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Buzdin, Shapiro, and chimera steps in ϕ0 Josephson junctions.
II. Bifurcation, switching, and hysteresis
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The dynamics of magnetization and current-voltage characteristics of the superconductor-ferromagnet-
superconductor ϕ0 Josephson junction in the presence of external electromagnetic radiation have been studied.
Effects of the electric and magnetic components of radiation on the magnetic precession in the ferromagnetic
layer are investigated. The implementation of two types of dynamical states of magnetization is demonstrated.
These states have a phase shift of π in the synchronization region of magnetic precession and Josephson
oscillations and differ in the nature of their time dependence. Transitions between these states with increasing
and decreasing bias current show hysteresis, which is reflected in the bifurcation diagram and as spikes in the
current-voltage characteristics. We also provide an experimental way to test the obtained results by measuring
the phase shift in voltage temporal dependence at fixed current value for both sweeping directions. The results
obtained can find application in various fields of superconducting spintronics and quantum computing.
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I. INTRODUCTION

The coexistence and mutual influence of superconductiv-
ity and magnetism is one of the most pressing problems
in condensed matter physics [1–6]. An important achieve-
ment in this area is the implementation of the coupling
between the superconducting phase and magnetic moment in
superconductor-ferromagnet-superconductor Josephson junc-
tions (JJ) with strong spin-orbit coupling [7,8]. A series of
interesting results in this field describing anomalous or ϕ0

junctions with the phase shift in the ground state and the
Josephson junctions on topological insulators are obtained
recently [3,7,9–14].

Experimentally, it is easier to break the time-reversal sym-
metry by a magnetic field applied to the Josephson junction. In
this case, the junction has a phase shift caused by the Zeeman
effect [15–18]. However, it is very attractive to realize the
anomalous ϕ0 junction in the structures with ferromagnetic
layer, and open up the possibilities for magnetization control
and its applications in such structures [19–23]. This leads to a
number of different directions in superconducting spintronics,
based on reversing the magnetic moment of the ferromagnetic
layer [24,25], phase batteries [26], diode effect [27,28], cryo-
genic spintronics devices [22,29]. Interesting perspectives are
opened by applications based on Kapitza pendulum features
demonstrated by the ϕ0 junction [30], as well as the unique
nonlinear phenomena [31–35].

*Contact author: majed@sci.cu.edu.eg
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Furthermore, ferromagnetic resonance (FMR) manifests
the reach physics in the anomalous Josephson junctions. In
Ref. [36], it is shown that as a current sweep along the I-V
characteristics of the ϕ0 junction, it leads to regular magne-
tization dynamics with a series of specific phase trajectories
related to a direct coupling of the magnetic moment and the
Josephson oscillations. The magnetization dynamics in SFS
thin film structures by ferromagnetic resonance spectroscopy
was investigated in Ref. [6]. The one-dimensional anisotropic
action of superconducting torque on magnetization dynamics
was experimentally established. The authors results support
the recently proposed by M. Silaev the mechanism of the su-
perconducting torque formation via the interplay between the
superconducting imaginary conductance and magnetization
precession at superconductor-ferromagnet interfaces. So, S-F-
S systems provide the playground for Anderson-Higgs mass
generation of boson quasiparticles in high-energy Standard
Model and in condensed-matter systems [6,37].

Recently, it was demonstrated in Ref. [38], the JJ’s super-
current can be nonlocally controlled by the phase difference
of another JJ. This occurs when the two JJs sharing a sin-
gle superconducting electrode and are coherently connected
forming the Andreev molecules. The results demonstrate that
even in the case of a zero local phase difference, the nonlocal
phase control produces a finite supercurrent. Strong magnetic
field and ferromagnetic material are not necessary for this
realization.

In Ref. [23], the authors demonstrate the possibility of
controlling the magnetic states in chain of ϕ0 junctions. The
static and dynamic magnetic properties of such a system re-
veals the manifestation of an n-level system, in which the
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energies of the levels are determined by only projections of
the total magnetic moment

∑
Mi onto the easy magnetic axis.

Also, it is shown that the total magnetic moment can be
controlled by a superconducting current. Another possibility
for influencing the properties of the ϕ0 junction arises under
external electromagnetic radiation, leading to synchronization
of Josephson oscillations and magnetic precession in the fer-
romagnetic layer [39].

Our previous work [40] revealed important findings after
taking into account the interaction of the magnetic field of
microwave radiation with the magnetic moment of the fer-
romagnetic layer. It leads to a number of unique resonant
and synchronization phenomena, in particular, the manifes-
tation of two mechanisms of synchronization of Josephson
oscillations and magnetic precession. Due to the coupling
of superconductivity and magnetism in this system, the pre-
cession of the magnetic moment of the ferromagnetic layer,
caused by the magnetic component of the external radia-
tion, can synchronize Josephson oscillations, leading to the
appearance of a special type of steps in the current-voltage
characteristic, completely different from the known Shapiro
steps. These steps were called Buzdin steps in the case when
the system is driven only by the magnetic component of
radiation, and chimera (due to their different and composite
mechanism of the step formation) when both electric and mag-
netic components are taken into account. When the Josephson
or external radiation frequency approaches the ferromagnetic
one, then the mutual influence of Josephson and Kittel ferro-
magnetic resonances occurs [40].

In this work, the sweeping of bias current and magnetiza-
tion dynamics along the chimera step in the I-V characteristics
of ϕ0 junction in the Josephson ferromagnetic resonance
region is analyzed. We show two-bubble structure in the
magnetization and spikes in the I-V characteristics reflecting
the corresponding transitions between magnetization bubbles.
These transitions demonstrate the creation of two different
magnetization states caused by bifurcations in magnetic dy-
namics of ferromagnetic layer. The manifestation of a novel
type of hysteresis related to the transitions between these
states is shown. We demonstrate also a possibility of switch-
ing between the found magnetization dynamical states by
electric current pulse and propose an experimental testing of
the observed phenomena. Two schemes of calculations are
considered here. The first one is based on two signal model,
in which the magnetic and electric components come from
different sources and can be tuned separately. In the second
scheme both the electric and magnetic components are related
to each other and come from the same radiation signal. The
obtained results about hysteresis and the appearance of the
two dynamical states of my(t ) can be achieved in the two
schemes.

The paper is organized as follows. The model and methods
are introduced in Sec. II. In Sec. III, we demonstrate the bi-
furcation between magnetization dynamical states and discuss
the origin and specific features of two states of magnetization
along the chimera step. The switching of states by current
pulse along the chimera step for decreasing and increasing
bias current are demonstrated in Sec. IV. In Sec. V, we discuss
the hysteretic behavior of magnetization along the steps and
its variation by spin-orbit coupling and radiation parameters.

FIG. 1. Schematic diagram depicting ϕ0 under the influence of
external electromagnetic radiation. The magnetic field component
(HR), and the anisotropic field (Han) are in z direction, while the bias
current I is along the x direction.

Results of the one-signal model are presented in Sec. VI. The
π phase shift in supercurrent and voltage dynamics along the
chimera step and possible application of the obtained results
are discussed in Sec. VII. Finally, we come to the conclusions.

II. MODEL AND METHODS

In the proposed ϕ0 JJ, the easy axis of the ferromagnet
and the gradient of the spin-orbit potential are directed along
the same axis z (see Fig. 1). In this case, the phase shift
is proportional to the y component of the magnetic moment
of the ferromagnet ϕ0 = rMy/M0, where r characterizes the
magnitude of the spin-orbit interaction [8], M0 = ||M|| is the
saturation magnetization. The junction is under a linearly po-
larized electromagnetic radiation, which magnetic component
HR is also parallel to the z axis.

Dynamics of the magnetic moment is determined by the
Landau-Lifshitz-Gilbert (LLG) equation [41]:

dM
dt

= −γ M × Heff + α

M0

(
M × dM

dt

)
, (1)

where γ is the gyromagnetic ratio, α is the Gilbert damping
constant. The effective field is given by [40]

Heff = K

M0
Gr sin

(
ϕ − r

My

M0

)
ŷ

+
(

K

M0

Mz

M0
+ HR sin(�Rt )

)
ẑ, (2)

where G = EJ/(KV ) is the ratio of the Josephson energy to
the magnetic anisotropy energy, ϕ is the phase difference be-
tween the superconducting edges of the junction. The effective
field includes the interaction between the magnetic moment of
a ferromagnet and the magnetic field of external radiation

WR = −M · HR, (3)

where HR is the amplitude of the magnetic component of radi-
ation HR = (0, 0, HR sin(�Rt )), �R is the radiation frequency.

To describe the coupled dynamics of the magnetization
and the superconducting phase difference, we solve the LLG
equation together with the RCSJ equation. In this study, we
consider a case of the current biased JJ, where the external
current I flows through the system according to the extended
RCSJ model [42]. In our calculations, we change the current
direction, decreasing and increasing it in some intervals of
interest. The total system of equations in the dimensionless

024510-2



BUZDIN, SHAPIRO, AND CHIMERA STEPS IN … PHYSICAL REVIEW B 110, 024510 (2024)

form that describes the magnetic and phase dynamics for ϕ0

JJ is given by [40]

ṁx = 1

α2 + 1

{
ωF

[ − mymz + Grmz sin(ϕ − rmy)

− α
(
mxm2

z + Grmxmy sin(ϕ − rmy)
)]

− hR(αmxmz + my)sin(ωRt )
}
,

ṁy = 1

α2 + 1

{
ωF

[
mxmz

− α
(
mym2

z − Gr
(
m2

x + m2
z

)
sin(ϕ − rmy)

)]
− hR(αmymz − mx )sin(ωRt )

}
,

ṁz = 1

α2 + 1

{
ωF

[ − Grmxsin(ϕ − rmy)

− α
(
Grmymzsin(ϕ − rmy) − mz

(
m2

x + m2
y

))]
+ hRα

(
m2

x + m2
y

)
sin(ωRt )

}
,

V̇ = [I + A sin(ωRt ) − V (t ) + rṁy − sin(ϕ − rmy)]/βc,

ϕ̇ = V (t ), (4)

where mi = Mi
M0

(i ≡ x, y, z), and βc = 2eIcCR2/h̄ is the Mc-
Cumber parameter. Here, the time is normalized in units ω−1

c ,
where ωc = 2eIcR/h̄ is a characteristic frequency of the junc-
tion. The ferromagnetic resonance frequency �F = Kγ /M0,
the frequency of external radiation, and the amplitude of
magnetic component HR = (0, 0, hR sin(�Rt ) are normalized
to ωc, so that ωF = �F

ωc
, ωR = �R

ωc
, and hR = γ

ωc
HR. A is the

amplitude of the current caused by the electric component
of external radiation, and it is normalized to Ic; the external
current I is also expressed in units of Ic, and the voltage V in
units of Vc = IcR. So, the Josephson frequency ωJ = V , where
V denotes the time average of the instantaneous voltage V (t ).
The last term in the current equation (4) was derived in the
framework of microscopic theory for anomalous Josephson
junction in Ref. [20]. In our simulations, if it is not mentioned,
we use the following model parameters: G = 0.01, α = 0.01,
βc = 25, ωF = 0.5, and r = 0.4.

III. TWO DYNAMICAL STATES OF MAGNETIZATION
ALONG THE CHIMERA STEP

As it was demonstrated in Ref. [40], the magnetization
precession is changing along the Buzdin and chimera steps,
though the Josephson oscillations are locked to the external
electromagnetic radiation. The mmax

y (I ) dependence demon-
strates the specific “bubble like” feature in the current interval
corresponded to the step. Here we show that the variation
of ϕ0 junction parameters, in particular, increasing the spin-
orbit interactions, or changing direction of bias current, shows
more complex behavior. The I-V characteristics along the
Buzdin and chimera steps demonstrate the spikes related to the
transitions between different dependencies of mmax

y (I ) with
increasing and decreasing the bias current.

Let us first examine the bifurcation mBF
y (I ) and average of

mav
y (I ) along the chimera step. To realize it, we solve the sys-

FIG. 2. (a) Manifestation of chimera step in the current-voltage
characteristics and mmax

y (I ) dependence for the ϕ0 junction under
external electromagnetic radiation with A = 0.005 and hR = 1. The
current region where synchronization of Josephson oscillations and
precession of the magnetic moment occurs is shown in the inset.
(b) Enlarged part of I-V characteristics, mmax

y (I ), mBF
y (I ), and mav

y (I )
along the chimera step in the case of a decrease in current (red curve)
and in the case of an increase of current (blue curve). All calculations
are done at r = 0.4, ωR = 0.485. The arrows indicate the direction of
bias current changing.

tem of equations (4) numerically. In Fig. 2(a), we present the
results of one loop calculations (increasing bias current from 0
till 1.2 and back) for the I-V characteristics and the maximal
value of mmax

y (I ) for the ϕ0 junction under external electro-
magnetic radiation. As we see, mmax

y (I ) demonstrates split
resonance peak in the region of V = ωF = 0.5, its subhar-
monic and second harmonic. The chimera step which appears
at V = ωR = 0.485, has a jump (spike), which coincides in
position with a specific feature in the mmax

y (I ) dependence (see
hollow arrow in the inset). The mmax

y (I ) demonstrates the usual
bubble structure along the chimera step.

The origin for this spike is clarified in Fig. 2(b) which
shows together the I-V characteristics, mmax

y (I ), the bifurca-
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tion curves mBF
y (I ) for my(t ) and the averaged value mav

y (I ) in
the vicinity of the chimera step for two directions in the bias
current: decreasing (red) and increasing (blue). The mmax

y (I )
dependence demonstrates two bubble structure: one bubble
appears in the decreasing the bias current, another one in
the increasing current. The bifurcation diagram calculations
supports this conclusion. It is constructed by mapping for
each current value a set of values my taken through an integer
number of radiation periods: my(t0 + 2nπ/ωR), where n is an
integer. This creates the Poincaré sections at each bias cur-
rent’s value. For the current value outside the step, these sets
form vertical columns of finite height, since in this region the
magnetization dynamics is not synchronized with the external
field oscillations. In the current interval, corresponding to the
chimera step (synchronization region), these sets show one
point on the Poincaré section indicating one period motion
(p1 motion) [43], except for the current values corresponding
to transitions between the bifurcation curves with positive and
negative mBF

y . Moreover, on the chimera step an interesting
feature is demonstrated for mav

y , which manifests two states
with positive and negative values. Depending on the sign of
mav

y , we mark those states as m+
y for positive values of mav

y (I ),
and m−

y for negative vales of mav
y (I ). Those states are mani-

fested on mav
y (I ) which shows also two curves with positive

and negative mav
y . For each bubble, the average value could

be positive or negative. At transition points, a restructuring of
synchronization occurs, and we see Poincaré sections in the
form of vertical segments. One transition point is in the direc-
tion of decreasing current, and the another is in the direction
of increasing current. On the I-V characteristics, these points
appear in the form of voltage spikes shown in the Fig. 2(b).

To clarify the appearance of bubble structures in the
mmax

y (I ) dependence and the occurrence of magnetization
bifurcations, we studied the time dependence of my at the
bifurcation points. This dependence at a current value of
I = 0.49005, where magnetization bifurcation occurs as the
current decreases, is presented in Fig. 3(a).

We observe a change in the nature of the my dynamics
during the transition process. Before the transition, the oscil-
lations of my(t ) occur predominantly in the region of positive
values of my, and after, mainly in the region of negative values,
corresponding to the dynamical states of magnetization m+

y

and m−
y , respectively. This fact is also demonstrated by the

moving average value which is denoted by mmav
y . Instead of

arithmetic average (which static in time), the moving average
is the mean of a time series for a specified period, it is contin-
ually recalculated based on the latest point value. In Fig. 3(a),
it is shown in black line, reflecting the states of m+

y before
the bifurcation and m−

y after that. The averaging period when
calculating mmav

y was chosen equal to the period of external
radiation. Oscillations in the intervals highlighted in blue and
green are shown in an enlarged scale in the Figs. 3(b) and
3(c), respectively. We note that at such transition, a phase
difference shift of π occurs in the time dependence of voltage
and superconducting current.

The nature of the change in the dynamics of my is also
clarified by Figs. 3(d) and 3(e), which show magnetization
trajectories in the mx − my plane in the states m+

y and m−
y ,

respectively. The characteristic curl of the motion trajectory

FIG. 3. The change in the my component dynamics in the case of
the transition m+

y → m−
y at I = 0.49005 (with decreasing current).

(a) The corresponding time dependence in the transition region,
(b) and (c) represent the enlarged parts of my time dependence before
the transition (state m+

y ) and after (state m−
y ), and (d) and (e) show the

corresponding magnetization trajectories in the plane mx − my.

(usually called the “mother-in-law’s tongue”) for the state m+
y

is in the region of positive values of my, and in the region
of negative values for the state m−

y . It is important to note
that these transitions appear on the I-V characteristics in the
form of spikes and, therefore, can be detected experimentally.
It becomes possible to control the synchronization of magne-
tization in the ϕ0 junction and change its state along the I-V
curve.

It would be interesting to compare the observed results for
chimera step with the corresponded results for the Shapiro and
Buzdin steps. In Fig. 4(a), we present an enlarged part of the
I-V characteristics with Shapiro step (hR = 0). As we see, for
the Shapiro step mmax

y (I ) values has a very small variation,
almost constant, along the step (see inset). The average value
of my(t ) ≈ 10−6 along the Shapiro step is almost zero. In ad-
dition to this, the curves along the Shapiro step for the current
simulation parameters coincide for both direction of current
(decreasing and increasing), i.e., two bubble structure does not
appear, and thus the two states m±

y (I ) are not manifested.
The results for the Buzdin step are presented in Fig. 4(b).

Similar to chimera, the Buzdin step (A = 0) demonstrates
two bubble structure for mmax

y (I ) with the decreasing and
increasing current. The intersection between the bubbles is
manifested by spike on the Buzdin step in the I-V char-
acteristics at I = 0.4899 for decreasing current and at I =
0.4925 for increasing current (see Ref. [44]). Also, mav

y (I )
shows non-symmetrical hysteresis [see dashed horizontal line
in Fig. 4(b)]. As we mentioned above, this feature opens the
way for experimental testing of the observed steps. We stress
that in difference with chimera and Buzdin steps, the variation
in mmax(min)

y (t ) values along the Shapiro step is much smaller
than in the cases of Buzdin and chimera steps, with the aver-
age value mav

y (I ) almost zero. Also, the dynamic characters
and results of fast Fourier transformation (FFT) for my(t )
along the Shapiro step is different from the case of Buzdin
step (see Ref. [44]).
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FIG. 4. Comparison of two loop calculations of I-V characteris-
tics, mmax

y (I ) and average of mav
y (I ) for (a) Shapiro step at A = 0.4 and

hR = 0, (b) Buzdin step at A = 0 and hR = 1. All panels are done at
r = 0.4, ω = 0.485. The arrows indicate the direction of bias current
changing.

IV. SWITCHING BETWEEN DYNAMICAL STATES

Existence of two different magnetization states m+
y and m−

y
in bias current interval, corresponded to the chimera or Buzdin
step, creates a series of novel interesting phenomena and ap-
plications in superconducting spintronics. In particular, one of
them is an implementation of controllable switching between
these two states. Because the states are determined by bias
current direction, one obvious way is the switching between
them by sweeping or changing the current direction after the
jump on the voltage step. Another way is to apply a current
pulse similar to what was already discussed for magnetization
reversal in the ϕ0 junction [24,25]. Here we demonstrate such
possibility of switching by bias current pulse of rectangular
form in Fig. 5.

We have chosen an arbitrary value of bias current I =
0.492, at which the both two states of my are realized for
increasing and decreasing bias current process (see Fig. 2).
Switchings are demonstrated in Figs. 5(a) and 5(b) for
decreasing (transition m+

y → m−
y ) and increasing current di-

rection (m−
y → m+

y ), respectively. With the given simulation

FIG. 5. Magnetization dynamics for my under rectangular pulse
signal (a) decreasing current; (b) increasing current; (c) decreasing
current with two successive pulses, the dashed line shows the moving
average during these switching process. All panels are done with r =
0.4, hR = 1, and A = 0.005.

parameters, the switching between the two states occurs for
pulse width 6T and pulse amplitude Ipulse = 1, where T is
the period of the external electromagnetic field, and the pulse
amplitude is normalized to Ic. The switching with a changed
pulse parameters are shown in sections ”B” of Ref. [44],
demonstrated it for pulse width 8T and pulse amplitude
Ipulse = 0.8. So, the transition between states can be controlled
by the pulse and model parameters, by analogy of magnetiza-
tion reversal discussed in Ref. [25], Moreover, we can also
control the switching between the two states in fixing the
current direction and just apply successive pulses as demon-
strated in Fig. 5(c), which shows the switching from m+

y state
to m−

y state by applying the first pulse (P1). Then, after some
time, the second pulse (P2) switch the state m−

y to m+
y . The line

shows a moving average during these switching process.

V. VARIATION OF HYSTERESIS BY SPIN-ORBIT
COUPLING AND RADIATION PARAMETERS

Another interesting and important phenomena related to
the creation of the two different magnetization states m+

y and
m−

y directly follows from the results, presented in Fig. 2.
Sweeping current along the chimera step, decreasing it in
the first loop of sweeping and increasing in the second loop,
demonstrates a hysteretic behavior in the dependence mmax

y (I ).
It is also clearly pronounced in the simulations of the bifur-
cation mBF

y (I ) and averaged mav
y (I ) dependencies. At chosen

junction and electromagnetic field parameters indicated in
the caption to Fig. 2, a transition between the states m+

y →
m−

y (red color) occurs at I = 0.4901, whereas the transition
m−

y → m+
y (blue color) happens at I = 0.4925, forming a

hysteresis loop with width equal to 	I = 0.0024.
Figure 6 demonstrates the effect of spin-orbit interaction

(SOI) on the hysteresis. It demonstrates mmax
y and mav

y as
functions of bias current at two values of SOI parameters.

As we see, at a small value of SOI parameter (r = 0.2),
the mmax

y (I ) curves coincide for both directions of current
changing, i.e., the hysteresis is absent. The dependence mav

y (I )
manifests the both two states of m(±)

y which correspond to the
right and left halves of bubble in mmax

y (I ). As we noted in
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FIG. 6. Variation of the hysteresis region with a change in the
spin-orbit coupling parameter. Results of two loop calculations of
mmax

y (I ) and mav
y (I ) at (a) r = 0.2 and (b) 0.6.

Ref. [40], the width of Buzdin and chimera steps are growing
crucially with increase in the spin-orbit coupling. Compare
the results for hysteresis width 	I at different SOI parameter,
we find that it grows crucially with an increase in r as well.
In particular, at r = 0.4, the hysteresis width 	I = 0.0024,
while at r = 0.6, it is 	I = 0.0156. However, relatively to the
step width, the hysteresis width does not change essentially.

Figure 7 shows the effect of slight variation of radiation
electric component on the hysteresis features. Taking into
account also results presented in Fig. 2, we can make a conclu-

FIG. 7. Effect of external radiation on the hysteresis features.
Results of two loop calculations of I-V characteristics, mmax

y (I ) and
mBF

y (I ) at (a) A = 0.002 and (b) 0.008.

FIG. 8. An enlarged part of I-V characteristics, mmax
y (I ), and

mav
y (I ) along the chimera step at A = 0.5, hR = 0.149, r = 0.4, and

ωR = 0.485.

sion, that an increase in A in the interval (0.002–0.008) leads
to shifting of the hysteresis region from the right part of step
to the left one of the chimera step. Transition m−

y → m+
y with

an increasing in the bias current is observed at the edge of the
step. The width of the hysteresis region does not change prac-
tically. We stress ones more that the spikes in the presented
I-V characteristics correspond to the transition between the
two states of my and indicate the size of hysteresis region. The
I-V characteristics of Josephson junction can be measured
experimentally, so, the observing spikes in it, we indicate a
direct way to investigate the transition points between two
bubbles corresponded to different states of magnetization and
hysteric features of the system experimentally.

VI. RESULTS FOR THE ONE-SIGNAL MODEL

The results of calculations in one-signal model are less
expressive, but they are qualitatively consistent with the
described observations. To stress this fact and prove the cor-
rectness of our conclusions, we present here two examples,
demonstrating the bifurcation along the chimera step and
two dynamical states of m+(−)

y in one-signal model. As in
Ref. [40], we use the same set of model parameters: the critical
current density Jc = 105 A/cm2, the Josephson junction area
(S = 0.1 × 0.1) μm2, the normal resistance R = 1 �, the
characteristic frequency ωc = 30 GHz, and the relative mag-
netic permeability ∼105. Using the obtained relation between
hR and A:

hR = γ IcA

ν3/2ωc

√
2R

Sε
, (5)

where ν = 1/
√

με, considering the magnetic permeability
within 102 ∼ 105, we might have the values A = 0.5 and hR

in the interval (0.002–0.149) for a power P = 10−10 Watt. The
power P = 10−8 W leads to the values A = 10 and hR in the
interval (0.017–2.982).

As a first example, we consider the case with A = 0.5 and
the corresponding hR = 0.149. Figure 8 shows an enlarged
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FIG. 9. (a) An enlarged part of I-V characteristics, the downward
and upward insets show the voltage spike for the decreasing and
increasing the bias current respectively. (b) Enlarged part of mmax

y (I )
along the chimera step, the arrows indicate the direction of bias
current changing. (c) Same as in (b) for mav

y (I ). (d) The corre-
sponding time dependence in the transition region from m−

y → m+
y

at I = 0.45380 (with decreasing current), the solid line represents
the moving average. All panels are done at A = 38.9, hR = 1.64,
r = 0.2, and ωR = 0.47.

part of the I-V characteristics with chimera step, and the
corresponding dependencies mmax

y (I ) and mav
y (I ) for both cur-

rent directions. As we see, no hysteresis is demonstrated at
those values, while we have continuous transition between the
two dynamical states of m+(−)

y by changing the current along
the step.

In the second example, assuming critical current den-
sity Jc = 105 (A/cm2), Josephson junction area (0.126 ×
0.126) µm2, and resistance R=1 �, we get the characteristic
frequency ωc = 48 GHz. With microwave power P ≈ 3.8 ×
10−7 Watt, and for relative permeability 104, according to the
relation (5), we find hR = 1.64 for A = 38.9.

The results of calculations with these parameters are illus-
trated in Fig. 9. In Fig. 9(a), the I-V characteristics shows
chimera step at V = 0.47 with two voltage spikes (see insets
(i) and (ii) for the decreasing and increasing bias current
respectively). The spikes appears due to the transition between
the two dynamical states of my. The plots for mmax

y (I ) and
mav

y (I ) are shown in Figs. 9(b) and 9(c), respectively. As it can
be seen, a hysteresis along the chimera step appears. Also, it
can be seen that on the right side of the chimera step, where
the difference between the m± states is small, an instability
occurs for the maximum value mmax

y and the average mav
y value

fluctuates between these two states. The fluctuations disappear
when the difference between the two branches become large

FIG. 10. Demonstration of the phase shift in the chimera step.
(a) An enlarged part of the mav

y (I ) in chimera step for two loop
calculations. The dashed vertical lines indicate the positions at which
we have investigated the temporal dependence of the supercurrent
and voltage for decreasing (d) and increasing (i) current directions.
(b) Suppercurrent current and voltage temporal dependence for the
pair (Id

3 , I i
3). The simulation parameters are same as for Fig. 2(b).

enough like in the left side of the step. This feature and its
dependence on the model parameters will be investigated in
detail somewhere else. The transition between the two states
m±

y at I = 0.45380 for decreasing current is shown in Fig. 9(d)
along with the moving average.

In Ref. [46,47] was noted that it is possible to apply mi-
crowave radiation with an ac magnetic field. If it is possible to
weaken the electric field for the external electromagnetic ra-
diation, and varying the magnetic field applied in the plane of
the junction [47]. In this case, one can to tune the values of A
and hR to observe the Buzdin step, and transition between the
two states of my. Also, this transition is manifested in phase
shift of π for the supercurrent and voltage for the chimera step
(or the Buzdin step if we apply only magnetic field).

VII. PHASE SHIFT ON THE CHIMERA STEP

An additional interesting property of the investigated sys-
tem follows from the analysis of the temporal dependence
of superconducting current and voltage at different points
along the chimera step shown in Fig. 2(b). We choose several
points fixed by dashed lines in Fig. 10(a) that lie on different
branches of mav

y and designated as In.
In Fig. 10(b), we illustrate the temporal dependence of the

suppercurrent and voltage for the pair (Id
3 , I i

3). As shown in
the figure, if the two points lie on two different bubbles, a
phase shift (Ps) ≈ π appears between them. This is confirmed
by the negative value of Pearson correlation (PC) (see Sec. C
in Ref. [44]). The results of our analysis for all points shown
Fig. 10(a) are summarized in Table I where the Ps and PC
are presented. The phase shift and Pearsons correlation takes
intermediate values between the points at the same current
direction (see Sec. D of Ref. [44]). This case is similar to the
trivial SIS Josephson junction.

To understand the origin of the phase shifts which are
demonstrated in Table I, let us consider the difference be-
tween the suppercurrent at two points on the step is given by
δIs = sin(ϕ1 − rmy1 ) − sin(ϕ2 − rmy2 ). In general, ϕ1 �= ϕ2
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TABLE I. Measurements of the phase shift (Ps) in degree and
Pearsons correlation (PC) for several points shown in Fig. 2(b).
Points Id (i)

1 corresponds to I = 0.4928, Id (i)
2 corresponds to I =

0.4923, Id (i)
3 corresponds to I = 0.4915, Id (i)

4 corresponds to I =
0.4905 and Id (i)

5 corresponds to I = 0.49. We use (d) and (i) for
decreasing and increasing current direction.

Pair Is(t ) V(t)
Ps PC Ps PC

Id
1 , I i

1 0◦ 1 0◦ 1
I i(d )
1 , I i

2 176◦ −0.888 179◦ −0.898
Id
3 , I i

3 177◦ −0.932 181◦ −0.931
Id
4 , I i(d )

5 175◦ −0.872 179◦ −0.876
Id
5 , I i

5 0◦ 1 0◦ 1

on the step, because the phase may take any value, however
dϕ/dt = must be constant. Now, if hR = 0, G = 0 and r = 0,
the IV curve will demonstrate only Shapiro step (as in a
single JJ). In this case, the suppercurrent will not show any
phase shift by switching current direction at fixed current
value. However, a phase shift appears if we sweep the current
along the Shapiro step. In chimera step the situation is very
interesting. A phase shift of 180◦ appears by switching the
current direction due to the appearance of the two states of
m±

y [i.e., if mav
y (I ) changes sign]. Then the suppercurrent for

the two points become out of phase, which is the case for two
points on different bubble.

So, by switching the current direction (or apply current
pulse), our results can provide an experimental way to observe
the two states of magnetic moment and measure its hysteresis
area by recording the suppercurrent (voltage) temporal depen-
dence on each current step and then calculate the phase shift
for both direction of current.

VIII. CONCLUSIONS

The interaction of the magnetic field of microwave radia-
tion with the magnetic moment of the ϕ0 Josephson junction
leads to a number of unique resonant and synchronization
phenomena. Particularly, due to the coupling of supercon-
ductivity and magnetism in this system, two mechanisms of
synchronization of Josephson oscillations and magnetic pre-
cession appeared. The precession of the magnetic moment of
the ferromagnetic layer, caused by the magnetic component
of the external radiation, leads to the creation of the Buzdin

and chimera steps in the I-V characteristics of the ϕ0 junction
[40].

We have explained the origin of bubble structure in the
bias current dependence of magnetization in SFS ϕ0 Joseph-
son junction under external electromagnetic radiation. The
appearance of two different dynamical states in the syn-
chronization region chimera step of magnetic precession and
Josephson oscillations on the I-V characteristics were demon-
strated. These states are differed by the temporal dependence
of the magnetic moment, and a phase shift of π appears in the
suppercurrent and voltage dynamics. Moreover, the transition
between these states leads to novel type of hysteresis which
is strongly depend on the spin-orbit coupling and radiation
parameters. We have demonstrated that the transition and
hysteresis between theses locking states are reflected on the
bifurcation diagram and I-V characteristics, so, the obtained
results might be tested experimentally.

The existence of nonvanishing Josephson supercurrent in
chimera and Buzdin steps, which appear in the dissipative
state, allows the use of such junction in single-flux-quantum
circuits [48–54] and Josephson voltage standards for metrol-
ogy [54–57]. Also, the width of the Buzdin steps which has
maximum values near FMR can be used as a probe for mea-
suring the resonance frequency in ϕ0 junctions. Because we
observed the two dynamical states with phase shift of π at the
same current value, their reflection on chimera and Buzdin
steps can be used as a fingerprint for the detection of such
type of ϕ0 junction experimentally. We assume that our results
might open the way to arrange a memory cell based on ϕ0

junction, in which the reading can be done by measuring phase
shift of voltage, and writing can be done by applying the
current pulse. We consider that the appearance of phase shift
in the voltage and suppercurrent signals may help to fabricate
phase shifter devices based on ϕ0 junctions.
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