(2); ﬁ i/g — |Zovoto) (156)

and we can easily check that the Berry connection of A " (Z) is also trivial:
A @) = (157)

On the other hand,
Gs. 0, Sl y ) = (ool 1+ o? 'L’ &¢ +a)r”5f 1+ 6¢ r; +67't );C
V3 ﬁ
~)CT~)CT1—+-C()2 ; +a)f§'a l—i—oftg—i—””%‘I o,

X r% r% 7 NG [TovoTy) = w~. (158)

Thus, the discrete Berry phase of the initial Hamiltonian

HY 3)is o
)= enn / Ay =5 [Laay)
7 3Js ’
x (G.S (Z—V0)|GS YE=m)) =
(159)

Therefore, the ratio of the discrete Berry phases of these
quantum mechanical systems is

~bdy
~bdy Eyi (160)
Y
BAlthough the Hopf coordinates z; = ¢ cos(B), z =

¥ sin(B), a, o’ €[0,2m), B €[0,7/2) are useful to see for
the Z /37 action in lens space L(3, 1), we use spherical coordinates
since only a path on the equator is used here.

3. Physical interpretation I1: Boundary condition obstacle

In Sec. II B 2, we considered the system with boundary and
discussed the flow of the discrete Berry phase, when compar-
ing ¢t = 0 and 2x. This breaking of the 2 periodicity is due
to the fact that the boundary terms were not 2z periodic. In
fact, the boundary term —7%;’ /z(ﬁ)ﬁf(t) which was added to the
Hamiltonian is not 27 periodic. We can consider a boundary
term like 7%(#) that preserves 27 periodicity, but this time the
boundary term is not global on L(3, 1). Similarly to the dis-
cussion in Sec. IT A 3, we can show that there is no boundary
term that is parametrized over the whole of L(3, 1) x S! and
makes the system unique gap at all points L(3, 1) x S'.

Let us suppose that there exists such a term, which we
denote by X(#i, ). Then, the flow of the discrete Berry phase
is trivial under this boundary condition. This implies that
by stacking two semi-infinite chains with boundary condi-
tion —%f/z(ﬁ)&f (t) and X(7i, t), we obtain a nontrivial family
of (0 + 1)-dimensional systems parametrized by L(3, 1) x
[0, 2] whose ratio of the discrete Berry phase at + = 0 and
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2m is w. If there existed such a family, it would be inconsistent
with the quantization of the discrete Berry phase. Therefore,
there are no such boundary terms.

III. QUICK REVIEW OF THE SMOOTH DELIGNE
COHOMOLOGY

In this section, first, we review the smooth Deligne co-
homology [18] and its integration theory. In Sec. III A, we
introduce the higher analog of the discrete Berry phase based
on the integration theory. The smooth Deligne cohomology is
isomorphic to the differential cohomology group [18,19]. In
fact, the integration map for the smooth Deligne cohomology
gives such explicit isomorphism [11,20]. This isomorphism is
an analogy of the de Rham isomorphism. In Sec. III B, as an
application example, we reformulate the invariant of a fermion
parity pump proposed in [4] as an integration of a smooth
Deligne cohomology class.

A. Definition and integration

We introduce the smooth Deligne cohomology. The
ordinary cohomology theory captures only topological in-
formation, and does not include nontopological information,
such as the Berry connection itself or holonomy. On the other
hand, the smooth Deligne cohomology has all such infor-
mation. This enables us to systematically extract topological
information through integration theory for any dimensional
system.'*

Let X be a smooth manifold. The smooth Deligne complex
of X is the complex of sheaves

D(p): C*BEar & 4 pr,
where C* is the sheaf of C*-valued smooth functions
on X and A* is the sheaf of smooth k-forms on X'.
The smooth Deligne cohomology is the hypercohomology
H"(X;D(p)) of the smooth Deligne complex D(p). Fixing
a good open covering U = {Uy}qer of X, a smooth Deligne
cohomology class in H”(X;D(p)) is represented by a co-
cycle ¢ = (Way.ap Oy, 2o+ Oy ') where wy, o, , is
a smooth function on the intersection Uy, N---N Us,_, of
open sets in values with nonzero complex numbers, and
50 aps 18 @ smooth k-form on the intersection U, N
The cocycle condition on ¢ is equivalent

-N U
oy = (—=1)P*dok] for k =

Apf—1°*
[eZi PR Ap—i

to the condition §(6%),,. ...
27 cees p - 1’ 8(91)0((),.,,,01,7_1 == (_1)P 1d log(woto ..... Otp_]) and
3(W)ay.....w, = 1. Here § is the Ceck derivative. This condition

on ¢ shows that the differential forms d62~" and d@é’fl are
equal on the intersection U, N U, . So, we have a global closed

“In this paper, however, we only consider (1 4 1)-dimensional
systems and encounter cases where the higher connections and the
higher curvature are trivial. See [21,22] for examples where the
higher Berry connections and higher Berry curvature are nontrivial.
See also [23] for examples of the higher Berry phase in (2 + 1)-
dimensional systems.

5C* .= C\{0}.

p-form n given by |y, = d6f ~! which is called higher curva-
ture form of c. A smooth Deligne cocycle c is flat if the higher
curvature form of c¢ is zero. An important example of a flat
cocycle which is used in this paperis ¢ = (Weg...tp 1505+, 0)
such that wy,..«,_, is a constant function on connected compo-
nents of Uy,..q,_, With (w)g,..a, = 1.

A main tool in this paper is an integration theory for
the smooth Deligne cohomology developed in [8-12]. See
also related papers [24-31] and books [18,19]. For a smooth
Deligne cohomology class ¢ in H?(X; D(p)) and a (p — 1)-
dimensional closed oriented submanifold Y in X, we construct
a paring Holy (¢) with values in C*, called higher holonomy
of ¢ along Y, as follows: First, fixing a good open covering
U = {Uy}qer, we choose a representative cocycle

1 p—
(th()...ap,1 ’ 00(0 O 2%t 90[0 )

of c¢. Second, we choose a triangulation K of Y which is
sufficiently fine such that there exists a map ¢ : K — [ sat-
isfying o C Uy, for each o € K. Such map is called index
map. Third, we fix an index map ¢ : K — 1.

Then, we define the higher holonomy as

(161)

Hoby (@) = exp [ 3 3 [ s
i=0 o€F(i) i
< T woit, 00,00 (162)
oeF(p—1)
where F (i) is the set of flags of simplices
F@i):={o = (""", ... 0P
dimo* =k, 0?7l c...co??coP ). (163)

This definition is independent of all choices. Remark that if we
have a representative constant cocycle (wy..a,,,0,...,0),
then the higher holonomy is simplified as follows:

0
1_[ w¢a/)—l¢0p—2---¢,,0 (G )’

og€eF(p)

Holy (c) = (164)

In general, Holy (c) takes value in U(1), and not quantized.
However, if there is k € N such that k[Y] =0 € H,_1(X; Z),
we can extract the information of the torsion part of H*(X; Z),
by considering the following quantity:

Nep.(Y') := Holy (¢) exp (% /): n) e Z/kZ, (165)

where ¥ is a bounding manifold of kY, i.e., X = kY. This
can be considered as a generalization of an expression given
in [32] on Chern-Simons forms which live on total spaces of
principal bundles. This value is only dependent on wy,,..., i
and [Y] € H,—;(X;Z), and not dependent on the choice of
connections 6?01(0 par 95; ' We call np.(Y') as the dis-
crete higher Berry phase of calong Y.

In the case of p =2, nyp (Y) is the discrete Berry phase
in the usual sense. In Sec. III B, we will verify that a fermion
parity pump invariant proposed in [4] can be written as the dis-
crete Berry phase in the usual sense (p = 2), and in Sec. [V A,
a higher pump invariant can be written as the discrete higher
Berry phase. See Appendix C for a clarification of terminol-
ogy and basic facts about complex line bundles.
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B. Example: Ordinary pump invariant

Let us reformulate the invariants of the fermion par-
ity pump proposed in [4] as an integration of a smooth
Deligne cohomology class. In the case of usual pumps, we
consider a family of invertible states parametrized by S'.
Therefore, take an open covering {Uy }oe; of S' and consider
a family of Z/27Z graded injective 2n x 2n MPS matrices
{Aé, uy} [33,34] on each patch U, . For simplicity, consider the
case where {Afx, uy } has the Wall invariant (4-). Then, by using
the fundamental theorem for Z /27 graded injective MPS [4],
there exist unique U(1) phases e/®#, ¢#«¢ e U(1) and unique
projective unitary matrix V,g € PU(n) on each intersections
Uqp := U, N Upg so that

Al = Vg ALV

s (166)

Ug = €% VopugV,, (167)
We claim that the quantity (weg, 6y) = (¢, 1d logtr(u2))
is a 2-cocycle of the smooth Deligne cohomology, and the
pump invariant is given as its (ordinary) discrete Berry phase.

Let us check cocycle conditions (Sw)ep, =1 and
(39)0,5 =d log Wap- On Ua N Uﬂ N Uy,

Al = €9V ALV I = €90 €9 Vog Vg ALV VI (168)

By "ap
and

i _ gy iyt
Ay = PV ALV,

(169)

Since {Al} are Z /27 graded injective with the Wall invariant
(+4), there is some U(1) phase ¢'®#r so that

VapVe, = €V, (170)
Similarly, on U, NUg N U,,,
Uy = %0V gV, u, Vi VI, (171)
and
Uy = €% Vo u, V,\, (172)

Comparing Egs. (171) and (172) and using (170), we obtain
¢t eV = e%r & (Sw)epy, = 1. (173)
Next, taking the square of both sides of Eq. (167), we obtain

uy = VgV (174)

af’
and taking log tr of both sides of this equation,

logtr(uy) = loge*®# + logtr(uz) (mod2miZ) (175)

< log e'Par = %log tr(ui) - %log tr(uf,) (modmiZ). (176)
Therefore,
d loge®* = 1d logtr(u}) —

=d log weg.

3d logtr(uz) < (860)ap
(177)

Thus, (e, 1d logtr(u2)) is a cocycle of degree 2 in the
sense of the smooth Deligne cohomology.

To write the discrete Berry phase explicitly, we take a
triangulation as shown in Fig. 5 and take an index map defined
by ¢(0y) = o for all & € I and ¢p(o,p) = B for all o, B € 1

Oa

(7
Sl W

OBy op

Oy

FIG. 5. A part of a triangulation of S'. The elongated circles
represent open coverings, the red dots represent O-simplices, and the
blue edges represent 1-simplices.

such that U, N Ug # @. In this case, the discrete Berry phase
of (Wap, Oo) = (¢, 3d log tr(u2)) is given by

Tyop. (S )—exp( Z/ d logtr )

and it takes value in wiZ /2mwiZ ~ 7./27. Note that the cor-
rection by the 2-form curvature has disappeared since the
cocycle (wqp, 0y) is always flat. We will check that the an-
alytic and algebraic invariants proposed in [4] are realized as
a special case of Eq. (178) by taking suitable gauges. First,
we take the gauge with weg = 1 for any « and B. From the
cocycle condition, we obtain

]_[ e (178)

Oup

3d logtr(u) — 5d logtr(uz) =0 < (860)up =0,  (179)
and this implies that 1 logtr(u?) is global 1-form over S'.

Therefore, the discrete Berry phase (178) is recast into

1
Miop. (S') = exp (5 /S d 1ogtr(u§)) € Z/)2Z, (180)

and this is nothing but the analytic invariant of fermion par-
ity pump. Next, we take the gauge with d log r@w?) =0
From the cocycle condition, we obtain d loge'®# = 0, and
this implies that log e« = Cqp + mingg for some cup € R
and nyp € {0, 1}. Remark that ) 0up Cap = 0 (modmiZ). In
fact, 2cop = logtr(ug) — logtr(uy) (mod2wiZ) at oup, and
faﬁ d log tr(u%) = log tr(u%)|%ﬂ — log tr(u%)L,M = 0. Thus,

> cap
Oup
% Z [logtr(ug) —

logtr(u)]|, ~ (modmiZ) (181)

Oup
1 1 .
= Z (-5 log tr(u/23)|%ﬂ+ 3 log tr(ué)‘gﬂy) (modrmiZ)
Oup
(182)
=0 (modrwiZ). (183)
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Therefore, the holonomy (178) is recast into

niop. () = [ [ was € Z/2Z.

Oup

(184)

and this is nothing but the algebraic invariant of fermion parity
pump.

IV. MATRIX PRODUCT STATE REPRESENTATION AND
HIGHER PUMP INVARIANT

In this section, we define the higher pump invariant as an
integration of the smooth Deligne cohomology. To this end,
we utilize an injective MPS bundle over the parameter space.
By using this bundle, we can construct a smooth Deligne
cocycle, and define the higher pump invariant as an integration
of the cocycle. In Sec. IV A, we explain the construction of the
higher pump invariant. In Secs. IVB and IV C, we compute
the higher pump invariant for the models introduced in Secs. II
and II B 1, respectively.

A. Definition of the higher pump invariant

Fix an n-dimensional manifold X as a parameter space
and its good open covering {U,}qc;. Let {Afx(x_)},- beann x n
injective matrix [4] on U, and assume that {A;,(x)}; is in the
right canonical form [35], i.e.,

DAL WAL ) =1, (185)
for any « and x.We call this an injective MPS bundle over
X.On Uyg :=U, NUg, {A,,(x)}; and {Ajg(x)}i give the same
MPS. Thus, by using the fundamental theorem for bosonic in-

jective MPS [35], we obtain a PU(n)-valued function {g,g(x)}
and U(1)-valued function {¢%#} on U, s such that

AL (x) = € gy ()AL (X)gup(x)".

Remark that {gep(x)} and {e#} are unique. By using the
uniqueness of {gyp(x)}, we can easily check that {g.p(x)}
satisfy the cocycle condition

(186)

(88)apy = 1. (187)

We call {gqp(x)} a transition function.'®

Next, we take a U(n) lift {g,4(x)} of the transition function,
i.e., {84p(x)} is a U(n)-valued continuous function such that
7 (8ap) = 8up- Here, w : U(n) — PU(n) is a projection. Since
{gup} satisfy the cocycle condition (187), (62)ap, takes value
in U(1). We define

Capy = gaﬁgﬂygya- (188)

By definition, c,g, is a cocycle, i.e., (6¢)qpys = 1. Thus,
capy defines a cohomology class [cup,] € H2(X ;U(D)) >~
H3(X:Z). [capy] is called the Dixmier-Douady class [13].
Since [cqp, ] takes values in H3(X;Z), we may already con-
sider this as a higher pump invariant. However, to extract this

19We may regard g, s(x) as a U(n)-valued function, but in that case,
the definition (186) remains redundant in the U(1) phase of g,z (x).
Thus, it is natural to regard g,z(x) as a function that takes value in
PU(n) = Um)/U().

quantity numerically by integration, we need to introduce a
1-form and 2-form connection 6 p and 62 as an element ¢ =
(Capys 901/3, 95) e H3(X;D(3)) and 3-form curvature Ny, =
d 93. This procedure can be explained as an analogy with com-
plex line bundles. A complex line bundle over X is completely
characterized by a transition function {g.g} and it defines
an element of [gug] € H?(X;Z). Since isomorphism classes
of complex line bundles are classified by H2(X;Z), [gup]
is a topological invariant. However, in order to numerically
extract the Chern number and the discrete Berry phase, we
need to take a connection A, and a curvature F'|y, = dA, and
integrate it. A complex line bundle with connection (g.4, Ay)
determines an element of H>(X; D(2)) and computation of the
Chern number and the discrete Berry phase can be regarded as
an integration of the smooth Deligne cohomology class as we
saw in Sec. III.

The existence of 6, and 67 is guaranteed from the gen-
eralized Mayer-Vietoris theorem [36], and the value of the
integration does not depend on how to take 6] p and 62. In

this case, for example, we can take 6 p and 62 as follows:

07 = 0,6, = d logdet(2.p)- (189)
Since cqpy is defined by Eq. (188), (67,045, capy) is a 3-
cocycle. Consequently, our pump invariant n,p, is the discrete
Berry phase of (cqpgy, 0;/3, 62) over a suitable 2-cycle Y €
Z/kZ - HZ(X; Z)tor.:

Miop.(Y) := Holy (capy . 0,45.67)
1
X exp (;f n) e ' (X; Z)ior.,  (190)
)

where H3(X; Z ). is the torsion part of H3(X;Z) and X is
a bounding manifold of kY, i.e., 90X = kY. Here, the choice
of the homology class of Y depends on which charge we
measure. From the universal coefficient theorem, there is
an isomorphism between Hy(X;Z)yy. and H3(X;Z)y.. If
H3(X; Z )or. has more than one component, we integrate over
the 2-cycle Y, which is determined as a pullback by the iso-
morphism of the generator of the component. For example,
consider the case where the parameter space X is given by the
direct product of some manifold M" and S': X = M" x S'.
In this case, a model of quantum mechanics parametrized by
M"™ on the boundary is pumped by the deformation of the
system along the S! direction. If we are interested in whether
the discrete Berry phase along a path y C M" is pumped, we
choose Y = y x S' C X and compute nyop, (Y).

B. Computation of the higher pump invariant: RP? x S' model
1. MPS representation and transition function

In this section, we compute our higher pump invariant for
the model (17). The ground state of (17) is known to be
the cluster state, of which an MPS representation is given
by [35,37]

oo b g i i
|GS(#, 1)) = § Cw(Al Al AL AY)
{ix}. (i}

X | @, ()0, (1) . .. 7, (7)o, (1)) (191)
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with

+ (1 1 , _ (0 0 o _ (0 O
Ar(ﬁ)_<0 0)7 Ar(ﬁ)_(] 1) Aty = 0o o)

(192)
L1 L, (0 0
Aam—(o o>’ Aa<z>—(1 1)

Here, |7;(7i)) is basis diagonalizing 7%(7). Explicitly,

1
n3 9
n +iny

1
—n3 ,
—ny — inp

(193)

L
V2

[T(1)1) = —=lluys (D)) + lu_(71))] =

Sl -

Ty (1)) = %[Im(ﬁ)) — lu_())] =

-

0
—n; +iny
n3

|70()) = |u= (i) = (194)

In the expression (191), the basis depends on the parameters
7, t, whereas the MPS matrices do not. We move to parameter-
independent basis |1;) = |7;(7i = %)) and |o;) = |o;(t = 0))
to get

|GS(ii, 1)) = Z tr[AL AL (1) .. AL DAL1)]

{ie i}
x |t,0j, ... 1;,0,) (195)
with
AL =) Ke(i)ixAL )
k
(196)

AL =) Ko (kAL .
k

Here, K.(ii) and K,(t) are basis transformations de-
fined by |5 () =) ; |t =7Z0)) K:(A)ix and |ox(1)) =
Y iloi(t = 0)) K, (1), . explicitly given by

1+n3 1—n3 _ni—im
2 2 2
K. (i) = 1—n3 14n3 ny—iny 197
O e e | (197)
ny+inp _ nitinp
7 2 3
© cos § —i sin § 198
t) = .. .
o (1) —i sin § cos § (198)

Considering t and o spins as a unit site, we have a transla-
tional invariant MPS

AL (i, 1) := ALDAL (1), (199)

The ground state (195) is parametrized by RP? x S! as a
family of physical states, while the matrices (199) are not, i.e.,
AN (=i, t) #£ AN (7, 1), AN (it +2m) # A (7, t).

(200)
The fundamental theorem for matrix product state [35] im-

plies the existence of unitary matrices grp2(i, t), ggi(7i,t)
and phases e, e/? so that

AR (i, t) = € grp2 (i, AL (=i, 1)grp2 (3, )T (201)

O_LE

Sl

------ <--f--s

FIG. 6. Transition functions on RP? x S'.

and
AL (i, 1) = ePggi (7, )AL (i, t + 21 )gsi (7, 1), (202)
It is easy to find that

€ =1, grp(ii, 1) = 0y, (203)

P =i, gg(i,t) = o, (204)

as in Fig. 6. It is important to note that the unitary matrix
given by the fundamental theorem is unique up to a U(1)
phase factor. Thus, we should regard o* and o as elements
of PU(2), not of U(2). To indicate this explicitly, we write an
element of PU(2) as [¢”] instead of 0¥, for example.

2. Calculation of the higher pump invariant

As we showed in Sec. [IA2, we found that a quantum
mechanical system parametrized by RP? was pumped by
adiabatic deformation along S ! and it had a nontrivial discrete
Berry phase along the nontrivial path y of RP?. This implies
that the higher pump invariant defined in the Sec. IV A along
the surface Y=y xS§' € RP?>xS! is nontrivial. Hence, let us
compute the discrete higher Berry phase along this surface Y.

To calculate this invariant, first, we need to take a good
open cover of X = RP? x S'. We take the good open cover
as in Fig. 7. Note that the intersections of the common part of
the balls are taken to be contained within the interior of the

FIG. 7. A part of an open covering of RP? x S'. These consist
of one open ball centered at the center of the cube, one open ball
centered at the vertex, three open balls centered at the midpoints of
the edges, and three open balls centered at the midpoints of the faces.
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FIG. 8. A polyhedral decomposition of RP? x S'. This is com-
patible with the open cover, that is, for any dimensional cells, there
is a patch so that the cell is included within the patch.

cube. In the following, we formally write this open covering
asU = {Ui}icr.

Next, we take a polyhedral decomposition T of RP? x S!
which is compatible with the open covering {/. We take the
polyhedral decomposition T as in Fig. 8:

The open set corresponding to a simplex 7 in 7 is written
by U;,. To implement the injective MPS bundle on this cube,
we assign transition functions on the faces of the polyhedral
decomposition. We would like to perform this assignment sys-
tematically. To this end, we take base points of each patch, and
define transition functions on the intersection Uj, = Uy N U,
under the following rules:

(1) Take a path starting from the base point of the patch
U, and passing through U}, and terminating at the base point
of U, 2.

(2) If the path is through the side of the cube, we give [o*],
and if the path is through the top or bottom, we give [o*].

Under these assignment rules, the configuration of the in-
jective MPS bundle is determined by fixing the base points
of each patch. We fix the base points as in Fig. 9. In the

/A
>,

TH= A== ==

<

FIG. 9. (Left) A based polyhedral decomposition of RP? x S'.
The two in the middle belong to the back patch and the center patch
of the cube, respectively. (Right) For example, the transition function
on the blue surface is [1,] since the base points of the front- and back-
side patches are directly connected. On the other hand, the transition
function on the red surface is [c*c*] since the path connecting the
base points of the front- and back-side patches have to get through
the bottom and side faces of the cube one at a time.

FIG. 10. The configuration of cyg,. On the red lines, c,p, = —1
on them and c,p, = 1 on the others.

following, we formally write the transition functions as {gug :
U, NUg — PU2)}.

The Dixmier-Douady class can be viewed as a violation of
the cocycle condition for lifting a transition function that takes
values in PU(2) to U(2). We take the following lifts:

(L] 1o, [0*] > 0%, [0 0%, [0%0] > o707,
(205)

In the following, we formally write the lifted transition
functions as {g45 : Uy N Ug — U(2)}. Under these lifts, the
violation of the cocycle condition can only occur if the sur-
faces with the transition functions [o*], [0¢], and [0¥0?] =
[o*0*] intersect each other, and the violation occurs by —1 on
them. For example, let the bottom patch of the front side be
Uy, the center patch of the front side be Ug, and the center
patch of the cube U,. By the assignment rule of transition
functions, we can easily check that g, = [0°], gg, = [07],
and go, = [0"0*]. Thus, lifted transition functions are 2,5 =
0%, &sy = 0%, and &, = o*o*. The Dixmier-Douady class
Capy on the line is given by

Capy = 8ap8py8ye = —1. (206)

Consequently, we can identify the edge with nontriv-
ial ¢4, over whole RP? x S!, as in Fig. 10. Note
that cqp, defines a cohomology class [cqpy] € H*(RP? x
S, U(1)) ~H3(RP? x §';Z) ~ 7Z/27Z and a cohomology
class [(cqapy, 0, 0)] € H3(RP? x S';D(3)) which is flat. The
group H?(RP? x §';U(1)) is a subgroup of H3(RP? x
S';D(3)) under the map [cop, ] = [(capy, 0, 0)].

Let us compute the higher holonomy of ¢ = (cugy, 0, 0)
along this surface ¥ = y x S'. We take the diagonal line of
the top square of the cube as a nontrivial path in RP? and
take a polyhedral decomposition!” of ¥ induced from that of
RP? x S'. We label the open sets of ¥ with roman letters
@, j, k, ...) instead of greek letters («, B, ¥, ...). We show

17 Although what is shown in Fig. 11 is a polyhedral decomposi-
tion, we theoretically consider a triangulation that subdivides it and
assume that the index map takes the same value for all simplices in
each polyhedron.
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k L k

k I k

FIG. 11. The polyhedral decomposition of ¥ induced from that
of RP? x S', and a vertex on which the Dixmier-Douady class has a
value —1.

the nontrivial cocycle on Y in Fig. 11. It is necessary to
take an index map ¢ to perform an integration. However, to
compute the invariant on Y, it is sufficient to determine the
index map on Y. We take an index map as in Fig. 12. Then
the higher holonomy is given by the following formula:

Holy (¢) = I1

o=(cCo'Co?)eF(2)

Ch2¢,19,0 (00)- (207)

As seen in Fig. 11, the only intersection where the Dixmier-
Douady class is nontrivial is U;jx. Moreover, a full flag o =
(0% Cc o' C o?) satisfying {I, k, j} = {¢p2, Po1, Pyo} is only
one (s C s' C s?). We show this flag in Fig. 13. Therefore,
we have

Holy (¢) = [T conois.@® (208)
o=(c%Co'Co?)eF(2)

= Cpap,100 () (209)

= Cikj (210)

=-1 @211)

Since the cocycle c is flat, there is no correction by the 3-form
curvature. As a result, we have that the higher pump invariant
is

nep.(Y) = Holy(c) = -1 € Z/2Z.

212)

Tk

FIG. 12. An index map of the polyhedral decomposition of Y.
Blue arrows are index maps for edges, and the direction of it indicates
the patch to which the edge belongs. Similarly, orange arrows are
index maps for vertices, and the direction of it indicates the patch to
which the vertex belongs.

k l k

k ez 4 k

FIG. 13. A flag contributing to integration. The red circle rep-
resents s°, the red wavy line represents s', and the red shaded face
represents s2.

Therefore, the higher pump invariant is nontrivial. This in-
variant can be regarded as an element of H3(S! x RP?;7Z) ~
H3(S' x BZ/27;7), where BZ /27 is the classifying space
of Z/27Z. As explained in [38], G-charge Thouless pump is
classified by the cohomology theory of S' x BG. Therefore,
this invariant can be understood as a Z/2Z-charge pump
invariant in the interacting phase.

C. Computation of the higher pump
invariant: L(3, 1) x S* model

1. MPS representation and transition function

Let us compute an MPS representation of the ground
state (105). We find that the following MPS representation

HAZ(z)vAé(o}) = Z tr(A;l(z)Aél(r) o) | @55, )

{ik, ji}
(213)
with
L 11 (1 @ w?
Ay =<|0* 1 o], Al 0 w1,
3 o o 1 3 w w?  w?
1 1 0
Al 3 o 0 W*], (214)
w? 1 w
L (1 0 0 L (0 o O
A2 =—1|1 0 o Al = 0 1 0
a(t) 4 (1) ’
V3\1 0 o V3\o »* o
1 0 0 w
A2 =—|0 0 o?]. (215)
a(t) ﬁ
0 0 1

In fact, these matrices satisfy the desired properties: First,

s u@ o0 T | pyAL AL, i+ j=k mod 3),

(216)
holds, where p;; are phase factors

po =1, po =1, pp =1, (217)

po=0o", pn=1, pn=o, (218)

pn =", py=w, pn=1 (219)
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Therefore, the MPS is a superposition of decorated domain
wall states with the additional decoration of U(1) phases pj.
We can also show that

i 0 Jo i 1 J
I’iOPOjA?r(t)Aa(z)Ag(z) = pap lei'r(z)A('r(t)Aé(z)

= pP2jAs i As ALy (220)

Hence, all weights are equal to tr(Ag(,)Ag(r) .. .Agm) =1.
Therefore, |{A!

ground state (ll(l)%)).

The basis of the MPS (213) depends on Z and ¢, but the
matrices do not. We rewrite the MPS (213) in the basis of
|%;) and |G;). To do so, using the basis transformation |u;) =

> i 1%) Ti x with

Aé(l)}) is an MPS representation of the

A 1
T=—|o 1 o], (221)
V3 @ 1w

and
| @) = Ve () )
=Y Vi@ %) T = Y _1%) [V:@Tlix. (222)

16(1) = Vo (1) 163) = Z 16) Vo (1) .1 (223)
i

with matrices V,(Z) and V, (¢) introduced before in Egs. (90)
and (97), respectively, we have

{AL@. AL} = D w(Al@AL @) ...) |56, .. )

(k. Jji}
(224)
with
ALE) = ) IV @TisAke), AL =) Vo (1)14AL,)-
‘ ‘ (225)

Regarding t and o spins as a unit site, we get the translational
invariant MPS

AL G 1) = ALG)AL (D). (226)

With this MPS, it is straightforward to show that the transition
functions are given as

ALL(@Z.1) = gLa ALl G, f)g’TLo,l)’

A G 1 +2m) = g AL 0E (227)

where

L3, = 1 )

(228)
Here, [-] implies that 3,1y and gs are not an element of
U(3), but also PU(3).

2. Calculation of the higher pump invariant

Finally, let us compute the discrete higher Berry phase
defined in Sec. IV A. As we showed in Sec. II B 2, we found

FIG. 14. A part of the open covering of L(3, 1) x S'. The bottom
and top triangles represent the surface of the ball, and the vertical
direction represents the S! direction. The open covers consist of one
open ball centered at the center of the prism, one open ball centered
at the vertex, two open balls centered at the midpoints of the edges,
and two open balls centered at the midpoints of the faces.

that a quantum mechanical system parametrized by L(3, 1)
was pumped by adiabatic deformation along S' and it had a
nontrivial discrete Berry phase along the nontrivial path y of
L(3,1). This implies that the higher pump invariant defined
in Sec. IV A along the surface Y = y x S' ¢ L(3,1) x S' is
nontrivial. Let us compute the discrete higher Berry phase
overy x S' ¢ L(3,1) x S'.

To integrate the discrete Berry phase, we need to take
an open cover of X =L(3,1) x S'. Since L(3,1) x S' is a
four-dimensional manifold, we cannot draw a picture similar
to the RP? x S' model. Thus, instead of drawing the entire
L3, 1) x S', we draw the direct product of the surface of the
ball'® and S', and take an open cover as in Fig. 14.

Next, we take a polyhedral decomposition 7 of L(3, 1) x
S! which is compatible with the open covering /. We take the
polyhedral decomposition 7 as in Fig. 15.

The open set corresponding to a simplex t in T is written
by U;,. To implement the injective MPS bundle on this tri-
angular prism, we assign transition functions on the faces of
the polyhedral decomposition. We would like to perform this
assignment systematically. To do this, we take base points of
each patch, and define transition functions on the intersection
Uj, of patches U; and U, under the following rules:

(1) Take a path starting from the base point of the patch
U, and passing through U}, and terminating at the base point
of U 2.

18Strictly speaking, the surface of the ball is not a manifold. In fact,
the neighborhood of the point on the equator is not homeomorphic
to the Euclidian space because there are three directions to move.
However, for the purpose of performing the integration, it is sufficient
to know the cocycle on the integration surface y x S', so in this
paper, it is sufficient to examine its surface instead of the ball.
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Foqto————————— oo

S==1
3

FIG. 15. A polyhedral decomposition of L(3, 1) x S'.

(2) If the path is through the side of the triangular prism,
we give g13,1), and if the path is through the top or bottom,
we give ggi.

Under these assignment rules, the configuration of the tran-
sition function of the injective MPS bundle is determined by
fixing the base points of each patch. We fix the base points as
in Fig. 16. In the following, we formally write the transition
functions as {gup : Uy N Ug — PU3)}.

We take a lift of the transition functions as follows:

[13] = 13, 8rL3,1) — 1 ,

gsl = w s

[—=—————mc-ceec-c-ea=e==

X | T T T T T T LTI X Sy

TNOd——

FIG. 16. A base point of the polyhedral decomposition of Y. The
two in the middle belong to the back patch and the center patch of
the prism, respectively.

| T LT T LTI L) X

o

FIG. 17. The configuration of c.p,. (Left) cup, = ? on red

lines, cqp, = w on green lines, and c¢,p, = 1 on the others. (Right)
Configuration of ¢, projected on the bottom.

1 ?
w w

8L3.1)Es > (229)

Under these lifts, the violation of the cocycle condition
can only occur if the surfaces with the transition func-
tions Zr.1), &st, and Zri,n&st = 8518131y intersect each
other, and the violation occurs by w or ®? on them. Thus,
we can easily identify the edge with nontrivial cqg, as in
Fig. 17. Note that cqp, defines a cohomology class [cqg, ] €
H2(L@3, 1) x S'; U(1)) ~ H¥(L(@3, 1) x S, Z) ~ Z/3Z and
a cohomology class [(cqpy,,0,0)] € H* (L3, 1) x S';D(3))
which is flat. The group H?(L(3, 1) x S';U(1)) is a sub-
group of H3(L@3, 1) x S'; D(3)) under the map [cup, | —
[(capy. 0.0)].

Let us compute the higher holonomy of ¢ = (cggy, 0, 0)
along this surface Y = y x S'. We take the front edge of the
top triangle of the prism as a nontrivial path y in L(3, 1) and
take a polyhedral decomposition' of ¥ induced from that of

19 Although what is shown in Fig. 18 is a polyhedral decomposi-
tion, we theoretically consider a triangulation that subdivides it and
assume that the index map takes the same value for all simplices in
each polyhedron.

k l k

FIG. 18. The triangulation of Y induced from that of L(3, 1) x
S', and vertices on which the Dixmier-Douady class has a value w?.
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Tk

FIG. 19. An index map of the triangulation of Y. Blue arrows are
index maps for edges, and the direction of it indicates the patch to
which the edge belongs. Similarly, orange arrows are index maps for
vertices, and the direction of it indicates the patch to which the vertex
belongs.

L(3,1) x S'. We label the open sets of ¥ with roman letters
@, j, k, ...) instead of greek letters («, B, v, ...). We show
the nontrivial cocycle on Y in Fig. 18. It is necessary to
take an index map ¢ to perform an integration. However, to
compute the invariant on Y, it is sufficient to determine the
index map on Y. We take an index map as in Fig. 19. Then
the higher holonomy is given by the formula

Holy (c) = I

o=(c"Co'Co?)eF(2)

Coa10,0(0°).  (230)

As we saw in Fig. 18, the Dixmier-Douady class takes non-
trivial values only on Ujy; and U;j. Moreover, a full flag
o = (6% C 0! C o?) satistying {i, k, j} = {52, Py1, Pgo} is
only one (s C s' C s?)and {1, k, j} = {$o2, Py1, Pyo} is only
one (3° C §' C 5?). We show these flags in Fig. 20. Therefore,

we have
Holy (¢) = [ Con010,0(0%) (231
o=(c"Co'Co?)eF(2)
= Cpp1 90 (8")Co29. 90 B0 (232)
= CikjClk;j (233)
= o'’ (234)
= w. (235)

k L k

0|

V

kY] k

FIG. 20. Flags contributing to integration. In the bottom flag, the
red circle represents s, the red wavy line represents s', and the red
shaded face represents s2. In the left flag, the red circle represents 3°,
the red wavy line represents 5!, and the red shaded face represents 52.

Since the cocycle c is flat, there is no correction by the 3-form
curvature. As a result, we have that the higher pump invariant
is

Neop.(Y) = Holy(¢) = w € Z/3Z. (236)

Therefore, the higher pump invariant is nontrivial. This invari-
ant can be regarded as an element of H*(S' x L(3;1);Z) ~
H3(S! x BZ/3Z;7), where BZ /37 is the classifying space
of Z/37Z. As explained in [38], G-charge Thouless pump is
classified by the cohomology theory of S' x BG. Therefore,
this invariant can be understood as a Z/3Z-charge pump
invariant in the interacting phase.

V. DISCUSSIONS AND FUTURE DIRECTIONS

In this paper, we investigated a higher pumping phe-
nomenon by constructing two models: the model parametrized
by RP? x S! and the model parametrized by L(3, 1) x S'.
We obtain these models by deforming models in a nontrivial
SPT phase with Z /27 x 7 /27 symmetry and Z /37 x 7 /3Z
symmetry, respectively. As a generalization, it is expected to
be possible to construct a model parametrized by (a subspace
of) BG based on a model in the nontrivial SPT phase with G
symmetry. It is an interesting problem to develop such a model
construction method.

Also, the boundary condition obstacle discussed in
Secs. IIA3 and II B 3 seems to be related to an anomaly of
the edge theory with parameter [39,40]. It is an interesting
problem to consider the bulk-anomaly correspondence from
an MPS perspective.
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APPENDIX A: OTHER BOUNDARY CONDITIONS

In our model, the general boundary term is given
by ), (fi)of, where T}, (7i) := cos(8)T] 5 (1) + sin(8)Ty , (7).
Let us consider the following initial and final Hamiltonians:

H (71) = —rg (oi— > T, @oTs,, Gi)

j=12
X 7 2z
= D oft Gy, (al)
j=1.2...
and
[N - S S z AP >
Hﬁn_(n)—r%(n)a1 Z Tj,%(”)UJTH%(”)
j=1.2...
Z
_ Z oftr, (o, (A2)
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Under this boundary condition, we can check that the ratio r
of the holonomy defined by

B
s M (¥) _ / 5 48 _l/ 5 A8 )
ro= ngn(y) = exXp ( y (Ain. Aﬁn.) 2 s (dAin. dAﬁn.)

(682, 00682, )
(G5, (0)]G.S 4, (1)

is equal to —1. Here, ¥ is a bounding manifold of 2y. Let
A? (i) and A% (i) be the Berry connections of the above
Hamiltonians. Then the difference between these connections
is

(A3)

A, (7)) = AG, () = 5[ (Refy, [ ity () f1 [Reff, )
— (Reff, | fihy D fy [Refg, ). (Ad)

where [Ref? ) is a simultaneous eigenstate of tiof and
2

Z.X z H . § . .
0T 11041 with eigenvalue 1, and |Ref}, ) is a simultaneous

eigenstate of —r?of and aj?r;‘+,o; ,; with eigenvalue 1. By
3 3

doing the same C(z)mputation as in Sec. IT A 2, we obtain that
Aqy () = gy, ()
= 3[(Refl, | (14 1)y (7)1 + ) [Ref
2 2

1
2

— (Refd, | (1 + rz)h (1 + rz) |Ref?, )] = 0.

Let |G.S.% (ii)) and |G.S.}, (/1)) be the ground state of the

Hamiltonians (A1) and (A2). Then, they meet |G.S.gn_(ﬁ)) x

rf(ﬁ)lG.S.fn.(ﬁ)) since T} (i) is anticommute with 0 (ii).

Therefore, ’ i
(G.S.2, (1)|G.S.5, (—7))

= (.84, ()| 7 (7] (=) [G.S, (=) (AS)

= —(G.S2 (M|G.S2, (—7), (A6)
and, consequently, the ratio of the holonomy is
s
P )y (A7)
nﬁn.()/)

APPENDIX B: A COMMENT ON UNITARY MATRICES
V.(Z) AND V,(¢)

In Sec. IIB 1, we introduced unitary matrices V() and
V,,(t) defined in Egs. (90) and (97) without explanation. Here
we comment on the background of its construction.

First, we would like to give L(3, 1) dependence to t sites.
To this end, we define a unitary matrix

Vii=—[1 1 1 (B1)
‘/51 w 2

S

that diagonalizes 7*:

litg) := Vi lug) =

oo~

;o u) =Veluy =11,
0

0
|itz) := Vi luz) = | 0. (B2)
1

Under this basis, we mix |i#;) and |it;) by SU(2) transforma-
tion. Let Z := (z1, z2) be complex numbers such that |z;|> +
|z2|> = 1, which is coordinate of SU(2). We also define a
unitary matrix

1 0 0
UD=|0 z1 -z, (B3)
0 2 gz

and

1
lito(2)) = U () litg) = 0),
0

0
1) ==U@) i) = |21 |,

22
0
li2(@) :==U@) lii2) = | =25 |- (B4)
3
Finally, let us get back to the z basis:
(@) =V ;@) =V, U@Vs ui) . (B5)
In fact,
V.2 = VU@V, (B6)

This is the origin of the unitary matrix V; (7).
Next, we give S' dependence to o sites. To this end, we
interpolate 15 and &,. For a unitary matrix

1 2w

1 w
W=—|1 o o], B7)
V3l 11
&7 satisfies
1
5 =W w wi. (B8)
>

V,(¢) is a path connecting 1, and 6* as following:

1
V.t)=W exp (i%) w. (B9)
exp (i%)

This is the origin of the unitary matrix V, (7).

APPENDIX C: COMPLEX LINE BUNDLE

Let X be a parameter space’” and let L — X be a complex
line bundle over X . It is well known that a complex line bundle
over X is classified by H*(X; Z). Here, H*>(X ; Z) is the second
cohomology group with coefficient Z. Since H*(X;Z) is a

2Strictly speaking, we assume that X is compact Hausdorff space.
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finitely generated Abelian group, there are integers k, [ € N
so that

HX:2)~Z*®Z/pZ&---Z/pZ,  (C))

where { p,-}f:l is a set of prime numbers. We define
H(X; Z)free = L, (C2)
H (X L)or. :=Z/p\Z & -~ Z/piL. (C3)

H2(X;Z)tree is called the free part of H3(X;Z) and
H?(X; Z)or. is called the torsion part of H*(X;Z). In this
Appendix, we review the way to extract these data for a
given complex line bundle over X numerically, i.e., the way
to identify the image of L — X under the isomorphism (C1).

Fix an open covering {U,},<; of X. The topological class
[L] is determined by the transition function {gupg : Uyp —
U(1)} which satisfies the cocycle condition

8ap8py = Bay- (C4

In fact, {g,p} determine an element of the first sheaf cohomol-
ogy group with coefficient U(1),

[gap] € H'(X; UD)), (C5)

and since H'(X ; U()) ~ H?(X;7Z), we obtain the element
of H*(X; Z) for given L — X mathematically. However, this
construction is a little abstract and it is not clear to which num-
ber of the right-hand side of Eq. (C1) the given L corresponds.
A connection and a curvature are useful tools to compute this
number numerically.

A connection on a line bundle L — X is a set of 1-form
{Ag}aer such that Ag = A, — 32 pd8ap ON nonempty intersec-
tion Uyp := U, N Ug. Then {F, := dA,} is called a curvature
form of the connection {A, }ues:

(i) The free part of H*(X;Z): Since F,— Fg =
d(gzﬂdgaﬂ) =0 on U, {F,} define a global 2-form F,
which is also called a curvature form. We can also show that
an integration of F for any closed surface ¥ takes value in
2wil:

(L) ::/ 2i cZ. (C6)
¥ &TT1

By using the universal coefficient theorem, the free part
of H?(X;Z) is isomorphic to the free part of Hy(X;Z). If
we would like to know the ith component of H?*(X;Z), we
compute the integration (C6) over the surface which generates
the ith component of H,(X; Z). This is the way to compute the
free part of the line bundle.

(ii) The torsion part of H%(X;Z): Let y be a closed path
in X such that p copies of y is trivial in the homology group
Hi(X; Z):

plyl=0e Hi(X;Z). (C7)

Then, we have a surface ¥ such that 9% = py. Let {U;}_, be
the open covering of y induced from {U,}. We take a point
yij € y from each intersection U; j and let y; C y be ainterval
between y,_;; and y; ;4 as in Fig. 21. Now, we consider the

Tn N %
S

Ynl Y12

FIG. 21. The open covering of y and the triangulation of y.

following quantity:

1
n(y) = exp <Z/ A — ;/):F) Hg;iﬂ(yi.iﬂ) (C8)
Yi i

i

= Hol(y)exp (—%/ F) (C9)
b>

Note that n(y ) does not depend on the choice of the bounding
manifold X and point y;;. We can show that n(y ) is a gauge-
invariant quantity and n(y) € Z/pZ C U(1). In fact, by using
the Stokes theorem,

n(y)” = Hol(y )" exp (—/ F) =1,
X

and this implies n(y) € Z/pZ. In addition, under the gauge
transformation with {g; : U; — U(1)}, each component of
n(y) transforms as

(C10)

A A +gldg, (C11)
F > F, (C12)
gij = gigijg-;'- (C13)

Therefore, n(y) transforms as

n(y) = n(y)exp (Z/ g,ngi> [ [l rirngini i)
—~ /,, ,

1 12

(C14)
Yiitl
= n(y)UeXp ( /V y Elog[gi(t)]dt)
X ngi(yi—l,i)gj(yi,i-&-l)a (C15)
= n(y), (C16)

and this implies the gauge invariance of n(y ). Here, we use
the logarithmic derivative for a U(1)-valued function gfdg =
d logg.

By using the universal coefficient theorem, the torsion part
of H(X; Z) is isomorphic to the torsion part of H;(X; Z). If
we would like to know the kth component of the torsion part of
H?(X;Z), we take a generator [y ®] of the kth component of
the torsion part of H; (X; Z), and compute the integration (C8)
over the path y (k). This is the way to compute the torsion part
of the line bundle. We call n(y ) the discrete Berry phase.
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