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Absence of measurement-induced entanglement transition due to feedback-induced skin effect
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A quantum many-body system subject to unitary evolution and repeated local measurements with an increas-
ing rate undergoes a measurement-induced entanglement transition from extensive (or subextensive) to area
law entropy scaling. We find that certain open boundary systems under “generalized monitoring,” consisting
of “projective monitoring” and conditional feedback, display an anomalous late-time particle concentration on
the edge, reminiscent of the “skin effect” in non-Hermitian systems. Such feedback-induced skin effect will
suppress the entanglement generation, rendering the system short-range entangled without measurement-induced
entanglement transition. While initially emerged in noninteracting models, such skin effect can also occur in
chaotic interacting systems and Floquet quantum circuits subjected to random generalized measurements. Since
the dynamics of the skin effect do not require postselection and can be observed at the particle number level, the
phenomenon is experimentally relevant and accessible in noisy intermediate-scale quantum platforms, such as
trapped ions.

DOI: 10.1103/PhysRevB.110.035113

I. INTRODUCTION

The competition between the measurement and unitary
evolution produces a novel measurement-induced entangle-
ment transition (MIET) [1–11], where a random quantum
circuit [8,12–15] interspersed by onsite measurements with
an increasing rate goes from a volume-law regime to an
area-law regime. Similar entanglement transitions also appear
in the context of monitored fermion chains [16–24], moni-
tored open systems [25,26], circuits with pure measurements
[7,27], random tensor networks [28–31], and quantum error
correction codes [32–35]. Measurements introduce intrinsic
randomness to the otherwise deterministic dynamics, with
each set of recorded measurement results corresponding to a
specific trajectory [36]. Among various frameworks trying to
explain the MIET [17,24,32–35,37–44], one approach focuses
on a specific trajectory, of which the evolution is described
by a non-Hermitian Hamiltonian, where the entanglement
transition in some systems coincides with the spontaneous PT
symmetry breaking [45–49].

One unique phenomenon in certain non-Hermitian open
boundary systems is the non-Hermitian skin effect [50–57],
where a finite portion of the eigenstates are spatially con-
centrated on the edges. Dynamically, the skin effect implies
that the late-time state from the quench dynamics will
have particles concentrated near the edges. The Pauli ex-
clusion principle predicts a nearly tensor-product structure
of the steady state which obeys the area-law entanglement
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scaling. The skin. effect in the non-Hermitian system has
been shown to produce entanglement transition [48]. On the
other hand, some non-Hermitian systems, for example, the
Hatano-Nelson model [58], display skin effect for any finite
amount of non-Hermiticity, suggesting the absence of MIET
and seemingly contradicting the putative universal entangle-
ment transition in the monitored systems. The non-Hermitian
dynamics correspond to a particular trajectory, sometimes
referred to as the no-click limit [36,59], which means all mea-
surements return null results. Implementing such dynamics
will thus require post selection, where exponentially many
experiments should be carried out before a desired trajectory
is obtained. In this work, however, we consider only the
trajectory-averaged entanglement behavior of the whole en-
semble of trajectories, which is more relevant to experimental
implementation. On the trajectory ensemble level, there will
be no skin effect for conventional monitoring setups. A natural
question is whether the skin effect can appear in the whole
ensemble of trajectories and thus suppress the measurement-
induced entanglement transition.

In this work, we propose a scheme to implement a
special skin effect at the trajectory-averaged level by introduc-
ing feedback operation into the monitoring dynamics. Such
feedback-induced skin effect (FISE) features a particle con-
centration on the edge (under open boundary conditions).
The concentration of particle density can be characterized
by a local order parameter called the classical entropy Scl.
This quantity also imposes an upper bound on the bi-
partite entanglement entropy, i.e., Scl > 2SA, where SA is
the bipartite entanglement entropy for any subsystem A.
Numerical simulations of finite-size open boundary sys-
tems show a scale invariance of the steady-state classical
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entropy:

Scl(γ , L) = L · G(γ L1/ν ), G(x → ∞) ∼ c/xν, (1)

where γ is the measurement rate and L is the system size.
The scaling of Eq. (1) implies the saturation of the entan-
glement entropy in the thermodynamics limit at arbitrarily
small measurement rates γ . That is, for vanishing small γ , the
scaling form in Eq. (1) implies SA < c/γ ν , which is a large but
constant value (does not scale with system size) and therefore
the system is in the area-law entangled phase. Remarkably,
Eq. (1) persists even when the interaction is turned on, there-
fore eliminating (sub)extensive entangled phases believed to
exist in the weakly monitored regime.

Besides the continuous monitoring, FISE also appears
in the randomly measured Floquet circuits, where the uni-
tary evolution has only discrete spatial-temporal translation
symmetry, and the monitoring process is the conventional pro-
jective measurement followed by a feedback operation. Such
quantum circuit models provide a novel type of dynamical
skin effect which is essentially a many-body phenomenon not
described by any Hamiltonian. The quantum circuit model is
also experimentally relevant to the noisy intermediate-scale
quantum devices. As we will show in this work, starting from
a “domain-wall” initial state, it takes a constant time (i.e., does
not grow with system size) for the system to reach the steady
state, and the skin effect is apparent even for a moderately
small system size. We propose to implement the feedback-
induced skin effect on the trapped-ion platforms.

The structure of this paper is as follows. In Sec. II, we
analyze steady states of projective monitoring evolutions and
motivate the introduction of feedback to achieve skin ef-
fect. In Sec. III, we investigate the phenomenologies of the
feedback-induced skin effect and explore its influence on the
measurement-induced entanglement transition. In Sec. IV,
we extend the study of the feedback-induced skin effect to
quantum circuit models with discrete spatial and temporal
translation symmetry under random generalized measure-
ments. Finally, we conclude our work in Sec. V.

II. MONITORING DYNAMICS

A. Projective monitoring

A standard quantum measurement process can be repre-
sented by a set of projectors Pm, each corresponding to a
different measurement outcome. Measuring a state |ψ〉 yields
a probability distribution over the possible outcomes, given
by the Born rule: pm = 〈ψ |Pm|ψ〉. The state then collapses
to Pm|ψ〉/√pm. When the unitary evolution is governed by a
Hamiltonian, we can consider a coarse-grained version of the
dynamics known as projective monitoring. This approach is
formulated using the stochastic Schrödinger equation (SSE)
[59–61]:

d|ψ〉 = −i

[
H − iγ

2

∑
m

(Pm − 〈ψ |Pm|ψ〉)

]
|ψ〉dt

+
∑

m

[
Pm|ψ〉

‖Pm|ψ〉‖ − |ψ〉
]

dWm, (2)

where each dWm is an independent Poisson random variable
taking the values 0 or 1. In a small time interval �t , the
probability of observing dWm = 1 (i.e., the probe registers a
quantum jump) is proportional to γ�t . If dWm = 0 for all
m (the no-click limit), then the evolution is described by an
effective non-Hermitian Hamiltonian,

Heff = H − i
γ

2

∑
m

Pm. (3)

In this section, we first consider a spinless fermion chain
described by a nearest-neighbor hopping Hamiltonian:

H =
∑

i

(c†
i ci+1 + c†

i+1ci ). (4)

The observable of interest in this system is the occupation
number of local quasimodes created by two-site projectors:

Pm = d†
mdm, d†

m = 1√
2

(c†
m − ic†

m+1), (5)

where m = 1, 2, . . . , L − 1. Note that the quasimode d†
m is a

right-moving wave packet, which is apparent in the momen-
tum space: d†

m =∑k fm(k)c†
k , where | fm(k)|2 = 1

4 (1 + sin k)
peaks at k = π/2. The effective non-Hermitian Hamiltonian
(3) for the monitored system is given by

Heff =
∑

i

[(
1 + γ

4

)
c†

i ci+1 +
(

1 − γ

4

)
c†

i+1ci

]

− i
γ

4

∑
i

(ni + ni+1). (6)

This Hamiltonian is known as the Hatano-Nelson model [58]
and displays the non-Hermitian skin effect. Consider the evo-
lution of the “domain-wall” state:

|ψ0〉 ≡ |1 · · · 10 · · · 0〉. (7)

In the no-click limit and under open boundary conditions,
the effective non-Hermitian Hamiltonian (6) results in a
late-time particle accumulation on the left edge (as dis-
played on the left panel of Fig. 1). On the contrary, in the
projective monitoring case, the detected right-moving quasi-
modes will balance out the momentum distribution, leaving a
steady state of homogeneity (as displayed on the right panel
of Fig. 1).

Besides SSE, the trajectory-averaged dynamics can also be
formulated as the Lindblad master equation [62–64]:

d

dt
ρ = −i[H, ρ] − γ

2

∑
m

{L†
mLm, ρ} + γ

∑
m

LmρL†
m, (8)

where |ψ〉〈ψ | is the density matrix averaged over all tra-
jectories and Lm = Pm is referred to as the jump operator.
A state ρNESS is a nonequilibrium steady state (NESS) if
∂tρNESS = 0. Note that for the projective monitored dynam-
ics, all jump operators {Pi} are Hermitian. The maximally
mixed state within a given particle-number sector ρ =
(Tr Iν )−1Iν (the subscript indicates the subspace spanned by
the states of filling number ν) is automatically a steady state
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FIG. 1. Comparison of non-Hermitian and monitoring dynamics
starting from the initial state (7) and under open boundary conditions.
Left panel: Density evolution under non-Hermitian Hamiltonian with
γ = 0.1, where the particles gradually concentrate on the left. Right
panel: Density evolution under projective monitoring with γ = 0.1
(for a single set of measurement results). Although monitoring cre-
ates random quantum jump processes and thus introduces density
fluctuation, the density distribution on a large scale is homogeneous.

since

d

dt
Iν = −γ

2

∑
m

{Pm, Iν} + γ
∑

m

PmIνP†
m

= −γ
∑

m

Pm|ν + γ
∑

m

Pm|ν = 0. (9)

In general, there can be multiple steady states in each
particle-number sector. However, even for degenerate cases,
the degeneracy can be lifted by adding boundary perturbation
while preserving the bulk property of the system.1Assuming
nondegeneracy, the steady states of the projective monitoring

1The uniqueness of steady state can be proved using the method in
Refs. [65,66] (see also a review in Ref. [67] and an application in
Ref. [68], where the system is under boundary driven [69]), which
proved that a Lindblad equation has unique nonequilibrium steady
state if and only if the set

O ≡ {H, L1, L†
1, L2, L†

2, . . . }
generates (under multiplication and addition) the complete algebra
on the Hilbert space. The general proof assumes no conserved quan-
tity for the Lindblad equation. For the particle number conserving
case, as we considered in the main text, we can focus on the Hilbert
subspace Hν spanned by states will filling number ν. The uniqueness
condition then says if O|Hν

generates the complete algebra on Hν ,
then the steady state in Hν will be unique. We prove the uniqueness
of the steady state ρNESS for the specific model considered in this
work in Appendix A.

evolutions should be the featureless maximally mixed states,
and therefore we expect no skin-effect-like dynamics.

We also show in Appendix C 1 that the projective
monitored systems, under open boundary conditions, show
conventional measurement-induced entanglement transition.
In this case, in the small-γ regime, the particular trajectory
in the no-click limit becomes a statistical outlier in terms of
the entanglement entropy, which fails to represent the entan-
glement transition of the ensemble. In the following, we will
show that certain feedback will drive the rest of the trajectories
to a similar skin-effect configuration and therefore suppress
the measurement-induced entanglement transition.

B. Generalized monitoring

It is important to note that projective monitoring is an
idealized representation of an actual measurement process. In
practice, detecting a quantum state requires a probe to inter-
act with the system, which inevitably disturbs the measured
states. The more general form of a quantum measurement is
described by the positive operator-valued measure (POVM)
formalism [70,71]. A continuous version of the POVM called
the generalized monitoring, is formulated as the SSE in
Eq. (2), with the projector Pm replaced by a general operator
Lm (see Appendix B 1 for a short review). In this study, we
focus on a particular form of SSE where

Lm = UmPm, (10)

corresponding to adding a unitary feedback operator Um to the
projective monitoring process. The conditional feedback does
not affect the effective non-Hermitian Hamiltonian Heff but
instead operates on those trajectories that deviated from the
postselected trajectory.

Consider a conditional unitary operator

Um = exp(iθnm+1), (11)

acting on sites m + 1 whenever the probe detects a right-
moving mode d†

m. We temporarily fix θ = π so that the
feedback Um converts the detected right-moving mode to a
left-moving mode:

d̃†
m ≡ Umd†

mU †
m = 1√

2
(c†

m + ic†
m+1). (12)

Consequently, the monitored dynamics with feedback always
increase left-moving particles, resulting in the FISE where
particles concentrate on the left boundary.

As displayed on the left panel of Fig. 2(a), starting from
|ψ0〉 with a sharp domain wall, the late-time dynamics still
feature two static domains where 〈ni〉 only takes the extreme
value of 1 or 0. The particle exchange happens only in the
vicinity of the border, where the sharp domain wall gradually
blurs to a fuzzy domain-wall region. Comparing this with
the dynamics with the periodic boundary conditions [right
panel of Fig. 2(a)], where particles quickly disperse into a
homogeneous state, we see the FISE features an anomalous
boundary sensitivity.
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(a) (b) (c)

(e)
(d) (f)

FIG. 2. (a) Mean particle density evolutions of generalized monitored free fermions (L = 128, γ = 0.1) under open boundary conditions
(left panel) and periodic boundary conditions (right panel). The feedback induces a strong boundary sensitivity: Under OBC the particle
density evolves to be evenly distributed, while under OBC the steady state still features the domain structure. (b) Mean dynamics of Scl for
γ = 0.05 for different system sizes. The final saturation values of Scl depend on the system size L when L is no bigger than the domain wall
length LDW. While for sufficiently large size (L � 256 in this case), Scl(t ) shows no system size dependence. (c) Mean dynamics of Scl for
L = 512 (L > LDW for all γ ’s we choose). The data collapse indicates that the saturated evolution Scl(t ; L > LDW) fits into the universal form
Eq. (14). (d) Finite-size scaling of steady-state Scl, which approach the line Scl = c/γ where c ≈ 3.3. Inset: Data collapse indicates the scaling
form Scl = L · G(γ L). (e) Momentum distribution of the steady state, in the periodic boundary conditions. (f) Steady-state Scl for interacting
monitored model, which approach the line Scl = c̃/γ ν where c̃ ≈ 1.8 and ν = 0.85. The data collapse indicates the universal scaling form
Scl = L · G̃(γ L1/ν ).

III. FEEDBACK-INDUCED SKIN EFFECT

A. Dynamical scale invariance

To quantify the dynamical skin effect induced by feedback,
we introduce the classical entropy:

Scl[{ni}] ≡ −
∑

i

[ni log ni + (1 − ni ) log(1 − ni )]. (13)

where only the nontrivial density (i.e., ni �= 0, 1)
contributes to Scl.

In Fig. 2(b), we show the time evolution of the classical
entropies Scl[{〈ni〉}] starting from |ψ0〉 under open boundary
conditions. We see when the system size is small, Scl will
saturate to a system-size-dependent value, whereas for large-
enough systems, the evolution of Scl(t ) will be the same.
These numerical simulations support the “domain-wall blur-
ring” picture, where the evolution of Scl(t ) follows a universal
pattern when considering a system larger than the size of the
domain-wall region (denoted as LDW).

In Fig. 2(c), we display Scl(t ) for L > LDW systems. We
observed a scaling form

Scl(γ , t, L > LDW) = 1

γ
F (γ t ), (14)

where the system reaches the steady state with a characteristic
relaxation time trlx ∼ γ −1, independent of the system size.

Furthermore, we observe that the steady-state Scl has a
scale invariance, as shown in Fig. 2(d):

Scl(γ , t > trlx, L) = L · G(γ L), (15)

which implies that LDW ∼ γ −1. In the late-time and thermody-
namics limit, the asymptotic behaviors of the scaling functions
are

F (x → ∞) ∼ c, G(x → ∞) ∼ c

x
, (16)

where c is a numerical constant estimated to be 3.3 in this
specific case. Therefore,

Scl(γ , t > trlx, L > LDW) = c

γ
≈ 3.3

γ
. (17)

Notably, Eq. (15) suggests a scale invariance for the steady-
state density profile n(x) in the continuum limit.2 The finite

2In contrast, when γ is sufficiently large [γ ∼ O(c)], the lattice
effect becomes prominent, and the scaling behavior breaks down.
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value of Scl implies that the feedback-induced skin effect is
present even for a vanishingly small measuring rate.

B. Suppression of entanglement

One of the consequences of FISE is the suppression of
entanglement. Specifically, we prove that Scl imposes an upper
bound for the (trajectory-averaged) steady-state entropy of
the monitored dynamics. Consider an arbitrary subsystem A
inside the monitored system. The entanglement subadditivity
[70,71] leads to the inequality

SA �
∑

i

Si. (18)

Further, consider the reduced density matrix of a local spin at
site i:

ρi =
[

ni oi

o∗
i 1 − ni

]
, (19)

where oi is the off-diagonal element. Mathematically, the
eigenvalues of a positive 2 × 2 matrix majorize [72] the di-
agonal elements and thus have less entropy. That is,

Si = − Tr[ρi log ρi]

� ni log ni + (1 − ni ) log(1 − ni )

= Scl[ni]. (20)

Therefore, the entanglement entropy of subregion A is
bounded by the classical entropy

SA �
∑
i∈A

Scl[ni] = Scl[{ni|i ∈ A}]. (21)

Also, for a pure state, the entanglement entropy of A is equal
to that of its complement Ā, i.e., SA = SĀ. The classical bound
on entanglement entropy also requires

SA + SĀ � Scl[{ni}], (22)

therefore SA � Scl/2.
In the context of entanglement transition in monitored

systems, it is natural to consider the trajectory-averaged en-
tanglement, denoted as SA, which is bounded by Scl[{〈ni〉}]/2.
Since the entropy function is convex, SA will also be bounded
by:

SA � 1
2 Scl[{〈ni〉}] � 1

2 Scl[〈ni〉]. (23)

The asymptotic behavior, therefore, predicts the area-law en-
tanglement scaling S � c/2γ for arbitrary L, thus proving the
area-law entanglement scaling in the γ → 0 limit.

To complete the analysis, in Appendix C 2, we explicitly
calculate the trajectory-averaged entanglement entropy (as
well as the classical entropy) for the monitored dynamics.
We observe that in the periodic boundary conditions, the
entanglement entropy scaling indeed undergoes a logarithm-
to-area-law transition, while this transition is missing in the
open boundary conditions. Also, to show the effect of the
trajectory variance, as well as find a tighter bound on the
entanglement entropy, we calculate the Scl[{〈ni〉}].

In the above analysis, we consider only the θ = π case in
the feedback operator, while similar FISE appears for arbi-
trary θ . In Appendix C 3, we show the numerical results for

θ �= π . The length of the domain wall, however, is minimized
at θ = π . When θ approaches zero, we expect that the FISE
still appears, although with a large domain wall that may
exceed the numerical simulation capability. Therefore, for the
projector Pi, the FISE is not a fine-tuned phenomenon and may
appear for a large class of feedback operations.

C. Bulk-edge correspondence

The bulk-edge correspondence of the non-Hermitian effect
has been extensively investigated [52–56]. In the no-click
limit, where the dynamics are described by the noninteracting
non-Hermitian Hamiltonian, the skin effect also manifests as
a directional bulk current in the periodic boundary systems:

J[{nk}] ≡
∫ +π

−π

vknkdk, vk = ∂kE (k), (24)

where nk = 〈c†
kck〉 is the distribution function of the k-

momentum fermion modes, and E (k) is the dispersion of Heff.
The rigorous bulk-edge correspondence only happens in

the no-click limit, whereas when the quantum jump processes
are taken into account, the system loses the single-particle
description, and thus the velocity vk becomes ill defined.
Nonetheless, as our primary focus lies in the asymptotic be-
havior as γ approaches zero, we can extend the notion of
the directional bulk current J[nk]. This extension involves an
approximation where the velocity vk is substituted with the
outcome of the nonmonitored free system, denoted as

vk ≈ ∂kEo(k) = sin(k). (25)

Here Eo(k) is the dispersion of the nonmonitored
Hamiltonian H .

By simulating the system with identical parameters but
under periodic boundary conditions, we show in Fig. 2(e) that
there is an imbalance in the momentum distribution which
does not vanish in the γ → 0 limit. Specifically, for γ = 0.01
case, the numerical simulation shows that J[{nk}] ≈ −0.94.
This nonzero current serves as another manifestation of the
dynamical skin effect at arbitrarily small measurement rates.

D. Monitored interacting system

The monitored free-fermion systems belong to a special
type of MIET since the entanglement of the weakly moni-
tored system does not follow the volume-law scaling. From
the quantum information point of view, the free fermion
systems are not good quantum memory; the initial quantum
information will be lost in polynomial time when subject to
measurements [5]. It is therefore necessary to exclude the
possibility that FISE only suppresses the logarithm-scaling
entanglement.

For the interacting system, it is more convenient to focus
on a spin-1/2 Hamiltonian

H =
∑

i

[
J1
(
σ x

i σ x
i+1 + σ

y
i σ

y
i+1

)+ Jzσ
z
i σ z

i+1

+ J2
(
σ x

i σ x
i+2 + σ

y
i σ

y
i+2

)]
. (26)

In Ref. [73], the nonintegrable system (26) under continuous
monitoring (on local σ z

i ) was shown to display a volume-to-
area-law entanglement transition.
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(a) Entanglement Entropy scaling (b) Mutual Information

FIG. 3. Exact diagonalization simulation of the entanglement dynamics for systems with J1 = Jz = 0.5, J2 = 0.1, and under periodic
boundary conditions. (a) Trajectory average of entanglement entropy for different measurement rates. (b) Trajectory average of mutual
information I (A : B) between two antipodal sites A and B. The peak of I (A : B) indicates the critical measurement rate at γc ≈ 1.

In our case, however, we choose the same generalized
monitoring as in the free fermion case (via Jordan-Wiger
transformation):

Pi = 1
2 (σ+

i − iσ+
i+1)(σ−

i + iσ−
i+1), Ui = Sz

i+1. (27)

In the presence of interactions, FISE also manifests in open
boundary systems under the influence of this generalized
monitoring. The presence of the dynamical skin effect leads
to area-law entanglement entropies, allowing for efficient
representation of states using matrix-product states [74,75].
Additionally, the time evolution of large system sizes can be
simulated effectively using the TEBD algorithm [76,77].

We investigate the steady-state classical entropy for dif-
ferent γ values and system sizes up to L = 64 and fix J1 =
0.5, Jz = 1.0, J2 = 0.1. As shown in Fig. 2(f), the numerics
indicate that for γ > 0.5, the classical entropy exhibits the
asymptotic behavior:

Scl(γ , t > trlx, L > LDW) ≈ c̃

γ ν
, (28)

where c̃ = 1.8 and ν = 0.85. This suggests that a matrix
product state with bond dimension χ ∼ O[exp(γ −ν )] is suffi-
cient to describe the state. However, the numerical simulation
becomes challenging in the small-γ regime. While we are un-
able to numerically verify the scaling behavior in the small-γ
limit due to computational limitations, our finite-size sim-
ulations still demonstrate the scaling law described by [as
depicted in Fig. 2(f)]

Scl(γ , t > trlx) = L · G̃(γ L1/ν ), (29)

where the scaling function shall obey the asymptotic behavior

G̃(x → ∞) ∼ c̃

xν
. (30)

We conjecture that the asymptotic form in Eq. (29) continues
to hold in the small-γ regime.

To complete the analysis, we show that under periodic
boundary conditions, the usually measurement-induced en-
tanglement appears in this generalized monitored system. We

demonstrate this transition using finite-size exact diagonaliza-
tion. We remark here that the appearance of an entanglement
transition can be better revealed from the mutual information
I (A : B) shared by two antipodal sites A and B. This numerical
technique has been used, for example, in Refs. [4,73].

In Fig. 3(a), we first demonstrate that for small γ , the
finite-size scaling of entanglement entropy S(L, L/2) shows
a linear growth in the size L. In the large γ regime, the
entanglement is greatly suppressed, suggesting steady states
being area-law entangled. To better demonstrate the existence
of an entanglement transition, Fig. 3(b) displays the mutual
information I (A : B). The peak in I (A : B) shows near γc ≈ 1.
Due to the finite size available to the numerical simulation, we
are unable to pinpoint the critical measurement rate γc.

Therefore, we show that the FISE indeed imposes strong
suppression on the entanglement which completely excludes
any entanglement transition.

IV. FLOQUET CIRCUITS UNDER
RANDOM MEASUREMENTS

To now, we have investigated FISE in the context of the
continuously monitored Hamiltonian dynamics. Readers may
wonder whether FISE is an artifact of continuous monitoring.
This section serves to clarify this question by generalizing
the FISE to the quantum circuits under random (generalized)
measurements, which is similar to the original setup for the
MIET. The upshot is that only the discrete spatial-temporal
translation symmetry is required for the skin effect.

A. Wave-packet motion under Floquet evolution

The notion of discrete quantum circuits naturally appears
when we use the Trotter decomposition. In general, a local
Hamiltonian can be decomposed into several groups:

H =
l∑

α=1

Hα, Hα =
∑

i

oα,i, (31)
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where each oα,i is a local operator. Within each group, the
local operators do not overlap. The time evolution can then be
approximated by

U (t = N�t ) ≈ (e−iH1�t e−iH2�t · · · e−iHl �t )N . (32)

The decomposition approaches the real dynamics in the �t →
0 limit. While for practical reasons, �t is a finite value, there-
fore the dynamics described by Eq. (32) is a Floquet dynamics
with period T = l�t .

We show that the notion of wave-packet motion is also
valid in the context of the Floquet circuit even when the �t
is not vanishing small, as long as the discrete translational
symmetry is preserved. For simplicity, we assume that the
Floquet circuit has two-site translational symmetry. We can
group two lattice sites into a unit cell and label them as
the internal degrees of freedom a = 1, 2. The plane wave
is then

|k, a〉 ≡ 1√
L

∑
j

c†
j,ae−ik j |0〉. (33)

Due to the translational invariance, the evolution U (T ) is
block diagonal in the momentum space:

Uab ≡ 〈k, a|U (T )|k, b〉

= V (k)

[
e−iE+(k)T 0

0 e−iE−(k)T

]
V (k)†. (34)

The values E±(k) extracted from the eigenvalues of Uab are the
quasienergies of the Floquet dynamics. Consider the branch
with quasienergy E+. The wave packet with averaged momen-
tum k and averaged position x has the form

|k, x; +〉 ≡
∫

d p

2π
e−α(p−k)2−ix(p−k)|p,+〉, (35)

where α controls the variance of the momentum distribution
of the wave packet. After one period T , the wave packet
evolves to

U (T )|k, x; +〉

=
∫

d p

2π
e−α(p−k)2−ix(p−k)−iE+(p)T |p,+〉

∝
∫

d p

2π
e−α(p−k)2−i[x+ E+ (p)−E+ (k)

p−k T ](p−k)|p,+〉. (36)

Specifically, when α is large, most p will be close to k, and
the movement of the averaged position is approximated by
x → x′ ≈ x + E ′

+(k)T . We therefore restore the wave-packet-
moving picture in the Hamiltonian dynamics, at least for the
nearly monochromatic wave packets.

With the picture in mind, we first consider the Floquet
dynamics described by the circuits

U (T ) =
∏

j

exp[−i(c†
2 jc2 j+1 + c†

2 j+1c2 j )T ]

×
∏

j

exp[−i(c†
2 j−1c2 j + c†

2 jc2 j−1)T ]. (37)

We can choose an arbitrary finite value of T , say T = 0.5.
The dispersion is then calculated and displayed in Fig. 4(a).
We remark that for finite T , the eigenvectors have shifted

compared to the Hamiltonian case. However, the tendency
remains the same. That is, the configuration d†|0〉 still has a
bigger overlap with the right-moving wave packet than with
the left-moving ones. Therefore, we expect that the feedback-
induced skin effect still appears in the Floquet model.

B. Skin effect in measured Floquet circuits

Besides the generalization to the Floquet circuit, we show
here that the continuous monitoring setup can be replaced with
randomly applying strong projective measurement followed
by conditional feedback.

Consider the circuit dynamics in Fig. 4(b), where the
U1 and U2 come from the Floquet dynamics. Under the
Jordan-Wigner transformation, they become

U1 = U2 = exp

(
−i

T

2
σx ⊗ σx

)
exp

(
−i

T

2
σy ⊗ σy

)
, (38)

and the measurements are the projective measurements of the
observable

Pi = 1
4

(
σ z

i + σ z
i+1 + σ x

i σ
y
i+1 − σ

y
i σ x

i+1 + 2
)
, (39)

followed by the conditional feedback Ui = σ z
i . As displayed

in Fig. 4(c), for a small measurement rate (p = 0.02), the
feedback still induces the skin effect.

C. Experimental proposal on the trapped
ions quantum computers

The two-site measurements are hard to realize in the exper-
iments. However, we can devise a single-site measured model
using a unitary transformation. To formulate the transforma-
tion more clearly, we temporarily reverse to the fermionic
model where the quasimode di = ci + ici+1 are being mea-
sured. We now regard d2i−1 as the local fermion mode, which
corresponds to the transformation

d2i−1 = 1√
2

(c2i−1 + ic2i ), d2i = 1√
2

(c2i + ic2i−1). (40)

The Hamiltonian is mapped to H = h1 + h2 + h3 + h4, where
{h1, h2, h3, h4} are hopping terms among neighboring unit
cells:

h1 =
∑

i

(d†
2i−1d2i + H.c.),

h2 = 1

2

∑
i

(d†
2id2i+1 + H.c.),

h3 =
∑

i

(
i

2
d†

2i−1d2i+1 − i

2
d†

2id2i+2 + H.c.

)
,

h4 = 1

2

∑
i

(d†
2i−1d2i+2 + H.c.). (41)

Under the new basis, the projector becomes an onsite mea-
surement of particle occupation on the odd sites:

P2i−1 = d†
2i−1d2i−1, P2i = d2id

†
2i. (42)

The feedback operator, however, is not in a neat form on this
basis. However, as we remarked, the FISE is not a fine-tuned
effect from the feedback, we expect FISE to happen for a
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FIG. 4. (a) Dispersion relation for circuit model. At the maximal velocity point k = π , the eigenvectors are |π,−〉 ≈ 0.842|π, 1〉 +
(0.290 − 0.455i)|π, 2〉 and |π,+〉 ≈ (0.290 + 0.455i)|π, 1〉 − 0.842|π, 2〉. (b) Quantum circuit model with Floquet circuit evolution and
conditional feedback. U1 and U2 are defined as Eq. (38). Random measurements are defined as Pi Eq. (39). Feedback σ z

i follows the measure-
ment Pi if the measurement outcome is 1. (c) Density evolution of the measured Floquet dynamics (L = 512, p = 0.02). (d) Experimentally
realizable quantum circuit model designed for trapped ions quantum computers. Unitary gates U1 ∼ U5 are defined as Eq. (44). Measurements
are simple onsite measurements σ z

2i−1 on odd sites. Feedback SWAP2i−1,2i follows the measurement σ z
2i−1 if the measurement outcome is −1.

(e) Classical simulation of the density evolution on a 32-qubit trapped ion chain (θ = π/4, p = 0.5).

wide range of conditional unitary operators. For simplicity,
we choose the feedback to be the swap operator on two neigh-
boring sites. To obtain an even simpler model, we keep only
half of the measurement P2i−1 on the odd sites, and we choose
the feedback operator to be the swap gate

U2i−1 = SWAP2i−1,2i . (43)

The fermion model can be mapped to a spin model using
the Jordan-Wigner transformation. The hopping terms beyond
the nearest neighbor will take the form of string operators,
which is hard to implement. However, the numerics show
that even if we omit the Jordan-Wigner string, the resulting
model still shows FISE. In this setup, the measured circuit is
displayed in Fig. 4(d). The unitary gate {U1, . . . ,U5} in the
circuits are as follows:

U1 = XX(θ ) ⊗ YY(θ ),

U2 = XX

(
θ

2

)
⊗ YY

(
θ

2

)
,

U3 = XY

(
θ

2

)
⊗ YX

(
−θ

2

)
,

U4 = XY

(
−θ

2

)
⊗ YX

(
θ

2

)
,

U5 = XX

(
θ

2

)
⊗ YY

(
θ

2

)
, (44)

where θ is the parameter controlled by the time step of the
Trotter decomposition, and the XX, XY, and YY gates are

XXi, j (θ ) ≡ exp
(−iθσ x

i σ x
j

)
, (45)

XYi, j (θ ) ≡ exp
(−iθσ x

i σ
y
j

)
, (46)

YYi, j (θ ) ≡ exp
(−iθσ

y
i σ

y
j

)
. (47)

The measurement operator is now simply the σ z
2i−1 on odd

sites, and the conditional feedback SWAP (which does not
change under Jordan-Wigner transformation) will be applied
to the sites (2i − 1) and (2i) when the measurement result in
site (2i − 1) is −1.

Experimentally, the trapped ions systems [78–81] are one
of the ideal platforms to realize medium-scale quantum com-
putation and quantum simulations. Using the 171Yb+ ions
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trapped by the high-frequency electromagnetic field [78] with
fined tune laser pulse, the platform is able to

(1) initiate the state as |0 · · · 0〉.
(2) implement any single-site rotation, which enables ini-

tiation of the state to any product state.
(3) implement an “Ising” spin-spin interaction [82,83]:

XXi, j (θ ) = exp(−iθσ x
i ⊗ σ x

j ).
(4) do onsite measurement on σ z, collapsing qubit to |0〉

or |1〉 state.
We remark that using the combination of single-site and

two-site unitary gates, it is possible to realize the YY and XY
gates as:

XYi, j (θ ) = exp
(
−i

π

2
σ z

j

)
XXi, j (θ ) exp

(
i
π

2
σ z

j

)
,

YYi, j (θ ) = exp
(
−i

π

2
σ z

i

)
XYi, j (θ ) exp

(
i
π

2
σ z

i

)
. (48)

Now consider the monitored circuit model displayed in
Fig. 4(d), where the Floquet dynamics is the Trotterized ver-
sion of Hamiltonian (41).

The measurement that needs to perform the simple Sz mea-
surement, followed by a conditional swap operation, which is

USWAP ∝ XX
(π

4

)
⊗ YY

(π

4

)
. (49)

In Fig. 4(e), we simulate the dynamics on a 32-qubit chain,
and choose θ = π/4, with measurement probability p = 0.5.
We see the late time state show a clear feedback-induced skin
effect.

V. CONCLUSION

This work investigates the effect of generalized monitor-
ing on the entanglement phase transition, with a particular
focus on the emergence of the skin effect in certain open
boundary monitored systems. Our analysis reveals that the
skin effect qualitatively alters the entanglement structure of
the nonequilibrium steady state, leading to a single area-law
phase. Specifically, we show that introducing generic feed-
back operators can disturb the balance of particle distribution,
resulting in particle accumulation. We demonstrate that the
FISE is not a fine-tuned phenomenon, as the skin effect ap-
pears for different feedback parameters, and survives in the
presence of interactions. The suppression of the entanglement
entropy from the skin effect also enables an efficient classical
simulation of the monitored interacting systems.

These results have practical implications in the context
of open systems or controllable quantum devices, as the
monitoring-feedback setup can enable the realization of a skin
effect without the need for postselection in non-Hermitian
dynamics. For systems showing FISE, the steady states can
be reached in constant steps, which is accessible for the
noisy intermediate-scale quantum devices. We thus proposed
a quantum circuit model displaying FISE which can be exper-
imentally realized on the trapped ions systems.

Note added. In the middle of this work, we became aware
of a recent work [84] which also considers the effect of gener-
alized monitoring in the context of MIET. The two works are
complementary to each other: In Ref. [84], the authors utilize
the feedback (preselection) to reveal MIET as a quantum
absorbing state transition that can be directly detected, while

our work shows that the presence of conditional feedback may
also eliminate the MIET.
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APPENDIX A: UNIQUENESS OF NONEQUILIBRIUM
STEADY STATE

In this section, we prove the uniqueness of ρNESS for mod-
els considered in the main text, by explicitly checking the
operator set

O = {H, L1, L†
1, L2, L†

2, · · · } (A1)

generates (under multiplication and addition) the complete
algebra on the Hilbert space.

1. Projective monitoring

We first prove that the Hamiltonian (under open boundary
conditions)

H =
∑

i

(c†
i ci+1 + c†

i+1ci ) (A2)

and the projectors

Pi = 1
2 (c†

i − ic†
i+1)(ci + ici+1) (A3)

generate the whole algebra. Note H and P1, P2 together gen-
erate the following particle number operators:

n1 − n3 = P2 − P1 + i[H, P1 + P2],

n1 + n2 = 1
2 (P1 + P2 + i[H, n1 − n3] + n1 − n3),

n2 + n3 = (n1 + n2) − (n1 − n3). (A4)

Then, some straightforward algebra leads to

c†
1c2 − c†

2c1 = i(n1 + n2) − iP1,

c†
1c2 + c†

2c1 = [c†
1c2 − c†

2c1, n2 + n3],

c†
2c3 − c†

3c2 = i(n2 + n3) − iP2,

c†
2c3 + c†

3c2 = [n1 + n2, c†
2c3 − c†

3c2]. (A5)

On some addition among Eqs. (A5), we obtain the operator
c†

1c2, c†
2c3 and their Hermitian conjugates. The commutations

of them further produce c†
1c3 and its conjugate. Also note that

[c†
1c2, c†

2c1] = n1 − n2. (A6)

Together with Eqs. (A4), we generate all fermion bilinear
terms c†

i c j (including i = j case) on sites (1,2,3). To proceed,
we subtract the hopping terms between sites (1, 2) from H .
The resulting operator is equivalent to a shorter chain starting
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from site 2. We can then utilize the calculation above to
obtain all c†

i c j terms on sites (2,3,4). We eventually obtain all
fermion bilinear terms on the chain by applying the strategy
iteratively. Note that fermion bilinear terms c†

i c j generate the
complete algebra within a fixed particle-number sector since
any two product states in the sector can be related by applying
several fermion hopping terms.

2. Generalized monitoring and interactions

For the generalized monitored system described by the
jump operators {Ln = UnPn}, the proof of uniqueness is es-
sentially the same as the projective case. Note that we can
generate all Pi terms by multiplying to jump operators

Pi = L†
i Li. (A7)

In this way, we can generate the complete operator algebra in
the same way as above.

We argue that the completeness of the operator algebra
holds for generic open systems since the exact decoupling of
Hilbert space is the result of symmetries or fine-tuning. For
the interacting system where the Hamiltonian is

H =
∑

i

(c†
i ci+1 + c†

i+1ci + gnini+1). (A8)

The above argument means for a random value of g, we
should expect the completeness of the operator algebra. We
can also consider the case where the coupling constant is
smoothly varying in the space. In particular, let gi = 0 for
the sites near the boundary. Following the same procedure,
we can generate the operator algebra of the subsystem near
the boundary. Assume that we meet the first nonzero g at site
i + 1. It means that we have the complete operator algebra
(within fixed filling number) A[1,i] of the subsystem consisting
of sites 1, . . . , i. We first subtract all terms within A[1,i] from
the Hamiltonian and denote the result as H[i+1,N]. Consider the
commutators

[ni−1, H[i+1,N]] = c†
i ci+1 − c†

i+1ci,

[ni−1, c†
i ci+1 − c†

i+1ci] = c†
i ci+1 + c†

i+1ci. (A9)

In this way, we generate the hopping terms c†
i ci+1 and c†

i+1ci.
Those terms together with A[1,i] generate the algebra A[1,i+1].
This procedure can proceed iteratively, therefore producing
the complete algebra.

APPENDIX B: STOCHASTIC SCHRÖDINGER EQUATION

1. Generalized monitoring

Microscopically, a measurement process involves a short-
time interaction between the system and the probe, which are
initially separable:

|ψAB〉 = e−iHint�t |ψA〉 ⊗ |ψB〉, (B1)

where the wave function of the measured system is denoted
as |ψA〉 and the probe |ψB〉. When �t is much smaller than
the timescale of the system, the system can be regarded as
static during the measurement. Such measurement is called
the strong measurement. The probe is thought to be a device
that can convert quantum information to the classical one,

which takes the form of standard projective measurement.
That is, suppose the eigenbasis of the probe is {|φn〉}, the
probability of getting a record n is

pn = 〈φn|ρB|φn〉, ρB ≡ TrA |ψAB〉〈ψAB|, (B2)

and the feedback of the measurement to the system is∣∣ψ̃ (n)
A

〉 = 〈φn|e−iHint�t |ψA〉 ⊗ |ψB〉 ≡ Mn|ψA〉. (B3)

The completeness condition requires∑
n

〈
ψ̃

(n)
A

∣∣ψ̃ (n)
A

〉 = 1 �⇒
∑

n

M†
n Mn = 1. (B4)

This is the general form of the measure. In the language
of density operator, a measurement is described by a set of
operators {Mn}. A measurement process may record a result n
with probability pn and change the state to:

ρ → MnρM†
n

‖MnρM†
n‖ . (B5)

If the measurement result is not known, then the averaged
density matrix after the measurement is

ρ →
∑

n

MnρM†
n . (B6)

Such a map is called the quantum channel [70].
On the other hand, if the strength of system-probe coupling

is comparable with the energy scale of the system, which
is the case for an open quantum system, then the quantum
channel expression should depend on time �t . This kind of
measurement process is called weak measurement. When the
system is Markovian (the equation of motion depends only on
the near past), the course-grained dissipation process can be
described by the channel:

Mn = Ln

√
γ�t, (B7)

M0 =
√

1 −
∑
n>0

M†
n Mn

= 1 − γ

2

∑
n>0

L†
nLn�t + O(�t2). (B8)

For the density matrix, the coarse-grained differential equa-
tion is the Lindblad equation:

dρ

dt
= lim

�t→0

1

�t

∑
n

Mne−iH�tρeiH�t M†
n

= −i[H, ρ] − γ

2

∑
i

{L†
i Li, ρ} + γ

∑
i

LiρL†
i . (B9)

The joint dynamics of Hamiltonian evolution and measure-
ment can be equivalently described by the stochastic process,
as shown in Fig. 5, where for each time step �t , the system
first undergoes a coherent evolution |ψ〉 → e−iH�t |ψ〉, then
the application of measurement produces a random process:

|ψ〉 →
{

Mn(�t )|ψ〉 Pn = 〈ψ |L†
nLn|ψ〉γ�t

M0(�t )|ψ〉 P0 = 1 −∑n>0 Pn
. (B10)

Different records of the measurement result correspond to
different trajectories, and the Lindblad equation is equivalent
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FIG. 5. (a) Schematic of a fermion chain under nearest neighbor
interaction and generalized monitoring on each pair of neighboring
sites. Unitary feedback will be applied if the probe records a quan-
tum jump. (b) Circuits representation of the discretized Hamiltonian
evolution with constant monitoring.

to the trajectory averaged of such stochastic processes. In the
continuum limit, the stochastic differential equation can be
formulated by introducing a Poisson random variable dWn

taking the discrete values of 0 or 1. The dWn = 1 case cor-
responds to registering a quantum jump, otherwise, dWn = 0.
The expectation value for random dWn is proportional to dt :

dW n = 〈ψ |L†
nLn|ψ〉γ dt . (B11)

Different dWn’s are independent, i.e., they satisfy the orthog-
onal condition

dWmdWn = δmndWm. (B12)

Therefore, the random quantum jump process |ψ〉 → Mn|ψ〉
is described by the expression

d|ψ〉 =

⎛
⎜⎝ Ln√

〈L†
nLn〉

− 1

⎞
⎟⎠|ψ〉dWn, (B13)

and the null-detection case correspond to |ψ〉 → M0|ψ〉,
which is described by a non-Hermitian differential equation:

d|ψ〉 = −γ

2

∑
m

(L†
mLm − 〈L†

mLm〉)|ψ〉dt, (B14)

where the 〈L†
mLm〉 is introduced for the normalization purpose.

Together with the coherent evolution, we obtain the stochastic
Schrödinger equation in the main text:

d|ψ〉 =
[
−iH − γ

2

∑
m

(L†
mLm − 〈L†

mLm〉)

]
|ψ〉dt

+
∑

m

⎛
⎜⎝ Lm√

〈L†
mLm〉

− 1

⎞
⎟⎠|ψ〉dWm. (B15)

2. Free fermion simulation

For numerical simulation of Eq. (B15), we can first dis-
cretize the time into small interval �t . The discrete evolution
is then

|ψ (t + �t )〉 = M�t [e
−iHeff �t |ψ (t )〉], (B16)

where M�t represents the quantum jump that randomly hap-
pened in time interval �t :

M�t [|ψ〉] ∝
∏
m∈I

Lm|ψ〉. (B17)

In Eq. (B17), the set I denotes the random jump processes,
which can be obtained by

I = {n|rn < γ 〈L†
nLn〉�t}, (B18)

where {rn ∈ (0, 1)} is a set of independent random variables
with evenly distributed probability.

The free fermion system can be efficiently represented by
the Gaussian state [86]. For a particle number conserving
system, the Gaussian state is a quasimode-occupied state,
represented by a matrix B:

|B〉 ≡
N∏

j=1

∑
i

Bi jc
†
i |0〉 =

N⊗
j=1

|Bj〉, (B19)

where each column Bj is an occupied quasimode. Note that
there is an SU(N) gauge freedom for the matrix B, i.e.,

|B′〉 = |BU 〉 = |B〉, (B20)

where U is an arbitrary SU(N) matrix. Such gauge freedom
implies that a Gaussian state is entirely specified by the linear
subspace spanned by the quasimodes Bi’s.

The random Schrödinger equation can be Trotterized
as Eq. (B16). Using the Baker-Campbell-Hausdor formula
eABe−A = eadA B, the nonunitary evolution is

e−iHeff �t |Bt 〉 =
N∏

j=1

∑
i

Bi je
−iHeff �t c†

i eiHeff �t |0〉

=
N∏

j=1

∑
i

Bi je
−i�t[Heff ,·]c†

i |0〉

=
N∏

j=1

∑
i

∑
k

Bi jc
†
k [e−iHeff �t ]ki|0〉

=
N∏

j=1

∑
k

[e−iHeff �t Bi j]k jc
†
k |0〉

= |e−iHeff �t Bt 〉.
That is, the matrix is multiplied by the exponential of

the effective non-Hermitian (single-body) Hamiltonian ma-
trix. Note that the resulting matrix is not orthogonal anymore,
while the state is still well defined by the linear space spanned
by those unorthogonal vectors. In general, for a Gaussian
state represented by matrix B, we can obtain a canonical form
for the representing matrix using the QR decomposition B =
Q · R, where Q is a unitary matrix and R is upper triangular.
Note that Q and B span the same linear space, so the Gaussian
state can be expressed as |Q〉.

The supper operator M�t in Eq. (B16) corresponds to the
Poisson jump process, where for each index i, we randomly
decide whether a quantum jump process

|B〉 → Li|B〉
‖Li|B〉‖ (B21)
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happens, with the probability

pi = 〈B|L†
i Li|B〉γ�t . (B22)

The Lm’s we choose in the main text have the form

Lm = eihd†d, d† =
∑

i

aic
†
i , h =

∑
i j

hi jc
†
i c j, (B23)

where d† is a quasimode and h is a fermion bilinear. The
following shows that the Gaussian form is preserved by such
jump operator Lm. First, the probability of the jump process is

〈B|L†
mLm|B〉 = 〈B|d†d|B〉 = ‖d|B〉‖2.

The action of annihilation operator d on |B〉 is

d|B〉 =
∑

k

a∗
k ck

∏
j

∑
i

c†
i Bi j |0〉 =

∑
j

〈a|Bj〉
⊗
l �= j

|Bl〉,

(B24)

so we can obtain the probability

pm =
∑

j

|〈a|Bj〉|2γ�t . (B25)

Besides, we can utilize the gauge freedom to choose the basis
such that 〈a|B′

j〉 = 0 for j > 1. The matrix B′ always exists
since we can always find a column j that 〈a|Bj〉 �= 0 (other-
wise, the probability of the jump is zero). We then move the
column to the first and define the column as

|B′
j〉 = |Bj〉 − 〈a|Bj〉

〈a|B1〉 |B1〉, j > 1. (B26)

Note that such column transformation does not alter the linear
space B spans, while the orthogonality and the normaliza-
tion might be affected and should be renormalized afterward.
Eq. (B24) then simplified to:

d|B〉 =
⊗
j>1

|B′
j〉. (B27)

The result of the quantum jump is

Lm|B〉 = |eiha〉
⊗
j>1

|eihB′
j〉. (B28)

The representation of the outcome state is also not orthogonal.
An additional QR decomposition is needed to convert it to
canonical form.

APPENDIX C: NUMERICAL SIMULATIONS
OF THE MONITORED FREE FERMION DYNAMICS

1. Projective monitoring

We have demonstrated that a general Lindblad equation,

d

dt
ρ = −i[H, ρ] + γ

∑
i

LiρL†
i − 1

2
{L†

i Li, ρ}, (C1)

where Li are projectors, leads to a unique and homogeneous
steady state (under open boundary conditions). In this section,
we present numerical evidence supporting the homogeneity
of late-time states for typical stochastic trajectories, described

by:

d|ψ〉 =
[
−iH − γ

2

∑
m

(L†
mLm − 〈L†

mLm〉)

]
|ψ〉dt

+
∑

m

⎛
⎜⎝ Lm√

〈L†
mLm〉

− 1

⎞
⎟⎠|ψ〉dWm. (C2)

That is, the spatial homogeneity is not only at the density
matrix level but also at the trajectory level. This suggests that
the skin effect, which suppresses entanglement entropy, does
not arise within the projective monitoring system. Therefore,
introducing conditional feedback is essential to induce a dy-
namical skin effect.

In the following, we consider the model studied in the
main text, of which the unitary evolution is generated by the
Hamiltonian:

H =
∑

i

(c†
i ci+1 + c†

i+1ci ) (C3)

and the monitoring is described by

Li = 1
2 (c†

i − ic†
i+1)(ci + ici+1). (C4)

First, Fig. 6(a) displays the particle density evolution of a
typical trajectory. At late times, the system reaches a homo-
geneous state with only minor fluctuations. To further analyze
the homogeneity of trajectories’ densities, in Fig. 6(b), we plot
the trajectory-averaged classical entropy:

Scl = −
∑

i

[〈ni〉 log〈ni〉 + (1 − 〈ni〉) log(1 − 〈ni〉]. (C5)

We observe a linear growth with system size, indicating a
highly homogeneous density distribution. Moreover, when γ

is small, the growth of the classical entropy approaches the
saturation value

Smax = L log 2, (C6)

which means that most trajectory has nearly homogeneous
density distribution.

In contrast, Fig. 6(c) shows the entanglement entropy,
which is considerably smaller than the classical entropy and
exhibits an entanglement transition from log law to area law.
These results suggest that the projective monitoring system
under open boundary conditions may undergo a measurement-
induced entanglement phase transition, similar to the periodic
boundary condition.

2. Generalized monitoring

Figure 7(a) illustrates the trajectory averaging of entangle-
ment entropy. The entanglement entropy exhibits a transition
from log law to area law. We can pinpoint the critical mea-
surement rate γc by doing the scaling analysis of the mutual
information between two antipodal regions [as displayed in
Fig. 7(b)].
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(b)(a) (c)

FIG. 6. Numerical simulations of projective monitored fermion chains. (a) Density evolution under projective monitoring with γ = 0.1 for
a single trajectory. (b) Scaling of steady-state classical entropies. (c) Trajectory average of entanglement entropy for different measurement
rates. In particular, the entanglement entropy grows with system size in the small-γ regime, while the entanglement entropy saturates to a
constant value for large γ .

In the main text, we have demonstrated trajectory averag-
ing of classical entropy Scl[{〈ni〉}] provides an upper bound
on entanglement entropy SA and is itself bounded by classical
entropy of averaged particle number:

Scl[{〈ni〉}] � Scl[{〈ni〉}]. (C7)

In this section, we instead calculate Scl[{〈ni〉}] which imposes
a tighter bound on the entanglement entropy. As displayed in
Fig. 7(c), Scl[{〈ni〉}] behaves similarly as Scl[{〈ni〉}] but with
slightly different slop, indicating an asymptotic form:

Scl[{〈ni〉}] � 2.1

γ ν
, (C8)

where the scaling factor ν ≈ 1.13 instead of 1 for Scl[{〈ni〉}].

3. Generalized monitoring with different conditional feedback

In this Appendix, we provide more numerical
results on the monitored free fermion system with

Hamiltonian

H =
∑

i

(c†
i ci+1 + c†

i+1ci ) (C9)

and the generalized monitoring characterized by the projective
monitoring

Pi = 1
2 (c†

i − ic†
i+1)(ci + ici+1), (C10)

followed by the conditional θ -phase rotation on site (n + 1):

Ui = exp(iθni+1). (C11)

In the main text, we show the extreme case where θ = π and
argue that the feedback-induced skin effect persists for other
choices of θ and therefore it is not a fine-tuned property of
generalized monitoring.

Here we demonstrate the statement by numerical simula-
tion of the trajectory-averaged classical entropy:

Sθ
cl(γ , L) ≡ Scl[{〈ni〉}]. (C12)

(a) (b) (c)

FIG. 7. Numerical simulations of generalized monitored fermion chains. (a) Trajectory average of entanglement entropy for different
measurement rates. (b) Trajectory average of mutual information I (A : B) between two L/8 antipodal segments A and B. The crossing of
I (A : B) indicates the critical measurement rate at γc ≈ 0.2. (c) Trajectory average of classical entropy for systems in different sizes.
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FIG. 8. Steady-state classical entropies Scl[〈ni〉] for feedback Ui = exp(iθni+1), where we chose θ from π to 0.3π . The data points all
approach the asymptotic line ν log γ + log Scl = c′(θ ) where ν ≈ 1.13 in the thermodynamic limit.

Note that the quantity we show here is different from the
main text, where we compute the classical entropy of the
trajectory-averaged density. Here, instead, we calculate the
classical entropy for different trajectories and then take
the average over the trajectory ensemble. This switch will
not change the result qualitatively, while quantitatively this
will lead to a smaller value and therefore easier for us to
see the saturation in small θ ’s. The quantity, however, has
stronger fluctuation so it is hard to observe the scale in-
variance as in the main text. Nevertheless, as we show in
Fig. 8, while the θ = π case corresponds to an optimal angle
where the skin effect is strongest, for other θ the asymptotic
scaling

Sθ
cl(γ , L → ∞) = cθ

γ ν
, (C13)

persists, where ν ≈ 1.13, while the constant cθ increases as θ

decreases:

θ/π 1 0.9 0.8 0.7 0.6 0.5 0.4 0.3

log cθ 0.75 0.85 0.95 1.1 1.4 1.9 2.6 3.4

As discussed in the main text, the constant cθ determines
the spatial extents of the domain wall. The finite data point
we obtained implies that cθ increases exponentially fast when
θ → 0. In the θ = 0 case, cθ diverges and there is no skin
effect.

The large-size domain walls impose significant overhead
for numerical simulations. For small θ (� 0.3π ), accessing
the thermodynamic limit becomes practically hard.

Based on the numerical results, we speculate the scaling
form (C13) holds for different θ and γ . Therefore we expect
the skin effect to arise in a large class of generalized monitored
systems.
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