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Understanding the mechanisms of qubit decoherence is a crucial prerequisite for improving the qubit
performance. In this paper, we discuss the effects of residual Bogolyubov quasiparticles in Schrodinger cat
qubits, either of the dissipative or Kerr type. The major difference from previous studies of quasiparticles in
superconducting qubits is that the Schrodinger cat qubits are operated under nonequilibrium conditions. Indeed,
an external microwave drive is needed to stabilize cat states, which are superpositions of coherent degenerate
eigenstates of an effective stationary Lindbladian in the rotating frame. We present a microscopic derivation
of the master equation for cat qubits and express the effect of the quasiparticles as dissipators acting on the
density matrix of the cat qubit. This enables us to determine the conditions under which the quasiparticles give

a substantial contribution to the qubit errors.
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I. INTRODUCTION

Superconducting circuits represent one of the most promis-
ing physical platforms for realizing qubits, the elementary
building blocks of quantum computers [1]. Operational su-
perconducting qubits include transmon [2], fluxonium [3],
and many others. All qubits are subject to errors due to their
environment, and quantum error correction imposes a huge
overhead cost in any quantum computer architecture, since
a single logical qubit must be represented by many physical
qubits [4]. Then, qubits with intrinsic protection against some
errors may reduce this cost and offer a technological advan-
tage. One way to implement such intrinsic protection is to
encode the qubit states in a bosonic degree of freedom, well
separating the two states in the phase space, thus reducing
their sensitivity to local noise [5,6]. This separation can be
achieved via an interplay between a microwave drive and
nonlinear couplings; such Schrodinger cat qubits have been
successfully fabricated in recent years [7—15].

Like other superconducting qubits based on Josephson
junctions, Schrodinger cat qubits are subject to various
noise sources, such as photon escape, dielectric loss, and,
finally, residual Bogolyubov quasiparticles. Even though su-
perconducting qubits are operated at very low temperatures,
so hardly any quasiparticles should be present in ther-
mal equilibrium, typically a significant number of residual
nonequilibrium quasiparticles can still be detected. Presum-
ably generated by rare energetic events (such as cosmic rays
[16]), dilute quasiparticles recombine very slowly, and it is
well established that their density (normalized to the Cooper
pair density) is usually in the range xg ~ 107> — 1078
[17-20]. Many experiments studying the coherence of trans-
mon or fluxonium qubits [21-23] are successfully described
by taking into account residual quasiparticles via the the-
ory developed in Refs. [24-26]. As qubits are improved by
eliminating other error sources, Bogolyubov quasiparticles are
likely to ultimately limit the coherence times.
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The fundamental difference between the conventional
qubits, such as transmon or fluxonium, and cat qubits is that
the former are based on stationary eigenstates of a static
Hamiltonian, while the latter rely on a strong microwave
drive. In fact, the qubit states are stationary only in a fast
rotating reference frame, whose frequency is determined by
a device-dependent combination of the natural frequencies
of the circuit and the drive. The cat qubit states may be
eigenstates of an engineered Kerr-like bosonic Hamiltonian
[9] or form the stationary manifold of a two-photon dissipative
Lindbladian [7,10]. This poses the question of how the driven
(Kerr qubit) or driven-dissipative (dissipative qubit) nature of
the Schrodinger cat qubits affects their interaction with the
residual quasiparticles. The present paper is dedicated to a
theoretical investigation of this question.

In the following, we start from the quasiparticle tunneling
Hamiltonian as in Refs. [25,26] and calculate the rates of var-
ious errors in Kerr and dissipative cat qubits. To identify these
errors, it is convenient to use the phenomenological master
equation, which became a standard tool for the description of
the cat qubits’ dynamics [9,11,27-32]:

dp R

o= Lop +«_Dlalp + k, Dla'1p + kyDla'alp. (1)
Here p is the density matrix in the Hilbert space of a har-
monic oscillator, which encodes the qubit, with raising and
lowering operators &', 4. The density matrix is written in
the rotating frame, in which the Lindbladian superoperator
appearing on the right-hand side of Eq. (1) is stationary.
Its main part £y actually defines the qubit: it is purely
Hamiltonian for the Kerr qubit, £yp = —i[Hk, p] with Kerr
Hamiltonian Hx = —K (a'? — «?)(@* — «?), or purely dissi-
pative for the dissipative qubit, Lop = kyD[a* — a?]p, with
the dissipator D[01p = 0pOT — (00p + pOT0)/2 for any
operator O, in both cases parametrized by a number «
(which can be taken real and positive without loss of gen-
erality). The qubit computational space is spanned by the
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two coherent states |+a) = ¢**@ ~®|0) (weakly nonorthog-
onal for a > 1, {(ax|—a) = 6’2“2) or, equivalently, by their
orthogonal linear combinations (Schrodinger cats) |C§) =

(lo) £ |—0a))/+/2(1 & e=2#%). The two states form a degen-

erate eigenspace of the Kerr Hamiltonian Hg, while the four
corresponding operators |CJ){(CJ '| with o, 0’ = + form a sta-
tionary subspace of the dissipator D[a*> — «]. The coefficient
K or k, determines the intrinsic timescale of the Lindbladian
Lo, which is set by the inverse of either the energy gap wp ~
Ka? separating the excited states of the Kerr Hamiltonian
from the qubit subspace for the Kerr qubit or the relaxation
rate wy ~ kra> towards the qubit subspace for the dissipative
qubit. The last three terms in Eq. (1) describe undesired re-
laxation processes for the qubit, characterized by the rates ko
(typically referred to as single-photon loss and gain rates) and
k4 (pure dephasing rate), and lead to various errors. Typically,
the photon loss rate K > k., k4.

A master equation similar to (1) is often used for con-
ventional static qubits (like transmon or fluxonium), written
for the 2 x 2 qubit density matrix, where the harmonic os-
cillator operators have to be replaced by the Pauli operators
as a,a" — 65 = (6,Fi6,)/2, a'a— (6.+1)/2, Lop =
—i(wg/2)[6;, p] with the qubit frequency wg, typically in the
GHz range; the quasiparticle contribution to the correspond-
ing rates was derived in Refs. [24-26], where it was shown to
be determined by the frequency-dependent normalized quasi-
particle current spectral density Sqp(w). Thus, it is natural to
set the goal of calculating the coefficients «x, k4 in Eq. (1)
due to quasiparticle tunneling, and to see how they differ from
those in Refs. [24-26]. These coefficients uniquely determine
the error rates of the qubit.

The standard derivation of the master equation gives
Eq. (17) for the rates. (There are important subtleties that
we address below.) As in conventional qubits, the rates are
determined by Sg,(w), but the characteristic frequencies can
be different. (i) For the photon loss rate x_, we find that the
relevant frequency is that of the rotating frame, while for static
qubits it was the energy difference between the two qubit
states. In practice, the two are of the same order of magnitude
(in the GHz range, i.e., the typical frequency scale for super-
conducting circuits), so «x_ is quite similar for static and driven
qubits. This is not surprising, since in both cases the error
is due to the same physical process: a quasiparticle absorbs
energy from the qubit while tunneling across a Josephson
junction. (ii) For the photon gain rate k4 the situation is
already different: while for static qubits the relevant frequency
was negative (the quasiparticle had to give energy to the qubit,
so the rate was strongly suppressed by the corresponding
Boltzmann factor), for driven cat qubits we find a contribution
at a positive frequency, which corresponds to a quasiparticle
taking energy from the drive, and thus not subject to ther-
mal suppression. (iii) The coefficient «, when calculated at
the leading perturbative level, formally involves Sg,(w = 0)
which is logarithmically divergent. For static qubits, Ref. [26]
proposed to cut off this divergence by « itself; subsequently,
this argument was refined in Ref. [33], where resummation
of an infinite subseries of the perturbation theory resulted in a
nonexponential decay of the qubit coherence. For Schrédinger
cat qubits, we find that the main effect of the dephasing term is

captured if the logarithmic divergence is cut off at the intrinsic
frequency scale w, of the qubit, as discussed above: wy ~ Ko
for the Kerr qubit, or wy ~ k»a? for the dissipative qubit. The
remaining terms have relative smallness ~a2e2" | for which
the logarithmic divergence in Sqp(w — 0) is not cut off by
the intrinsic qubit dynamics, leads to the same problem as
addressed in Refs. [26,33].

Moreover, with the dissipator /cd,D[&"ﬁ], as written for the
whole Hilbert space of the harmonic oscillator, Eq. (1) is not
valid for the dissipative qubit, strictly speaking. The reason
is that the qubit-quasiparticle coupling has to be included
perturbatively on top of the dissipative zeroth-order dynamics,
in contrast to the usual situation when dissipative terms in
the master equation represent a perturbation with respect to
a Hamiltonian dynamics. As a result, the expression (17c) for
k4 only makes sense when Eq. (1) above is properly projected
onto the qubit subspace.

Another point to stress is that Eq. (1), although being a
convenient tool to study qubit errors, is not complete, formally
speaking. Namely, one may, in principle, add higher-order dis-
sipators D[a'"a"] with n, m > 1, as well as Hamiltonian-type
perturbations of the form —i[h, p], with A being a Hermitian
combination of &, a’, all of them inequivalent to each other
when operating in the full Hilbert space of the oscillator. And
indeed, below we find that the qubit coupling to quasiparticles
generates a whole series of such terms. However, in the qubit
subspace, their effect reduces to small corrections with respect
to the dissipators already appearing in Eq. (1), under the same
assumptions that are used in the construction of the qubit
itself, namely, the smallness of the superconducting phase
fluctuations.

In the following section, we discuss these subtleties in
detail, after defining the model and introducing the key quanti-
ties. In particular, we relate the eigenvalues of the Lindbladian
of Eq. (1), which determine the qubit errors, with the co-
efficients k4, kg, see Egs. (14) and (16) for the dissipative
and Kerr qubit, respectively. The derivation of the results is
presented in Sec. III for the Kerr qubit and in Sec. IV for
the dissipative qubit, where we also compare our results to
some recent experiments. Finally, in Sec. V we investigate
the possibility of quasiparticle overheating by the drive, using
the approach of Ref. [34]. Even though the main interest of
this paper is to derive Eq. (1) rather than to solve it, some
properties of its solutions are relevant for the discussion, so
we present some technical details regarding Eq. (1) in two
appendices.

II. MODEL AND SUMMARY OF THE MAIN RESULTS

Throughout the paper, we use units where the Planck and
Boltzmann constants 7 = kg = 1.

A. Quasiparticle-qubit coupling

In this subsection, we show how the model of Refs. [24,25]
is adapted to Schrodinger cat qubits.

There are several different experimental realizations of
such qubits [7-15,35]. All of them contain one or several
Josephson junctions connecting several superconducting is-
lands. We label the islands by an index ¢, the quasiparticle
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states on each island by &, and for brevity we omit the spin
index whose role amounts to the usual factor of 2 in the rates.
Assuming all islands ¢ to have the same superconducting gap
A, and focusing on quasiparticle energies close to the gap, we
write the quasiparticle Hamiltonian as

2

. it %
Hy, = Z ZEL,klekyL,kv €Lk ZL_’A’ 2
tefislands} &

where f/:k and 7, x, respectively, are the creation and annihi-
lation operators for quasiparticles with energy €, ; measured
from A, and &, ; are the electron energies measured from the
Fermi level in the normal state. They determine the normal
density of states vy per spin projection or, equivalently, the
inverse mean level spacing §,, on each island,

1
5= Y 8w, 3)
k

assumed to be energy-independent and proportional to the
island volume V,: 1/8, = voV,. Here we assume vy to be the
same for all islands.

As in Refs. [24,25], we assume the quasiparticle density
ngp or, equivalently, the dimensionless concentration xq, =
ngp/(2v9A) to be fixed by some external processes and not by
thermal equilibrium. The distribution of these quasiparticles
over the energy levels f(€, ;) will be assumed to be deter-
mined by the phonon temperature 7 ~ 10 — 30 mK [7-15] in
most of the paper (except in Sec. V where we study possible
deviations from the thermal distribution due to the drive).
Then the occupation probability f(e, ) of each energy level

is f(ex) = fr(ex) with

A —e/T
Jr(€) = xgp w7 “

so the density 2v, ffooo dg fr(£%/2A) matches the given Ngp-

The quasiparticles couple to the superconducting degrees
of freedom when they tunnel across the Josephson junctions.
Labeling the junctions by j and denoting the superconducting
phase difference across each junction j by ¢;, we have the
coupling Hamiltonian [24,25]:

TN
E E Tikie P, 1 P

Jj€{junctions} k,k’

Hyqp =

ip;/2 —ip;/2
X (U gty €% = vy, v 0€T %)+ Hee ()

Here ¢j; and ¢z are the two islands forming junction j, and
u, k., v, x are the Bogolyubov coefficients:

l Et,k
2 V A? + %-Lz,k

The tunneling matrix elements 7; xx, assumed to be real and
energy-independent (on the relevant scale A), determine the
Josephson energy E;; of the corresponding junction by the
Ambegaokar-Baratoff relation [36]:

2 _ 2 _
Uk _1_ut,k_

(6)

N =

T2A°

3 TRud ) 860 =

kK

@)

If we focus on low energies, |£ x| < A, then u,; & v, ~
1/+/2, and the Hamiltonian assumes a simpler form:

. . O
Hyyp = Z 1;sin ?J (8a)
Jj€{junctions}
=iy Tw@ Pk = 90 pPn). (8D)
k,k'

The operator 7 ; 1s the quasiparticle contribution to the electric
current through the junction (up to a factor of the electron
charge). As in Refs. [24,25], the results will be expressed in
terms of the normalized quasiparticle current spectral density
in each junction,

oo
Sep.j (@) E/ (Z;(t)Z;(0)) " dt, C))
—00

where the time dependence is determined by the Hamiltonian
Hy, in Eq. (2): Z;(t) = eiﬁqp’fje‘iﬂqpt . This spectral density
indicates the probability to absorb a quantum of energy w
at the junction j. For the thermal distribution (4) and to the
leading order in |w|/A, T /A, Sgp, j(w) evaluates to

16EJ} i ew/ZT K()(M), (10)
b4 2nT 2T

where Kj(z) is the modified Bessel function. At large posi-
tive w > T, this expression is slowly decaying, e* Ko(|z|) ~
/7 /(2]z]), while at large negative frequencies it is expo-
nentially suppressed, % Ko(|z|) ~ /7 /(2]z]) e, since the
quasiparticle has to emit energy. At small |o| < T, Sgp, j(w)
is logarithmically divergent: e* Ko(|z]) ~ In(1/|z]).

The qubit degree of freedom is represented by a combi-
nation of phases @; on several junctions, which depends on
the specific device architecture. In the fast rotating frame, the
corresponding dynamical variable is convenient to express in
terms of the harmonic oscillator raising and lowering opera-
tors a', a, which appear in the master equation (1) and whose
dynamics is slow. Then, each phase ¢; can be represented as

Sqp,j (@) = Xgp

—iwgt iwgt

@j = Qoias,j T Pa,je€
+ (@a,j&e_iwat + §0Z,]'&Teiwat) + e, (] 1)

+ qJ;je

Here @pias,j is a constant phase bias, not necessarily small,
controlled by an external flux. w; and ¢4 ; are the frequency
of the external classical drive and its amplitude on the jth
junction. ¢, ; is the amplitude of the qubit mode on the
Jjth junction, and w, is the frequency of the rotating frame.
This frequency is determined by the requirement that the
dynamics of &', & is slow, and is given by a device-dependent
combination of the natural frequencies of the circuit and the
drive. Finally, “...” stands for terms involving other degrees
of freedom of the circuit, which are orthogonal to the qubit
mode; they are weakly coupled and strongly detuned in energy
(on the scale of the qubit dynamics), so their effect can be
neglected.

We make the crucial assumption that |, ;| < 1/o and
lpa,j| < 1 to expand sin(@;/2) in Eq. (8a); this holds when
all junctions are sufficiently large, such that their Joseph-
son energy exceeds the charging energy. We note that the
same assumption underlies the construction of the cat qubits
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themselves [5—15]. Indeed, the zeroth-order Lindbladian £ is
obtained using the expansion of the Josephson nonlinearity to
several low orders.

B. Error rates in the phenomenological master equation

The phenomenological master equation (1) includes error
dissipators that can be naturally related to various physical
mechanisms, such as photon escape to an external circuit for
single-photon loss k_D[a], high-energy photons due to poor
filtering for single-photon gain «, D[&'], coupling to two-level
systems for pure dephasing K,I,D[&"'&]). The main subject of
this paper is the microscopic derivation of the quasiparticle
contribution to the different error dissipators. In this subsec-
tion, we briefly discuss qubit errors due to these dissipators, as
found by the approximate solution of Eq. (1) within the com-
putational subspace. The error rates are obtained by assuming
K4, K_, k¢ to be small and treating the corresponding terms as
perturbations on top of the main term L. Most of these results
are known [9,11,27-32] (see also Ref. [37] for a systematic
perturbation expansion, implemented numerically).

To recall the general structure of the degenerate Lindbla-
dian perturbation theory [37-43], if the master equation is
of the form 0p/dt = Lop + L1p with £ < Ly, then we can
define two subspaces S and S, such that Lop = Oforall p €
Sy, and the equation Lo = p with unknown X has solutions
for all p € §,. Equivalently, S} and S, are spanned by two
sets of right eigenvectors with zero and nonzero eigenvalues,
respectively. Then, any density matrix can be split as p =
0y + P, which defines the projectors Py and P, =1 — P,
such that LoP) = Py Ly = 0. (Note that P can be viewed as
the result of the evolution ¢~ at t — oo for a dissipative £y.)
The perturbation £; induces nontrivial dynamics in the slow
subspace. This slow subspace is a weakly deformed Sy, such
that the density matrix has a small component in S, , namely,

pL=—PLLy'PLLI P+ O(L]), (12)

and the dynamics is determined by the projected master equa-
tion:

U pypy — PyLiPLLy PLLipy + O(L] 13
o = Pl = PILiPLL LLipy+O(L7). (13)
The component p; then follows adiabatically according to
Eq. (12). It determines the small but finite probability to find
the system outside S| at any instant of time.

For the dissipative qubit, the zero subspace S of Ly is
spanned by four matrices |C)(CJ '| with o, 0’ = +. The first-
order term in the projected master equation can be found
using the known left eigenvectors of L corresponding to the
zero eigenvalue (see Ref. [44] and Appendix A). Taking into
account the perturbation £;, three out of four eigenvalues
become nonzero; their large-or asymptotes are

A = —26_a* = 2k (o + 1), (14a)
hy = =2 = 2 (@ + 1) = 20’ (14b)
A, = 2k e 2K+e_2"‘2 - 2K¢aze_2"2
2
_= e (14c¢)
K2

The eigenvalue A, corresponds to the eigenvector |C;)(C; | +
IC(CH| o< |ar) (| — |—ar) {(—«]. Its exponential smallness, in
contrast with A, and A,, is a manifestation of the suppressed
probability to transfer population between |«) and |—«) by a
local perturbation, because of their small overlap. This strong
asymmetry between different rates is a general feature of cat
qubits, which allows for an efficient implementation of quan-
tum error correction codes [44]. The suppression is especially
strong for the first-order photon loss, e*““z; however, in the
second order in «_ the standard factor e=2%" is restored [45],
as found by evaluating the second term in Eq. (13).
The leakage probability,

wea = 1= Y _(C2[2[C). (15)

o

for the dissipative qubit is determined by p, from Eq. (12)
as Wieak = — 2, (C7|p.LICT). Indeed, since Trp =1 is con-
served, Trp, = 0, and thus >__(CJ|p4IC) = 1. The photon
loss D[a] does not produce any leakage in the first order, while
Dlat] and D[a’a] yield a finite leakage probability, ~k /K
and ~a’k, /i, respectively.

For the Kerr qubit the zero subspace of £ is much larger:
in addition to the four-dimensional qubit subspace, it includes
all matrices that are diagonal in the basis of the eigenvec-
tors of the Kerr Hamiltonian Hyx. Moreover, at large o low
eigenstates come in doublets with exponentially small energy
splitting; this makes the off-diagonal matrix elements within
each doublet also slow. Then, for o in the computational
space spanned by |CJ )(c;;’|, the projection P D[a]p is also
in the computational space, while P, D[a']p and P, D[a’alp
have components on other states as well, which corresponds
to probability leakage outside the computational space. As a
result, if one simply projects £, on the computational sub-
space by brute force, (i) there is no exponential suppression
of the x4, k¢ contribution to the eigenvalue A, and (ii) all four
eigenvalues are nonzero, the finite value of Ao representing the
leakage rate:

A = —2k_a? — iy 2a% + 1) — kga?, (16a)
Ay = —2k_a* — k(20 + 1) — kya?, (16b)
A, = —2k_ate M — Ky — K¢Ol2, (16¢)
Ao = —Kki — K¢Ol2. (16d)

Since typically x_ > k4, kg, the eigenvalue A, may still be
dominated by the first term; at the same time, the finite leakage
rate —)o implies that all probability would eventually leak
out of the computational subspace. However, we should re-
call that Eq. (16) do not represent the true error rates, since
the leaked probability is brought back to the computational
subspace by the one-photon loss D[a], and this process may
occur without error. As a result, the stationary state of the
full Lindbladian contains a small probability ~k, /k_, k¢ /K _
outside the computational space. Numerics shows that the first
nonzero eigenvalue decreases with growing « in a steplike
fashion, with an exponential envelope, ~e=C% with C ~ 0.8
[11,29]. Thus, the true error rates can be much smaller than
predicted by Eq. (16).
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C. Quasiparticle-induced error rates

Assuming no correlation between the quasiparticle cur-
rents 7 ; on different junctions, we find that their contributions
to various error rates add up incoherently. Thus, in the follow-
ing we will omit the junction index j everywhere, as if there
were only one Josephson junction in the system. If there are
several junctions, one should restore the index j and sum the
corresponding rates over j.

The standard perturbative derivation of the master equation
(see, e.g., Ref. [46]) results in the coefficient at a dissipator
D[O] such that the master equation reproduces the rates of
the bath-induced transitions between energy levels of the un-
perturbed system, as given by Fermi’s golden rule with the
perturbation O. Since the master equation (1) is written in the
rotating frame, we have to substitute ¢ from Eq. (11) with fast
oscillating terms in Eq. (8a), and apply the golden rule for
periodic perturbations to different terms in the expansion of
sin(¢/2) oscillating at different frequencies. In principle, this
procedure leads to an infinite series of dissipators of the form
Dlat"am).

Under the assumption |@,|o < 1, high-order dissipators
are weak. Among the first-order contributions, the strongest
one is the photon loss D[a]. The photon gain D[a'], although
weaker, leads to a qualitatively different effect for the Kerr
qubit, namely, leakage out of the computational space, as
discussed in the previous subsection. In the first order, cou-
pling to quasiparticles also produces a Hamiltonian correction
o i[a'a, p]; however, it can be removed by adjusting the ro-
tating frame frequency. Second-order contributions, although
weaker, have a different symmetry: while single-photon loss
(gain) switches the photon parity (—1)%, the second-order
terms preserve parity, and thus may require a different error
correction scheme. Among these, the pure dephasing D[a’a]
is the most important; indeed, the two-photon loss, Dla?],
acts trivially in the qubit subspace, while the two-photon
absorption, D[a"?], is weak due to the lack of high-energy
quasiparticles (by the same smallness as in the single-photon
processes, k4 /k_ < 1). These are the three processes in-
cluded in Eq. (1), and our result for the coefficients is

|§0a |2 2 Pbias

k— = Sgp(wy) 7 cos 5 (17a)
2 2 .
ki = Sap(wq — q) ""j' % sin? 22, (17b)
ks = Sep(@0) lgal® o Poias (17¢)
ap 16 2

calculated to the leading order in tunneling and w/A, and
valid up to some details to be discussed in the following
paragraphs.

The ¢y;as dependence in Eq. (17) reflects quasiparticle in-
terference in the error process, like in static qubits [23]. In cat
qubits, gpi,s determines the working point and cannot be easily
adjusted. Typically, @pias 1S Some generic number of the order
of unity, but in some devices it may be close to 0 or 7, so some
rates vanish. Then one has to include corrections to Egs. (8a)
and (10), subleading in & /A and |w|/ A, respectively [26,47],
that would make the rates finite.

Most of the terms in the expansion of sin(¢/2) oscillate at
frequencies far exceeding wy, the frequency scale of Ly; then,
in the first approximation one can neglect £y and write the
golden rule as if the mode a corresponded to a harmonic oscil-
lator with zero frequency, and all energy were taken or given
by the quasiparticle. Equation (17a) is obtained by picking
the leading term (¢, / 2)ae ™ cos(¢pias/2) in the expansion of
sin((/2); its effect is obviously described by the photon loss
dissipator k_D[a] since the rates of all transitions induced by
this perturbation are proportional to the same factor Sg,(w,),
independent of the transition.

By analogy, the photon gain dissipator «,D[a'] can be
obtained from the conjugate term (¢ /2)a’ e cos(@pias/2)-
This results in an expression for « obtained from Eq. (17a)
by the replacement Sqp(w,) — Sqp(—wy). This corresponds
to a quasiparticle emitting energy w,, whose rate is propor-
tional to the population of such high-energy quasiparticles.
For quasiparticles in equilibrium with phonons at tem-
perature 7T, it is proportional to e “/T  a rather small
factor for typical parameters (w, ~ a few GHz, T ~ 10 —
30mK). We find a large contribution to D[a’] originat-
ing from a higher-order term in the expansion of sin(p/2):
—(@2/2)a" e (9q/2)e™ " sin(@pias/2). Typically, the drive
frequency w; > w,, so this term oscillates at a positive fre-
quency; during a single tunneling process a drive photon is
absorbed by the quasiparticle which then immediately emits a
qubit resonator photon.' For typical experimental parameters,
the smallness introduced by going to the next order in the ex-
pansion turns out to be well compensated by the absence of the
factor e=“«/T, In the specific case w; = 2w, (relevant for the
Kerr qubit), the perturbation oscillates at the same frequency
as the photon loss. Then, instead of an incoherent sum of two
dissipators, k_Dl[a] + k+D[a'], one has to mix the two terms
coherently in a single dissipator D[,/k_a + ﬁ&*], which,
however, leads to practically the same results for errors, as we
numerically check in Appendix B.

Generally, the assumption of quasiparticle equilibrium
should not be taken for granted in a driven system. The
quasiparticle distribution may be altered by absorption of
drive photons, which competes with phonon emission and
quasiparticle escape. The resulting nonthermal quasiparticle
population at high energies can give another contribution
to k4. The rates for photon absorption, phonon emission,
and quasiparticle escape are quite dependent on the specific
qubit architecture. In Sec. V, we study this competition for
qubits produced in Refs. [9,10] and find the corresponding
contribution to k4 to be smaller than the higher-order drive
contribution discussed just above. However, the difference is
less than an order of magnitude, so for some structures the
nonthermal population may dominate the rate «..

The dephasing dissipator K¢D[&Ta] can be obtained in the
leading order by expanding sin(¢/2) to the second order and
taking the cross-term —(|@,|?/4)a"a sin(@pias/2). In contrast
to the previous ones, this term does not oscillate, leading to
a divergent quantity Sqp,(w = 0). Then, to describe its effect,
it is necessary to consider the unperturbed dynamics of the

'If wy < w,, the same absence of the Boltzmann factor is found in
a higher order (p + 1), such that pw,; > w,.
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system, which is quite different for the Kerr and dissipative
qubits.

For the Kerr qubit, whose unperturbed dynamics is Hamil-
tonian, the situation is rather standard. Namely, a'a should
be decomposed into components corresponding to transitions
between different energy levels ¢;, of the Kerr Hamiltonian
Hy. These levels are classified by their parity o = (—1)*'2,
which is conserved by Hg, and an integer [ > 0, such that
€0+ = &o— = 0 correspond to |CE). Since the perturbation
a'a conserves parity, instead of the single dissipator D[a'a],
the master equation contains a sum of dissipators, each one
corresponding to a given transition, with the coefficient pro-
portional to Sqp(&/6 — €0 ). Since relevant levels are those
with not too high [, ', we can write |g;; — &y | ~ |€1s| ~
lere| ~ Ka* <« T for typical experimental parameters. Then,
with logaritmic precision, we can write

16E; A T
qu(gl(r —Erg) N Xqp T m In Wa (18)

and wrap all components back into the dissipator D[a'a]
whose coefficient is given by Eq. (17c) with wy ~ Ka?.
This procedure works for all transitions for which / > 0 or
I’ > 0; these transitions determine the leakage out of the
computational space, which is the main effect of D[a'a] in
the Kerr qubit, as discussed in the previous subsection and
represented by the —K¢(¥2 terms in Eq. (16). Still, D[a'a]
has an exponentially small component which acts directly
in the computational space with / = [’ = 0; this component
can be represented as 2k a%e 2% D[o.], where o, is the Pauli
matrix in the basis |C}),|C,), and k, is proportional to
Sqp(0). For this component, the logarithmic divergence is not
cut off by the Kerr Hamiltonian, and one has to invoke the
same arguments as in Refs. [26,33] for stationary qubits.
This issue, however, seems to be of little practical relevance
for the cat qubits due to the exponential smallness of the
divergent component and the weakness of the logarithmic
divergence.

For the dissipative qubit, to derive the dephasing dissipa-
tor kg D[a’a], we face an unconventional task of developing
perturbation theory in system-bath coupling on top of the
dissipative unperturbed system dynamics. We find that the
Markovian master equation (1), valid in the whole Hilbert
space of the a oscillator, cannot be derived. We can only jus-
tify the first-order term in the projected master equation (13),
but not the second-order term. Still, from the practical point of
view, the first-order term is sufficient as long as quasiparticles
are dilute.

Physically, the first-order term in Eq. (13) describes the fol-
lowing process: the qubit residing in the steady computational
subspace S| is suddenly hit by a quasiparticle, performing
a transition to the orthogonal subspace S, followed by the
relaxation back to S (we remind that the projector P =
lim,_, oo €50 ). Since the levels in S are broadened by the re-
laxation, the quasiparticle energy slightly changes during this
process; namely, some energy can be taken from the drive and
emitted into the bath which is responsible for the dissipative
Ly. It is this inelastic process that smears the singularity in
Sgp(w — 0).

The second-order term in Eq. (13) would correspond to a
process when a second quasiparticle arrives quickly after the
first one, so the qubit has not yet relaxed back to S, and the
two quasiparticles exchange energy with the drive and the bath
independently from each other. However, in such process the
quasiparticles may also exchange energy among themselves;
to account for this, one has to go back to the original Hamil-
tonian and study the two-quasiparticle process in full detail.
This would produce a contribution to the projected master
equation which is of the same order, but does not reduce to
the second-order term in Eq. (13). In practice, xqp, is rather
small, so such two-quasiparticle processes are too rare to be
included into the scope of the present paper.

The derivation presented in Sec. IV results in an effective
Lindbladian superoperator acting on 2 x 2 density matrices p
in the qubit coding subspace, which can be interpreted as the
projection 73||K¢,D[&T&],?)” , with logarithmic precision. Beyond
the logarithmic precision, the dissipator should be decom-
posed into a sum of terms corresponding to eigenvalues A,
and eigenvectors of the dissipative Lindbladian £,. Each such
term is proportional to Re Sqp(i),,), instead of Sqp(e16 — &16)
for the Kerr qubit. As for the Kerr qubit, there is also an
exponentially small component which remains proportional
to the logarithmically divergent Sq,(0), to be handled as in
Refs. [26,33] for stationary qubits.

III. DISSIPATORS FOR THE KERR QUBIT

In this section, we provide more details on the derivation
of the different dissipators in the case of the Kerr qubit. The
derivation of the master equation follows the standard text-
book route (see, e.g., Ref. [46]). We start with the Hamiltonian
of the decoupled system (the @ mode) and bath (the quasipar-
ticles),

Hy=Hy + Hp = —K(@7 — o*)@ — &*) + Y eud, ks
1,k
(19)
where ¢ = L, R denotes the two islands forming the Josephson
junction (see the discussion in the end of Sec. Il A), and the
qubit-quasiparticle coupling perturbation in the form

A1) =1 ® (Ae ™ + ATe’™), (20)

where the current operator 7 is given by Eq. (8b), and the
factor in the brackets represents one of the terms of the ex-
pansion of sin(p/2), oscillating at a given frequency Q2 > 0
determined by the corresponding combination of terms in
Eq. (11). For example, we have a perturbation 2 = w, and

A = cos o=
2
2
x [% a— "’)‘;'8‘”“ (aca’ + aaa + a'aa) + - }

(21a)

where we only keep the first term by virtue of the assumption
|gql < 1. Another perturbation has 2 = w; — w, and

Pbias ‘P;‘Pd At
> <—4 a' + >

A = —sin

21b)
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Assuming the frequencies of different terms to be suffi-
ciently different, we neglect the interference between them
and treat each term of the form (20) separately (we return to
this point at the end of this section).

Using the standard assumption that the full system-bath
density matrix remains factorizable at all times, p(t) ® pgp
(that is, the incident quasiparticles have no memory of the
qubit state), where the quasiparticle density matrix,

pap = [ [Tt Cer) 7 ida + 11 = fle i), 22)

=L,R k

remains unchanged during the evolution, we pass to the in-
teraction representation with respect to the Hamiltonian H,,
writing p(t) = e ¥ p(t)ef'x". In the second order of the
perturbation theory, the slow matrix p(¢) satisfies the equation

dc t 2 2 2
Zit) T /_oo Trop{[H (1), [H) (1), B() ® Pl (23)

where H,(t) = ¢ A, (1) e~ ™' Making the Markovian ap-
proximation, p(t') & p(t), we take p(z) out of the integral,
which now can be evaluated explicitly.

To determine the time dependence of H(¢) explicitly, we
pass to the basis {|1/;)} of eigenstates of Hx, Hx V) = &1|¥)
(for the sake of compactness, we momentarily suppress the
parity index o, so summations over / run over all eigenstates)
and represent the operator A in terms of its matrix elements

J

dt 2

Ll

dpy , Sqp(Q + &1, — &)
L = —i(e) — &) + Z =z

A = (YilAlyy):

M AT =N A ) ] (24)
L

This expression, together with the oscillating factors e in

Eqg. (20), determines the time dependence of the qubit part of
H,(t), while the time dependence of the quasiparticle opera-
tors is determined straightforwardly by Hgp. The standard next

step would be to substitute H(t) in Eq. (23) and to make the
secular approximation, which consists of neglecting all terms
in Eq. (23) that oscillate at nonzero frequencies. Here we
make this approximation only partially, in the same spirit as
in Ref. [48]: we neglect fast terms rotating as e*2*  but keep
those proportional to ¢/® ¢ We also note that the definition
(9) implies

Re f w(i(—r)i(o» e dt =% (@), (25a)
0

Re f w(i(oﬁ(—t» e dt = %qu(—a)), (25b)
0

and neglect the imaginary parts. Indeed, terms originating
from the imaginary parts (Lamb shifts) result in Hamiltonian
perturbations of the form o i[AA, p] in the master equation.
The strongest term, o i[a’a, p], can be corrected by choosing
an appropriate drive frequency; higher-order terms, containing
higher powers of a'a, are small by virtue of the assumption
Pala| L 1.

Finally, we pass back to the Schrodinger representation,
and obtain the following equation for the matrix elements of

p):

Sqp(2 — &1+ &)
Ay, pllleZy + Z Ay Phleszz'

2
Ll

Sqp(§2 — &y, +&1,) + Sep( + &1, —€3)
- Z o l = A AL P — Z v ] - )OIZIAZIZAIZI’

Il 2 2
12
Sap(—= + &, —&r) 4 Sqp(—R — &+ ¢4,)
+ Z - 2 A”‘ plllelzl, + Z = 2 I A;Z] Iolllelzl’
Ll b
Sqp(—2 — &, +&1) Sun(—Q2 4+ &1 — 1)
_ Z qp . | 2 AlllAleplzl’ — Z qap . | > pzl,AllleZl“ (26)

hb

Since the frequency Q2 > 0 is a few GHz, while the energy
scale of ¢ is in the MHz range, in the first two lines of this
equation one can approximate Sgp(2 +...) & S,(£2) (thus
falling into the case studied in Ref. [49]), and then these two
lines wrap into the matrix element of Sq,(£2) D[A]p, leading
to Egs. (17a) and (17b) for A of Egs. (21a) and (21b), respec-
tively. The last two lines contain Sg, at negative frequencies,
so they are suppressed by the Boltzmann factor. They can
be wrapped into qu(—Q)D[AT]i) if one neglects the Kerr
qubit energies in the argument of Sqp; however, the typical
frequency scale of Sqp(w) at negative frequencies is given by
the temperature 7', so such approximation requires a stronger
condition |&; — gy| K T.

hb

(

Nonoscillating terms in the expansion of sin(¢/2) pro-
duce a perturbation of the form A, = TQAwithA=A" =
— sin(@pias /2)(l0a|?/4)a"a to the leading order in |¢@,|ca. The
same perturbative treatment as above results in an equation
similar to Eq. (26), which can be obtained from Eq. (26) by
omitting the last two lines (to avoid double counting) and
setting €2 — 0. If we make the replacement (18) in all terms,
the sums wrap into qu(Kozz)D[A]b leading to Eq. (17¢).

Let us now estimate different contributions for the sam-
ple described in Ref. [9]. The qubit is hosted in an
aluminum superconducting loop (with gap A = 200 peV)
containing a small Josephson junction with the Josephson
energy E;/(2m) = 22 GHz and three larger junctions with the
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Josephson energy E;/(2m) = 200 GHz, pierced by a mag-
netic flux ® = 0.26 (in the units of the superconducting flux
quantum) and maintained at temperature 7 = 18 mK. The os-
cillator frequency w, = 2w x 6 GHz and the drive frequency
wg ~ 2w,. The phase difference across the small junction
is described by Eq. (11) with ¢ps = —1.31, ¢, = 0.20,
¢4 = 0.06, while the phase difference on each of the large
junctions is parametrized by ¢f,. = 0.11, ¢, = 0.07, ¢, =
0.02 (¢, and ¢/, can be found from the oscillator frequency
and the Josephson potential). The parameters of the Kerr qubit
are K = 27 x 6.7 MHz, «? = 2.5.

Taking the perturbation (21a), we obtain k_ /(27 ) = xqp X
8.1 GHz, the main contribution coming from quasiparticle
tunneling across the three large junctions and only 17% being
due to tunneling across the small junction. The contribution to
k4 from the Hermitian conjugate of the perturbation (21a) is
smaller by a factor Sqp(—wq)/Sqp(@a), which for the thermal
distribution of quasiparticles amounts to e~®/T ~ 1077 for
all junctions. The contribution to «; from the perturbation
(21b) is more significant due to the absence of a thermal
factor: For each junction j, it is smaller than «_ by the
factor (@q,; /2)2 tanz((pbias,j), which gives «; ~ 10~*k_ with
the main contribution coming from the small junction. The
dephasing rate ky/(2m) = xgp X 50 MHz is also dominated
by the small junction.

In the experiment [9], the measured qubit error rates were
reproduced by the solution of Eq. (1) with k_/(27) ~ 10 kHz
and rather large k4 /k_ ~ 0.04, ky/k_ ~ 0.02. If we assume
that the photon loss is entirely due to quasiparticles, it would
require the concentration xgp ~ 107°, which is rather high, but
still realistic. However, the quasiparticles would not be able
to reproduce the observed values of k., k4. Other dissipation
mechanisms are needed to explain these values.

A subtle detail about the experimental realization of the
Kerr qubit [9] is that the detuning w; — 2w, = —4.4 MHz x
27 is not large enough compared to the typical spacing be-
tween the energy levels of the Kerr Hamiltonian, ~Ka?. Then,
the perturbations proportional to & and &' rotate at close
frequencies, and one cannot treat them as two separate pertur-
bations of the form (20), as we briefly mentioned in Sec. II C.
Here we prefer not to study the case of a general detuning;
we just compare the limit of large detuning, which results
in two separate dissipators k_D[a] + k,D[a'], and the limit
of zero detuning which again has the form (20) and yields
a single coherent dissipator D[,/k_a + /iy a']. We check
numerically in Appendix B that these two extremes lead to
very similar results. Thus, from the practical point of view,
one can still use the phenomenological master equation (1).

IV. DISSIPATORS FOR THE DISSIPATIVE QUBIT

In this section, we address the (rather unconventional) task
of deriving the error dissipators perturbatively in the system-
bath coupling when the uncoupled system’s dynamics is not
Hamiltonian, but dissipative. In the conventional case when
the unperturbed qubit dynamics is Hamiltonian (as in the
previous section), tracing out the quasiparticles in the Born-
Markov approximation yields the dissipators in terms of the
quasiparticle correlator Sqp () at real frequencies, determined
by transitions between energy levels of the unperturbed qubit;

these finite transition frequencies regularize most of the loga-
rithmically divergent terms in the dephasing dissipator. The
unperturbed dissipative qubit already has no energy levels,
but still has nontrivial dynamics; hence, it is not clear a
priori, at what frequencies the quasiparticle correlator should
enter the error dissipators. Thus, we are obliged to revisit the
whole derivation scheme for master equation, starting from
a Lindbladian unperturbed qubit dynamics and Hamiltonian
qubit-quasiparticle coupling.

We start from the Liouville-von Neumann equation for the
density matrix o (¢) of the total system “qubit oscillator +
quasiparticles,”

d Pro(t)
dt

= Loprot(t) = ilHgp, Proe®)] = ilHi (1), Pror (1)),

(27)
where £y = kyD[a*> — ] is the familiar Lindbladian of the
dissipative qubit, while ﬂqp and H,(t) = 7® A(r) are given
by Egs. (19) and (20), respectively. The passage to the interac-
tion representation with respect to the perturbation H, () now
has the form

Pror(t) = 50" (e rt By (1)e Mt , (28)
and leads to the following equation of motion for f)tol(t):
dpro(t)
dt

2

= —ie "ol [eHot (1) Hat | oL B (1)]

=L (t)ﬁtol(t)- (29)

As usual, we assume the full system-bath density matrix to
remain factorizable at all times, po(t) = () ® Pqp, With the
quasiparticle density matrix pqp given by Eq. (22). Then, in
the second order of the perturbation theory, the slow matrix
p(1) satisfies the equation

2 t
% = / A TeplZAOLIOIPE) @ byl (0)
which so far looks quite analogous to Eq. (23) for the Hamil-
tonian case.

To write the time dependence explicitly, we assume that
the Lindbladian £y = k,D[a*> — «?] in zeroth-order approx-
imation has a complete biorthogonal set of left and right
eigenvectors.” Since the superoperator £y commutes with the
left and right parity, (—1)*%p =0 p and p(—1)7% = o'p,
respectively, its eigenvalues Aj:,"’ can be labeled by the two
parities o, 0’ = 4 and an integer m > 0, such that kg"' =0.
The left and right eigenvectors, §‘,§"' and @;"/, are assumed to
form a complete biorthogonal set:*

Lo03” = 257057 (la)

2We are not aware of a rigorous mathematical proof of the existence
of a complete set of eigenvectors (which is not guaranteed a priori
for a non-Hermitian operator Ly). Still, numerical diagonalization in
a truncated basis does not show any sign of the opposite.

3We define the left eigenvectors §r§"’ in such a way that they enter
Eq. (31) without Hermitian conjugation to compactify the notations.
Then the superscripts oo’ at ;ﬁ"/ should be understood as a label
indicating the corresponding eigenvalue, while the left (right) parity
operation acts as (—1)&1"7?;", =02 and &7 (—1)"' = 527"
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Tr{gg" Lop} = A”“ Tr{”’“ o} Vp, (31b)

Tr{en 03¢} = S (3lc)

Z 07 Tr{es Py = p Vp. 31d)
For m = 0, the right eigenvectors are simply 0§ 037 = |Coy(Ce |,

while the four left eigenvectors & (also called the invariants
of the dynamics, since (9/9¢)Tr{] &2% p} = 0) can be found in
Ref. [44] and in Appendix A.

We define the matrix elements of the superoperators, corre-
sponding to multiplication by an arbitrary operator O from the
left and right (for the sake of compactness, we momentarily
suppress the parity indices o, o/, so summations over m run
over all eigenvectors),

O@m = Z 6m’m@m’v 6m’m = Tr{g‘m’éémla (323)

@mé = Z (5m’m@m’v (5m’m = Tr{@inOASA‘rn’}’ (32b)

and expand the density matrix in this basis:
p) =) (@) . (33)

We also introduce the quasiparticle structure factor in the
time representation, Sg,(t — ') = Te(Z () Z(r") Pqp}. For the
thermal pgp, given by Eq. (22) with the distribution (4), it
evaluates to

~ SE] A Xqp
Sopt) = 2 . G4
w® ="\ 7 S+ /T —i0) Gd

Then we can transform Eq. (30) into an equation for the
coefficients 7,,(t):

~ t
din@) _ 3 el hn / At O =P Ye~1')
dt mm" —00
_)
X [ mm’ (t) mm (t)][qu(t —t ) A mm”(t )

— St —1) A m’m”(t,)]?m”(t,)~ (35

Here one can observe the crucial difference from the Hamil-
tonian case: since the eigenvalues A,, have nonzero real
parts, the time integral may diverge exponentially. In the
Hamiltonian case, the exponential factor eCw—*w)(=1) g
purely oscillatory; combined with the oscillating or constant
Xm/mu(t/), ?mrmn(t’), and with the decaying S'qp(t —t')y~
1/|t — ¢, this is sufficient to ensure the convergence of the
integral and to justify the Markovian approximation, which
essentially means that the integral is dominated by 7,,- (¢’ = t).
Exponential divergence in the dissipative case means that the
values 7,,»(t") in the remote past are more important than those
att’ ~ t, so a Markovian master equation cannot be derived.

J

A A |fﬂ2
£¢Ua_3aaga ”

2 ‘Pblas ZTr Aua at & QO }[qu(l)‘m )Tr{g—gd’@fnd'&la} — qu( — i’

In simple terms, it makes no sense to study weak dissipative
perturbations of an already strongly dissipative dynamics.
This problem can be bypassed in two cases.

First, if the relaxation rates | Re A,,| are small compared to
the oscillation frequencies [e.g., to 2 in Eq. (20)], one can cut
off the time integral in Eq. (35) at times t — ¢’ ~ 7, such that
1/ < 7. < 1/|Re Ayy|, and make the Markovian approxi-
mation. The resulting master equation describes the dynamics,
coarse-grained in time on the scale t,, so the dissipation
contained in £ and the dissipation due to the perturbation
H, are treated on equal footing. This is equivalent to simply
neglecting the dissipative part of L, and effectively deriving
the dissipators due to H; as in the Hamiltonian case. For the
dissipative qubit, this gives the dissipators D[a] and D[a']
with the rates k_ and «, given by Egs. (17a) and (17b), the
same as for the Kerr qubit.

Second, in the absence of fast oscillations, Eq. (35) can be
cast into a Markovian form for those m” which have A,,» = 0,
that is, those in the computational subspace of the dissipa-
tive qubit. Then the time integral converges exponentially for
Re A,y < 0, and it is easy to see that it results in the quasipar-
ticle current spectral density, taken at an imaginary frequency.
Indeed, for real frequencies w we have (including the factor of
2 from spin)

Sgp(@) = f (Z(t)Z(0)) & dt

C8E |
d&dép f(e)[1—f(ex)]d(ex — €p + @)
T A
_16B, [ de bl +o)
- T o \/E m f(6)7 (36)

where we assume the quasiparticles to be dilute, so the occu-
pations f(e;) < 1 and we replace 1 — f(e) — 1, arriving at
Eq. (10). For a decaying exponential,

f oo(i(it)i(o» e dt
0

_4E; [ flepll — few)]

T r2A /;oo déidiy Fi(ex —ep) +T

s [t dero 1o

= | s = See D, 6D

where Sg,(w) at complex o is understood as the analytical
continuation from the real positive semiaxis. For A,, =0,
the corresponding components of Eq. (35) give the projected
dynamics in the computational subspace. Restoring the left
(right) parity indices o, o', we find that the projected de-
phasing dissipator Pyk,Dl[a‘alp; in Eq. (13) is effectively
replaced by a superoperator L4p), defined on the computa-
tional subspace S) by its action on the basis matrices 9§ :

VIe{eg” a'ac 1)

(38)
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Similarly to the Kerr qubit case, we notice that —)\fn"/ ~
kra? < T, and if we take all qu(j:i)»,‘;",) ~ qu(Kzolz) with
logarithmic precision, then the completeness relation (31d)
results in £y = PjkyDla’a] with «, given by Eq. (17¢).
Again, this argument does not work for the m = 0 term with
kg"/ = 0, so the divergence of Sqp(w — 0) persists, and has
to be handled as in Refs. [26,33]. However, the relative con-
tribution of the m = 0 term is exponentially small; evaluating
the contributions from m > 0 and m = 0 separately, we find a
rate proportional to Sq,(koa?) + (15 /4)e‘2°‘2qu(O) at o > 1
(omitting all common factors).

Returning to Eq. (35), let us now focus on terms with
Am # 0. In fact, the growing exponential e=*»' disappears
when one goes back from the interaction representation to
the Schrodinger one. Then, the corresponding superoperator
describes the leakage from the computational subspace, rep-
resented by P, £;py in Eq. (12), which is thus well-defined.

Let us now estimate different contributions for the sample
described in Ref. [10]. It includes two small Josephson junc-
tions with E;/(2mw) = 90 GHz and an inductor consisting of
five larger junctions with E;/(27) = 225 GHz, all made of
aluminum with A = 200 pueV and maintained at temperature
T = 10 mK. These three elements (the two small junctions
and the inductor) are all connected in parallel and have the
same phase drop ¢, except one of the small junctions which
is also subject to a static flux bias of a half flux quantum,
thus having the phase drop ¢ + 7. The qubit oscillator fre-
quency w, = 2m x 8.0 GHz and the drive frequency w,; =
27w x 11.2 GHz. The main dissipator defining the cat qubit
has the rate x, = 27 x 40kHz, and o? was varied in the
range O — 7. The phase difference across the small junctions
is described by Eq. (11) with ¢y, = 0 or 7, ¢, = ¢, =~ 0.03
(extracted from the measured values of «; and frequency shifts
of the qubit oscillator and of the buffer oscillator provid-
ing the strong dissipation), while each of the large junctions
has ¢;,,. = 0 and ¢, = ¢/, = ¢;/5. Taking the perturbation
(21a), we obtain k_/(2m) = xgp x 0.27 GHz, the main con-
tribution (~70%) coming from quasiparticle tunneling across
the unbiased small junction. x, ~ (2 x 10~*)x_ and Ky ~
(3 x 1073)k_ for a> =7 are determined by the m-biased
small junction. Again, x4 comes from the drive perturbation
(21b) rather than thermal quasiparticle population.

In Ref. [10], the rate k- = 27 x 53 kHz was measured (no
reliable values for «; and k4 could be extracted). To produce
such a high rate, one needs the quasiparticle concentration
Xgp ~ 10~#. This value seems to be unrealistically high, so the
photon loss is likely to be dominated by other mechanisms. (It
should be noted, though, that while the Josephson junctions
were made of aluminium, much of the circuit was made of
niobium. The latter has a larger gap, so the aluminium islands
would attract all quasiparticles generated in the niobium part
of the circuit. This could possibly lead to an unusually high
effective xgp.)

J

Poias,j [ 194,
Pa(e) = ) ) f(ew) 2m T cos” =22 [L

4

jeu kK

V. QUASIPARTICLE KINETICS

A. Qualitative discussion

So far, we have taken for granted that the quasiparticle
energy distribution is thermal, Eq. (4), with the temperature T
fixed by the phonon bath. However, the system is subject to a
microwave drive, so the quasiparticles absorb energy from the
driving field, and their energy distribution can deviate from the
thermal one. In fact, the quasiparticle distribution in the sta-
tionary state is determined by the competition between energy
absorption from the drive and thermalization with phonons.
In this section, we investigate this issue using the approach of
Refs. [34,50,51].

Quasiparticles interact with the drive photons when they
tunnel through Josephson junctions, while they interact with
phonons anywhere inside each island. This means that the
interaction with phonons, a bulk effect, should dominate over
the interaction with photons, a surface effect, in large enough
islands. In small islands, if the phonon emission is not effi-
cient enough, the hot quasiparticles can escape to neighboring
large islands. Thus, we expect that photon absorption by
thermal quasiparticles due to the perturbation (8a), expanded
to the linear order in the oscillating terms oc e~i®! | ¢~/ in
Eq. (11), creates weak replicas of the main thermal population
atenergies € suchthat) <€ —wy; ~T and0 <€ —w, ~ T.
(We remind that we measure € from the superconducting gap
A.) In the following, we estimate the strength of these repli-
cas, neglecting the depletion of the main thermal population
ate ~T.

Among the error rates that we have studied in the pre-
vious sections, it is the photon absorption rate k. that is
most sensitive to excess quasiparticle population at high ener-
gies. Indeed, we have seen that the leading-order contribution
is k4 X Sgp(—wy) X f(w,). This could make one think that
the replica at € & w, may give an important contribution to
Sqp(—wq). However, appearance of a quasiparticle with energy
€ & @, is necessarily a consequence of a photon loss error in
the qubit. Thus, this contribution cannot be associated with
the dissipator kyDla', independent from k_Dl[a]. Therefore,
we will estimate the contribution to x4 from the replica at
€ X wg > w, only.

B. Inelastic and elastic rates

Here we calculate the rates of different quasiparticle
transitions, which are needed to determine the stationary
quasiparticle distribution.

Fermi’s golden rule with the perturbation (5) and the phase
expansion (11) yields the probability per unit time to fill a
given state k with a given spin on an island ¢ by any quasipar-
ticle absorbing a photon in the form of a sum over all junctions
Jj involving the island ¢:

2
|(pa,j|

S(er +wq — ) + (a'a) S(ep + wy — Gk)i|

«/ZA(Gk — a)d)

JEt

_ Z E;;é, cog? Phias.i |:|§0d,j|2f(€k — wg)
T 2

128t 5 —
|(pa,j| (a a)f(ek a)a)i|’ (39)

«/2A(6k — a)a)
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where each term in the square bracket is present only for
such ¢, that the argument of the square root is positive. The
average (a'a) is over the stationary density matrix of the qubit,
(a%a) ~ a? up to exponentially small terms. The mean-level
spacing 6, = 1/(vV,) is defined by Eq. (3), and is inversely
proportional to the island’s volume V;. At the same time, Ej;
is proportional to the area of the jth junction. This matches the
discussion of the previous paragraph: a quasiparticle living in
a large island can absorb a photon only when it comes close
to the junction, hence the surface-to-volume ratio.

To describe the quasiparticle thermalization with phonons,
we adopt the standard model of electrons coupled to acoustic
phonons [52,53] in which the effective electron-phonon cou-
pling is @?F (w) o w? for the phonon frequency w. Various
material parameters entering the phonon emission rate can
be conveniently wrapped into a single coefficient. To relate
to experimentally measured values, available in the literature,
one can use the time tp, such that the phonon emission rate
(i.e., the golden-rule probability per unit time for a quasipar-
ticle initially in a given state to leave this state by emitting a
phonon) by a quasiparticle of energy €; >> A is given by [52]

3

1
Fem(ee > A) = — <& (40)
31’() Tc3

where T, is the superconductor’s critical temperature. Alter-
natively, one may use the coefficient X, which controls the
energy exchange between electrons and phonons for the mate-

J

Cese = ZZZT[ kk/(S(Ek _Ek)<

k'

jeu

2 Pbias, j

Z 4E.lj (
TA/2A€ 2

Jjeu

C. Hot quasiparticle population

As discussed in Sec. V A, the quasiparticles are more likely
to overheat in small islands. In both experimental realizations
[9,10], the smallest islands are located inside the chain of N
large junctions (N = 3 in Ref. [9] and N =5 in Ref. [10]).
Thus, we focus on quasiparticle overheating on islands ¢ =
1,..., N — 1, assuming them to be identical. The two islands
¢ = 0, N terminating the chain are assumed to be large, so the
quasiparticle overheating on these islands is neglected. All N
junctions are also assumed to be identical, with the Josephson
energy E;. Denoting by fi(e) = f(€) — fr(e) the correction
to the thermal distribution at high energies € ~ w,, w, due to
photon absorption, we can write the kinetic equation as

0= Caps(€) — Fem(e)ﬁ(e)
+Fesc(€)[ﬁ+1(6);rﬁ-1(6) _ﬁ(e)} (44)

with the boundary conditions fi_o = fiy = 0. We assume
that only a small fraction of quasiparticles is excited, so we
neglect the depletion of the main thermal population and
evaluate I, (€) using Eq. (39) with the thermal f(€) = fr(€),

rial in the normal state: the power per unit volume transferred
from electrons to phonons, kept at temperatures 7 and Ty,
respectively, is given by (T, — T5;) [54-56]. The two coef-
ficients are related:

1 =73

—=— 41

0 485(5) vy
In this model, the phonon emission rate for a quasiparticle
with energy €, < A is given by [34,52]

e < ) 8  me” 128 7 1
€ = — = - Y —.
emitk 315¢(5) V2A v, 105 V2AT3
(42)

The values of X and 7t for aluminum, found in the literature,
are not very consistent among themselves: the available values
of ¥ =(0.2—0.3) x 10° W/(m? K>)[55,57] yield 79 ~ 1 us
according to Eq. (41), while Refs. [58,59] report 75 ~ 100 ns.
For the estimates below, we use the most recent information,
namely, ¥ = 0.3 x 10° W/(m? K>) [57].

As the smallest islands in the dissipative Kerr qubit of
Ref. [10] are connected by junctions with @piss j = 0, we use
the Hamiltonian (5) with the next-to-leading order expansion
of the Bogolyubov coefficients to find the rate of elastic
tunneling to neighboring islands (since the leading order van-
ishes). The golden rule then gives the probability per unit time
for a given quasiparticle on an island ¢ to escape this island via
any junction:

2 Pbias, j Ekz 0052 Dbias, j
2 g4 A 2

2 ias, j
28k cog? Poizsi ) (43)
A 2

(

Eq. (4). Then the kinetic equation is straightforwardly solved
by expanding in the eigenfunctions of the discrete Laplacian
with zero boundary conditions, /2/N sin(zmt/N), labeled
bym=1,...,N—1:

N—-1

~ Wm[ Fa g(e)
file) = Z > ., (452)
m=1 em(G) + Feso(e)[l - cos(nm/N)]
— (=" Tm . mwmt
Wy, = ————cot — si . (45b)
N 2N N
The largest weight is on the island ¢ = (N — 1)/2,
2 . 7mm Tm Tm
VV(Nfl)/Z = ]V s 7 cot m COS W, (46)
while Sqp(—w,) is determined by the spatial average:
N-1
m 1 — (="
> (D" o 22 (47)
—1- NN -1) 2N

=1

Both these quantities decay with increasing m. They are equal
to 1 for N=3, m=1 (the Kerr qubit of Ref. [9]), and
are close to 1 for N =5, m =1 (the dissipative qubit of
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TABLE 1. Values of the dimensionless parameters suppressing
the population of excited quasiparticles, as defined in Eq. (48).

Aph Aesc
Ref. [9], € &~ wy 0.4 2 x 10
Ref. [9], € ~ w, 1073 50
Ref. [10], € ~ wy 600 10*
Ref. [10], € = w, 20 10°

Ref. [10]), while for m = 3 they are much smaller. Thus, we
write

z wi  f(€ —wq)

fle = wq) = , (48a)
€ —wy Aph + Acse
NSO B o b .
Aph 8 ZVa);‘* 2
1 1 "12/4
lpq |~/ (48¢)

Aee 1 —cos(m/N) tan(g),, /2) + 2w/ A’

while for f(e ~ w,) we have a similar expression, differing
by a substitution w; — w,, |¢,|*> — |gL1*(@'a). The coeffi-
cient 1/(Apn + Aese) gives the fraction of the low-temperature
quasiparticle population transferred to the higher energies
around € ~ wy (recall that the number of quasiparticles in-
volves the integration with the density of states, o< 1/,/€). The
dimensionless quantities Ap, and Aeg, respectively, deter-
mine the relative efficiencies of the two cooling mechanisms,
namely, the phonon emission and the quasiparticle escape to
large islands.

Thus obtained correction to the distribution function con-
tributes to the error rates via the quasiparticle structure
factor. Namely, plugging f(e &~ w,) into Eq. (36), we obtain
Sep(—wa) = Sep(wa — @4)/(Aph + Aese) for junctions con-
necting two small islands, and half of this value for junctions
connecting a small and a large island (since hot quasiparticles
are available only on the small island). We remind that the
contribution of f (e & w,) cannot be included into the photon
gain rate as discussed above (Sec. V A).

The approximate values of the island volumes are V ~
0.001 um? and V = 0.2 um? in Refs. [9,10], respectively [60].
Using ¥ = 0.3 x 10° W/(m? K°) for aluminum [57], and the
same qubit parameters as in Secs. III, IV, we obtain the values
of Apn and A listed in Table 1. We see that for islands of
such volume, the phonon emission does not prevent quasi-
particle heating by photon absorption, and it is the exchange
with large islands, rather than phonons, that maintains the
thermal distribution. The found values of App and Ay for
€ & wy result in a contribution to k. about 5 — 6 times smaller
than the one given in Eq. (17b) and estimated in Secs. III
and IV. Note, however, that the values of Apy, Aee are very
much dependent on specifics of the structure, such that quasi-
particle overheating cannot be a priori disregarded in any
device.

VI. CONCLUSIONS

We have conducted a comprehensive analysis of the influ-
ence of Bogolyubov quasiparticles on Schrodinger cat qubits,

whose operation intrinsically involves an external drive and,
possibly, dissipation. Starting from the quasiparticle tunneling
Hamiltonian, we derived microscopically the error dissipators
appearing in the phenomenological master equation (1) and
uncovered the limitations on its validity. In particular, we
found the single-photon loss rate to be similar to the relaxation
rate of the excited state in undriven superconducting qubits.
On the contrary, the single-photon gain rate in driven qubits
is significantly enhanced with respect to the thermal rate in
undriven qubits, since quasiparticles can absorb additional
photons from the drive and transfer extra energy to the qubit.
The pure dephasing rate, whose perturbative derivation results
in a logarithmic divergence for conventional undriven qubits,
behaves more regularly for cat qubits where most of the di-
vergence is cured on the intrinsic time scales of the cat qubit.
However, this regularization works only for transitions that
start from the computational subspace of the cat qubit. In that
case, the phenomenological master equation (1) can be written
with logarithmic precision.

Like in conventional undriven superconducting qubits,
quasiparticles thus constitute an intrinsic source of errors in
both Kerr and dissipative cat qubits. Estimating the error rates
for the existing cat qubit devices, we conclude that they are not
yet at the stage where quasiparticle-induced errors represent
their main limitation.
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APPENDIX A: PERTURBATIONS OF THE DISSIPATIVE
CAT QUBIT

Here we analyze the slow dynamics of the dissipative cat
qubit, perturbed by the error dissipators in Eq. (1). For this, it
is convenient to introduce the eigenstates |y, ) and the eigen-
values ;o of the Kerr Hamiltonian, such that (a72 — «?)(a% —
)| Vie) = tio|Vis), classified by the parity o = (—1)3'@
and an integer / > 0. The two eigenvectors, corresponding to
Ho+ = 0, are the cat states |Ypy) = |C§E). Then, besides the
obvious four right eigenvectors 9§ o = [Voo ) (Voe'| of Lo =
koyD[a® — a*] with the eigenvalue A = 0, we can construct
additional right eigenvectors (still not forming a complete set),
noting that

LolVio) (Yo' | = —"2’2“" Wie) Vool (Ala)
Lol o) (Yrrer| = —”2’;’/"/ Woo) (Wrerl.  (Alb)

~ro0’

The four left eigenvectors ¢5° of Ly, corresponding
to the zero eigenvalues, called invariant operators since
(0/0t)Tr{ §g"' p} =0, are also known [44] and given by (up
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to a normalization)

Zwla ) (Yo, (A2a)
i ( l)n mI m((xZ) aT2n+l|0)(O|'\2m
S0 = ;0 m+1—2m ol em)!

= (& (A2b)

as can be found by explicitly acting from the Ieft,
a™+110y(0|a*" Ly, and using the recursive relation for the
modified Bessel function 7,,(z):

2n

? L,(z) = 1,_1(2) — L111(2), (A3a)
" d_¢ ezcos¢+in¢.

I,(z) =
(2) o

(A3b)

Using 1/Q2n —2m+ 1) = (i/2) [ e~@=2m+1i0 g9 and

fon/ 2 Io(z cos @) zcos B df = sinh z, we calculate the matrix el-
ements between the coherent states |+o):

(oalgy " loa)
o (— 1 )n—ma2n+2m+lln7m (0[2)

=0 ), L @n—2m+ D2l 2m)!

n,m=0

—ae / d@/ d¢ —10 202 sin ¢ sin 6

— sinh 2a2 (Ad)
20
(independent of ¢”), which gives
sinh 22
(C;|§J7ICJ>=\/T2=<CJI§J+IC;)- (A5)

This factor has to be included when projecting on the zero
subspace, since the left eigenvectors (A1) are not normalized.

Similarly to the previous calculation, using
fﬂ/z I,(2zcos0) d® = (sinh? z)/z, we calculate
(oalas,~a'|o'a)
2 [e’e]
! ,—a —_1)yr—m 2n+2mln_m 2
_7¢ 3 D" @) on 1+ 1om
o 2n—-2m+ 1) 2n)!! 2m)!!

n,m=0

= —ae / d@/ ¢ 720: smqbsme(a e —i0 7i )

=o'ae “zf [Io(2a cosG)a cosf +Il(20( cosf)]do,
0
(A6)

which gives

. inh 22
(€105 a"IC;) = || T5r (@ +tanha®).  (AT)
o

These results enable us to express the projections of various
Lindbladian perturbations £; on the zero subspace of L

according to

T i cgles
clss ez

PiLileg)cs [ =D }|C"')( . (A8)

/
01,0]

Noting that

a|cg) = av/h,|C;°), hy=tanha?®, h_ =cothd?,
(A9)
we find
PIDIAl|CENCT | = o Vhoho'|CF)C7 |
2o +h B £l \eoVes'|, (AL0a)

PyDIa|CI)CT | = 8501 +a2ha>}C; ez |
+ 85,0 (@ + h)|C7)C 0
~(1+ar e |

(A10b)

’

b 200 ) eoice (A10c)

P Dia'a) ~ sinh 202

cale| =

---- DVk=a+Vky a'l

—— k_Dlal+k, Dlat]

1.301
1.251
X
$1.201
29151
3
EI 1.10
X1.051
1.001 DIVKk_ a+ ks afl \
095/ — K- Dlal+ k. Dlat]
10-3 10-2 10-1
K4lK_—

FIG. 1. Comparison of the results obtained from the phenomeno-
logical master equation (1) with ® =2.5, k_/K = 1073, ks =0
(solid lines) and from the master equation where the sum of the
dissipators k_Dl[a] + k,D[a'] is replaced by a single coherent dissi-
pator D[ /k_a + Jky a'] (dashed lines). In the upper panel, we plot
the first nonzero eigenvalue A, and on the lower panel the leakage
probability wy, (the probability to be outside the computational
subspace) in the stationary state, defined in Eq. (15).
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These 4 x 4 matrices have a 2 x 2 block structure, since
all perturbations conserve the product of the left and right
parities; their eigenvalues are found straightforwardly, lead-
ing to Eq. (14) in the limit o® > 1. Note that since the
perturbation D[a’a] conserves the left and right parity sep-
arately, it produces a zero eigenvalue for both |C})(C)| and

G MG -

APPENDIX B: NUMERICAL RESULTS
FOR THE PHENOMENOLOGICAL MASTER EQUATION

Here we address the issue of frequency matching raised
in Secs. II C and III. We numerically solve Eq. (1), as well
as its counterpart with the sum of the photon loss (gain)
dissipators x_D[a] + k,D[a'] replaced by a single coherent
dissipator D[,/k_a + /Ky a']. The interesting quantities to
compare are (i) the first nonzero eigenvalue A; and (ii) the
probability wiex to be outside the computational space, as
defined by Eq. (15), evaluated in the stationary state of the
full Lindbladian.

For Eq. (1), the first nonzero eigenvalue as a function of o/
exhibits a plateau which begins approximately when the leak-
age terms balance the photon loss in Eq. (16¢), 2k_a2e™" ~
K4 + kga® [11,29]. From a practical point of view, it is conve-
nient to work with ? in the beginning of the plateau, since for
larger «? other error rates increase. Thus, we choose a2 = 2.5
used in the experiment [9].

For such moderate values of o2, it is possible to use brute
force, representing the Lindbladian as a matrix in the basis
|n){n'|, built from the Fock states |n) of the harmonic os-
cillator, ata|n) = n|n). For o> = 2.5, truncation at n = 30 is
sufficient to obtain a precision exceeding the thickness of the
curves in the figures.

Using the brute force diagonalization of the full Lindbla-
dian, we calculate the first nonzero eigenvalue X, as well as
the probability wiex to be outside the computational space
in the stationary state, Eq. (15). For both quantities, the two
solutions are very close, as shown in Fig. 1, so we conclude
that the frequency-matching issue can be ignored for practical
purposes.

[1] F. Arute, K. Arya, R. Babbush, D. Bacon, J. C. Bardin, R.
Barends, R. Biswas, S. Boixo, F.G.S.L. Brandao, D. A. Buell, B.
Burkett, Y. Chen, Z. Chen, B. Chiaro, R. Collins, W. Courtney,
A. Dunsworth, E. Farhi, B. Foxen, A. Fowler et al., Quantum
supremacy using a programmable superconducting processor,
Nature (London) 574, 505 (2019).

[2] J. Koch, T. M. Yu, J. Gambetta, A. A. Houck, D. I. Schuster,
J. Majer, A. Blais, M. H. Devoret, S. M. Girvin, and R. J.
Schoelkopf, Charge-insensitive qubit design derived from the
Cooper pair box, Phys. Rev. A 76, 042319 (2007).

[3] V. E. Manucharyan, J. Koch, L. I. Glazman, and M. H. Devoret,
Fluxonium: Single Cooper-pair circuit free of charge offsets,
Science 326, 113 (2009).

[4] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press, Cam-
bridge, 2010).

[5] Z. Leghtas, G. Kirchmair, B. Vlastakis, R. J. Schoelkopf, M. H.
Devoret, and M. Mirrahimi, Hardware-efficient autonomous
quantum memory protection, Phys. Rev. Lett. 111, 120501
(2013).

[6] M. Mirrahimi, Z. Leghtas, V. V. Albert, S. Touzard, R. J.
Schoelkopf, L. Jiang, and M. H. Devoret, Dynamically pro-
tected cat-qubits: A new paradigm for universal quantum
computation, New J. Phys. 16, 045014 (2014).

[7] Z. Leghtas, S. Touzard, I. M. Pop, A. Kou, B. Vlastakis, A.
Petrenko, K. M. Sliwa, A. Narla, S. Shankar, M. J. Hatridge, M.
Reagor, L. Frunzio, R. J. Schoelkopf, M. Mirrahimi, and M. H.
Devoret, Confining the state of light to a quantum manifold by
engineered two-photon loss, Science 347, 853 (2015).

[8] S. Touzard, A. Grimm, Z. Leghtas, S. O. Mundhada, P.
Reinhold, C. Axline, M. Reagor, K. Chou, J. Blumoft, K. M.
Sliwa, S. Shankar, L. Frunzio, R. J. Schoelkopf, M. Mirrahimi,
and M. H. Devoret, Coherent oscillations inside a quantum
manifold stabilized by dissipation, Phys. Rev. X 8, 021005
(2018).

[9] A. Grimm, N. E. Frattini, S. Puri, S. O. Mundhada, S. Touzard,
M. Mirrahimi, S. M. Girvin, S. Shankar, and M. H. Devoret,

Stabilization and operation of a Kerr-cat qubit, Nature (London)
584, 205 (2020).

[10] R. Lescanne, M. Villiers, T. Peronnin, A. Sarlette, M. Delbecq,
B. Huard, T. Kontos, M. Mirrahimi, and Z. Leghtas, Exponen-
tial suppression of bit-flips in a qubit encoded in an oscillator,
Nat. Phys. 16, 509 (2020).

[11] N. E. Frattini, R. G. Cortifas, J. Venkatraman, X. Xiao, Q.
Su, C. U. Lei, B. J. Chapman, V. R. Joshi, S. M. Girvin,
R. J. Schoelkopf, S. Puri, and M. H. Devoret, The squeezed
kerr oscillator: Spectral kissing and phase-flip robustness,
arXiv:2209.03934.

[12] C. Berdou, A. Murani, U. Réglade, W.C. Smith, M. Villiers,
J. Palomo, M. Rosticher, A. Denis, P. Morfin, M. Delbecq,
T. Kontos, N. Pankratova, F. Rautschke, T. Peronnin, L.-A.
Sellem, P. Rouchon, A. Sarlette, M. Mirrahimi, P. Campagne-
Ibarcq, S. Jezouin et al., One hundred second bit-flip time in
a two-photon dissipative oscillator, PRX Quantum 4, 020350
(2023).

[13] O. Milul, B. Guttel, U. Goldblatt, S. Hazanov, L. M. Joshi,
D. Chausovsky, N. Kahn, E. Ciftyiirek, F. Lafont, and S.
Rosenblum, Superconducting cavity qubit with tens of millisec-
onds single-photon coherence time, PRX Quantum 4, 030336
(2023).

[14] U. Réglade, A. Bocquet, R. Gautier, J. Cohen, A. Marquet,
E. Albertinale, N. Pankratova, M. Hallén, F. Rautschke, L.-A.
Sellem, P. Rouchon, A. Sarlette, M. Mirrahimi, P. Campagne-
Ibarcq, R. Lescanne, S. Jezouin, and Z. Leghtas, Quantum
control of a cat qubit with bit-flip times exceeding ten seconds,
Nature (London) 629, 778 (2024).

[15] A. Marquet, A. Essig, J. Cohen, N. Cottet, A. Murani, E.
Albertinale, S. Dupouy, A. Bienfait, T. Peronnin, S. Jezouin, R.
Lescanne, and B. Huard, Autoparametric resonance extending
the bit-flip time of a cat qubit up to 0.3 s, Phys. Rev. X 14,
021019 (2024).

[16] L. Cardani, F. Valenti, N. Casali, G. Catelani, T. Charpentier, M.
Clemenza, 1. Colantoni, A. Cruciani, G. D’Imperio, L. Gironi,
L. Griinhaupt, D. Gusenkova, F. Henriques, M. Lagoin, M.

024505-14


https://doi.org/10.1038/s41586-019-1666-5
https://doi.org/10.1103/PhysRevA.76.042319
https://doi.org/10.1126/science.1175552
https://doi.org/10.1103/PhysRevLett.111.120501
https://doi.org/10.1088/1367-2630/16/4/045014
https://doi.org/10.1126/science.aaa2085
https://doi.org/10.1103/PhysRevX.8.021005
https://doi.org/10.1038/s41586-020-2587-z
https://doi.org/10.1038/s41567-020-0824-x
https://arxiv.org/abs/2209.03934
https://doi.org/10.1103/PRXQuantum.4.020350
https://doi.org/10.1103/PRXQuantum.4.030336
https://doi.org/10.1038/s41586-024-07294-3
https://doi.org/10.1103/PhysRevX.14.021019

THEORY OF QUASIPARTICLE-INDUCED ERRORS IN ...

PHYSICAL REVIEW B 110, 024505 (2024)

Martinez, G. Pettinari, C. Rusconi, O. Sander, C. Tomei, A. V.
Ustinov et al., Reducing the impact of radioactivity on quantum
circuits in a deep-underground facility, Nat. Commun. 12, 2733
(2021).

[17] J. M. Martinis, M. Ansmann, and J. Aumentado, Energy decay
in superconducting Josephson-junction qubits from nonequi-
librium quasiparticle excitations, Phys. Rev. Lett. 103, 097002
(2009).

[18] U. Vool, I. M. Pop, K. Sliwa, B. Abdo, C. Wang, T. Brecht,
Y. Y. Gao, S. Shankar, M. Hatridge, G. Catelani, M. Mirrahimi,
L. Frunzio, R. J. Schoelkopf, L. I. Glazman, and M. H.
Devoret, Non-Poissonian Quantum jumps of a fluxonium qubit
due to quasiparticle excitations, Phys. Rev. Lett. 113, 247001
(2014).

[19] C. Wang, Y. Y. Gao, I. M. Pop, U. Vool, C. Axline, T. Brecht,
R. W. Heeres, L. Frunzio, M. H. Devoret, G. Catelani, L. L.
Glazman, and R. J. Schoelkopf, Measurement and control
of quasiparticle dynamics in a superconducting qubit, Nat.
Commun. 5, 5836 (2014).

[20] K. Serniak, M. Hays, G. de Lange, S. Diamond, S. Shankar,
L. D. Burkhart, L. Frunzio, M. Houzet, and M. H. Devoret, Hot
nonequilibrium quasiparticles in transmon qubits, Phys. Rev.
Lett. 121, 157701 (2018).

[21] H. Paik, D. I. Schuster, L. S. Bishop, G. Kirchmair, G. Catelani,
A. P. Sears, B. R. Johnson, M. J. Reagor, L. Frunzio, L. L.
Glazman, S. M. Girvin, M. H. Devoret, and R. J. Schoelkopf,
Observation of highcoherence in Josephson junction qubits
measured in a three-dimensional circuit QED architecture,
Phys. Rev. Lett. 107, 240501 (2011).

[22] D. Riste, C. C. Bultink, M. J. Tiggelman, R. N. Schouten, K. W.
Lehnert, and L. DiCarlo, Millisecond charge-parity fluctuations
and induced decoherence in a superconducting transmon qubit,
Nat. Commun. 4, 1913 (2013).

[23] I. M. Pop, K. Geerlings, G. Catelani, R. J. Schoelkopf, L. L.
Glazman, and M. H. Devoret, Coherent suppression of elec-
tromagnetic dissipation due to superconducting quasiparticles,
Nature (London) 508, 369 (2014).

[24] G. Catelani, J. Koch, L. Frunzio, R. J. Schoelkopf, M. H.
Devoret, and L. I. Glazman, Quasiparticle relaxation of super-
conducting qubits in the presence of flux, Phys. Rev. Lett. 106,
077002 (2011).

[25] G. Catelani, R. J. Schoelkopf, M. H. Devoret, and L. L
Glazman, Relaxation and frequency shifts induced by quasi-
particles in superconducting qubits, Phys. Rev. B 84, 064517
(2011).

[26] G. Catelani, S. E. Nigg, S. M. Girvin, R. J. Schoelkopf, and
L. I. Glazman, Decoherence of superconducting qubits caused
by quasiparticle tunneling, Phys. Rev. B 86, 184514 (2012).

[27] S. Puri, A. Grimm, P. Campagne-Ibarcq, A. Eickbusch, K.
Noh, G. Roberts, L. Jiang, M. Mirrahimi, M. H. Devoret, and
S. M. Girvin, Stabilized cat in a driven nonlinear cavity: A
fault-tolerant error syndrome detector, Phys. Rev. X 9, 041009
(2019).

[28] S. Puri, L. St-Jean, J. A. Gross, A. Grimm, N. E. Frattini, P. S.
Iyer, A. Krishna, S. Touzard, L. Jiang, A. Blais, S. T. Flammia,
and S. M. Girvin, Bias-preserving gates with stabilized cat
qubits, Sci. Adv. 6, eaay5901 (2020).

[29] R. Gautier, A. Sarlette, and M. Mirrahimi, Combined dissipa-
tive and Hamiltonian confinement of cat qubits, PRX Quantum
3, 020339 (2022).

[30] H. Putterman, J. Iverson, Q. Xu, L. Jiang, O. Painter, F. G. S. L.
Brandao, and K. Noh, Stabilizing a bosonic qubit using colored
dissipation, Phys. Rev. Lett. 128, 110502 (2022).

[31] C. Chamberland, K. Noh, P. Arrangoiz-Arriola, E. T. Campbell,
C. T. Hann, J. Iverson, H. Putterman, T. C. Bohdanowicz, S. T.
Flammia, A. Keller, G. Refael, J. Preskill, L. Jiang, A. H.
Safavi-Naeini, O. Painter, and F. G. S. L. Branddo, Building a
fault-tolerant quantum computer using concatenated cat codes,
PRX Quantum 3, 010329 (2022).

[32] L. Gravina, F. Minganti, and V. Savona, Critical Schrodinger cat
qubit, PRX Quantum 4, 020337 (2023).

[33] S. Zanker and M. Marthaler, Qubit dephasing due to quasipar-
ticle tunneling, Phys. Rev. B 91, 174504 (2015).

[34] G. Catelani and D. M. Basko, Non-equilibrium quasiparticles in
superconducting circuits: photons vs. phonons, SciPost Phys. 6,
013 (2019).

[35] P. Campagne-Ibarcq, A. Eickbusch, S. Touzard, E. Zalys-
Geller, N. E. Frattini, V. V. Sivak, P. Reinhold, S. Puri, S.
Shankar, R. J. Schoelkopf, L. Frunzio, M. Mirrahimi, and M. H.
Devoret, Quantum error correction of a qubit encoded in grid
states of an oscillator, Nature (London) 584, 368 (2020).

[36] V. Ambegaokar and A. Baratoff, Tunneling between supercon-
ductors, Phys. Rev. Lett. 10, 486 (1963).

[37] E-M. Le Régent and P. Rouchon, Adiabatic elimination for
composite open quantum systems: Reduced-model formula-
tion and numerical simulations, Phys. Rev. A 109, 032603
(2024).

[38] S. Stenholm, The semiclassical theory of laser cooling, Rev.
Mod. Phys. 58, 699 (1986).

[39] J. L. Cirac, R. Blatt, P. Zoller, and W. D. Phillips, Laser cooling
of trapped ions in a standing wave, Phys. Rev. A 46, 2668
(1992).

[40] F. Reiter and A. S. Sgrensen, Effective operator formalism for
open quantum systems, Phys. Rev. A 85, 032111 (2012).

[41] E. M. Kessler, Generalized Schrieffer-Wolff formalism for dis-
sipative systems, Phys. Rev. A 86, 012126 (2012).

[42] Z. Cai and T. Barthel, Algebraic versus exponential decoher-
ence in dissipative many-particle systems, Phys. Rev. Lett. 111,
150403 (2013).

[43] M. V. Medvedyeva, T. C. V. Prosen, and M. Znidari¢, Influ-
ence of dephasing on many-body localization, Phys. Rev. B 93,
094205 (2016).

[44] J. Guillaud, J. Cohen, and M. Mirrahimi, Quantum computation
with cat qubits, SciPost Phys. Lect. Notes 72, (2023).

[45] K. S. Dubovitskii, Bit-flip errors in dissipative cat qubits:
Second-order perturbation theory (unpublished).

[46] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum
Systems (Oxford University Press, Oxford, 2002).

[47] G. Catelani, Parity switching and decoherence by quasiparti-
cles in single-junction transmons, Phys. Rev. B 89, (094522
(2014).

[48] S. Gasparinetti, P. Solinas, S. Pugnetti, R. Fazio, and J. P.
Pekola, Environment-governed dynamics in driven quantum
systems, Phys. Rev. Lett. 110, 150403 (2013).

[49] A. Trushechkin, Unified Gorini-Kossakowski-Lindblad-
Sudarshan quantum master equation beyond the secular
approximation, Phys. Rev. A 103, 062226 (2021).

[50] P. B. Fischer and G. Catelani, Nonequilibrium quasiparticle
distribution in superconducting resonators: An analytical ap-
proach, Phys. Rev. Appl. 19, 054087 (2023).

024505-15


https://doi.org/10.1038/s41467-021-23032-z
https://doi.org/10.1103/PhysRevLett.103.097002
https://doi.org/10.1103/PhysRevLett.113.247001
https://doi.org/10.1038/ncomms6836
https://doi.org/10.1103/PhysRevLett.121.157701
https://doi.org/10.1103/PhysRevLett.107.240501
https://doi.org/10.1038/ncomms2936
https://doi.org/10.1038/nature13017
https://doi.org/10.1103/PhysRevLett.106.077002
https://doi.org/10.1103/PhysRevB.84.064517
https://doi.org/10.1103/PhysRevB.86.184514
https://doi.org/10.1103/PhysRevX.9.041009
https://doi.org/10.1126/sciadv.aay5901
https://doi.org/10.1103/PRXQuantum.3.020339
https://doi.org/10.1103/PhysRevLett.128.110502
https://doi.org/10.1103/PRXQuantum.3.010329
https://doi.org/10.1103/PRXQuantum.4.020337
https://doi.org/10.1103/PhysRevB.91.174504
https://doi.org/10.21468/SciPostPhys.6.1.013
https://doi.org/10.1038/s41586-020-2603-3
https://doi.org/10.1103/PhysRevLett.10.486
https://doi.org/10.1103/PhysRevA.109.032603
https://doi.org/10.1103/RevModPhys.58.699
https://doi.org/10.1103/PhysRevA.46.2668
https://doi.org/10.1103/PhysRevA.85.032111
https://doi.org/10.1103/PhysRevA.86.012126
https://doi.org/10.1103/PhysRevLett.111.150403
https://doi.org/10.1103/PhysRevB.93.094205
https://doi.org/10.21468/SciPostPhysLectNotes.72
https://doi.org/10.1103/PhysRevB.89.094522
https://doi.org/10.1103/PhysRevLett.110.150403
https://doi.org/10.1103/PhysRevA.103.062226
https://doi.org/10.1103/PhysRevApplied.19.054087

DUBOVITSKII, BASKO, MEYER, AND HOUZET

PHYSICAL REVIEW B 110, 024505 (2024)

[51] P. B. Fischer and G. Catelani, Nonequilibrium quasiparticle dis-
tribution in superconducting resonators: Effect of pair-breaking
photons, arXiv:2401.12607.

[52] S. B. Kaplan, C. C. Chi, D. N. Langenberg, J. J. Chang, S.
Jafarey, and D. J. Scalapino, Quasiparticle and phonon lifetimes
in superconductors, Phys. Rev. B 14, 4854 (1976).

[53] J.-J. Chang and D. J. Scalapino, Kinetic-equation approach
to nonequilibrium superconductivity, Phys. Rev. B 15, 2651
(1977).

[54] M. L. Roukes, M. R. Freeman, R. S. Germain, R. C. Richardson,
and M. B. Ketchen, Hot electrons and energy transport in metals
at millikelvin temperatures, Phys. Rev. Lett. 55, 422 (1985).

[55] R. L. Kautz, G. Zimmerli, and J. M. Martinis, Self-heating in
the Coulomb-blockade electrometer, J. Appl. Phys. 73, 2386
(1993).

[56] E. C. Wellstood, C. Urbina, and J. Clarke, Hot-electron effects
in metals, Phys. Rev. B 49, 5942 (1994).

[57] M. Meschke, J. P. Pekola, F. Gay, R. E. Rapp, and H.
Godfrin, Electron thermalization in metallic islands probed by
Coulomb blockade thermometry, J. Low Temp. Phys. 134, 1119
(2004).

[58] C. C. Chi and J. Clarke, Quasiparticle branch mixing
rates in superconducting aluminum, Phys. Rev. B 19, 4495
(1979).

[59] M. V. Moody and J. L. Paterson, Quasiparticle relax-
ation times in clean al films, Phys. Rev. B 23, 133
(1981).

[60] A. Grimm (private communication) and Z. Leghtas (private
communication); we could not extract the island volumes from
the original publications.

024505-16


https://arxiv.org/abs/2401.12607
https://doi.org/10.1103/PhysRevB.14.4854
https://doi.org/10.1103/PhysRevB.15.2651
https://doi.org/10.1103/PhysRevLett.55.422
https://doi.org/10.1063/1.353092
https://doi.org/10.1103/PhysRevB.49.5942
https://doi.org/10.1023/B:JOLT.0000016733.75220.5d
https://doi.org/10.1103/PhysRevB.19.4495
https://doi.org/10.1103/PhysRevB.23.133

