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Elastic plate basis for the deformation and electron diffraction of twisted bilayer
graphene on a substrate
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A basis is derived from elastic plate theory that quantifies equilibrium and dynamic deformation and electron
diffraction patterns of twisted bilayer graphene (TBG). The basis is derived by solving in-plane and out-of-plane
normal modes of an unforced parallelogram elastic plate. We show that a combination of only a few basis
terms successfully captures the relaxed TBG structure with and without an underlying substrate computed using
atomistic simulations. The results are validated by comparison with electron diffraction experiments. A code for
extracting the elastic plate basis coefficients from an experimental electron diffraction image accompanies this
paper. TBG dynamics is also studied by computing the phonon band structure from atomistic simulations. Low-
energy phonons at the I" point are examined in terms of the mode shape and frequency. These modes are captured
by simple elastic plate models with uniformly distributed springs for interlayer and substrate interactions.
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I. INTRODUCTION

Van der Waals (vdW) multilayers (or “heterostructures”)
are stacked two-dimensional (2D) materials with a controlled
order and orientation between layers. These materials have
novel properties compared to their monolayer and bulk coun-
terparts that depend sensitively on the type and ordering
of the layers and on their mechanical deformation [1-4].
Given the large number of potential 2D materials [5], 2D
heterostructures have great potential for tunable nanotechnol-
ogy applications, such as ultrasensitive sensors, flexible and
low-power electronics, and semiconductor devices [6,7].

The prototypical example of a 2D heterostructure is twisted
graphene bilayer (TBG), which consists of two layers of
graphene that are stacked and rotated relative to each other by
a specified angle. The twist between layers in a TBG generates
a moiré pattern in which circular high-energy domains of AA
stacking are surrounded by low-energy AB and BA domains
separated by surface polaritons (SP) solitons [8,9]. The size
of the pattern depends on the magnitude of the twist angle,
with the separation between AA domains increasing with de-
creasing twist angle. Energy relaxation leads to an additional
localized twisting centered on the AA domains that reduces
their diameter while increasing the size of the low-energy AB
and BA domains creating a triangular domain pattern that is
observed in electron microscopy experiments [8,10—13]. The
restructuring associated with the twist changes the electronic
structure [14,15], and at a special “magic angle” of 1.1° even
leads to an unconventional form of superconductivity [16—18].

The dynamics of TBG also exhibits unique characteristics
due to the periodic moiré structure and the presence of the
different stackings. Alden ez al. [10] observed dynamic motion
and reconstruction of SP solitons in dark-field transmission
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electron microscopy (TEM) at a high temperature. de Jong
etal. [19] studied the moiré pattern in a TBG using low-energy
electron microscopy and found that the local disorder in moiré
supercells decreases with thermal annealing. Gadelha et al.
[20] measured the phonon band structure of graphene unit
cells within the moiré supercell in a TBG using Raman spec-
troscopy and found that the phonon band exhibits divergent
frequencies depending on the location of the unit cell.

Given the fundamental importance of TBG, this het-
erostructure has been studied extensively using a variety of
theoretical approaches including continuum mechanics [12],
ab initio calculations [21], multiscale modeling [8,22,23], dis-
location theory [24], and the periodic lattice distortion (PLD)
model [13]. In this paper, we study the static and dynamic
deformation of TBG using atomistic simulations and propose
an approach for characterizing TBG deformation and its effect
on electron diffraction patterns in terms of a modal basis
obtained from a continuum analysis using the theory of elastic
plates. This approach provides a highly efficient framework
for characterizing TBG behavior, which can be readily gener-
alized to other 2D heterostructures.

Atomistic simulations are performed for a range of twist
angles for both a free-standing TBG and a TBG suspended
over two common substrates: hBN and SizN4. Two differ-
ent interatomic potentials are used: a physics-based AIREBO
potential with DRIP interlayer interactions [25,26], and a
machine-learning-based hybrid neural network (hNN) poten-
tial [27]. The interactions with the substrate are modeled using
ausing Lennard-Jones (LJ) potential. The in-plane and out-of-
plane deformations of the TBG are quantified using a normal
mode basis obtained from a continuum elastic plate theory
for monolayer graphene for the same parallelogram periodic
cell used in the atomistic simulations. It is found that TBG
deformation is well represented by a linear combination of a
small number of modes from this basis. To directly compare
the atomistic simulation results with experimental electron
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TABLE I. IPs used to model TBG interactions and their predic-
tion for a, the monolayer graphene lattice constant.

Intralayer interaction Interlayer interaction a
IP, AIREBO DRIP 1.397 A
P, hNN 1425 A

diffraction images, optimized basis coefficients for a given
experimental electron diffraction image are computed. This is
done by simulating the electron diffraction of the TBG defor-
mation, where degrees of freedom are reduced by employing
the basis. A MATLAB code for computing these optimized
coefficients is provided.

The effects of the substrate type and twist angle on the
dynamics of TBG are examined by computing a phonon band
structure via atomistic simulations. To reduce the cost of
computing the dynamical matrix at low twist angles where
the TBG supercell can be very large, we propose an algorithm
that allows us to compute the dynamical matrix at any value
of k from the dynamical matrix at k = 0 by using a cutoff dis-
tance that is small compared with the simulation box size. In
the obtained phonon band structure, we focus on low-energy
phonons at the I' point that appears in every TBG supercell
regardless of boundary conditions. We analyze these phonons
in terms of the frequency and mode shape. Additionally,
we predict the frequencies of these I'-point phonons using
a simplified double elastic plate model that has uniformly
distributed springs to account for the weak interlayer and
substrate interactions.

II. TBG ATOMISTIC SIMULATION
A. TBG model

The atomistic structure of TBG is constructed by using the
atomic simulation environment package [28]. Two graphene
layers are initially arranged in AA stacking, and then the top
and bottom layers are twisted by 6 /2 and —6 /2, respectively.
This process generates a periodic nonorthogonal moiré super-
cell defined by the vectors

3 1
a1:L<£i——j>, a =17, ey

where 1 and j are unit vectors along the Cartesian directions,
L is the distance between AA domain centers [29],
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and a is a graphene bond length. The atomistic simulation
box is taken to be coincident with the moiré supercell with
the origin located at the center of the AA domain. The initial
interlayer distance between the top and bottom layers is set
to 3.44 A. The interactions between the atoms are modeled
using two interatomic potentials (IPs) denoted IP; and IP,
(see Table I). IP; is the physics-based adaptive intermolec-
ular reactive empirical bond order (AIREBO) potential [25]
with interlayer interactions modeled using the dihedral-angle-
corrected registry-dependent interlayer potential (DRIP) [26].

IP; is a machine-learning-based hybrid neural network (hNN)
potential that models both the intralayer and interlayer inter-
actions [27]. Both IP; and IP;, successfully capture registry
effects between the graphene layers, which is crucial for TBG
relaxation [26,27]. A detailed comparison of the predictions of
IP, and IP; with other IPs and DFT and experimental results
is presented in Table 2 of [27]. In each case, the TBG is
generated using the value of a predicted by the IP as shown in
Table I. For comparison, the experimental value isa = 1.42 A
[30].

Atomistic simulations of the TBG are performed via
the large-scale atomic/molecular massively parallel simula-
tor (LAMMPS) [31]. The initial relaxed TBG structure is
obtained by allowing the simulation box to change until the
in-plane pressure becomes zero and the forces on all atoms
are zero. This is done in two steps. First, the fast inertial
relaxation engine (FIRE) method [32] is used to minimize
the energy with respect to the positions of the atom while
keeping the simulation box fixed, then the conjugate-gradient
(CG) method is used to minimize the energy with respect
to both atom positions and box size. FIRE and CG are used
alternatively until the force norm is less than 1073 eV/A.
This approach is necessary because FIRE is not implemented
to minimize the box shape, and minimization with CG alone
does not achieve sufficient accuracy. The results are presented
in Sec. IV after discussing the elastic plate basis in Sec. III.

B. TBG-substrate interaction

In experiments, TBGs can be free standing or supported
on a substrate. There are several common substrates used
including Si0,/Si, hBN, Si3Ny4, and Cu depending on the
synthesis technique [9,33,34].! To simulate the influence of
the substrate on the TBG, we use a LJ potential to model
the vdW interactions between carbon atoms in the graphene
layers and atoms in the substrate. The LJ potential between
two atoms at distance r is given by

wosQ-Q)] o

where € and o are energy and length parameters that de-
pend on the species of the interacting atoms. In order not to
explicitly model all atoms in the substrate, the substrate is
approximated as a continuum of atoms at a specified density.
The interaction of a single carbon atom in a graphene layer
with the substrate is then given by an effective potential U,

"In practice, TBGs can be sandwiched between a substrate and an
overlayer, e.g., between SizN4 and hBN [13]. Here we only consider
TBGs suspended over a single substrate.

Note that in the limiting cases of near alignment of graphene with
the hBN substrate, a registry-dependent potential (such as that of
Leven et al. [35]) should be used for accurate results, precluding this
continuum approximation. Such calculations were not pursued here
due to their expense, and since our focus is on developing a method
for representing TBG deformation rather than performing the most
accurate possible atomistic calculations. Repeating our calculations
with a more accurate modeling of the substrate interactions is an
interesting direction for future work.
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obtained by integrating Eq. (3) over all atoms in the substrate
represented by a three-dimensional half-plane:

Uso (o, €, 20)

0 e’} 0
_ / / / pand (F(5, . 2, 20))dxdydz, (4

where pqy is the number density of a substrate atom per unit
volume, r(x,y,z,z0) = \/xz + 2+ (z0 — z)?, and zq is the
height of a carbon atom above the top surface of the substrate.
Switching to cylindrical coordinates, Eq. (4) becomes

UOO(O—76’Z0)
oo 2 0
/ / / Psub®(r(R, 0, z,20))RARAO dz,  (5)
0 0 —00

where r(R, 0, z,20) = +/R? + (z — z0)%. Equation (5) has a

closed-form solution as

Uoo(psub’ 0,¢€, ZO)

4 Jd 1o\ 10\’ ©
T papec’ | — — ) — = — .
ERE A T 2\%

The force on a carbon atom in the z direction is the negative
derivative of Uy, with respect to 7y, given by

foo(psuba 0,€,20)

4 ) 3(0)10 3(0)4 .
— =T Pub€0 | =| — i .
3P S S 2\ %

In this paper, we focus on two substrates commonly used in
experiments: hBN and SizNy [9,13].% Since these substrates
contain two different kinds of atoms, the total energy of a
carbon atom above the substrate is given by

Uext(20) = U (04, OC—a» €C—a» 20) + Uoo (01, OC—p, €C—b, 20),
(8

where a and b are the substrate atom type, and “ext” indicates
that this energy is external to the carbon-carbon interactions
in the TBG. The corresponding force in the z direction is

Jext(20) = foo(Pa, OC—as €C—a» 20) + foo(Pbs OC—b, €C—b, 20)-

C))

The LJ parameters (¢ and o) used in the atomistic simula-
tions with the hBN and Si3Ny substrates are given in Table II
[36,37]. Although nitrogen (N) appears in both substrates,
different coefficients are used in each case. To differentiate
between the two cases, we denote the nitrogen atoms as N
and N? for the hBN and Si;Ny substrates, respectively. The
number densities of B, N!, Si, and N2 are 0.077, 0.077, 0.042,
and 0.056 atoms/A3, respectively.

3Since graphene and hBN have a similar lattice constant, registry
effects between them can influence TBG relaxation. We do not con-
sider this effect in this paper.

TABLE II. LJ parameters for the interaction of carbon and sub-
strate atoms (B, N', Si, and N?) [36-38].

€ (meV) o (nm)
C-B 3.24 0.34
C-N! 4.07 0.34
C-Si 10.46 0.39
C-N? 21.36 0.37

III. IN-PLANE AND OUT-OF-PLANE ELASTIC
PLATE BASIS

To quantify TBG deformation, an elastic plate basis is
derived in this section. In Secs. III A and III B, in-plane and
out-of-plane bases are derived from the normal modes of a
periodic continuum elastic plate with a parallelogram super-
cell. Using the derived bases, the deformation of each layer
of a relaxed TBG with and without underlying substrates is
quantified in Sec. IV.

A. In-plane elastic plate basis

The in-plane wave equations of an elastic plate are [39]

AN, ON, 92
Y R (10)
ox dy 02
Ny BNy 32y
Tlo T ol 11
dx + dy a2 (i

where N;; are the stress resultants with units of force per
length, # is the plate thickness, p is the mass density, # and v
are the displacements along the x and y Cartesian directions,
and ¢ is the time. The relation between the in-plane stress
residual components and the in-plane strain components (€,
€yy, €xy) Tollows from Hooke’s law,

Nyx 1 v 0 €xx
Ny | =Clv 1 0 €y |, (12)
Ny 0 0 1—-v||ey
where
Eh
=— 13
T— .2 (13)

and E and v are Young’s modulus and Poisson’s ratio, respec-
tively. The strain-displacement relations are

u ov 1/0u n ov (14)
€x =7, €y=7—, €y=z|—+—)
ax” 7 dy Y7 2\9y  ox

A series solution to Eqgs. (10) and (11) for the normal modes
of an elastic plate subject to different boundary conditions can
be obtained using the plane-wave expansion method (PWEM)
[39-41]. For the periodic supercell in Eq. (1), the in-plane
displacements can be written as a Fourier expansion,

u(r. 1) =Y expl—io"(G)ltG expli(G -1 + ¢e)l.  (15)
G

o) =Y expl—io" (G léc expli(G -1 + ¢e)l.  (16)
G

where ™ (G) is the in-plane angular frequency (related to the
ordinary frequency f™ through ™ = 27 f™), r = x1+ yj is
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a position in 2D space, ¢ is a phase shift, ¢{g and &g are
coefficients associated with the reciprocal lattice vectors G
defined on the supercell in terms of integers m and n,

4 1 3
f—371|:<m + 5n>i~|— %nj:|,
(I7)

G(m,n) =G 1+ G,j =

where L is defined in Eq. (2).

Substituting Eqgs. (15) and (16) into the governing equa-
tions in Eqs. (10) and (11) after using the strain-displacement
relations and Hooke’s law, give for each G

Mxx(G) Mx (G) qel _ in qe
[Myx(G) MJ(G)} [&J = ohle (G”z[sc} (1%
where
[Mm(G) Mxy(G)]
My (G) M, (G)
1 |:2G§+(1 -G (1+v)G,G, }
=-C : ) |- (9
27 +vGG,  (1-v)G+2G

The eigenproblem in (18) gives two eigenvalues and
eigenvectors for each vector G(m, n) defined in (17). The
eigenvalues (which define the in-plane frequencies) are

A(m,n, t)
= phlo™(G(m, n), £)]*

C[G,(m, n)* + Gy(m, n)*] for £ =1,
N {%C(l — V[Gm, P+ Gy(m,nP] for £ =2,
(20)
and the eigenvectors are for n # 0
d(m, n, £) = E6mm ()1 + Ecmm )]
G.(m,n)i+Gy(m,n)j for ¢ =1,
o @1)
GG g
forn=20
d(m, 1, €) = 56mn(©)1 + Eonm (O] = {:J‘ by
(22)
for2m+n=0
dm 1, ) = 50mm (1 + EGnn ()] = {] o=y
(23)

We note that the eigenvectors are independent of the elastic
constants.

We construct 120 G vectors for combinations of the in-
tegers m and n in the range [—5, 5] except for m =n = 0.
Retaining only unique vectors (up to inversion) leaves 60 G
vectors that are used to compute the corresponding eigenvec-
tors and eigenvalues. We order the results be increasing values
of the eigenvalues (and hence increasing frequency) using the
simplified notation A (and wi") with associated eigenvectors

TABLE III. Elastic properties of monolayer graphene for the IPs
used in this work [42] and experiments [43—-46].

Source E (GHz) h(A) v D (eV)
AIREBO 827.99 3.44 0.36 1.22
hNN 961.11 3.44 0.24 1.234
Experiments 809.9-928.2 3.44 0.3* 1.2-1.7

“Note that Poisson’s ratio is not measured in the reported experi-
ments. We set v = 0.3.

d;, where k € [1, 120]. To make it easier to compare IP re-
sults, we use the same eigenvalue ordering for AIREBO, hNN,
and experiment using the elastic properties of AIREBO. A
specific G(m, n) associated with k is denoted as Gy. Note
that there are two Gy’s for each G(m, n) since there are two
eigenvalues for each G vector.

The eigenvalues are computed using the elastic properties
(E and v) and the effective thickness & of monolayer graphene
given in Table III. The table also includes the bending stiff-
ness D used in Sec. III B. The experimental values are from
[43-46]. The properties for the IPs AIREBO and hNN are
computed via atomistic simulations of uniaxial tension and
bending of monolayer MoS; [42]. The density of the mono-
layer graphene (p) is 2273.04 kg/m?.

The first 12 elements of f;" = w"/27, di and Gy are
presented in Table IV for a TBG twist angle of 2.28° for
which L = 61.74 A. The results are arranged in sets of three
that have the same frequency £;" (i.e., f{", 3. fi% ¢» fi% o and
f16.11.12)- The three Gy vectors sharing the same frequency

exhibit a threefold symmetry with each Gy rotating by 120°
as a result of the periodic supercell.

The in-plane modes in Table IV can be used as a basis for
characterizing the in-plane deformation of graphene layers in
a TBG. Referring to the displacements in Egs. (15) and (16),

TABLE IV. First 12 elements of f", di, and G, for a twist
angle of 2.28°. The frequencies f{" are computed using the elastic
properties of monolayer graphene in Table III for (a) AIREBO, (b)
hNN, and (c) experiments [43,44,48]. The components of d; are
given relative to a Cartesian basis (1 and j).

in (GHz) d; Gy
—B T G(0,1
. IP: 2157.16%, 2436.77° [[o 2_12]} G((_l 3)
1.2.3 Expt: 2187.91-2342.26° ; ’
P 2,07 G, -1
[L, L4y G0, 1)
. a b 2 2
n TSI P oo
pt: 5678. ‘ .-21" G, -1
LB G, -1
. IP: 3834.99%, 4220.61° {2_1 ZO}T GE—I 2;
7,8,9 . c ’ ’
Expt: 3789.58-4056.92 L =B Gl —1)
—S 4T G, 2
p IP: 4314.32%, 4873.54° [[0 2,’12]% G((—z 3)
10,11,12 . c ’ ’
Expt: 4375.83-4684.53 (8,1 G2 —2)
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FIG. 1. The combined in-plane displacement fields for sets of
modes with the same frequency are represented as blue arrows. The
modes are normalized (see Sec. IV) so an absolute length is not spec-
ified. The solid black line is the boundary of the TBG supercell (0 =
2.28°), coinciding with a; and a,. (a) @'(r) + O (r) + O (r),
(b) O (r) + ON(r) + O'(r), (c) O'(r) + O (r) + OI(r), and
() 1) + O (r) + On(r).

mode k in vector form is
O}’ (r) = di exp [i(Gy - T + o)1, (24)

where ¢g, is a phase shift. Basis vectors with the same
frequency, k =1,2,3, k =4,5, 6, etc. (see Table IV) will
have the same coefficients and are therefore combined into
single summed terms, e.g., 22:1 e (r), Zg=4 O (r), etc.
Imposing the sixfold symmetry of the TBG structure on the
combined basis terms leads to the result that the phase angle
for all in-plane basis terms is ¢g, = ¢ = —m/2 (see the
Appendix for the proof).

The real parts of in-plane modes with different k are or-
thogonal to each other in terms of an inner product defined
as an integral over the supercell domain [see Supplemental
Material (SM) [47]]. The vectors d; and G; are given in
Table IV.

The displacement fields associated with the in-plane basis
vectors are shown in Fig. 1 summed over the sets of modes
with the same frequency (see Table IV). The orthogonality
of d; and Gy (ie., di - Gx = 0) in each @', ;(r) leads to a
transverse wave in which the displacement field of @iln(r) +
O'(r) + ®(r) exhibits localized twisting at the origin (the

center of AA domain) of the TBG supercell. Thus, the (1,2,3)
mode set captures the localized twisting at AA domains ob-
served in TBG relaxation [8,13]. Indeed, ®"(r) + O (r) +
@;"(r) was also used as the distortion direction in the PLD
model [Eq. (1) in [13] with n = 1], showing that the (1,2,3)
mode set captures the majority of the in-plane deformation
in the TBG relaxation [13]. The other mode sets also create
distinct deformation signatures. Mode set (4,5,6) shown in
Fig. 1(b) forms a longitudinal wave since each 925,6 has the
same directions for d; and G; (see Table IV). The (4,5,6)
mode set captures radial displacements emanating from the
AA domain centers. Mode set (7,8,9) in Fig. 1(c) corresponds
to three smaller localized twistings centered on the AA, AB,
and BA domains. Finally, for mode set (10,11,12), we note
from Table IV that d;q, d;;, and d, are the same as d;, d,
and d3, whereas Go, G, and G, are twice G, G,, and G3.
Thus, O (r) + O (r) + O3 (r) is a transverse wave with a
more localized displacement field having four small localized
twistings, as shown in Fig. 1(d). Higher-order modes (i.e.,
k > 12) are associated with more localized displacements due
to larger G; magnitudes. We show in Sec. IV that retaining
the first 12 in-plane modes is sufficient to represent TBG
relaxation in atomistic simulations with good accuracy.

B. Out-of-plane elastic plate basis
The out-of-plane wave equation of an elastic plate is
3%w
W )
where D is the bending stiffness of the plate (see Table III
for D for monolayer graphene), and w is the out-of-plane dis-

placement along the z Cartesian direction. Using the PWEM,
the solution for the out-of-plane displacement w has the form

w = exp(—iw™1) Y exp[i(G-r+¢g)l.  (26)
G

DV*w = —ph (25)

where w® is the out-of-plane angular frequency (related to
the ordinary frequency f°" through @ = 27 f°). Inserting
Eq. (26) into (25) gives, for each G,

ph(@™)? = D(G? + G2)’. 7
Solving this relation gives the frequency

D

out
G) =
@™ (G) oh

(G +G)). (28)
Since the frequency depends on G, the time-dependent term
must be included in the sum in Eq. (26), and so we have

w = exp {i[G - T + ¢ — " (G)t]}. (29)

The out-of-plane frequencies w{™ are computed for the

G; vectors (I € [1, 66]) used for in-plane modes, ordered by
increasing value. Note that each G has a single »®", unlike
the in-plane normal mode where each G has two ™. Similar
to the in-plane normal modes, we use the same eigenvalue
ordering for both AIREBO, hNN, and experiment using the
bending stiffness D of AIREBO in Table IIl. The first 15
elements of f*" = w" /2w and associated G, are listed in
Table V for a TBG twist angle of 2.28° for which L = 61.74
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TABLE V. First 15 elements of £ and G, for a twist angle of
2.28° (L = 61.74 A) in sets of three that have the same frequency.
The frequencies f™' are computed using the elastic properties of
monolayer graphene in Table III for (a) AIREBO, (b) hNN, and (c)
experiments [45,46].

£ (GHz) G
" IP: 111.59%, 112 gi(ill)o)
23 Expt: 110.44-131.45° Gl —1)
o IP: 334.78°, 336.01° ggl_z_;
5.6 Expt: 331.34-394.37¢ G 1)
" IP: 446.37°, 448.01° gg(izz )0)
7,8,9 Expt: 441.79-525.83¢ G2 ;2)
P IP: 777.5%, 780.36" gg 2)3)
10,11,12 : — ¢ T
Expt: 769.52-915.91 GG —1)
o IP: 777.5%, 780.36" 88 1_)3)
13,1415 Expt: 769.52-915.91¢ G(3’ -2)

A. Similar to the in-plane modes (see Table IV), the results

are arranged in sets of three that have the same frequency f*"

(e, 153 f5 6 f7805 1011.12> and £, 15). We omit d, for
the out-of-plane modes since it is simply k. We note that fre-
quency range of the out-of-plane modes (111.59-777.5 GHz
for AIREBO in Table V) is much lower than the in-plane fre-
quencies (2157.16-4314.32 GHz for AIREBO in Table 1V);
this is because monolayer graphene is significantly stiffer in
stretching than in bending.

The out-of-plane modes in Table IV can be used as a basis
for characterizing the out-of-plane deformation of graphene
layers in a TBG. Mode vector [ is

07" (r) = exp[i(G; - r + ¢ )1k, (30)

where ¢, is the phase shift for the /th mode. Similar to the in-
plane basis, triplets of out-of-plane bases that share the same
frequency are summed. Imposing sixfold symmetry leads to
the result that the phase angle for all out-of-plane basis terms
is pg, = ¢ = 0 (see Appendix).

The displacement fields associated with the out-of-plane
basis vectors are shown in Fig. 2 summed over the sets of
modes with the same frequency. The displacement field asso-
ciated with ©"(r) + 3" (r) + @3 (r) in Fig. 2(a) consists
of circular dome-shaped displacements centered on the AA
domains located at the corners of the supercell. This field
resembles the out-of-plane deformation observed in multi-
scale simulations of TBG relaxation (Fig. 1 in [8]), which
indicates that the out-of-plane basis can capture the main
features of TBG layer deformation. Next, the displacement
field of @3"(r) + @2"(r) + ©" (r) in Fig. 2(b) has smaller
dome-shaped displacements centered on the AA, AB, and BA
domains. The other modes include more localized deforma-
tions since the G; vectors are increasing in magnitude. Similar
to O, @9 exhibits a more global displacement field for low

FIG. 2. Contour plots of the combined out-of-plane displacement
field for sets of modes with the same frequency. Displacements are
normalized with color ranging from red for a positive displacement
to blue for negative displacement along the k direction (z Cartesian
coordinate). The solid black line is the boundary of the TBG super-
cell (9 = 2.28°), coinciding with a, and a,. (a) " (r) + O5"(r) +
05" (r), (b) O™ (r) + O"(r) + O (r), (c) O (r) + O"(r) +
9;’“‘(r), (d) O%(r) + ON(r) + ONY(r), and (e) O (r) + OF, +
N (r).

[, and constitutes an orthogonal basis. We select the first 15
out-of-plane modes (listed in Table V) as the out-of-plane
basis for quantifying the out-of-plane deformation of TBG
layers as discussed in Sec. IV.

IV. QUANTIFICATION OF TBG RELAXATION

Graphene layers brought into contact to form a TBG un-
dergo a complex deformation pattern involving both in-plane
and out-of-plane displacements of the layer atoms [8,9,12,13].
Various models have been proposed to approximate the in-
plane deformation that involves prominent localized twisting.
The model of Zhang and Tadmor [8] is based on an expo-
nentially decaying (Gaussian) rotation field centered on the
AA domains. This approach is generalized in the model of
Sung et al. [13] in terms of three nonorthogonal, transverse
periodic lattice distortions (PLDs). Here we show how both
the in-plane and out-of-plane deformation can be systemati-
cally described using the orthogonal in-plane and out-of-plane
bases for an elastic plate derived in Sec. III. We apply this
approach to characterize the deformation of TBG computed
in an atomistic simulation.

A. General formulation

The position of atom j in a graphene layer in the relaxed
TBG is given by

v/ =r)+ A(r}), (3D
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where r/ is the current position, ré is the reference position,
and A(r}) is the displacement. A(r}) is separated into the in-
plane displacement [Aj,(r})] and out-of-plane displacement

[Aout(ré )]. We represent the in-plane displacement Ay, (ry) as
a sum over the the in-plane mode vectors in Eq. (24) where
each in-plane mode has a coefficient A; and phase ¢g, ,

Ain(ro) ~ ZAkdk exp [i(Gk - ro + ¢, ) |- (32)
k

Similarly, the out-of-plane displacement A, (rp) is taken to
be a sum over the out-of-plane mode vectors in Eq. (30) with
coefficients B; and phases ¢ :

Aou(ro) ~ Y Bk exp{i[G/-ro+¢g,)]}. (33
!

The real parts of Eqgs. (32) and (33) are
A (rp) ~ Z [A§dy cos (Gy - ro) + Apdy sin (G - 19)],

k
(34)
Aou(ro) ~ Y " [Bik cos (G; - o) + B k sin (G - o)),
k
(35
where A} = Ay cos (¢g, )s A} = Ay sin (ég,), Bf =

B cos (¢G1), and Bj = B;sin (¢G,)~ To compute Az« and
?6,. in Aj,(rp) for the in-plane mode k*, Ay, (ry) is projected
onto dg- cos (Gg- - 1) and d- sin (G- - ry) and integrated
over the supercell domain S. These integrations are expressed
as

/ Am(l‘o)COS (Gk* . I'Q)dS
S
— / de - dy-[A§ cos (G - ro) cos (G - 1)
Sk

+ Ay sin (G - ro) cos (G- - r9)|dS (36)

and
/Am(ro)sin (G - 19)dS
s
= [ Z dk . dk* [A; COS ((_}k . I‘o) sin (Gk* . l'())
Sk

+ Ay sin (G - o) sin (Gy- - 19)]dS. 37)

Using orthogonality between different in-plane modes and
/dk* . dk* sin (Gk* . 1'0) Ccos (Gk* . I'())dS
s

=L,(-7/2,00=0 (38)
explained in the SM [47], Egs. (36) and (37) are expressed as

AS. /cos (G- - 19) cos (G- - 19)dS = AS.I,,(0,0)  (39)
s
and
A,S{* / sin (Gk* . I’()) sin (Gk* . l'o)dS
s

= ALFy(—7 /2, ~7/2), (40)

where di- - di« = 1 is omitted. Since the carbon atoms in a
graphene layer are uniformly distributed in the supercell, the
left-hand sides of Eqs. (39) and (40) are approximated as

/Ain(l'o)COS (Gys - 10)dS
s

MNayer
~ Y Aw(r)) cos (Gi- - 1)), (41)
j=1
/ Ain(ro) sin (Gk* . ro)dS
s
N]aycr
~ Z A (ré) sin (G - ré)Q, 42)

J=1

where Mayer is the number of atoms in a layer, and Q =

V3L? /(2Niayer) is the volume occupied by a carbon atom in
the supercell domain.* Using Eqgs. (41) and (42), A}, and A},
in Egs. (39) and (40) are

]vlayer
e _ 8 (i A
AL = 0.0) Z Ain(r) cos (Gy - 1)

J=1

Nlayer
= 2 A (ré) cos (G- - ré) (43)
]Vlayer =1
and
Q Mayer )
s A sin (G - 1/
Ak* - I_m(—T[/z, —7T/2) j; Am (ro) sin (Gk rO)
Niayer
=23 Au(e]) sin (G - x3). (@4)
Nlayer =1

Ap and ¢g,, are computed via /(Af.)? + (A}.)* and
tan~! (A3, /AS.), respectively.

Expressions for B}, and Bj. in Ay (rg) for the out-of-
plane mode /* follow similarly. Using the orthogonality of the
out-of-plane modes (see SM [47]) and the approximations in
Egs. (41) and (42), Bj. and B}, are

]vlayer
e & j A
BS. = 0.0 ]z:; Ao (1)) cos (G - rp)

MNayer
2 : \
=% E Aou(rg) cos (G - ) 45)
layer =1

4To check whether approximations in Eqs. (41) and (42) are valid,
we compute Zygf’ cos (G ~ré)c0s (Gy - ré)Q and compared with
the closed-form solution of [ cos (Gy - ro) cos (Gy - 19)dS, I,(0, 0).
The relative error betwoeen two values for all G; listed in Table IV
and L € [57.5,338.7] A (i.e., 6 € [0.41, 2.45]° for the supercell is

less than 1072, indicating that the approximations are valid.
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and
o Niayer ' ‘
Bj. = = — Z Aoy (r)) sin (Gy - 1)
(=%, —%) =
2 Nlayer . )
= Ao (r)) sin (G- - 7). (46)
Nlayer =1
By and ¢, are computed via V(B + (B))? and

an~' (B)./BS.), respectively.

In performing the projection for the displacements A;, and
A,y of a graphene layer in a relaxed TBG obtained from
atomistic simulations, we find that A7 and Bj are negligible
compared with A} and Bj, respectively. This indicates that
¢g, ~ (n+1/2) and ¢¢, ~ nw where n is an integer ac-
cording to tan—'(A$, /AS,) and tan‘l(Bl /B5.) (as stated in
Sec. III and derived in Appendix).> We therefore drop the co-
sine terms for the in-plane displacement, and the sine terms for
the out-of-plane displacements, so that the total displacement
is given by

A(ro) = ZA;@ (ro) + Z&@“‘“(ro)

k=1 =1
+ €in(ro) + €ouc(To), @7

where @}(“ and " are given in Eqgs. (24) and (30), respec-
tively, and we have Ay = A} and B; = Bj. We have retained
12 in-plane modes and 15 out-of-plane modes as discussed in
Sec. III. The termination of the series and discrete summation
instead of integration introduce errors in the in-plane and
out-of-plane displacements that are represented by €;,(ro) and
6out(rO)~

B. Numerical results from atomistic simulations

In this section, we present results for the Ay and B; coef-
ficients in Eq. (47) for the top and bottom graphene layers in
a TBG from the displacement fields obtained by molecular
statics energy relaxation using the interatomic potentials IP;
and IP; specified in Sec. IT A. Several twist angles are consid-
ered for both a free-standing TBG and a TBG supported on
a substrate. We confirm that basis vectors that have the same
frequency (see Tables IV and V), share the same coefficient
for both in-plane and out-of-plane bases (i.e., A; 23, As56.
A7389, Ato,11,12, and By 23, Ba 56, B7s9, Bio,11,12, B13,14,15),
even though the coefficients are computed for each basis inde-
pendently. Also, we find that the in-plane coefficients for the
top and bottom layers, A, and A%, obey the relations given
in Table VI. For transverse waves, Aj 23, A7.39, and Ajo 11,12
have opposite signs for the top and bottom graphene layers,
indicating that they have opposite rotations [see Figs. 1(a),
1(c), and 1(d)] for the displacement fields corresponding to
these modes). In particular, the opposite signs of Atlo’g,3 and

>Note that although we consider summed bases in Sec. III, each
basis is independently used to quantify the TBG deformation and
confirm that ¢g, = (n+ %)n and ¢¢, = nw as derived in the Ap-
pendix.

TABLE VI. Relation between the in-plane coefficients A, and
A for the top and bottom graphene layers in a TBG w1th and
without a substrate. This relation reflects mirror symmetry due to
the interlayer interaction between the graphene layers in a TBG.

top bot
j:tlug 3 AbA;ll,2,3
J
P &
10,11,12 — 10,11,12

Atl’f’z"3 induce opposite localized twisting centered on the high-
energy AA domains which reduce their size during relaxation
[8]. In contrast, for a longitudinal wave, Afgé and A% ¢ have
the same sign in the mirror symmetry, which indicates that
top and bottom layers have the same radial and longitudinal
displacement at the AA domain [see Fig. 1(b) for the dis-
placement field]. Modes A} ¢ and A%  have the same sign,
which indicates that top and bottom layers have the same
radial and longitudinal displacement at the AA domain [see
Fig. 1(b) for the displacement field]. These findings hold for
all simulation conditions, including all twist angles, in the
presence or absence of an underlying substrate and for both
IPs used in this study.

The out-of-plane coefficients of the top and bottom layers,
B, and BM™, are also correlated with the same relations for
all twist angles and for both IPs. For a free-standing TBG, we
find that the top and bottom layers move in opposite directions
with the same magnitude, i.e., BY' = —B;Op, whereas for a
TBG on a substrate, the bottom layer adheres to the substrate
with negligible out-of-plane displacement, Bb"t 0, so that

the entire out-of-plane displacement is carried by BtOp

top top top
Figure 3 shows A1’2,3, A A7,8,9’ and A10,11,12 as a

function of twist angle for ath’Sé(é—standing TBG and a TBG
supported on an hBN or Si3Nj subsrate relaxed using IP;
or IP,. The PLD model in [13] only considers fundamental
transverse modes (i.e., @ 23 and @ 11 12). In this study, the
PLD model is extended to consider other modes including
©45.6, 73 9. For all simulation conditions, A 5 3 is the dom-
inant deformation mode with a magnitude 3— 25 times larger

top top top top
than that of A, ¢, A, o, and A5y, 1,. We see that A ; and

A‘l%‘?“,lz (the second largest mode) increase with decreasing
twist angle, whereas the other modes exhibit a more complex
dependence on twist angle, but are quite small. Because the
displacement of @'" + O + @ induces localized twisting
centered on the AA domains [as shown in Fig. 1(a)], the
increase of A 2.3 With decreasing twist angle corresponds to
larger locahzed twisting at lower twist angles. This is consis-
tent with the results in [8].

As shown in Fig. 3(b), the presence of a substrate increases
the in-plane coefficient Atop >3 compared with a free-standing

TBG (more so for SizNy than hBN). The increase in A1 23
is attributed to the LJ interaction between the TBG and the
substrate. The LJ interaction leads to a decrease in the in-
terlayer distance (as shown in Fig. 4), which increases the
interlayer energy, especially at the high-energy AA domain.
Atflg3 (and AV ;) increase to reduce the size of the high-
energy AA domain at the expense of in-plane strain energy in
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FIG. 3. The in-plane Alknp coefficients for a relaxed TBG as a function of twist angle. (a) Results are shown for both a free-standing TBG
and a TBG supported on an hBN or SizN, substrate relaxed using IP; or IP,. Optimized A; values extracted from experimental electron
diffraction images [9] are also plotted as asterisks (see Sec. V for details). A; values obtained from the modified PLD model are added for
comparison. (a) Al 5 3» (b) zoomed-in-view of the rectangular dashed region in (a), (c) A;‘fg,ﬁ, (d) A;‘fg’g, (e) A\¢1; 15, and (f) zoomed-in-view of

the rectangular dashed region in (e).

the graphene layer [8]. The effect is more pronounced for the
SizNy substrate than hBN due to the larger LJ coefficients for
TBG-Si3Ny interactions (see Table II) that lead to a smaller
interlayer separation

Comparing A1 2.3 With the experimental values plotted in
Fig. 3, we see that IP, (hNN) provides a more accurate repre-
sentation of TBG relaxation than IP; (AIREBO and DRIP).
We note that in the experiments, the TBG is sandwiched
between a SizNy4 substrate and an hBN capping layer [9],
whereas the atomistic simulations only consider a substrate.

The next largest contribution to the displacement comes
from A10 11.12- Figures 3(e) and 3(f) show that A10 11,12 has a
similar trend to A] o3 L€, A]O 11,12 increases with decreasmg

twist angle. The magnitude of A\{} |, |, grows when the sub-

strate is supported. Here, unlike the case of A'" 123> [Py is in
better agreement with the experimental results. This shows
that neither potential fully captures the TBG deformation;
however, since the contributions of the Atl‘fg’3 modes to the

displacement are about three times larger than AYY, |,, IP,
remains the better choice for simulating TBG deformation.
For the in-plane displacement Figs 3(c) and 3(d) show
the contributions of the A 45,6 and A7°§ o modes as a function
of twist angle. As shown in Fig. Fig. 1(b), the displacement
field of @' + O 4+ O includes radial and longitudinal dis-
placements at the AA domain. Compared to other modes, the
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FIG. 4. Average distance between the graphene layers in a re-
laxed TBG.

magnitude of A} ; is quite small, on the order of 107% A.

A7} 4 decrease with the twist angle as shown in Fig. 3(d).
The substrate effect increases the magnitude of A7 8.9 for IP,,

but less so for IP;. A7 ‘g o represent the magnitude of localized
twistings at AA, AB, and BA domains with the same direc-
tion, as shown in the displacement field of ®“‘ + @"‘ + @‘"
in Fig. 1(c). The functional dependence of Af};yé and A;‘fg.g on
the twist angle for both IP; and IP, is not in agreement with
the experiment. However, we note that it is difficult to extract
experimental values for A4 56, A78.9, and Ajg 11,12 because the
intensity of the electron diffraction image is primarily affected
by A3, which is responsible for the majority of the defor-
mation of graphene layers. Computation of A; values from ex-
perimental electron diffraction i 1mages is discussed in Sec. V.

The out-of-plane coefficients B are shown in Fig. 5
(see Fig. 6 for Bbm) Bi2s carrles most of the out-of-
plane displacement at large twist angles (6 > 1.5°). However,
it decreases rapidly with a decreasing twist angle so that
higher-order modes (I > 3) are significant for the out-of-plane
displacement at small twist angles (6 < 1.5°). As the twist an-
gle decreases, all B; values become small, on the order of 1072
A, whereas the in-plane A;,3 and Ajg 11,12 modes increase
to a displacement of order of 10~' A. This indicates that the
in-plane modes (1,2,3) and (10,11,12) are most dominant in a
relaxed TBG at small twist angles.

Finally, the in-plane and out-of-plane displacement errors
in Eq. (47), €in(rp) and €,y (ro), are shown in Fig. 7 for the
top layer in a relaxed free-standing TBG, computed using
potential IP,, for twist angles 0.55°, 1.22°, and 2.28°. These
errors represent localized displacement fields that are not cap-
tured by the truncated elastic plate basis representation. As
the twist angle decreases (for which the size of the supercell
increases) the magnitude of error increases for both €;,(ry)
and €qy(ro). This indicates that high-order modes become
more important at low twist angles. However, the selected
truncation in this study (12 in-plane bases and 15 out-of-
plane bases) captures the majority of the displacement for
the range twist angles considered with a relative error of
|€in + €outl/|A] < 0.02 (2%) for all atoms in the top layer and
for all twist angles.

V. ELECTRON DIFFRACTION SIMULATION

Direct experimental validation of TBG deformation pat-
terns using atomic resolution electron microscopy is challeng-
ing due to the complex geometry of the TBG samples. Instead,
TBG deformation is typically investigated through electron
diffraction images [8,9,13].

For a thin 2D material, the electron diffraction image in-
tensity is successfully computed by a Fourier transform of the
atomic structure [8,13,49]. The intensity [J(k)] is given by

J(K) o [VP(k) + V™' (k)|?, (48)

where K is the 2D position in reciprocal space, and V' and
VPt are the discrete 2D Fourier transforms of the top and
bottom TBG layer structures:

M—1N—1 Nayer

Z D> explik - (x/ + may + nay)]. (49)

mOnO/l

Vik) =

where 1/ is the real-space position of atom j, M and N are the
number of periodic copies of the supercell along the a; and
a, directions, and m and n are the supercell indices. Note that
the z component of r/ does not impact Eq. (49) since the 7
component of k is zero. Due to periodicity, for any integers m
and n,

exp [ik - (r/ + ma; +nay)] =exp(k-r/).  (50)
Therefore, Eq. (49) simplifies to

Nlﬂyer

=) exp(ik-1)). (51)

j=1

V(k)

In Sec. IV A, the positions of the atoms in a relaxed TBG
are expressed via selected in-plane and out-of-plane bases
@}(“ and @}’”t, with associated coefficients A, and B; [see
Eq. (47)]. Assuming that accelerated electrons are transmitted
through a TBG along its normal direction and interact with
layers independently, the out-of-plane positions of atoms can
be omitted. Thus, Eq. (51) becomes

N]uycr

> explik- () + Au(r)]

J=1

Niayer 12
= Z exp |:ik : (ro + ZAka r0)>:| (52)
j=1

k=1

V(k) =

where ré is the reference position of atom j (in either the top
or bottom layer) of an unrelaxed TBG. Using Eq. (52), the
reciprocal structures for the top and bottom layers follow as

top top top top top
V (k A] 23’A4,5,6’A7.8,9’A10,11,12)

Nlayer B 12 T
= Z exp | ik - (r(') + ZA;{OPG}(“ (ré)) ) (33)
j=1 L .

k=1

‘ybot bot bot bot bot
14 (k’ Al,2,37 A4,5,6’ A7,8,9’ A10,11,12)

Niayer B 12 7
:Zexp ik.<r{;+ZA,E°t®}f(r{,‘)) ) (54)
j=1 L i

k=1
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FIG. 5. The out-of-plane B}(’p coefficients for a relaxed TBG as a function of twist angle. Results are shown for both a free-standing TBG
and a TBG supported on an hBN or Si;N, substrate relaxed using IP; or IP,.

Using the relations between A;* and A% (Table VI), the
intensity in Eq. (48) is

top top top top
‘](k Al 2,3 A4 5,6° A7,8,9’ A10,11,12)

top top top top top
X ’V (k Ay 23’A4,5,6’A7,8,9’A10,11,12)
"y bot top top top top 2
+V (k _Al 2 3’A4,5,6’ _A7,8,9’ _A10,11,12)| . (55)

Using Eq. (55) and the numerical values of Ay computed in
Sec. IV B, intensities for the superlattice and Bragg peaks for
the first-, second-, and third-order Bragg spots are computed
for both a free-standing TBG and a TBG supported on an hBN
substrate. The intensity of the Bragg peak for the ith-order

Bragg spot is denoted by fémgg, and the intensity of the first
and second superlattice peaks in the lth Bragg spot are denoted

by Ji and Ji ;. For a given A, the intensities JBragg,
Ji

i cona> and J1 are computed using different k values that
correspond to the position of each peak in reciprocal space as
listed in Table VIIL.

The intensities of the first and second superlattice peaks
relative to the Bragg peak (i.e., Ji /J]‘3rag and Ji | /f]’;mgg)
for the relaxed free-standing TBG and a TBG supported
on an hBN substrate for a range twist angles is plot-
ted in Fig. 8. For comparison, relative intensities obtained
from experimental electron diffraction images [9] are also
plotted. Experimental diffraction patterns are quantified by
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FIG. 6. The out-of-plane B coefficients for a relaxed TBG as a function of twist angle. Results are shown for both a free-standing TBG
and a TBG supported on an hBN or Si;N4 substrate relaxed using IP; or IP,.

TABLE VII. The reciprocal position k for the Bragg, first and second superlattice peaks associated with the first-, second-, and third-order
Bragg spots. b® = Rb; and b5 = Rb, are the reciprocal vectors for the TBG bottom layer unit cell where by = 47/ (Ba)(¥/3/21—1/2§) and

—sinf/2

b, = 4m /(3a)] are reciprocal vectors of an (untwisted) graphene layer unit cell, and the rotation matrix for twisting is R = [zﬁfgﬁ cos/2 1.

Bragg peak First superlattice peak Second superlattice peak
First Bragg spot b5t b — G bt — G,
Second Bragg spot bbot — pbot bt — b — G b~ by + G
Third Bragg spot Zb‘z"" 2b12)0t +G, thzmt -G,
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FIG. 7. Contour plots of the displacement errors |€,(ro)| (absolute value) and €, (ro) of the top layer in a relaxed free-standing TBG for
different values of the twist angle computed using potential IP,. The solid black line is the boundary of the supercell.
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FIG. 8. The relative intensity between the first and second superlattice peaks and Bragg peaks for the first-, second-, and third-order
Bragg spots. The blue solid and dashed lines represent the relative intensity between the first superlattice and Bragg peaks (férst /fémgg), and the
orange solid and dashed lines represent the relative intensity between the second superlattice and Bragg peaks (/7. 4 /f{;ragg) for a free-standing
TBG and a TBG supported on an hBN substrate relaxed with IP, (hNN). The relative position between the superlattice and Bragg peaks is
represented by G|, G, and G; in the inset for each Bragg spot. The green arrow represents the direction for the origin of reciprocal space.
Averaged relative intensities from experimental electron diffraction images are plotted as asterisks with error bars.
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simultaneously fitting up to six 2D Gaussians peaks around
each Bragg peak and calculating the volume under each fit-
ted Gaussian. The nonlinear least-squares fit is performed
with MATLAB using the 1sqcurvefit function. Sung et al.
[13] reported that an increase in Aj, 3 results in increases
in the relative intensities (J} /JA]"3ragg and Ji 4 /f]’_;,mgg) for
all Bragg spots. In Fig. 8, we see that higher values of
A3 for the relaxed TBG supported on an hBN sub-
strate compared to that of the relaxed free-standing TBG
[see Fig. 3(a)] slightly increases the relative intensity at the
same 6 compared to that of relaxed free-standing TBG for the
first- and second-order Brag spots. However, we find that the
relative intensities in the third-order Bragg spot for the hBN-
supported TBG are lower than those for the free-standing
TBG when 6 < 0.4°. This discrepancy may be due to the
different degrees of freedom of the PLD representation and
the more general basis used in this study to express the TBG
deformation.

The expression for the electron diffraction intensity in
Eq. (55) depends on the four coefficients A} 23, As56, A78.9,
and Ajo.11,12. These parameters can be obtained from the
experiment by minimizing the difference between the mea-
sured relative intensities and those obtained from Eq. (55).
The use of relative intensities cancels out the undetermined
proportionality constant in Eq. (55). Specifically, we define
the following cost function:

Atop

top
A 10,11,12)

top top
¢(A1,2,3’ A 7,8,9°

4,5,6°

= 30 i s — 2" 15555

i=1
i 7i i,expt i,expt
+ ( second /JBragg - second/JBragg) ]’ (56)
where Jﬁrst’ second? ‘]l

Brage AI€ intensities of first and second su-
perlattice and Bragg peaks for the ith Bragg spot computed via
Eq. (55), and Jé:;’t‘p , f:ei’éﬂd, Jéf : P “are the intensities of the first
and second superlattice and Bragg peaks for ith Bragg spots
obtained from an experimental electron diffraction image. The
optimal coefficients Ay are obtained by minimizing ¢ using

initial guesses for A\") ; and A}y, |, computed using Eq. (2)

w

in [13]. The initial guesses for AEE’;G) and A7} , are taken to
be zero because their magnitudes are small compared to those
of AT’S 5 and AlO 11.12- The minimization is performed using
the CG method 1mplemented within a MATLAB code (provided
along with this paper) until the norm of the gradient is less
than 107°. (Gradients of ¢ with respect to the coefficients A
are given in the SM [47].) The AtOp obtained from experimen-
tal electron diffraction images at dlfferent twist angles [9] are
plotted as the asterisks in Fig. 3.

As mentioned in Sec. IV, the dependence on twist angle
of the coefficients A; 3 and Ajg 11,12 obtained by fitting to
the experiments is consistent with those obtained by fitting
to the simulation results (i.e., exponential increase in Aj 3
and Ajp 11,12 with decreasing twist angle). In contrast, the
dependence of the experimental A4 56 and A7 g9 coefficients
on twist angle is not in good agreement with those obtained
from the atomistic simulations. We believe that this discrep-
ancy is due to the fact that the intensities of the first and
second superlattice peaks used to determine the coefficients

Ay [see Eq. (56)] are mainly determined by A; » 3 and Ajg.11,12
[13,49], and thus at the given resolution of experimental elec-
tron diffraction images, A4 56 and A7 g9 are not computed
accurately [9]. More accurate values would require high-
resolution electric diffraction images. Alternatively, A4 5 ¢ and
A7 3.9 could be computed from intensities of superlattice peaks
at @} ¢ and O, in reciprocal space, respectively [49].
However, we were unable to accurately measure these peaks
from experimental electron diffraction images [9] because the
intensities were too low.

VI. QUANTIFICATION OF TBG DYNAMICS

A. Calculation of the TBG dynamical matrix

The dynamics of the TBG near the relaxed equilibrium
structure is investigated by computing the phonon band struc-
ture. This is obtained by computing the TBG dynamical
matrix, which at wave vector k is given by

oo
y 1 8%U
DLy =) —

ik-(r?—rf)

= mc argarfﬁ ¢ o 7)
where i, j = 1, ..., Ntgg are atom numbers in the reference
cell of a TBG (Ntgg = 2Mayer 18 the number of atoms in the
TBG supercell), o, 8 = 1, 2, 3 are Cartesian components, rlR
is the position vector of atom i in periodic cell R (R = 0 refers
to the reference cell), riRa is component « of rlR, mc is the mass
of a carbon atom, U is the energy of the relaxed structure
(indicated by “eq”). The dynamical matrix at the I point (i.e.,
k = 0) simplifies to

. =1 U
D},(0) = Z - . (58)
eq

0 4.k
pardlle Briaarjﬁ

In practice, direct calculation of the phonon band structure
for large atomistic systems (as in the case of TBGs with small
twist angle and a hence large supercell) is computationally
prohibitive due to the large number of energy computations
required at different k values. Overcoming this computational
burden is key to computing the phonon band structure of
TBGs with low twist angle. This can be done by approxi-
mating the TBG phonon band structure, as in the multiscale
approach of Lu et al. [23]. However, in this study the phonon
band sructure is computed exactly using Eq. (57) capitalizing
on the short range of atomic interactions and the periodicity
of the supercell to reduce the computational cost. Specifically,
we use the fact that for sufficiently low twist angle 6, the cutoff
distance for carbon atom interactions (d.u.ff) is less than the
supercell size L [see Eq. (2)]. This implies that an atom in the
reference cell can only interact with at most a single periodic
image of itself. Therefore, the summations in (57) and (58) are
dropped, and we have

y 1 U | :
Dfpl) = o= o | € (59)
mc Briaarjﬂ
eq
and

. 1 *U
DY (0)= — ———| , 60
ap(0) me 8r2¥8rfﬂ (60)

eq
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ALGORITHM 1. Calculation of the dynamical matrix D(k) for
a given k.

Require: An atom in the reference cell interacting with at most one
periodic image of itself.
fori=1to NTBGdO
for j = 1 to Nrggdo
for R =0to 8 do
if Atom i in the reference cell interacts with atom j
inR (i.e., R = R’) then
Compute D;/4(0) from Eq. (60)
D k) := D))
end if
end for
end for
end for

where R’ corresponds to the cell containing atom j that in-
teracts with atom i in the reference cell. Examining Egs. (59)
and (60) we see that when deyorr < L, the dynamical matrix
for any k can be obtained by calculating the value at k = 0
in (60) and then multiplying by ™) This is the case in
this study where the cutoffs for IP; (AIREBO+DRIP) and 1P,
(hNN), d¥' =12 A and d*2 .. = 10 A, are less than L for
the range of # angles studied (e.g., L = 61.8 A for § = 2.28°).
Thus, it is sufficient to consider only the first periodic images
along the x and y directions, for a total of eight periodic
images.

A detailed procedure for computing the dynamical ma-
trix is given in Algorithm 1.° D(0) for the relaxed TBG is
computed using the dynamical_matrix from option of the
PHONONpackage in LAMMPS [50]. Use of this algorithm
significantly reduces the cost for computing the dynamical
matrix since only a single computation of D(0) is required to
obtain D(k) at any k values. For example, computation of the
dynamical matrix for a TBG at 6 = 1.12° (Nygg = 10444)
takes 9131 s on 10 AMD Opteron 6344 2.6 GHz nodes with
24 cores per node (total of 240 cores). Full calculation without
taking advantage of Egs. (59) and (60) would take 300 times
longer, 300 x 9131 = 2.74 x 10°s.

The eigendecomposition of the dynamical matrix D(K)
yields the eigenvectors v, and eigenvalues W, for phonon
modes n =1, ...,3Nsg.” The phonon frequencies follow
from the eigenvalues as £ 26 = /W, /2. The phonon band
structure ( fnTBG for a range of k values) and associated
density of states (DOS) are presented in Fig. 9 for a free-
standing TBG and a TBG supported on an hBN substrate
computed for the relaxed (minimum energy) structures for
0 = 2.28° (Niayer = 1262). All calculations in this section are
performed using IP, (hNN) because it is in better agreement
with experiments than IP; (AIREBO+DRIP) as discussed in
Sec. IV.

Interestingly, the results in Fig. 9 show that most of the
phonons in the hbN-supported TBG have frequencies close to

%A MATLAB code for Algorithm 1 is provided in [47].
"The eigenvalues and eigenvectors are computed for D reshaped as
a 3Nt X 3Ntpg matrix.

1000

500

Freq. (GHz)

free

——hBN
0 ,
K K 0 50 100
r M DOS
(states/GHz)

FIG. 9. Phonon band structure of a TBG with 8 = 2.28°. The
phonon frequency versus wave vectors and density of states (DOS)
are shown for relaxed free-standing (orange) and hBN-supported
(blue) TBGs.

1100 GHz, whereas those of the free-standing TBG exhibit a
wide range of frequencies. This difference is attributed to the
interaction between the TBG and the hBN substrate, which
has a strong effect on the out-of-plane components of the
dynamical matrix.

B. Analysis of TBG phonon band structure
using elastic plate basis

1. Method

To gain understanding into the TBG phonon band
structure, each phonon mode eigenvector v,(k) (n=
1,...,3Nrpg) at I can be represented using the elastic plate
basis derived in Sec. ITL.8 The first 3Niayer components of v, (K)
are associated with the atoms in the top layer, and next 3Njayer
components with the bottom layer, so that

vu(K) = [VF, vP°'], (61)

where for simplicity we have not included the dependence
on k and n in the terms on the right-hand side, but it is im-
plied. We further denote by u;®, wi® (i = 1, ..., Njayer), and
u}?m, W}j-m (j=1,..., Niayer), the in-plane and out-of-plane
components of the atoms in v'°? and v®*, respectively. Since
the eigenvectors v, (k) are normalized (i.e., |v,(k)|> = 1), we

have that

|vt0p|2 + |Vb0t|2

N]ayer N]ayer
= 2 (i W)+ 30 (o [wi ) = 1
i=1 j=1

(62)

8Phonons at I" are key for understanding into dynamics of TBG
since they appear in every TBG supercell regardless of the boundary
condition of a TBG sample.
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Next we approximate u;” + w}
basis expansion in Eq. (47):

12 15
top top yin (L0 top top ~out (.7
u -~ § :Ak Sh (I‘O), W~ § :Bz Sh (ro)’

and u’" + w?" using the

15
wta S U BROM (). (63)

=1

bot ~ § Abolek r()

where r}) and r{) are reference positions of atoms i and j in
the top and bottom layers, and the coefficients A", B;", A%,
B are computed as explained in Sec. IV A. Substltutmg the
expansions in Egs. (63) into (62) gives

|Vt0p|2 ~ |v[0p|2
Nger [7 12 15 T

=2 | S rer ) + X [5rer ) |

| k=1 =1 .
|Vb0t|2 ~ |€,b0t|2

Nayer [T 12 15 7

=3 | X [aer ) + Y- (e ()T |

=1 Lk=1 =1

(64)
where now
VP2 + 372 = 1 — ¢, (65)

where € is a small positive number that is present because
the expansion is a projection onto an incomplete basis. Next,
using
Niager Miager
in(.i\1? i\1?
Z [©F(r)]" = Z (07" (r5)]
i=1 i=1
Mayer 5 MNayer 5 N
. o A
D =20 )] == o)
j=1 j=1
from Eqs (44) and (45) [by assuming that Am(ro) =
on (ro) = sin (G~ - rO) and out(ro) = @}L‘“(ro) =
cos (G- - rO)], Eq. (64) takes the form
12

15
7P = Nl;yer [Z (Az)p)2 + Z (B;op)2i|7
=1

k=1

15
s DAL R Ml D

k=1 I1=1
Introducing the notation

B = ——(B))*, (68)

Eq. (67) becomes

|€7[0p| ZAtOP + ZBtop
12 15

|Vb0t| ZAbOt + Z BbOt (69)

k=1 =1

2. Numerical results
In Eq. (69), the relative sizes of |#'°P|? and |¥*°!|? indicate
the contributions of the top and bottom layers to a given eigen-
vector, and for the top and bottom layers, the sums Z,ﬁl Ay

and ) 1121 By indicate the relative contributions of the in-plane
and out-of-plane modes, respectively. In this section we report
the results for a free-standing TBG and a TBG supported on
an hBN substrate for twist angles of 1.12° and 2.28° evaluated
at the I' point (i.e., k = 0). First, an atomistic simulation is
performed to minimize the energy of the structure and obtain
the relaxed equilibrium configuration. Next, the dynamical
matrix is computed using Algorithm 1. Finally, a MATLAB
script (provided with this paper) is used to perform the eigen-
decomposion and projection.

We begin by considering a free-standing TBG with a twist
angle of & = 2.28°. The first three phonon modes (n = 1, 2, 3)
associated with translations of the TBG along the two in-
plane and one out-of-plane directions have zero frequency and
coefficients Ay = 0 and B; = 0. The next two phonon modes
(n =4,5) are shearing modes in which the top and bottom
layers translate in opposite in-plane directions. These shearing
modes are not captured by the in-plane or out-of-plane bases
(i.e., Ay ~ 0 and B; ~ 0). The computed frequency of these
modes is 22.63 GHz. Results for modes larger than 5 are
plotted in Fig. 10. Amplitudes of basis functions that have the
same frequency are summed together (see Tables IV and V),
and only terms that have a sizable contribution to the overall
amplitude are shown. The range of phonon modes in the
figure, 6, ... ,35 and 80, ..., 100, are selected to focus on
low-frequency modes and the first phonon modes dominated
by in-plane deformation (i.e., Y12, B « Y_}2, Ay), respec-
tively.

In the low-frequency range (modes 6, ..., 35), out-of-
plane deformation is dominant (i.e., 3,2, A; < Y12, By) in
both the top and bottom layers as shown in Figs. 10(a) and
10(c). The top and bottom layers deform in the same direction
and each contributes about 0.5 of the squared amplitude of
v,,(0) (with the small difference captured by higher-order ba-
sis terms). This indicates that the dynamics of each layer can
be represented by the out-of-plane normal mode of an elas-
tic plate. The frequencies of phonon mode sets (6, ..., 11),
12, ...,17), (18, ... ,23),and (24, ..., 35) are computed
as 120-203, 423443, 587-620, and 976-1068 GHz, which
is comparable to out-of-plane normal mode frequencies of the
elastic plate listed in Table V, fl"gt3, ffgﬁé, 70";;‘,9, and fﬁ;‘fll’lz
(144, 432, 576, and 1009 GHz). The difference between the
frequencies obtained from the phonon calculation and the out-
of-plane normal mode frequencies from elastic plate theory
is due to interlayer interactions and the deformation of the
graphene layers in the relaxed free-standing TBG, which are
not accounted for in the elastic plate theory.

The first phonon mode in which in-plane deformation be-
gins to be noticeable is 80. Results for modes 80, ... , 100 are
shown in Figs. 10(b) and 10(d). In particular, modes 85 to 90
are almost entirely captured by A; 4 A, + A3 in the top and
bottom layers, which contribute equally to the squared mag-
nitude of v,(0). The frequency range of these phonon modes
(2421-2423 GHz) is comparable to the elastic normal mode
frequency fff‘m (2436.77 GHz) in Table IV. The other modes
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FIG. 10. Contributions to the squared magnitude of v, (0) for different mode numbers n from the top and bottom graphene layers of a
relaxed free-standing TBG at 6 = 2.28° computed from atomistic simulation results. At each mode number, the contributions from different
out-of-plane and in-plane basis terms are shown as colored bars. Terms with the same frequencies are summed together as indicated in the

legend boxes.

above 80 in the ranges (80, ..., 84) and (91, , 95) have
both in-plane and out-of-plane contributions. These modes
appear since the interlayer interaction changes both in-plane
and out-of-plane components of the dynamical matrix. The
deformation is captured by the enumerated elastic bases [i.e.,
SUZLAP 4 A 4577 (BIP + BY) & 1], however, their
frequencies are not predicted by either the in-plane or out-
of-plane normal modes of the elastic plate model due to
mixed in-plane and out-of-plane deformation within a single-
phonon mode. Although the frequencies of these modes are
not captured, we note that the deformation and frequency of
phonon modes (6, . .. ,35) and (85, . .. ,90), which have a high
deformation at a low frequency for in-plane and out-of-plane
deformations, are successfully predicted by in-plane and out-
of-plane normal modes of a simple elastic plate model.

Next, we conisder a TBG supported on an hBN substrate
at 0 =2.28°. The first two phonon modes correspond to
translations of the TBG along in-plane directions. Unlike the
case of a free-standing TBG, there is no phonon mode for a
rigid translation of the TBG along the out-of-plane direction
due to the TBG-hBN substrate interactions. The following
two modes (n = 3,4) are shearing modes that have a fre-
quency of 24.54 GHz, which is close to the value obtained
for the free-standing TBG (22.63 GHz). The shearing mode
frequencies are similar because the in-plane components of
the dynamical matrix of a TBG are not directly influenced

by the presence of a substrate. The substrate affects this fre-
quency indirectly through changes to layer deformation and
spacing following energy minimization. Phonon mode 5 is a
translation of graphene layers along the out-of-plane direction

with different magnitudes [Zl\’l“y‘“(|ump|2 + [w;12) = 0.772
and Z]vlayer(lll""tl2 + [wP"|?) = 0.23] that has a frequency of

1104 GHz, leading A;, = 0 and B; = 0.

The out-of-plane (B;) and in-plane (A;) contributions to
phonon modes (6,...,35) and (60,...,83) are plotted in
Fig. 11. As shown in Figs. 11(a) and 11(c), out-of-plane
deformation is dominant for phonon modes (6, . ..,35). This
is similar to the results for the free-standing TBG in Fig. 10,
however, whereas the top and bottom layers contributed
equally to |v,|* for the free-standing TBG, for the supported
TBG, the top squared magnitude is ~0.77 and the bottom
squared magnitude is ~0.23. These values and associated
frequencies are not predicted by the the elastic plate model
discussed in Secs. IIT A and III B. To capture substrate effects,
we construct a double elastic plate model in which interlayer
and TBG-substrate interactions are represented by uniformly
distributed harmonic springs. The normal modes of the double
plate model are derived in [47].

The results for £, g, and Gy for the hBN-supported
TBG at 6 = 2.28° are computed using the double plate model
(see [47]) and listed in Table VIII. We note that the or-
der of G, to G5 is the same as that of G1 to G15 as
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FIG. 11. Contributions to the squared magnitude of v,(0) for different mode numbers n from the top and bottom graphene layers of a
relaxed TBG supported on an hBN substrate at 6 = 2.28° computed from atomistic simulation results. At each mode number, the contributions
from different out-of-plane and in-plane basis terms are shown as colored bars. Terms with the same frequencies are summed together as
indicated in the legend boxes.

TABLE VIIIL First 15 elements of £, g®, and d{* computed using the double plate model for the relaxed hBN-supported TBG. The
frequency of phonon mode n, f.72¢ is included for comparison with £ and arranged based on the similarity between the phonon wave vectors
and G from the double plate model.

fkdbl (GHZ) fr:l"BG (GHZ) ggbl ngl

bl 1073.7 TBG 1109 G(0,0)

G(0,1)
1‘1,'31,3 1083.28 6]:7BE.,11 1105.96-1113.34 G(—1,0)
G, -1)

G(-2,1)
ol 1157.08 e 1183.53-1191.6 G(1,-2)
G(L, D

[0.885.0.458] G(0,2)
%o 1217.99 R 1255.28-1271.3 G(~2.0)
GQ2.-2)
G(1,2)
NIRE 1425.6 TBG s 1485.44-1544.38 G(=2.—3)
G@3.—1)
G(1,-3)
S 1425.6 T s 1485.44-1544.38 GQ2. 1)
G@3.-2)
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shown in Tables V and VIII. The frequency of phonon
mode n of the relaxed hBN-supported TBG (f"BN) is in-
cluded for comparison with f®. The double plate model
successfully predicts fMBN for the low-frequency phonon
modes (5,...,35) that exhibit dominant out-of-plane defor-
mation in the TBG dynamics. The magnitudes of the top
and bottom graphene layers in terms of normal modes of the
double plate model are computed by deﬁning the deformation
WP = [wl(ro) wl(r()) wl(rolayer)] and W™ =

[w2(r0), wz(ro), e, wz(r0 =] Usmg Eq. (66), for each G,
magnitudes of W'°° and W follow as

vectors w

Nlmyer

[ Na er
WP = 3 [ ()] = ST e’ (70)
i=1
= bot |2 o _ o \12 Nlayer 2
W2 =) [an ()] = == (160" (1)
j=1

Since (né)2 + (77%;)2 = 1 (see SM [47]), the normalized mag-
nitudes of the top and bottom graphene layers in the double
plate model are (17(1;)2 and (né)z. We note that the computed

[né, né] is [0.885,0.458] for all G’s listed in Table VIIIL. For
phonon modes (5, ... ,35) of the hBN-supported TBG in
which out-of-plane deformation is dominant [Figs. 11(a) and
11(c)], the magnitudes ([(né)z, (né)z] = [0.783, 0.21]) from
the double plate model provide good agreement with the mag-
nitudes ([Y,2, B/, 3,2, B = [0.772,0.23]) from the
phonon modes. Therefore, the double plate model provides
a reasonable representation for the frequency and relative
deformation for out-of-plane dominant phonon modes of an
hBN-supported TBG.

The first phonon modes that have a dominant in-plane
deformation for the relaxed hBN-supported TBG are modes
64-69. The frequency range of these modes is 2402-
2422 GHz. Both the top and bottom layers have magnitudes
of A equal to 0.5. Similar to phonon modes 85-90 of the
relaxed free-standing TBG, these modes are captured by the
first in-plane normal modes of the elastic plate ( flif‘2‘3 =
2436.77 GHz). This indicates that the substrate has a minor
effect on the frequency and v of phonon modes in which A; +
A, + Aj is dominant (for comparison, the averaged frequency
of phonon modes 64—69 for the relaxed free-standing TBG is
2421 GHz). Modes 60-63 and 70-71 also have significant Ay
and have frequencies of 2417 and 2458 GHz. However, these
modes cannot be explained by the in-plane and out-of-plane
normal modes of the elastic plate because B}’Ot # 0, i.e., the
phonon modes have both non-negligible in-plane and out-of-
plane deformations.

To study the effect of the TBG supercell size on phonons,
we compute the phonon band diagram and DOS for a relaxed
free-standing TBG and hBN-supported TBG for a twist angle
of 8 = 1.12° (Mayer = 5222). The results are presented in
Fig. 12. Comparing the DOS in Fig. 12 with that in Fig. 9
for a twist angle of 6 = 2.28°, we see qualitatively similar
behavior. In both cases, the free-standing TBG has a uniform
distribution across frequencies, and the hBN-supported TBG
exhibits a high concentration around 1100 GHz. However, as
explained below, the twist angle does affect the frequencies
of in-plane and out-of-plane phonons in the low-frequency
range.

1000 £
N
u
S
= 1
é 500
free
= ——hBN
0
K 0 50 100
r M K DOS
(states/GHz)

FIG. 12. Phonon band structure of a TBG with 6 = 1.12°. The
phonon frequency versus wave vectors and density of states (DOS)
are shown for relaxed free-standing (orange) and hBN-supported
(blue) TBGs.

Similar to the analysis of low-frequency phonon modes
(i.e., in-plane and out-of-plane dominant phonon modes) in
Fig. 10, phonon modes of TBGs at 8 = 1.12° are analyzed
following the approach described in Sec. VIB 1. First, A
and B; of the relaxed free-standing TBG at 6 = 1.12° are
computed. The first three phonon modes comprise two rigid
in-plane and one out-of-plane translation of the TBG, and
the following two shearing modes (modes 4 and 5) have a
frequency of 31.1 GHz. The computed A; and B; values for
phonon modes (6,...,35) and (120,...,140) are plotted in
Fig. 13 to focus on the low-frequency phonon modes and
the first phonon modes dominated by in-plane deformation.
Similar to A; and B, of the relaxed free-standing TBG at
6 = 2.28°, phonon modes (6,...,35) are mainly captured
by B;. However, different from the results for = 2.28° in
Fig. 10, B; combinations associated with different frequencies
contribute to the same phonon mode. For example, there is a
non-negligible contribution of B4 + Bs + Bg to phonon mode
6 shown in Figs. 13(a) and 13(c) for both layers. Furthermore,
the frequency of phonon 14, where By + B, + B3 is domi-
nant, does not fall between the high B; + B, + B3 phonon
modes (i.e., modes 6 to 10). Instead, it falls within phonon
modes where Bs + Bs + Bg is dominant (i.e., modes 11 to 17)
while having similar frequencies. Different frequencies from
the same B combinations cannot occur in the double layer
model because each B is associated with a specific frequency.
However, in the relaxed TBG model with a small twist angle
(6 = 1.12°), different frequencies for the same B combina-
tions occur due to the large deformation in the graphene layers
compared to those at a large angle of 6 = 2.28°, shown as
the high A; ;3 and B, values at a low twist angle in Figs. 3
and 5. The significant deformation of the relaxed TBG at
a low twist angle makes it difficult to accurately predict its
phonon modes using the out-of-plane normal modes of an
elastic plate. Nevertheless, the computed frequencies of the
out-of-plane normal modes of the double layer model for 6 =
112° (f 3 =34, fi’56 =104, 5o = 139, and fii}, ;, =
243 GHz) provide a good appr0x1mat10n for the averaged
frequencies in phonon modes (6, .. .,35) with values 42, 81,
173, and 251 GHz.
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FIG. 13. Contributions to the squared magnitude of v, (0) for different mode numbers n from the top and bottom graphene layers of a
relaxed free-standing TBG at = 1.12° computed from atomistic simulation results. At each mode number, the contributions from different
out-of-plane and in-plane basis terms are shown as colored bars. Terms with the same frequencies are summed together as indicated in the

legend boxes.

The first phonon modes that have dominant in-plane
deformation for the free-standing TBG are in the range
(120,...,140) at an average frequency of 1199 GHz [see
Figs. 13(b) and 13(d)]. The fact that the A; terms are dominant
and that AP + AyP + AP and A8 + A5 + A} have equal
magnitudes of 0.5 indicates that phonon modes (120, . . .,140)
correspond to the in-plane normal modes of two independent
elastic plates at f1 23 = 1197.92 GHz.

The A, and B; values for an hBN-supported TBG at
6 = 1.12° are shown in Fig. 14 for modes (6,...,35) and
(40, ...,60). Similar to phonon modes for the larger twist
angle (6 = 2.28°), the first two phonon modes (n =1, 2)
correspond to rigid-body translation along the in-plane di-
rections, and two shearing modes (3 and 4) follow with a
frequency of 32 GHz. Mode 5 is an out-of-plane translation
of the two graphene layers with different squared magnitudes
(s [wi®2 = 0.743 and Y00 (W2 = 0.257) with a
common frequency of 1031 GHZ For phonons in the range
(6, ...,35), combinations of B; terms associated with different
frequencies contribute to the same phonon modes (as seen
above for the free-standing TBG). This makes it difficult
to directly represent these phonon modes using the double
elastic plate model. Nevertheless, the computed frequencies
for the double elastic plate model ( fldgl3 = 1074.2, ffgIG =

1078, f7d'§19 = 1082, fldg’lu 12 = 1100 GHz) for 6 = 1.12° are
in good agreement with the frequencies of the phonon modes

[fszBg’ =1061-1080, ff?(g =1086-1095, ffgg’ =1099-1108,

00 15 =1114-1135 GHz in Figs. 14(a) and 14(c)]. The
first phonon modes where in-plane deformation is dominant
appear in the range (49, . . . ,54), where the averaged frequency
of these six modes (1 190 GHz) is represented by f1 b3 =
1197.92 since Ay, for the top and bottom layers have the same
magnitude of 0.5.

Overall, we find that phonon modes with dominant out-of-
plane and in-plane deformation in the low-frequency range are
well represented by elastic plate models. Although the accu-
racy of this prediction decreases as the twist angle of the TBG
decreases due to the increasing deformation of the graphene
layers, the normal modes of the elastic plate models continue
to provide a good approximation in terms of phonon mode
frequency and mode shape (i.e., B and A) for the dynamics of
both relaxed free-standing and hBN-supported TBGs.

VII. CONCLUSION

A basis to describe the deformation of TBG systems during
static relaxation is derived systematically from the in-plane
and out-of-plane normal modes of an elastic continuum plate.
It is found that a combination of only a few basis terms suc-
cessfully captures the in-plane and out-of-plane relaxed TBG
structure obtained using atomistic simulations across a range
of twist angles computed with and without an underlying hBN
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FIG. 14. Contributions to the squared magnitude of v,(0) for different mode numbers n from the top and bottom graphene layers of a
relaxed TBG supported on an hBN substrate at & = 1.18° computed from atomistic simulation results. At each mode number, the contributions
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indicated in the legend boxes.

and Si3Ny substrates. The results are verified by comparing
the basis representation of the molecular statics deformation
with basis coefficients optimized to reproduce experimental
electron diffraction pattern measurements. The MATLAB code
for this optimization process is provided to facilitate further
research.

In addition to the static relaxation, the dynamics of TBG
systems are analyzed using the phonon band structure of a
TBG supercell. Phonon modes at k = 0 of the relaxed TBG
for small and large twist angles, with and without a supporting
substrate, are analyzed using the elastic plate basis. It is found
that both the frequencies and deformed shapes of the phonon
modes are well predicted by in-plane and out-of-plane normal
modes of single and double (stacked) elastic continuum plates.

The elastic plate basis can be used to characterize the
deformation in any periodic supercell, therefore, an interesting
topic for future research is to extend this work to systemati-
cally quantify the deformation of arbitrary twisted multilayer
vdW heterostructures obtained from either atomistic simula-
tions or experimental electron diffraction patterns, including
deformations involving symmetry breaking [51].

Another potential application is to use the elastic plate ba-
sis as a means for constructing reduced-order models (ROMs)
for 2D materials in which the degrees of freedom are the
in-plane and out-of-plane mode coefficients. This would en-
able computationally efficient atomistic simulation of the

relaxation of arbitrary twisted vdW heterostructures (includ-
ing TBGs). To be specific, the total energy of the atomistic
system can be minimized relative to the basis coefficients
with the atom displacements constrained by the elastic basis.
Additionally, in the case of small deformation where linear
elasticity holds, an analytical model can be constructed in
which the total energy is decomposed into the sum of energies
of the individual modes.
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APPENDIX: DERIVATION OF ¢, AND ¢; UNDER
SIXFOLD SYMMETRY CONDITIONS

In order for combinations of bases to satisfy sixfold sym-
metry, the displacement field must remain invariant to a 60°
rotation. Taking the first three in-plane bases as an example,
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the following relation must be satisfied at all positions r:

3 3
Y e =) Q'ey@r). Vr (A1)
k=1 k=1
where Q is a two-dimensional 60° rotation matrix:
cos60°  —sin 60°
Q= |:sin 60° cos 60° i| (A2)

Equation (A1) provides two equations, one for the x direction,
and one for the y direction. To ensure that sixfold symmetry is
centered on the origin (corresponding to the center of the AA
domain in the TBG), we take the phase angle to be the same
for the three bases, such that ¢, = ¢™ (k = 1, 2, 3). The real
part of Eq. (A1) in the x direction is
—/3/2¢c08 (G - T+ ¢™) 4+ +/3/2cos (G5 - T + ¢™),
= —/3/2¢0s (G1 - Qr + ¢™) 4+ +/3/2 cos (G3 - Qr + ™).
(A3)

The reciprocal lattice vectors G, G, G, are related by 120°
rotations, such that

Gi = (Q")’G: = Q°Gs. (A4)
Using these relations, Eq. (A3) becomes
cos (G; -1+ ¢™) 4+ cos (=G - r + ¢™)

—[cos (QGy - T+ ¢™) + cos (—QG - r + ¢™)] = 0,
(A5)

where we have used Q7 Q = I, Q> = —I (for a 60° rotation),
and the identity

G-Qr=Q'G-r. (A6)
Through basic trigonmetry, Eq. (AS) further simplifies to
cos ¢"[cos (G - r) — cos (QG; - r)] = 0. (A7)
Similarly, the real part of Eq. (A1) in the y direction is
1[cos (G - T+ ¢™) +cos (—Gy -1+ ¢™)
+¢08 (QG -1+ ¢'") + cos (—QG - 1+ ¢'")]

—[cos (Q"Gy - r 4+ ¢™™) + cos (—Q"Gy - r + ¢™)] = 0,
(A8)

which simplifies to

cos ¢"[cos (G - ) + cos (QG; - 1) —2cos (QTG; - r)] = 0.
(A9)

Equations (A7) and (A9) are satisfied identically for all r
provided that cos qbin = 0, so that ¢i“ =mn+ %)n, where 7 is
an integer. Note that this solution for ¢™™ holds for all summed
basis triplets that have the same magnitude and are re-
lated through 120° rotations [i.e., Y ;_, ©(r), Y0_, @ (r),
Yimy O (), and 3,2, OF'(1)].

Setting " = (n+ %)n leads to a local twist about the
origin in the displacement 22:1 9}{“(1‘). This displacement
exhibits a clockwise rotation when n is even (see Fig. 1),
and a counterclockwise rotation when »n is odd. To achieve
positive coefficients for the top layer experiencing a lo-
cal counterclockwise twist during TBG relaxation, we set
¢ = —7 for 3;_, O (r). We also set ¢'" = —Z for the
remaining in-plane bases to preserve the counterclockwise
rotation in the displacements of 22:4 Oi(r), 22:7 oi(r),
and 2112:10 G)ikn(r)'

Similarly, for out-of-plane deformation, the requirement
for sixfold symmetry for the first three bases is

3 3

> oM =) eM@Qr), vr

=1 =1

(A10)

Again, we take the phase angle for all three bases to be the
same, ¢g = ¢°" (I =1,2,3). The real part of Eq. (A10)
follows as

3 3
Z cos (G - r + ¢ = Z cos (G; - Qr + ¢°Y). (All)
=1 =1

Similar to Eqgs. (A7) and (A9), Eq. (A11) simplifies to
sin *"[sin (G| - r) + sin (—Q"G; - 1)
+sin (—QG; - r)] = 0. (A12)

Equation (A12) is satisfied identically for all r, for ¢°" =
nm, where n is an integer. Equation (A12) holds for all
summed basis triplets [i.e., 213:1 0/ (r), Zf’:4 0 (r),
i O (), X121 O (1), and 3,2, ©7 (1)

In the displacement of all summed out-of-plane bases, a
dome-shaped displacement is observed centered on the origin.
When n is even, this displacement is positive (see Fig. 2),
while it is negative when n is odd. To achieve a positive
coefficient for the top layer experiencing a positive out-of-
plane deformation at the origin during TBG relaxation, we set
¢°% = 0 for all out-of-plane bases.
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