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SU(4) symmetry breaking and induced superconductivity in graphene quantum Hall edges
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In graphene, the approximate SU(4) symmetry associated with the spin and valley degrees of freedom in the
quantum Hall (QH) regime is reflected in the fourfold degeneracy of graphene’s Landau levels (LLs). Interactions
and the Zeeman effect break such approximate symmetry and lift the corresponding degeneracy of the LLs. We
study how the breaking of the approximate SU(4) symmetry affects the properties of graphene’s QH edge modes
located in proximity to a superconductor. We show how the lifting of the fourfold degeneracy qualitatively
modifies the transport properties of the QH-superconductor heterojunction. For the zero LL, by placing the edge
modes in proximity to a superconductor, it is, in principle, possible to realize a 1D topological superconductor
supporting Majoranas in the presence of sufficiently strong Zeeman field. We estimate the topological gap of
such a topological superconductor and relate it to the properties of the QH-superconductor interface.
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I. INTRODUCTION

Heterojunctions formed by two-dimensional electron gases
(2DEGsS) in the quantum Hall (QH) regime, placed in the
proximity of a superconductor (SC), are ideal to realize one-
dimensional topological superconductors [1-4] and are the
only realistic systems in which it is expected that not only
Majorana zero modes [5] but also more complex non-Abelian
anyons can be realized [1,2,6]. In recent years, advances in
material and device fabrication have allowed the realization
of high-quality QH-SC systems [7—13] that have shown sig-
natures of superconducting correlations induced in the edge
modes of QH states. Such experiments have motivated several
theoretical works [14-26] that addressed some of the limita-
tions of simple models. QH-SC systems based on graphene
[7-11,13] are particularly promising for several reasons: by
encapsulating the graphene layer in hexagonal boron nitride
(hBN), high-quality, low-disorder devices can be realized;
they can be driven into robust QH states with smaller values
of the magnetic field (B) than regular 2DEGs due to the fact
that for 2D Dirac materials the Landau level (LL) energies
E, scale with the square root of B, E, = sgn(n)vp+/2¢ehB|n|
with vp the graphene’s Fermi velocity and n € N [27,28],
rather than linearly with B, as for 2D systems with parabolic
bands. These features have recently enabled the observation
of superconducting correlations between the edge states of
fractional QH states [11], the first step toward the realization
of parafermions.

In any QH-SC system, due to the large magnetic field
necessary to drive the 2DEG into the QH regime, the presence
of a Zeeman term is unavoidable. Given that almost all known
superconductors are spin singlet superconductors, in almost
all QH-SC systems the QH edge states that can be paired
via the proximity effect are counter-propagating states with
opposite spin polarization. As a consequence, our results,
by showing how the spin-polarization affects the properties
of edge states at QH-SC interfaces, are important to assess
the feasibility, even in the ideal conditions of no disorder
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and extremely low temperatures, of realizing 1D topological
superconducting states, supporting non-Abelian quasiparticle
states at their ends, using QH-SC systems.

In graphene, due to the spin and valley degeneracy, we have
an approximate fourfold degeneracy of the fermionic states.
As a consequence, in the presence of a strong perpendicular
magnetic field, graphene well approximates a SU(4) quantum
Hall Ferromagnet [29-32]. The approximate SU(4) symmetry
is broken by Zeeman and interaction effects [33-36]. The
breaking of the SU(4) symmetry can significantly affect the
strength of the superconducting correlation induced among
the QH’s edge modes by proximity to a SC, and therefore
modify the conditions required for the realization of non-
Abelian anyons in QH-SC systems.

In this paper, we study the effect that the breaking of the
SU(4) symmetry of graphene’s Landau levels (LLs) has on
the nature and strength of electron-hole (e-h) conversion pro-
cesses (Andreev reflection processes) at the interface between
the integer QH (IQH) edge and an s-wave superconductor. For
n > 0 LLs, the breaking of the the SU(4) symmetry causes
the edge modes’ drift velocity (v;) to be spin and valley
dependent, and we find that this causes the e-h conversion
probability, 7., to oscillate as function of strength of the
SU4) symmetry breaking terms. For the E, =0 LL, the
Coulomb interaction induces correlated phases [34—44] that
lift the degeneracy between particlelike and holelike states and
so breaks the effective SU(4) symmetry of the LL, and we
find that the interplay of the interaction’s effects and Zeeman
splitting (A7) can strongly affect the transport properties of
the E, = 0 QH-edge modes at a QH-SC interface. Our results
show the effect that SU(4) breaking terms have on the e-h
conversion in graphene-based QH-SC systems and how, con-
versely, signatures in the transport properties of QH-SC edges
can be used to estimate the relative strength of such terms.
The dependence of such transport properties on Ay can also
be used to estimate the efficiency of e-h conversion at QH-SC
interfaces.
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II. MODEL

We consider the setup shown schematically in Fig. 2(a)
in which an interface of length L. is present between a SC
and a graphene layer in the IQH regime. In this situation,
the IQH edge modes, along the QH-SC interface, form a
chiral Andreev edge state (CAES), a coherent superposi-
tion of e-like and h-like edge states [45—49]. For graphene,
we assume armchairlike boundaries. Such boundaries do not
have intrinsic edge modes, like zigzag edges [50,51], and
therefore allow us to better study the intrinsic properties of
QH edge states [50]. It is also expected that in most experi-
mental setups, armchairlike boundaries better approximate the
devices’ edges than zigzag edges.

For E, > 0 LLs, the SU(4) symmetry breaking can be
described by taking into account the presence of a Zeeman
term of strength Ay that splits the spin degeneracy and a
similar term, of strength A,, that lifts the valley degeneracy.
We consider an effective low-energy Boguliubov—de Gennes
Hamiltonian (Hg4g) for the one-dimensional (1D) edge modes
located at the interface between the QH systems and the SC.
Assuming that no magnetic field is present in the SC, we have

Hyac = ¥ ' [hvaktonooo — hvakrt,n000 + (Az/2)T0n00
+ Ak, + ATenoool¥r, e

where ¥ = ik, 1, Ckk, | > Ckky1s CkKy s C'_kKN, _CT—kKZT’ CT—kK,V
—cikKl T)T’ with CZK,-U’ Ckk,o the creation and annihilation
operators, respectively, for an electron with momentum &,
and spin o = 1, |, in the K; valley. ¢, = hvgk is the edge
mode’s dispersion along the QH-SC interface with v, the drift
velocity, t;, 1;, and o; are 2 x 2 Pauli matrices in particle-
hole, valley, and spin space, respectively, A is the mean-field
superconducting gap, and kr is the Fermi wave vector at the
Fermi energy Er. In Eq. (1), AKle = A,/2[cos(6,)Ton,00 +
sin(6, ) cos(¢) T 1100 + sin(6,) sin(¢)t.n,001, where 6,, ¢ are
the angles that parametrize the direction in valley space of
the mean field lifting the valley degeneracy. For E,, > 0 LLs,
SU(4) breaking terms affect the transport properties of the
QH-SC edge by causing the edge modes’ drift velocity v, to
be spin and valley dependent. This is due to two mechanisms:
(i) such terms cause the effective tunneling between the QH
region and the SC to be dependent on the SU(4) flavor (see
Appendix B and (ii) the splitting due to these terms causes
edge states of different SU(4) flavors to have different Fermi
wave vectors and, therefore, when the confining potential
V (y) is not linear, different drift velocities. To exemplify the
physics, below we consider in detail the second mechanism
given that the further inclusion of the first mechanism is
straightforward and its effect is also in general quite smaller
(see Appendix B).

To understand how Az induces a spin-dependent v;, we
can consider the simple case when V(y) = Vyy?/(ly)?* for
y>0and V(y) =0 for y < 0. Vy and [y are constants that
characterize the confining potential. Considering that y =
Ik, with I the magnetic length, in the limit dV/dy|,—0 <
hw,/lp, where w, is the cyclotron frequency, we obtain vgy | =
valér F Az/2]'2, with vy = 2[13/(hly)][Voér]'/?, and & =
Ep — E,, Er being the Fermi energy; see Fig. 1(b) and
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FIG. 1. (a) Schematic of the QH-SC setup. (b) Dispersion of LL
with Zeeman splitting.

._.t

A}

A U N

e
(@)
NAANN,

v

Appendix A. In the limit Ay <« 2&r, we have vg4| = vg[l £
Az/(@4p)].

We first consider the case when Az # 0 and A, = 0. This
situation is also directly relevant to QH-SC heterostructures
based on standard 2DEG systems. In this case Hggg can be
block-diagonalized with blocks H. = leii/fi, where Hy
are 2 x 2 matrices and ¥, = (cxy, ciki), Yo = (cy, —cikT).
Here we drop the valley indices since in this case the valleys
are degenerate. From the expressions of Hy and the BdG
equation Hy &4 (x) = EP,(x), we can calculate the transfer
matrices [48,52]

io I+ :Fia:i:

Myi(L, 0)=e (:Fia:t i ) @)
that relate the CAES’s state at the end, x = Ly, of the QH-SC
interface, to the CAES’s state at the beginning, x = 0, of the
interface. In Eq. (2), « is a trivial phase and a describes the
mixing of electrons and holes along the interface. Knowing
ML, we can obtain the probability for Andreev conversion

Th(j) = |ax|* of an electron with spin +/— =1, | from lead
0 to lead 1 [see Fig. 1(a)]:
)
T — A?sin (Lschkegh,i) 3
(hvy 8k, +)
with

1 ivgkr £ 0E — 0A7/2\°
5kh-e:b= \/A2+< UsKF v v Z/ ) (4)

hvy 1—92

In Egs. (3) and (4), D = v,/ vs, With vy = (Vg4 +v4})/2, v, =
(vay — vay)/2.

The knowledge of Th(f) allows us to obtain the resistance
Rp between the superconducting terminal 2 and terminal 1 in
the absence of backscattering [10—12,21]. For filling factor v,
we have

_ Ry (v = 2Th0)

R
DT om,

&)
where Ry = h/e?. For our case, v=06 (including the
E,=0LLs) and The = 2(T,'7 + 1) + 21, and 7, =
7}1(_:)(E =0,v, =0, A,z =0) describes the Andreev con-
version of n =0 LL states for which asymmetries due to
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FIG. 2. (a) BdG spectrum of a hybrid QH-SC structure in the LL
with and without (black) Zeeman field. (b) Drift velocity of CAESs
normalized by the vacuum drift velocity versus the Zeeman field.
The (¢), and Rp (d), for & = 10 A, v, = 0.1A& /A, kr = S5h/&, and
Ly, = (0.5,0.9,2.0)¢.

splittings are negligible. Equations (3)—(5) show how the spin
dependence of the edge mode velocities, by modifying &k,
affects the electron-hole conversion taking place along the
QH-SC interface and its transport properties.

III. EFFECTS OF ZEEMAN AND VALLEY SPLITTING

To obtain a quantitative estimate of the effect of SU(4)-
breaking terms, we have also obtained the transport properties
at the QH-SC interface using a tight-binding (TB) model im-
plemented via the KWANT package [53]. Details of the model
can be found in Appendix C. Figure 2(a) shows the dispersion
of the CAES when E,, > 0 both for the case when Az=A,=0,
and the one for which A, = 0 but Az # 0. Figure 2(b) shows
the effect of Az on the renormalized, spin-dependent drift
velocity. In the limit Az = 0, for the chosen parameter values,
tunneling processes into the SC cause the renormalized v, to
be ~9/10 of the v; at a QH-vacuum interface. The results
of Fig. 2(b) show that the scaling v, x 0 Az, for Ay K &p,
obtained assuming a quadratic edge potential agrees well with
the scaling obtained from the TB-model calculation for Ay
as large as ~0.5¢r Figures 2(c) and 2(d) show the total e-h
conversion probability, T.., and Rp as a function of Az for
v =6 and various L, obtained assuming for v4(Az) and
vy (Az) the scalings =A7/(2€F) consistent with Fig. 2(b). In
the limit of L. > &, Fig. 2(d), we find that 7j_. oscillates with
Az and that the period of the oscillations decreases with A,
in accordance with Eq. (4).
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FIG. 3. (a) Drift velocities versus Ay for 6, =0, A, = &g/2,
and é = 10A. (b) T versus Az and A, for L =0.9&, v, =
0.1A&/h, and kp = 57i/&. (c) Rp corresponding to (b). (d) Line cuts
of Rp for fixed A, = (0, 2.5, 5)A, blue, orange, and green traces,
respectively. Stars denote the values of Rp when Az = A,,.

The results shown in Figs. 2(c) and 2(d) are qualitatively
valid also when the term Ag, g, does not break time reversal
(TR) symmetry, i.e., when 6, = /2, considering that the
TR operator in valley space is ®, = Cn,, with C denoting
complex conjugation. As a consequence, for 6, = 7 /2, AKI K,
only affects the average value of the drift velocity and does
not induce an asymmetry between the drift velocities of the
e-like and h-like states. The resulting transport properties at
the QH-SC edge mode are obtained from Egs. (3)—(5) by
simply taking into account the renormalization of v; due to
A KiK>- .

When 6, # /2, the term Agg, breaks TR symme-
try and causes the drift velocities of the time-reversed
edge modes to be different. In this case, the effect
of A Kk, can compound, or compensate, the effect of
Az. Let vy g, = (Vark; + Vayx;)/2, Vak, = (Vark, — Vayk)/2
and v = (Vsk, + Vsk2)/25 Vsa = (Vs — Vs,k,)/25 Vas =
(Vak, + Vax,)/2, Vaa = (Vak, — Va.k,)/2. Using these defi-
nitions, and setting without loss of generality ¢ = 0, for the
case when 6, = 0, the BAG Hamiltonian, including the valley
degrees of freedom, takes the form

Hgpac = ¥ " [hvs skTom000 + hvs okT,1,00 + hvg skT,no0,
+ hva,akfonzaz + (Az/2)Tono0; + (A /2)T0n,0;
— hvg skrTn000 + AT no00]Y. (6)

Figure 3(a) shows the drift velocities v, g, as a function of
Zeeman splitting for 6, = 0 and fixed A, obtained assuming
a quadratic edge potential and A, z < €7 /2. From the values
Vg k;» We can block diagonalize Eq. (6) and calculate the mo-
mentum difference between coupled electron and hole modes.
Then we use Eqgs. (3) and (5) to obtain 7, . and Rp. We see that
as Az increases, the velocity asymmetry becomes larger for a
pair of CAESs while becoming smaller for the other pair until
it vanishes when Az = A,. One could expect a maximum 7,
at this point, but Fig. 3(b) shows that while a mirror symmetry
about the Ay = A, line exists, T} is not maximum along this
line. Figure 3(c) shows the dependence of Rp on Az and A,.
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FIG. 4. (a) Dispersion of E, = 0 graphene LL for the FM, CAF,
and AF phases with schematics illustrating the canting of spins on
different sublattices for each phase. Ry (b), and Rp (c), as a function
of & in the CAF phase. (d) T;° and Tj'fi'e versus &g for 6 = 7 /6.
L,. = 0.675&.

We find that when 6, = 0, the dependence of Rp on Ay is
different depending on the value of A,, as shown by the line
cuts presented in Fig. 3(d): the period of the oscillations of Rp
with respect to Az decreases as A, increases. By comparing
the experimentally measured Rp as a function of Az, by tun-
ing the in-plane component of the magnetic field, results like
the ones in Fig. 3(d) could allow the estimation of the strength
of the valley splitting term breaking time-reversal symmetry.

IV. n = 0: CANTED ANTIFERROMAGNETIC STATE

In the E, = 0 LL, we have a degeneracy between parti-
clelike and holelike states. However, for the £, = 0 LL, we
also have that the valley and sublattice degree of freedom are
locked to each other. Taking into account the spin degree of
freedom, the full, approximate symmetry for the £, = 0 LL
is still SU(4). Besides the Zeeman effect, such approximate
symmetry is broken by interaction effects that drive the system
into a correlated state. Theoretical [37,39] and experimental
results [36,38,40,41,44] have shown that the likely correlated
state is a canted antiferromagnetic (CAF) state in which the
spin degree of freedom is locked with the sublattice degree
of freedom as shown schematically in the inset of Fig. 4(a).
Recent measurements [42,43], however, have shown evidence
for the establishment of an intervalley coherent phase charac-
terized by a Kekulé distortion [54]. Recent theoretical works
[55,56] have shown that the CAF and Kekulé phases can coex-
ist. Such coexistence would reconcile the recent observations
and the previous ones suggesting the presence of a CAF phase.
For Az much smaller than the interaction strength Uy, also
for E, = 0 LL, both in the CAF and Kekul€ phase, the effect
of Az on the transport properties at the QH-SC interface is
described by Egs. (2)—(5). When Ay is comparable to or larger
than Uy, its effect on the transport properties of the QH-SC
interface can be significantly different from the one described
by Egs. (2)-(5) [57], but qualitatively the same in the Kekulé

phase and CAF phase. In the remainder we focus on the CAF
phase.

For Ay <« Uy, the CAF phase corresponds to an anti-
ferromagnetic (AFM) state, whereas for Az > Uj, the CAF
phase describes a ferromagnetic (FM) state [38]; see inset
Fig. 4(a). To describe the CAF phase to the tight-binding
Hamiltonian for graphene (section IV of the SM), we add
the term Hapm = (Aarm/2)[Y (V4 T:0uVa, — ¥, 20405,
where W;, , Vs, are the creation and annihilation operators
for an electron at site S; = (A;, B;) with A;, B; the sites of
sublattices A, B, respectively, and Aapv the strength of the
mean-field describing the AFM phase. The term Hapv, with-
out Zeeman splitting, induces a bulk and edge gap at the
charge neutrality point, as seen in Fig. 4(a).

To describe the evolution from the AFM phase to the FM
phase, we set Axpm = Agsinf and Az = Agcos8, where
Ao = [A%y + AZ]Y? is the total magnitude of the bulk gap,
and 26 is the angle between the spin projections on sublattices
A and B. Figure 4(a) shows the evolution of the LL close to the
neutrality point as 6 is varied: Gor 6 = 0, we recover the FM
phase, and for 6 = /2 the AFM phase. When Ay # 0, the
lowest energy particlelike and holelike states approach close
to the edge causing the gap between edge states (Aegge) tO
be smaller than the gap between bulk states; Fig. 4(a). For
Az # 0, close to the edge, the spin polarization becomes mo-
mentum dependent so forward and backward moving modes
have opposite spin polarizations. As a consequence, when
Az ~ Aapm, for the QH edge in proximity of the SC we can
have strong Andreev retroreflection.

Figures 4(b) and 4(c) show the calculated resistance Ry
between terminal 2 and 0, and Rp, respectively, as a function
of &g for the E,, = 0 LL in the CAF phase for different values
of 6. Given that for Az 2 Aapv We can have counterpropa-
gating modes, the equations for Rp, Eq. (5), and Ry have to be
generalized to take into account backscattering processes; see
Fig. 4(d) and SM. As 0 increases Ry decreases. This fact could
be used to extract the effect of interactions on the dispersion
of the E,, = 0 LL’s edge modes.

For Az 2 Aapum, as we approach the FM phase, the n = 0
LL has counterpropagating edge modes with nontrivial spin
structure that appear to be ideal for the realization of a 1D
topological superconducting state supporting Majoranas at its
ends [4]. However, using realistic parameter values and the
full graphene-SC TB model, we find that no Majoranas are
present. To understand the issue, we map the CAF edge states
to the effective 1D model H = tk? — €r + al%ay + Jzo, with
k = ak, a = 2.46 A being graphene’s lattice constant, and ex-
tract ¢ and o from fitting the LL’s edges dispersion obtained
from the tight-binding model; see Fig. 7. For 6 = m /4, using
the TB model parameters presented in Appendix D, we find
t = 63A, o = 7A. Given that for the CAF regime considered
we only have one helical band, we can set ez = 0 and set J;
equal to the chemical potential of the single helical band. In
the remainder, we set J; = 4A. The key difference between
the ideal 1D model and the edge at the QH-SC interface is
that for the latter the minimum of the bands when o = 0, in
general, is not located at a time-reversal invariant momentum
(k = 0), that for a QH-SC system corresponds to the edge
between QH region and SC. To take this into account in the
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FIG. 5. (a) Spectrum for effective 1D model with finite super-
conducting pairing A and small offset ky. (b) Topological gap A* as
a function of k for a fit corresponding to 6 = 7 /4.

effective 1D model, we introduce a momentum offset k —
k + ko. As ko increases, the band gap A* induced by the su-
perconducting paring becomes more indirect and is reduced,
as can be seen in Fig. 5. We see that A* vanishes when ko ~
10‘2n/a. Considering that for B =2T Iz ~ 18 nm, we have
that A* will be vanishing when the distance between QH edge
modes and the SC edge is larger than 1072(xr /a)l3 ~ 2.31p.
The fact that for realistic parameters’ values ky > 10727 /a
(see Fig. 7) explains why in our TB calculations no Majoranas
are observed, and points to an aspect that must be taken into
account in experiments.

V. CONCLUSION

In summary, we have studied how the breaking of the
approximate SU(4) symmetry of graphene’s Landau levels
affects the Andreev conversion processes of QH edges states
located in proximity of a superconductor. We have found
that contrary to statements in previous works, the Zeeman
splitting affects the electron-hole conversion probability at
QH-SC interfaces. We have shown that this is due to the fact
that a Zeeman splitting causes the drift velocity of electron
and holes to be spin dependent. In addition, we have included
the effect of valley splitting for graphene-based QH-SC het-
erostructures, shown that it also affects the e-h conversion,
and found how such conversion is modified by the interplay
of Zeeman and valley splittings. Our results show that, in gen-
eral, the probability of an electron to be converted into a hole
while traveling along the QH-SC interface, due to Andreev
processes, can strongly oscillate as a function of the strength
of the terms breaking the SU(4) symmetry, inducing oscilla-
tions of directly measurable transport properties that could be
used to extract the efficiency of the electron-hole conversion
and the magnitude of the SU(4) breaking terms. For the n = 0
graphene Landau level, we have obtained how three-terminal
QH-SC transport properties depend on the Fermi energy for
the various SU(4)-symmetry broken canted-antiferromagnetic
phases, and on the canting angle of such phases. These results
show that the canting angle of a CAF phase of the n =0
graphene’s Landau level could be estimated by measuring the
transport properties at the QH-SC interface. In the limit of
large Zeeman splitting, the edge modes of the n = 0 LL have
all the properties to allow the realization, when proximitized
by a SC, of 1D topological superconducting states with Majo-
ranas. We have shown how the topological gap of such states
could be much lower than naively expected due to the nature

of the edge modes’ dispersion at the QH-SC interface. Our
results are directly relevant to the ongoing effort to induce
superconducting pairing correlations in graphene QH edge
states with the ultimate goal to realize non-Abelian anyons.
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APPENDIX A: FLAVOR-DEPENDENT DRIFT VELOCITY
DUE TO NON-LINEAR CONFINING POTENTIAL

Let us consider the generic Hamiltonian describing a free-
electron gas in the two-dimensional (2D) (x, y) plane,

H = é&(ke, k) + V)T — Ep1l, (A1)

where é(ky, ky) is a matrix, in orbital space, describing the
dispersion of the 2D electron system, k = (k,, k,) is the 2D
wave vector, V (y) is the confining potential defining the edge
of the sample, and Er is the Fermi energy. Let us assume
that translational symmetry is preserved along the x direction.
In this case, to include the effect of a magnetic field B per-
pendicular to the 2D electron system it is convenient to use
the gauge A = (—By, 0, 0). By replacing in (A1) k = (k,, k)
with k — (e/c)A, we obtain the energy spectrum

E(k) = E, + V(kl3) — E, (A2)

where {E,} are the energies of the Landau levels, k = k,,
and Iz = [hic/(eB)]'/? is the magnetic length. Equation (A2)
is valid for the common situation when 0,V (y) < (Epq1 —
E,)/lp. {E,} are momentum independent and so the drift ve-
locity of an edge state in the nth Landau level is determined
by the confining potential,

1 dE, 1dv
Vg4 =

B _1av
T hdk  hdk

kF_ i dy

(A3)

YF
where kr is the Fermi wave vector [E(krp) = 0] and yr =

kpl3. A very natural and physical approximation for the con-
fining potential V (y) is

(Vo/12)(y — Lo)*, vy = Lo
Vi =1 W/ +L)?, y<-—Lo (A4)
O, _LO <y< L07

where Vy (with units of energy) Iy (with units of length)
are constants that parametrize the dependence of V on the
position, and 2Ly is the width of the QH system. For the states
at the Fermi energy on the y > 0 side of the sample, we have

=Ly+1 1/'EF
Yr = Lo v Vo’

(AS5)
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where é€r = Er — E,,, sO

l2 dv 212
Vg = Voér.

A6
ﬁ dy Fllv ( )

In the presence of a Zeeman term, we have the spin de-
generacy of the energy levels, E(k) is lifted, and we have
Ek)=E,+ V(klé) — Er + Az/2 and therefore two differ-
ent Fermi wave vectors, one for the spin-up state (kr4) and
one of the spin-down state (kg_), and, correspondingly, two
different values of yg:

€&r FAz/2

Y+ =Lo+1
F v Vi

(A7)
The fact that yr_ # yp_ implies that when V (y) is not lin-
ear, the spin-up and spin-down state will have different drift
velocities:

12

Vit = hl Vo(€r F Az/2)
Az
%vd 1:Fﬁ = Vg F Vg, (AS)

where the approximate expression is valid when Ay < 2€p,
and the—,+ signs apply to the spin 1 and | states, respectively.
Thus, the Zeeman effect in combination with a nonlinear
confining potential results in a nonzero difference v, between
Vg4, and vg,. For the case when a term is present that lifts
graphene’s valley degeneracy, the same equation (AS) is ob-
tained if such a term also breaks time-reversal symmetry. In
this case, Az should be replaced by A,, the strength of the
valley-splitting term.

APPENDIX B: FLAVOR-DEPENDENT DRIFT VELOCITY
DUE TO SPIN-DEPENDENT QH-SC TUNNELING
STRENGTH

Consider a chiral edge state in the lowest Landau level
propagating in the x direction. The low-energy BdG descrip-
tion of a spinful Landau level is

1
Hou = 3 Z U (vgk1l — Ept,00) ¥
k

1 -
=5 2 W hon(k) Wi, (B1)
k

where v, is the drift velocity, \Ilg = (c,}, c,l, C_kt, C—k}) s
the BdG spinor, and t; and o; are Pauli matrices in Nambu
and spin space, respectively. We take the units where /i = 1.
Suppose we couple this system to an s-wave spin-singlet su-
perconductor described by

1 T
Hsc = E ; q)k[ngzO'O - A'L'yay]q)k

1 .
=3 Z @/ hye (k) Py, (B2)
k
where A is the superconducting gap (assumed to
simplicity), Sk_——pr, and @lt_
(d]iT, d]’ii, d_xr, d_xy). We will describe the coupling

be real for

between the two systems within the tunneling Hamiltonian
description with

1
Hr =5 Xk: @] (tyT,00) ¥y + Hec.

1
=3 Z @) hr ¥, +He., (B3)
k

where 1, is the tunneling amplitude associated with electron
scattering from the quantum Hall sample to the supercon-
ductor and vice versa. The bare Green’s function for the
superconductor at T = 0 is

Gye(k, 0) = (@ = hye (k)™ (B4)
_ ol +&7t.00 — Atyoy
= A (B5)

The self-energy is given by

Xk, o) = /dth(Q)Gsc(k—l-q, w)hr(—q)

ol + At,o
~ (B6)
—w

where A = —JTIONmt(O) and N, (0) is the interface DOS at
the Fermi energy. In the limit w <« A from the equation for
the poles of the dressed Green’s function,

Det(hou(k) + £(k, ) — ) =0, (B7)

we can obtain the effective Hamiltonian [24,58]:

Vg Er A
k1l — 1,00 — ————T,0y.
1+x1/A 1+x1/A 1+ A/N
(B)

Heff(k) =

Now we will consider a perturbation to the tunneling
Hamiltonian. Consider the Hamiltonian for a vacuum edge
state with Zeeman splitting Az:

H) —-Zqﬁ<vdk11 Epr.00 + — mz)\yk

=3 Z W hy (k). (B9)
k

Besides the Zeeman effect lifting the degeneracy of the Lan-
dau levels, the splitting also spatially separates spin-polarized
edge states with opposite spins [59]. This separation occurs
in the direction perpendicular to the boundary (y direction in
this case). Thus, in a QH/SC heterostructure in the LL, one
edge state moves closer to the interface and the other moves
further away. To account for this spatial shift, we consider the
modified tunneling Hamiltonian,

1
H) = 5 Z @/ (197,00 + 81(Az) T.0,)¥ + Hee.,, (B10)

where &6t = 8t(Az) is an odd function in Az. Now we
proceed as before, where we solve for the interface self-
energy with the modified tunneling Hamiltonian. Doing this,
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FIG. 6. Drift velocity of edge states as a function of é¢ for Er =
A2, =A/2,A; =0,and v; = 5 x 10%aA.

we find
(k. ) = / dq iy @Gk +q )iy (—q)  (BID)
N St wTHOo,
~ 2k, w) — 2xg(ﬁ) + O((81 /16)°).
(B12)

Then the energy eigenvalues describing the Andreev edge
states are determined by the BdG equationL

Det(hoy (k) + X'(w) — w) = 0. (B13)
Assuming the low-energy case w < A, we have
Az
Det| vgkll — Ept,00 — ATy0y + TTZJZ
A 8t
— T O’Q+ 1+2_‘7z w|=~0. (B14)

The matrix structure of the equation does not allow one to
easily extract an effective Hamiltonian description. The equa-
tions for the eigenenergies are also cumbersome, so we will
simply point out the primary effect of interest to us. The
electronlike dispersion will have the form

Ei(k) = ao+ atk + / f(k), (B15)

where ag, a; € R are constants and f(k) is a second-order
polynomial in k. Then the velocities of these modes are

dE. Ll df

PN

Figure 6 shows the drift velocities calculated directly using
Egs. (B14)—-(B16). For the physically relevant regime when
8t/ty K 1, we see that v, is quite small and grows linearly
with &t /1.

(B16)

APPENDIX C: TIGHT BINDING MODEL FOR
2DEG-SUPERCONDUCTOR JUNCTION

To estimate the properties of the CAES dispersion, for
v =2 we use the following tight-binding Bogoliubov—de

Gennes Hamiltonian:

Hpy = Z W (4t — w)roov

+ZW< te"f’w—Tz+ et 05

+ 72 Z v 0, Y + Z Ui (= AT,

>O—Olﬂj

(ChH

where ¥; = (ci sy, ¢y, ciu, —cZT)T, czg (ci») is the creation
(annihilation) operator for an electron at site i/ with spin o,
7; are 2 x 2 Pauli matrices in particle-hole space, w; and A;
are the chemical potential and superconducting gap at site
i, respectively, and ¢; ; is the Peierls phase introduced to
take into account the presence of the magnetic field in the
2DEG. We assume A; = A in the SC and A; =0 in the
2DEG. In the 2DEG, u; is set to a value u = hw, (between
the first and second Landau levels). We take the hopping
parameter + = 1.323eV and lattice spacing a = 2.0 nm to
model a quadratic dispersion with effective mass m* = 0.1m,.
We set A = 1 meV and consider lead widths L = 200 nm
and L = 600 nm for the normal and superconductor leads,
respectively. In the SC, u; = uy, and, in general pu, # . The
magnetic field is in the direction z, perpendicular to the xy
plane to which the 2DEG is confined: B = BZ. Using the
Landau gauge A = Bxé, (assuming translational invariance of
the leads in the y direction), the Peierls phase is given by the
expression
27 B (yi +y;)(x; — x;)
Qi j=— ,
%o 2
where (x;, y;) are the coordinates of the ith site and ¢y = h/e
is the quantum Hall magnetic flux quantum.

(€2

APPENDIX D: TIGHT BINDING MODEL FOR
GRAPHENE-SUPERCONDUCTOR JUNCTION

We consider a three-terminal graphene device with two QH
leads (lead 0 and 1) and a single SC lead. The tight-binding
Hamiltonian is given by

H =Hy+ He + Hy. (D1)

In graphene, each unit cell is formed by two carbon atoms,
A and B. Atoms A and B form two triangular lattices. Let A;,
and B; denote the positions of atoms A and B, and S; = A;, B;.
With this notation, we can write

) ooYs;

Hy = Z WSTI( 15
(siS;)

+ Z vl <te ids;.s; T — Tz)aolﬁsf
(s:5,)
— M Z Ws T,00V¥s; s (D2)
H, = Z Vi (—AT0,)Vs, (D3)
Z v ( m) Vs, (D4)

where s, = (cs;.1. Cs,.y» C; " cS' D c;_ " (c;__g) is the cre-
ation (annihilation) operator for an electron with spino =1, |,
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FIG. 7. Left: Parabolic fit (red dashed line) of v = 0 CAF states
(black dots) for & = 7 /4 generated from the GS tight binding model
using parameters used in Fig. 3 of the main text.

at site S;, + = 2.8eV [27], 1; and o; are Pauli matrices in
Nambu and spin space, respectively, w is the chemical po-
tential with respect to the charge neutrality point and ¢, s; is
the Peierls phase. Using the same gauge as discussed in the
previous section, we have

ZT[B (Si,\‘ + S ‘) (S]x - Six)
%o 2 ’

where (S;,, S;,) are the coordinates of site S;. The magnetic
field used in our simulations is B = 200 T, which is artificially
large to compensate for a small scattering region, giving us a
magnetic flux comparable to experiment (®,,, /Py ~ 345) and
to fix the ratio lp/&. = 0.175 and L. /§ = 0.675.

We use this tight-binding model as the basis for the fit of
v = 0 states in the CAF phase. In Fig. 7, we show the fit for
6 = 7 /4 used to generate Fig. 4 in the main text and confirm
that the nanowire model for the ky = O case hosts Majorana
zero modes at the ends.

bsis; = — (D3)

APPENDIX E: CALCULATION
OF TRANSPORT PROPERTIES

After implementing the tight-binding model via the Python
package KWANT [53], we obtain the local and nonlocal
conductances transmission probabilities ijg = Zn mode tpe o(n)
where tpo(n) is the probability of an incident electron from
the nth band of lead O to be scattered to lead j as an electron
or hole (p = e,h). The nonlocal downstream conductance is

Niodes
Gp = Z (TS5 () — TG () (E1)
and the nonlocal Andreev conductance is
Nmodes
Gar = Z (T (n) — T (n)). (E2)

n

The upstream and downstream resistances are calculated us-
ing a Landauer-Biittiker approach and found to be [21]

Ry (2175 + Ty + Tis
v = T D (E3)
R Tee Th—e
Rp = TH(—“’ o ) (E4)

God) *
(a) (b) () N

QH QH SC - """ D, D,
DD,

., ‘
I sc % o
x : :

FIG. 8. (a), (b) Two distinct geometries of a NS junction where
the two-terminal conductance is expected to be the same for both
geometries in the ideal situation. (c) Schematic of the tight-binding
lattice at the NS interface.

where
D = T¥TSs + TS T + Tos (T + Ty + Ty )
+ T (T + T + T5)- (ES)

APPENDIX F: ON THE PEIERLS SUBSTITUTION IN
QH-SC JUNCTION SIMULATIONS

Let us consider the two geometries shown in Figs. 8(a) and
8(b). The magnetic field can be accounted for on a lattice by
using the Peierls substitution on the hopping ¢ in tight-binding
simulations:

Do v = Y v (e, (F1)
(ij) (ij)

where ¢; ; is the Peierls phase, Eq. (C2). The Peierls phase,
integrated around a plaquette, is the magnetic flux threading
the plaquette modulo ¢y. We will assume that the S region is
in the Meissner phase and take A = 0. First consider geometry
(a) and the flux threading the plaquettes along the NS interface
shown in Fig. 8(c). Using ® = ¢ d{ - A,

&, = &, = a’B, (F2)
q>3 = q>4 = a(yo — a)B, (F3)
ds = 0. (F4)

Note that &3, ®4 depend on the coordinate system (i.e., yo).
Since @ is an observable quantity, this cannot be the case.
The choice of yy is made to smoothly and monotonically
take ® — 0 across the NS interface. Then we must choose
Yo € {a, 2a}. But the reason for the choice of y, is even
more basic than this. From classic electrostatics, the boundary
conditions for the magnetic field imply the vector potential
must be continuous across any boundary. Then, since the NS
boundary lies between y € {yo — a, yo — 2a}, we must have
Yo € {a, 2a} to make A continuous across the NS interface.

Turning to geometry (b), we can perform a similar analysis
and show that the continuity of A along the NS interface
is generally violated. Hence, we may assume A = 0 at all
S sites only if (i) the NS interface is perpendicular to the
translationally invariant normal leads and (ii) the coordinate
system is chosen such that A in the normal region goes to zero
at the NS interface.
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