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Topological phase in the extended Haldane-Hubbard model with sublattice-dependent repulsion
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We study the ground-state phase diagram of the half-filled extended Haldane-Hubbard model on the hon-
eycomb lattice with sublattice-dependent on-site repulsion (Uxp) using the exact diagonalization (ED) and
mean-field (MF) methods. The resulting phase diagram shows that there is a topologically nontrivial phase with
the Chern number C = 1, emerging via the development of the imbalance between U, and Ug. In this phase,
the antiferromagnetic correlations are observed in the ED calculation, in line with the finite antiferromagnetic
order obtained by the MF method. The spontaneous symmetry breaking of SU(2) spin rotation in the phase is
also identified in the MF level. Distinct from previous studies in which the exotic C = 1 phase relies on the
interplay between sublattice-dependent potentials and electronic interactions, our paper presents an alternative

way by solely tuning the on-site interactions.
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I. INTRODUCTION

Presently quantum phase transitions (QPTs) of condensed
matter can be categorized into two paradigms. The first
paradigm, described by the Ginzburg-Landau theory, involves
spontaneous symmetry breaking and is characterized by lo-
cal order parameters [1]. The second paradigm comprises
topological phase transitions, which, identified by proper
topological invariants, have been classified quite completely
in noninteracting systems under various symmetries [2-5].
Naturally exotic intermediate states can be expected in the
presence of competition between local and topological orders.
However, in the case of correlated systems, local orders are
usually driven by interactions, and the nature of the interme-
diate states could be elusive.

In the study of the interplay between topology and in-
teractions in condensed matter systems [6,7], a promising
direction is to consider systems with competitive local or-
ders under interactions, while in the absence of interactions
they are in topologically nontrivial phases. A prominent ex-
ample is the Haldane model on honeycomb lattice [8] plus
various interactions. For instance, studies on the phase dia-
grams of the spinless Haldane model with nearest-neighbor
(NN) interactions reveal a coexistence of topological and
charge-density-wave (CDW) orders, albeit due to finite-size
effects [9,10]. In the spinful Haldane-Hubbard model, an in-
triguing phase (with Chern number C = 1) emerges where
one spin species resides in a topologically nontrivial state
while the other remains localized [11]. Results from various
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methods, including mean field (MF), exact diagonalization
(ED), quantum Monte Carlo, density matrix renormalization
group (DMRG), and dynamical mean-field theory (DMFT),
suggest that the spontaneous spin symmetry breaking arises
mainly from the competition between sublattice potentials and
on-site Coulomb repulsions [11-17]. Moreover, sublattice po-
tentials appear essential to this exotic state, with other factors
exhibiting flexibility in one way or another. This flexibility is
evident in phenomena with C = 1 observed on square lattices
instead of honeycomb lattices [18,19], in models like the
Kane-Mele-Hubbard instead of the Haldane-Hubbard model
[20], in the presence of double exchange processes rather
than Coulomb interactions [21], and in the introduction of
disordered potentials to the interacting Haldane system [22].

In this paper, we proposed that the exotic C = 1 state can
be accessed solely through the interplay between topology
and interactions, without relying on the assistance of sub-
lattice potentials. We consider the Haldane-Hubbard model
with sublattice-dependent Coulomb repulsions, i.e., Uy and
Ug, and study its ground-state phase diagram. For both MF
and ED methods, the C =1 state is observed, although its
occurrence is narrower in the ED results. However, incorpo-
rating the NN interaction V into the model can stabilize the
C =1 phase observed in the ED calculations. Other phases
include the CDW phase governed by V, the spin-density-wave
state (SDW) governed by U, and the Chern insulator (CI)
phase with C =2 under weak interactions. Except for the
Chern number, phase transitions are also identified by struc-
ture factors of the SDW and CDW, and the results suggest a
topological antiferromagnetic state for the C = 1 phase. By
analyzing the effective Dirac masses in the MF results, its
origin can be also attributed to the spontaneously broken spin
rotation symmetry.

©2024 American Physical Society
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II. MODEL AND OBSERVABLES
In this article, an extended Haldane-Hubbard model for
electrons on the honeycomb lattice with sublattice-dependent
Coulomb repulsion is studied. The Hamiltonian reads
H =Hy+H,, ey

with the kinetic part and the interaction part as

Hy = —1, Z (clTacj(, +Hec)—1n Z (eid""ch_,-g +H.c.),
(ij),o {(ij)).o

(2)
and
H = ZUaﬁiTﬁu +V Z Righjgr. 3)
ia (ij).o0
Here c (ciy) represents the creation (annihilation) operator

of an electron with spin o (o =%, |) at site i, and the cor-
responding number operator 7i;, = cj;,cig. The NN and the
next-nearest-neighbor (NNN) hopping amplitudes are #; and
1, respectively. In the NNN hopping terms, the Haldane phase
¢i; is added with the absolute value fixed and a sign depend-
ing on the clockwise (anticlockwise) direction of the loops
inside the honeycombs [8]. The phase breaks the time-reversal
symmetry explicitly without net magnetic flux. Among the
interaction terms, U, denotes the on-site Coulomb repulsion
strength in the sublattice & (=A, B), and V is the NN interac-
tion in the extended Hubbard model (e.g., see Refs. [23,24]).
Note that instead of the staggered potentials in the previous
studies [11-17], the on-site interaction U, here is considered
to be sublattice dependent, which also breaks the sublattice
(inversion) symmetry explicitly.

In the present study, we focus on the effect of the
sublattice-dependent on-site interaction on the phase diagram
of the extended Haldane-Hubbard model at half-filling. Spe-
cial attention is paid to the topologically nontrivial phases.
The phase diagram as a function of the on-site interaction
U, (@ = A, B) and the NN interaction V is investigated by
the ED method, complemented by the MF calculations. To
mitigate the finite-size effect and to avoid overlooking vital
information in the low-lying spectra, it is important to choose
proper clusters in the ED calculation on two-dimensional
lattices. In our case, whether the reciprocal lattice includes
the K points can be essential [9,10,16]. Here, we chose a
cluster including 12 lattice sites [Fig. 1(a)] under the periodic
boundary condition (PBC). Compared to other clusters with
size up to 18, the reciprocal lattice of the so-called 12A cluster
[Fig. 1(b)] incorporates more high-symmetry points, includ-
ing the I" point, all the K points, and one pair of M points
[25]. For a cluster with better symmetries, we have to go to
as far as 24 sites, which exceeds our current computational
resources.

In the ED calculation, to specify different phases in the
phase diagram, both the local orders, including the SDW and
CDW, and the topological invariant, i.e., Chern number here,
are evaluated. The SDW and CDW orders are the ones that
dominate in the large-U and large-V limits, respectively. Their

FIG. 1. (a) A schematic plot of a honeycomb lattice with two
triangular sublattices distinguished by different colors. The arrows
indicate the directions of the positive phase winding for the complex
NNN hoppings. The 12A cluster used in the ED calculation is indi-
cated by the parallelogram. (b) The set of k points (cross symbols) in
the momentum space for the 12A cluster.

structure factors are written in a staggered fashion as

1
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iJ
where n = 0 (n = 1) if sites i and j are in the same (different)
sublattice.

The Chern number of a many-body state can be calculated
by the integration of the Berry curvature of the corresponding
wavefunction over the twisted boundaries [26]

ow )
06, ||

/ /‘ do, do, ow ow

2mi 39 a0,
where |W) is the many-body wavefunction, and 6,(6,) €
[0, 27r) is the twisted angle along the x (y) direction in the
boundary condition. In our calculation, a mesh of 12 x 12 in
the (0x, 6,) space is sufficient to guarantee the convergence
[10,16,27].

On the other hand in the MF calculation, the SDW and
CDW order parameters are defined as

Ospw = |3((5a) — (SB))]
— (} +n})l, (6)

where §A(B) is the MF magnetization vector for the A(B)
sublattice, n% is the MF density of spin-up electrons on A-
sublattice, etc. More details of the MF method and results can
be found in Appendix A.

In the following, we set the reduced Planck constant z = 1,
and #; as the energy unit. The NNN hopping amplitude #, and
the phase amplitude ¢ are fixed to be 0.2 and 7 /2, respec-
tively. That is, without interactions, the ground state of the
system is in the CI phase with C = 2.

Ocpw = |(”¢ +”¢

III. RESULTS

The essential result of the study is presented in Fig. 2,
where the phase diagrams of the Hamiltonian (1) obtained by
the ED [on the 12A cluster (see Fig. 1)] and MF in the (U,,
Us) space without the NN interaction are shown. The phase
boundaries are determined by the structure factors (or the

035107-2



TOPOLOGICAL PHASE IN THE EXTENDED ...

PHYSICAL REVIEW B 110, 035107 (2024)

1

C
9 12

FIG. 2. The phase diagram of the Hamiltonian (1) with V = 0 as
a function of alternating on-site interactions U, and Ug, obtained by
ED (a) and MF (b), respectively. In the absence of the NN interaction
V, three phases are identified: the C = 2 Chern-insulator phase, the
topologically trivial SDW phase, and sandwiched between them, the
C =1 AFCI phase.

order parameters in MF) and the Chern numbers together. We
see that with the sublattice symmetry being explicitly broken
by the spatial alternation of the on-site interaction, a C = 1
phase emerges. The phase is sandwiched between the C = 2
Chern insulator and the topologically trivial SDW phase and
expands with the increase of the imbalance between U, and
Us. We note that the MF results have already converged on
the 30 x 30 lattice, and both the ED and MF calculations
support the existence of the C = 1 phase. Nevertheless, in
the ED-produced phase diagram [Fig. 2(a)], the region oc-
cupied by the phase is quite limited, and cannot extend into
the small Up/g area, which is different from the MF result
[Fig. 2(b)]. Although the finite-size effects are expected to
be moderate here due to the nonvanishing of the band gap of
the noninteracting Hamiltonian (which is different from the
case with staggered potential, e.g., in Ref. [13]), we suggest
that in the future study further investigations are required for
the existence and the exact location of the C = 1 phase in the
Ua-Us phase diagram (with V = 0).

Up to now, we have provided evidence that apart from the
ionic Haldane-Hubbard model where the sublattice (inverse)
symmetry is broken at the single-particle level by the stag-
gered potential, the Hamiltonian (1) that breaks the symmetry
from the side of interaction also has the potential to support
the C = 1 phase. As will be addressed later in more detail,
we furthermore observe the clear signatures of the developing
SDW correlations in the phase (e.g., see Fig. 3). As a result,
following Refs. [18,20] we also call the C = 1 phase the
antiferromagnetic Chern insulator (AFCI) phase.

The nature of the AFCI phase here is indeed identical
to that of the topological SDW state, which, to the best
of our knowledge, was first suggested in Ref. [11] for the
ionic Haldane-Hubbard model and dubbed “B-TSDW”. A
physical description of the state is that due to a spontaneous
spin-rotation symmetry breaking caused by the interplay of
topology and the electronic interactions, one of the spin com-
ponents remains topologically nontrivial whereas the other
does not. In our case, we can easily understand on the MF
level that the inequality of the on-site interaction concern-
ing (A/B) sublattice can apparently produce an effective
staggered potential. Together with the magnetic effect of the
electron-electron interactions in general, a spin-dependent
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FIG. 3. (Top row) The phase diagrams of the model (1) obtained
by ED for a fixed V = 1.2 (a) and Ug = 6.0 (b), respectively. (Bot-
tom rows) The following two rows present the results of the CDW
and SDW structure factors, i.e., Scpw (square symbols) and Sspw
(triangular symbols), and the Chern number C (diamond symbols)
along the cuts (edges) in the phase diagrams. Among them, (c) and
(e) for the two horizontal cuts in (a) at Ug = 5.0 and 20.0, respec-
tively; (d) and (f) for the two edges in (b), one for V = 0.0 (the
lower horizontal edge) and the other for Uy = 26.0 (the right-vertical
edge). The vertical-dashed lines in (c)—(f) indicate the positions of
the phase transition points on the cuts (edges).

staggered potential can appear, which, consequently, makes
the emergence of the C = 1 phase possible. More discussions
of the issue on the MF level, including the evaluation of the
Chern number in terms of the effective Dirac masses, can be
found in Appendix B.

In the following we show that the presence of the NN
interaction V can significantly modify the phase diagram in
Fig. 2 and can help to stabilize the AFCI phase for wider
range of Uxsp. There have been discussions on the possibility
of inducing the AFCI phase via the NN interaction V', without
explicitly breaking the sublattice symmetry [25]. However,
the existence of the phase there was found to be elusive. It
remains to be seen whether the V term that favors the charge
order can play a similar role of, say, the staggered potential
and induce the exotic AFCI phase. In our present model, to
address the effect of the NN interaction with the alternating
on-site repulsion, we present the phase diagrams for several
nonzero V's obtained by the ED method: one is in the (Ux, Ug)
space with fixed V = 1.2 [Fig. 3(a)], the other in the (V, Uy)
space with fixed Ug = 6.0 [Fig. 3(b)]. The following two rows
in Fig. 3 show the results of the structure factors defined by
Eq. (4) and the Chern numbers along the cuts (or edges) in the
corresponding phase diagrams.

In the phase diagrams, the presence of V produces a
new phase that is previously absent, i.e., the phase with
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prominent CDW correlations. Besides, the competition be-
tween the V-favored CDW order and the U-favored SDW
order, both topologically trivial, can provide ample space to
accommodate the topologically nontrivial phases, including
C = 2and C = 1 phases. From Fig. 3(a) with V = 1.2, we see
that compared to the V = 0 case [Fig. 2(a)], the AFCI region
is significantly enlarged in the presence of the NN interaction.
The enhancement effect can also be identified in the phase dia-
gram in the space of (V, Up) with Uy > U = 3.0 [Fig. 3(b)],
where we can observe that the turning on of V leads to the
suppression of the SDW correlations, and as a consequence,
extend the reach of the topological phases.

The nature of the phase transitions between the topolog-
ically trivial and nontrivial phases can be readily accessed
from the evolution of the structure factors. For example, in
Figs. 3(e) and 3(f) where the cuts involve phase transitions
between the AFCI with topologically trivial CDW and SDW
phases, characteristic discontinuities in the structure factors
at the transition points are observed. The observation is con-
sistent with the previous studies [9,16,25,28], and we suggest
that these quantum phase transitions are first-order ones. On
the other hand, for the phase transitions between the topolog-
ical phases, i.e., the AFCI and CI phases here, the evolution
of the structure factors is quite smooth [e.g., see Figs. 3(c)
and 3(d)] [16,29]. The competition between the local orders
also manifests itself in the topological phases as the remnant
CDW and SDW correlations [Figs. 3(c)-3(f)]. It would be
desirable to note the clear development of the SDW corre-
lations in the AFCI phase, which indicates the coexistence of
the local magnetic order and the global topological structures.
The phenomenon can also be observed in the MF results [see
Figs. 4(c)-4(D)].

The results of the complementary Hartree-Fock MF study
are presented in Fig. 4. Similar to Fig. 3, the first row shows
phase diagrams in the (Ua, Ug) space with fixed V = 1.0,
and in the (V,U,) space with fixed Ug = 3.0. The next
two rows present the MF results of the local order param-
eters and Chern numbers along the cuts (or edges) in the
corresponding phase diagrams. The Chern numbers are cal-
culated in discretized Brillouin zones following the method in
Ref. [30].

Comparing the phase diagrams obtained by MF (Fig. 4)
to those obtained by ED (Fig. 3), we see that besides quan-
titative deviations between the phase boundaries and critical
values, there is little qualitative difference between them. This
consistency indicates the reliability of the phase diagram as
a whole, particularly concerning the existence of the AFCI
phase. Nevertheless, one point we would like to underline is
that in the AFCI phase, both the CDW and SDW orders re-
main similar to the ED analysis; while in the CI phase, unlike
the ED result, the SDW order parameter Ogpw is suppressed
[e.g., see Figs. 4(c) and 4(d)].

IV. SUMMARY AND DISCUSSION

In summary, we investigated the ground-state phase
diagram of the spinful Haldane-Hubbard model on the
honeycomb lattice with sublattice-dependent Coulomb re-
pulsions. The topological AFCI phase (C = 1) with finite
antiferromagnetic order was identified via the ED and MF
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FIG. 4. (Top row) The phase diagrams of the model (1) obtained
by the MF method on 360 x 360 lattice for a fixed V = 1.0 (a) and
Ug = 3.0 (b), respectively. (Bottom rows) The following two rows
present the results of the CDW and SDW order parameters, i.e.,
Ocpw (in green) and Ogpy (in blue), and the Chern number C (in
red) along the cuts (edges) in the phase diagrams. Among them,
(c) and (e) for the two horizontal cuts in (a) at Ug = 3.6 and 6.5,
respectively; (d) and (f) for the two edges in (b), one for V = 0.0 (the
lower horizontal edge) and the other for Ux = 12 (the right-vertical
edge). The vertical dashed lines in (c)—(f) indicate the positions of the
phase transition points on the cuts (edges). Note that in (a) to reduce
the area occupied by the CDW phase, the minimal values of U, and
Ug are both set to be 1.0.

methods. The phase, achieved by solely tuning U, and Ug, can
be further stabilized and expanded by the nearest-neighbor
interaction V. This is distinguished from previous studies that
rely basically on the interplay of sublattice-dependent poten-
tials and the on-site interactions. The nature of the phase and
the mechanism of its emergence can be understood qualita-
tively on the MF level.

In experiments, the Haldane model has been realized
in cold atoms ten years ago [31], and more recently, in
a solid-state material with moire bilayers [32]. The re-
alization of Hubbard interactions in fermionic cold atom
systems has been reported [33-38], including spatial mod-
ulation of the interaction in '"Yb gas systems [39]. This
provides real prospects to emulate the extended Haldane-
Hubbard model with site-dependent interactions in the near
future. The physics of strongly correlated systems with site-
alternating interactions can be rich and interesting [40-42],
and we hope that the present paper can encourage more future
studies.

We note that recently there have been other proposals to
realize the C = 1 phase in the Haldane-Hubbard model by
incorporating either the Anderson disorder [22] or the spin-
dependent sublattice potentials [43].
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APPENDIX A: MEAN-FIELD METHOD
IN MOMENTUM SPACE

The noninteracting part Hy of the Hamiltonian (1) in the
main text can be written in the momentum space as

Ho =) [(f* (&) af,bxo +He)
k,o
+ (my(K)ay axs +m_(K)b}_bk,)],

where the creation (annihilation) operator of electrons ¢’ (c)
is denoted here as at (a) and b™ (b) for A and B sublattices,
respectively. The coefficients f and m. read

(AD)

00 =1 (1 T 20412 cos %) (A2)
my (k) = —2t)[cos (k-a; —¢) +cos (k- a; + ¢)
+cos(k-(a; —ay) + ¢)], (A3)

and m_ (k) is obtained by simply replacing the Haldane phase
¢ in m (k) with —¢. The basis lattice vectors are set to be
a;, = a(¥l, \/§)/2, where a is the lattice spacing here.

The noninteracting Hamiltonian (A1) can be put into a
concise form as

Ho = kzgj[a;g bia]Ho(k)[Zi:] (A4)
with
_ m(k)  f*(k)
Ho(k) = C(k)1 + (f(k) —m(k))’ (AS5)

where C(k) £ m(k) = my(k). Note that at the valleys with
coordinates as K = :l:‘;—Z(l, 0), f(£K)=0, C(£K) =
3t, cos ¢, and m(£K) = +3+/31, sin ¢. We see that for the ef-
fective Dirac Hamiltonians in the vicinity of the valley points
that are related by the spatial inversion, the masses m(£K)
have exactly opposite signs when ¢ # 0. Consequently, the
Chern number of the lower band (here temporally drop
the spin degeneracy) can be either 1 or —1, depending on the
sign of sin¢. On the other hand, the system can be driven
into the topologically trivial phase with zero Chern number
by, e.g., introducing a staggered sublattice potential into the
Hamiltonian as A(A* — #%), since with A > |3v/31, sin ¢,
the masses have equal signs.

Now we move to the interacting part H; of the Hamiltonian
(1) in the main text. It is approximated at the Hartree-Fock

level in our mean-field (MF) treatment. Specifically, for the
on-site interaction term (i.e., the U term) we have

Rigfiy = (Rip) iy + fip (Riy)
—{eiyciy)ei cip — <C;¢CiT)CiT¢Ci¢ +const.  (A6)
For the NN interaction term (i.e. the V term),
ﬁiaﬁja’ = <ﬁia)ﬁj(r’ + ﬁia (ﬁja’>
— (c;.'acj(,r)c_';d,c,-(7 — cj'gcjg/(cja,cm) + const.
(A7)
Depending on the lattice site, the creation (annihilation) oper-
ator ¢ (¢) in the above expressions can be either a’ (a) or b’
(®).
After the MF decoupling and the subsequent Fourier trans-

formation, we finally obtain the MF Hamiltonian in the
momentum space as following [25]:

HAvr = Hy + Ay, (A8)
with
et gk ey &k
* (k gB ik ey
Hiyr = Z U S;&% : ngk) Sigi(* ) &J(i() e
ol e g e
(A9)

where ¥, = [ale bqu al ' b 1J- The entries in the matrix read

g = Uan™, +3V an,,

e =Ugn®, +3V Znﬁ,,

Ua
&y, = N (ay aqr v,
q
Up N
STB¢ ==y <b(il¢qu>MF7
q
v T
o (K) = =2 D (K — @)(by, aqo)wr, (A10)
q
where the function gk)=14exp(—ik-a;)+
exp(—ik -a;), and the density for the A sublattice
nﬁ = ﬁ Zq(aggaqa)Mp. Similar expression holds for
B

n,. In our calculation, the averages (---) are taken in
the grand-canonical ensemble with respect to the MF
Hamiltonian under sufficiently low temperatures. The
chemical potential is also determined self-consistently by the
filling. Numerically the convergence of the MF parameters
can usually be guaranteed by the convergence of the free
energy. To be brief, here we omit the expression of the free
energy.

Once self-consistent MF solutions are found, the SDW and
CDW order parameters can be computed. The Chern number
for the occupied bands with respect to the MF Hamiltonian is
obtained in discretized Brillouin zones following the method
in Ref. [30].
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APPENDIX B: EVALUATION OF THE CHERN NUMBER
IN TERMS OF EFFECTIVE MASSES

It is well known that with the introduction of the stag-
gered sublattice potential A as mentioned before, a C =1
topological phase can be induced into the phase diagram of
the Haldane-Hubbard model [11,13]. The same can happen
for the Kane-Mele Hubbard model, according to Ref. [20].
The physical understanding of the phase [usually known as
the antiferromagnetic Chern insulator (AFCI)] is that due
to the interplay between the topology and electron interac-
tions, a spontaneous spin-rotation symmetry breaking takes
place, with one of the spin components remains topologically
nontrivial whereas the other does not. The conclusion has
been supported by various methods, including the MF anal-
ysis, the exact diagonalization (ED) and the density matrix
renormalization group (DMRG), quantum Monte Carlo, and
the dynamical mean-field theory (DMFT) [11,13—17]. In this
section, we would like to show that in the MF level, the C =1
phase that emerges by introducing a sublattice-dependent
on-site Coulomb repulsion, i.e., Uy # Us, indeed shares the
feature with the AFCI phase in the previous literature.

To obtain a qualitative understanding of the appearance of
the AFCI phase, let us first focus on the diagonal terms in
Hi\r, ignoring the off-diagonal terms temporally. In general,
these diagonal terms, which are momentum independent, can
be expressed in the form as

mol + myo, + mpt, + my,0,7;. B1)

where the Pauli matrices o and 7 represent the spin and
sublattice indices. The values of m’s can be uniquely deter-
mined by the four diagonal entries. If we follow the previous
discussions of the noninteracting part Hy and concentrate on
the mass terms of the effective Dirac Hamiltonians around the
4K points, we find that the masses for the up- and down-spin
components are

my (£K) = my + mg,0, £ 3+/3t, sin ¢. (B2)

In our calculation, we have chosen the parameters #, and ¢
fixed to be 0.2 and /2, respectively. We see that if my, #~ 0,
the effective masses for the up- and down-spin components
(0, = %1) can be different. It leaves room for the possibility
of driving one spin component into the topologically trivial
state while the other remains in the nontrivial state (the signs
of the masses remaining opposite for the =K points). The
possible outcomes can be summarized as follows:

+1,+1), G, =0;
(sgntomy (), sgniom, (~K = 11 TP & =
(=1,+1), Co=-1.

(B3)

Then the total Chern number simply reads C = Cy +C) if
all the off-diagonal terms in Ay (A9), including the spin-
flipping terms, are dropped.

To be more specific, we can define a MF spin-dependent
staggered potential as

Ayp = mg + mg;07, (B4)

and the above expression for the masses (B2) can be rewrit-
ten as m, = A £ 3+/3t2sin¢g. It is easy to show that in
terms of the MF parameters in the MF Hamiltonian (A9),
Afyr = (62 — €8)/2. The nonzero Ay tends to smear out the
sign difference of the mass terms between the two valleys.
The inequality of AKAF and Altn:, if it happens, indeed indi-
cates the breaking of the spin symmetry and associated with
that, the possibility of the emergence of the AFCI phase (with
C = 1). The disparity between AII,[F and Ai,[F is produced by
mys, which in terms of the MF particle densities, reads
mgs = 1(UpS? — UaS?), (B5)
where the spin polarization S = %(n? —n{) with o = A/B.
Here to be complete, we also present the expression for the
homogeneous part of A, i.e., my,
my = 2Un™ — UPn®) = 3v i —n®). (B6)
Hitherto, we only demonstrate the influence of the diagonal
terms of the MF Hamiltonian on the evolution of the Dirac
masses. A more quantitative analysis, even within the MF
level, no doubt should include the off-diagonal terms, i.e. s?{,‘?
and &,,/(k), which are the results of the Fock decoupling of
the on-site U and the NN V interactions. The situation is quite

9 @] 9 )
CDW AFCI SDW C =2 AFCI SDW
©y — b
b—s 1 35 ¢ 4 6 9 P
, Ua Us
0
i (b) 10 (e)
100 — s ,
< 0
= 0 I
S —10
—10FCDW AFCSE___SDW.___ 1 C =2 AFCI SDW
—90
2035 5 % 3 G 9 b
Ua Ua
3 9
(s \ (1)
.2 CDW AFCI  SDW |
<Tol Lo—9  arcr SDW
b3 4 5 6 Y § 9 2
UA UA

FIG. 5. The effective-mass analysis of the topological phase
transitions in the extended Haldane-Hubbard model with sublattice-
dependent repulsion. Left column for V = 1.0, Ug = 6.5, right
column for V = 0.2, Ug = 3.0. The number, denoted as €, evalu-
ated from the effective-mass method is shown in the first row. The
effective spin-dependent staggered potential &7 in the unit of #, as
a function of U, is presented in the second row. The shaded region,
bounded by 43+/3 horizontal lines, marks the topological regime.
The intersections of the curves and the boundary lines are marked
by stars. The third row displays the evolution of the gap between the
two lower bands (occupied) and the two upper bands (unoccupied).
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complicated if we try to do so and an exact analytical treat-
ment remains to be found. Here, however, we try to provide an
approximation scheme within the frame of effective masses,
and the strategy is following.

We first diagonalize the 4 x 4 matrix Hyyr in Eq. (A9) at
each valley (by putting k = +K). With the four eigenvalues
and Eq. (B1), we can determine the effective masses. Then
for each valley, the spin-dependent staggered potential can
be obtained according to Eq. (B4). We denote it as &y, to
emphasize the fact that it is an effective staggered potential
after considering the contribution from the off-diagonal terms.
The sign of the effective Dirac mass can then be determined,
followed by the estimation of the Chern numbers. It is worth
noting that the calculation shows zero results for m, and my;
in the CDW and the C = 2 phase; while in the C = 1 AFCI
phase and the SDW phase, both quantities are away from zero.
The facts suggest the SU(2) spin symmetry breaking in these
phases.

The results of our calculation are presented in Fig. 5 with
two sets of parameters: one is V = 1.0, Ug = 6.5 (left col-
umn); the other is V = 0.2, Ug = 3.0 (right column). With
increase of Uj,, the system experiences three consecutive
phases, namely, CDW-AFCI-SDW and (C = 2)-AFCI-SDW,
respectively. In each subfigure, the phase transition points
are indicated by vertical dashed lines, which are determined

by the Chern number via the method in Ref. [30]. They are
accurate for a given band structure. From the last row in Fig. 5
[Figs. 5(c) and 5(f)], we see that at each transition point,
accompanied by the change of the Chern number, the band
gap (the gap between the two upper bands and the two lower
bands) always closes. The first row in Fig. 5 [Figs. 5(a) and
5(d)] presents the Chern number (denoted as C) in terms of
the sign change of the effective masses as detailed before.
The second row [Figs. 5(b) and 5(e)] shows the evolution
of the effective staggered potential for each spin component
(denoted as 31\%3 ) as a function of Ua. The shaded region,

bounded by 43+/3 horizontal lines, marks the topological
regime. From the results, we see that although it is not an
exact solution, the method of the effective masses works
quite well, except for the region very close to the phase
boundaries.

Before concluding this section, we would like to add some
remarks. In the MF analysis of the ionic Haldane-Hubbard
model [17], where the effective spin-dependent staggered po-
tentials were also calculated, it showed that the approximation
with only diagonal terms of the MF Hamiltonian works quite
well. However, in our case of the extended Haldane-Hubbard
model with sublattice-dependent repulsion (without the ionic
term), we find that the off-diagonal terms need to be consid-
ered to produce decent results.
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