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Field-free Josephson diode effect in altermagnet/normal metal/altermagnet junctions
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The field-free and highly efficient diodes with the nonreciprocity of supercurrent are believed to be the core
block of superconducting computing devices without dissipation. In this paper, we propose a Josephson diode
based upon altermagnets with vanishing net macroscopic magnetization. The nonreciprocity of supercurrent
can be realized without applying any external magnetic field or ferromagnetic exchange field, which can avoid
the magnetic cross-talk between the basic elements of the devices. A high efficiency exceeding 40% can be
obtained, and the efficiency shows high stability when the structure parameters are changed. The diode efficiency
is antisymmetric about the relative orientation angle of the superconducting leads, so that its sign can easily be
inverted by adjusting the relative orientation angle. The symmetries satisfied by the current-phase difference
relations and the diode efficiency are analyzed by considering the transformations of the junctions under the
time reversal, the spin rotation, and the mirror reflection operations. The high efficiency and the high stability of
the Josephson diode effect in our junctions make it possible to design field-free dissipationless diode devices.
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I. INTRODUCTION

The nonreciprocity of supercurrent with different critical
currents for opposite directions paves the way for the design
of nondissipative digital logic, which has attracted a great
deal of attention [1–19]. In particular, the nonreciprocity of
supercurrent in Josephson junctions, i.e., the Josephson diode
effect (JDE), has stimulated growing interest due to the design
and construction flexibility of the junctions. The experimental
observations of the JDE have been reported recently [20–27].
In NbSe2/Nb3Br8/NbSe2 junctions, the stable half-wave rec-
tification of a square-wave excitation has been realized using
a very low switching current [20]. Other involved structures
include Josephson junctions based on InAs quantum wells
[21–23], type-II Dirac semimetal [24], magic-angle twisted
bilayer graphene [25] and a single magnetic atom [26]. The
non-locally-controlled JDE is also detected experimentally in
Josephson junctions with short-range coherent coupling [27].

In addition to these experiments, various theoretical
schemes for the JDE have been proposed [28–49]. For exam-
ple, a metallic nanowire on top of two superconducting slabs
can host a nonreciprocal supercurrent when finite-momentum
Cooper pairing is induced by screening currents [32]. The
JDE with high efficiency is predicted in supercurrent inter-
ferometers composed of two Josephson junctions [36]. The
tunable JDE is theoretically shown on the surface of a topo-
logical insulator with an applied magnetic field [44]. The
minimal theoretical model for the JDE is formulated in two-
dimensional electron gas with a ferromagnetic barrier [45].
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The controllable JDE by the magnetic configuration of the
barriers is also studied in Andreev molecules [48]. Although
the JDE has been examined in various Josephson structures
both experimentally and theoretically, an external magnetic
field or the exchange field from a ferromagnet is always
required for most of the existing studies to cause the time-
reversal symmetry breaking necessary for the formation of the
JDE. This will bring about the inevitable competition between
magnetization and superconductivity in Josephson junctions.
Furthermore, the presence of an external magnetic field or
a stray magnetic field produced by a ferromagnet will cause
magnetic cross-talk between the basic elements of the logic
device [50]. The magnetic cross-talk is a negative factor for
realistic applications of the JDE, and it needs to be avoided,
especially in the design of a high-density device [51].

Recently, altermagnetism, as the third magnetic phase, has
become a hot topic in condensed-matter physics [52–60].
Altermagnet (AM) breaks time-reversal symmetry, similar to
ferromagnetism, but it possesses vanishing macroscopic net
magnetization due to the alternating order of the magnetic
moments in both direct space and momentum space [53–55]
[see Fig. 1(a)]. The absence of macroscopic net magnetization
in altermagnetism prevents the emergence of a stray magnetic
field, which is very prevalent in structures including ferro-
magnets. This makes AMs an ideal magnetic material in the
design and construction of heterojunctions consisting of AMs
and superconductors (SCs). Andreev reflection [61,62], the dc
Josephson effect [60,63,64], and the Majorana corner modes
[65,66] in the heterostructures comprising AMs and SCs have
been recently studied based on the zero net magnetization
of AMs. In particular, the crystalline orientation-dependent
transport properties are clarified in Refs. [60–64], which orig-
inate from the anisotropic spin polarization in AMs.
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FIG. 1. (a) Schematic illustration of AMSC/NM/AMSC Joseph-
son junctions based upon d-wave AMs. (b) The elliptical Fermi
surfaces of the normal state of AMSCs with altermagnetism but with-
out RSOC. The blue (red) ellipse is occupied by spin-up (spin-down)
electrons. (c) The Fermi surfaces of the normal state of AMSCs with
RSOC but without altermagnetism. The blue and red arrows denote
electron spin under spin-momentum locking. (d) The Fermi surfaces
for the normal state of AMSCs with both altermagnetism and RSOC.
The averages of the in-plane spin of electrons are denoted by arrows.
(e) The Fermi surfaces for the normal state of the left (right) AMSC
with an orientation angle αl (r).

In this paper, we propose a theoretical scheme for the JDE
in junctions with a normal metal (NM) sandwiched between
two AM-based SCs (AMSCs), i.e., the AMSC/NM/AMSC
Josephson junctions, as shown in Fig. 1(d). The JDE in
our junctions is derived from the simultaneous breaking of
time-reversal symmetry and in-plane inversion symmetry. The
former is caused by anisotropic d-wave altermagnetism with
zero macroscopic net magnetization in AMSCs, while the
latter is caused by Rashba spin-orbit coupling (RSOC) and the
mismatch of the crystallographic orientation in AMSCs. Any
external magnetic field or ferromagnetic exchange field is not
needed for the nonreciprocity of supercurrent in our junctions,
and the emergence of a stray field is completely avoided. A
high diode efficiency is achieved and can be maintained in a
large range of the junction parameters. The efficiency exhibits
an antisymmetric property about the relative orientation angle
of AMSCs, and its sign can also be inverted by altering the
magnitudes of altermagnetism and RSOC. We also analyze
the current-phase difference relations (CPRs) and the diode ef-
ficiency from the viewpoint of symmetry through considering
the transformations of the junctions under time reversal, spin
rotation, and mirror reflection as well as their joint operations.
The results obtained in this work will be helpful in practical
applications of the field-free superconductor diode with low
energy consumption.

II. MODEL AND FORMULATION

The AMSC/NM/AMSC Josephson junctions based upon
d-wave AMs in the xy plane considered by us are schemat-
ically shown in Fig. 1(a). The left and right semi-infinite
AMSCs are formed through coupling AMs to bulk SCs with
a circular Fermi surface and isotropic s-wave pairing. In ad-
dition to altermagnetism, RSOC in AMSCs is assumed due
to the breaking of the out-of-plane mirror reflection. Be-
fore proceeding further, we now discuss comprehensively the

electric structures of the normal state of AMSCs for dif-
ferent situations. The Hamiltonian for the normal state of
AMSCs is shown in Eq. (A1) in Appendix A. For the normal
state of AMSCs with altermagnetism but without RSOC, the
Fermi surfaces are two ellipses that are occupied by electrons
with opposite spin, i.e., the out-of-plane spin-up and the out-
of-plane spin-down, as shown in Fig. 1(b). For the normal
state of AMSCs with RSOC but without altermagnetism, the
Fermi surfaces are two concentric circles with in-plane spin-
momentum locking, as shown in Fig. 1(c). For the coexistence
of altermagnetism and RSOC, the Fermi surfaces for the nor-
mal state are two closed curves, as shown in Fig. 1(d). In this
situation, the electron spin will possess both in-plane and out-
of-plane components. The blue and red arrows, denoting the
averages of the in-plane spin of electrons in momentum space,
are calculated from the eigenvector on the Fermi surface with
the same color as shown in Fig. 1(d). The calculation details
can be found in Appendix A.

In this paper, we will consider AMSCs not only with the
coexistence of altermagnetism and RSOC but also with dif-
ferent orientation angles. The orientation of the left (right)
AMSC is characterized by αl (r), which is defined as the angle
between the crystalline axis of the left (right) AMSC and the
interface normal [see Fig. 1(e)]. The Fermi surfaces for the
normal states of the left and right AMSCs are shown schemat-
ically in Fig. 1(e), which can be obtained by rotating the Fermi
surfaces in Fig. 1(d) about the z axis by the αL angle and
the αR angle, respectively. After the rotations, corresponding
changes will also occur for the spin direction of electrons. De-
tailed discussions on the electric structure of the normal state
of AMSCs after rotation can be found in Appendix A. The
central region of the junctions is a conventional NM without
both altermagnetism and RSOC. The two interfaces for the
junctions are located at x = xL and x = xR, which are parallel
to the y axis as shown in Fig. 1(a). The Josephson current
flows along the direction parallel to the x axis. Next, we will
use �x to denote the length of NM, i.e., �x = xR − xL.

The Bogoliubov–de Gennes (BdG) Hamiltonian for
the left (right) AMSC in the region x < xL (x > xR)
is given by HL(R) = ∑

k ψ+
L(R)(k)ȞL(R)(k)ψL(R)(k), with

ψL(R)(k) = (cL(R)k↑, cL(R)k↓, c+
L(R)−k↑, c+

L(R)−k↓)T and

ȞL(R)(k) = Ȟ0(k) + ȞJ (k) + Ȟλ(k) + Ȟ�(k) (1)

in the particle-hole ⊗ spin space. The four terms in Eq. (1) are
expressed as

Ȟ0(k) = [
t0

(
k2

x + k2
y

) − μ
]
τz ⊗ σ0,

ȞJ (k) = tJ
[(

k2
x − k2

y

)
cos 2αl (r) + 2kxky sin 2αl (r)

]
τz ⊗ σz,

Ȟλ(k) = λ[(ky cos αl (r) − kx sin αl (r) )τ0 ⊗ σx

− (kx cos αl (r) + ky sin αl (r) )τz ⊗ σy],

Ȟ�(k) = −�0[cos φl (r)τy + sin φl (r)τx] ⊗ σy, (2)

which describes the kinetic energy of particles, the d-wave
altermagnetism, the spin-orbit coupling, and the supercon-
ducting gap matrix, respectively. Here, tJ , λ, and �0 are the
magnitudes of altermagnetism, RSOC, and the superconduct-
ing gap. k = (kx, ky) is the two-dimensional wave vector in
the junctions plane. φl (r) is the superconducting phase of the
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left (right) AMSC, and the phase difference will be defined
as φ = φl − φr . We have used τx, τy, τz, τ0 and σx, σy, σz, σ0

to denote the three components of the Pauli matrices and
the identity matrices in particle-hole space and spin space,
respectively. From Eq. (2), one can find that ĤJ (k) is pro-
portional to τz ⊗ σz, which implies that particles and holes
will experience the opposite effects of altermagnetism. In this
paper, we chose the simplest d-wave altermagnetism as given
in Eq. (2) to demonstrate the JDE based upon AMs, although
AMs with higher powers of kx and ky, such as the g-wave
AMs [53], also satisfy the necessary conditions for the JDE.
The BdG Hamiltonian for NM in the central region (xL <

x < xR) can be written as HN = ∑
k ψ+

N (k)Ȟ0(k)ψN (k), with
ψN (k) = (cNk↑, cNk↓, c+

N−k↑, c+
N−k↓)T and the kinetic energy

term Ȟ0(k) = [t0(k2
x + k2

y ) − μ]τz ⊗ σ0.
To calculate the Josephson current in the junctions,

we can discretize the Hamiltonians HL(R) and HN on a
two-dimensional square lattice with the lattice constant a
(see Appendix B). The discrete Hamiltonian can be given
by [67]

H =
∑

i

[
ψ+

i Ȟψi + ψ+
i Ȟxψi+δx + ψ+

i Ȟyψi+δy

+ ψ+
i Ȟxyψi+δx+δy + ψ+

i Ȟxȳψi+δx−δy + H.c.
]
. (3)

Here, i = (ix, iy) denotes the position of sites in the lat-
tice, with iy being limited in 1 � iy � Ny. The width W of
the junctions satisfies W = (Ny − 1)a. The subscripts i + δx

and i + δy represent the nearest-neighbor sites of the ith
site along the x direction and the y direction, respectively.
The subscripts i + δx + δy and i + δx − δy represent the next-
nearest-neighbor sites of the ith site. For the left (right)
AMSC, one has ix � 0 (ix � Nx + 1). The operator ψi is ex-
pressed as ψi = (ψL(R)i↑, ψL(R)i↓, ψ+

L(R)i↑, ψ+
L(R)i↓)T in the left

(right) AMSC. For NM, one has 1 � ix � Nx and its length
�x satisfies �x = Nxa. The operator ψi in NM is expressed
as ψi = (ψN i↑, ψN i↓, ψ+

N i↑, ψ+
N i↓). The explicit expressions of

the matrices Ȟ , Ȟx, Ȟy, Ȟxy, and Ȟxȳ for the left AMSC, the
right AMSC, and the central NM can be found in Appendix B.

The Hamiltonian describing the hopping between different
regions can be given by

HT =
∑

1�iy�Ny

[
ψ+

(0,iy )ŤLψ(1,iy ) + ψ+
(Nx+1,iy )ŤRψ(Nx,iy ) + H.c.

]
,

(4)

with the hopping matrix ŤL(R) = diag(te−iφl (r)/2, te−iφl (r)/2,

−teiφl (r)/2,−teiφl (r)/2). When we write Eqs. (3) and (4), a
unitary transformation has been performed. Then, the super-
conducting phases φl and φr for the left and right AMSCs in
Eq. (3) have been eliminated and they will appear in the hop-
ping matrix ŤL(R) in Eq. (4). The details for the transformation
can be found in Appendix B.

The particle number operator in the left AMSC can be
written as

N =
∑

ix�0,iy

∑
σ=↑,↓

ψ+
iσ ψiσ . (5)

Using the Green function method, the Josephson current can
be expressed as [67–69]

I = e

〈
dN

dt

〉

= − e

2π

∫
dE Tr[�zŤLG<

NL(E ) + H.c.], (6)

with �z = σz ⊗ 12×2. From the fluctuation-dissipation theo-
rem, the lesser Green function G<

NL(E ) can be expressed as
G<

NL(E ) = − f (E )[Gr
NL(E ) − Ga

NL(E )] with the Fermi distri-
bution function f (E ). The retarded Green function Gr

NL(E )
and the advanced Green function Ga

NL(E ) can be derived from
the matrices Ȟ , Ȟx, Ȟy, Ȟxy, and Ȟxȳ in Eq. (3). The details of
the derivation process are presented in Appendix B.

III. NUMERICAL RESULTS AND DISCUSSIONS

Before presenting the numerical results, we give the
necessary conditions responsible for the JDE in the
AMSC/NM/AMSC junctions from the symmetry analy-
sis (see Appendix C for details) [70]. For tJ = 0 and
λ �= 0, there is only RSOC in AMSCs, and altermagnetism
is absent. The junctions will respect the time-reversal sym-
metry. The continuum Hamiltonian for the left (right) AMSC
can be transformed according to T HL(R)(αl (r), φl (r) )T −1 =
HL(R)(αl (r),−φl (r) ) by the time-reversal operator T . Since the
time-reversal operation will invert the direction of the Joseph-
son current, we have the following relation for CPRs:

I (αl , αr, φ) = −I (αl , αr,−φ). (7)

This relation means that the positive current and the negative
current possess the same critical value, and the JDE cannot
be expected while tJ = 0. On the other hand, for tJ �= 0 and
λ = 0, there is only altermagnetism in AMSCs, and RSOC
is absent. The time-reversal symmetry will be broken due
to the presence of altermagnetism. However, the symmetry
under the joint operation X = Ry(π )T will be satisfied by
AMSCs with Ry(π ) being the spin rotation about the y axis
by a π angle. The Hamiltonian for the left (right) AMSC
will be transformed according to XHL(R)(αl (r), φl (r) )X−1 =
HL(R)(αl (r),−φl (r) ). In this situation, the relation in Eq. (7)
can be obtained again and the JDE in our junctions will be
forbidden. From the above discussions, the coexistence of
RSOC and altermagnetism is a necessary condition for the
possible emergence of the JDE in the AMSC/NM/AMSC
junctions.

Another condition for the JDE is the unequal orienta-
tion angles in the left AMSC and the right AMSC. To
prove this point, we introduce the in-plane inversion op-
eration Y = MxzMyz. Here, Mxz and Myz are the mirror
reflection operations about the xz plane and the yz plane,
respectively. The in-plane inversion operation can trans-
form the Hamiltonian for the left (right) AMSC according
to YHL(R)(αl (r), φl (r) )Y−1 = HR(L)(αl (r), φl (r) ). The operation
Myz exchanged the orientation angles and the superconduct-
ing phases for the left AMSC and the right AMSC. As
a result, the Josephson current is inverted and the relation
I (αl , αr, φ) = −I (αr, αl ,−φ) will hold. If αl = αr = α, the
relation in Eq. (7) will be satisfied and the JDE will also be
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FIG. 2. (a) The CPRs for different orientation angles with tJ =
0.5 and λ = 0.3. Each dashed line gives the critical current −IC+
of the CPR with the same color. (b) The variations of the diode
efficiency as the orientation angle for tJ = 0.5. (c) The variations of
the diode efficiency as the magnitude of altermagnetism for λ = 0.3.
(d) The variations of the diode efficiency as RSOC strength λ for
tJ = 0.5. Other parameters are taken as t0 = 1, t = 1, μ = 2, a = 1,
Nx = 1, and Ny = 3.

forbidden. In other words, the orientation angles for the left
AMSC and the right AMSC must be different in order to break
the in-plane inversion symmetry and produce the JDE.

Next, we will present the numerical results with the two
necessary conditions for the JDE being simultaneously satis-
fied. In our calculations, we will fix αl = 0 for definiteness
and let αR vary. Other parameters are taken as t0 = 1, μ = 2,
t = 1, �0 = 0.01, and a = 1. Figure 2(a) shows the CPRs for
different values of αr with tJ = 0.5 and λ = 0.3. For each
CPR curve, we define the critical value for its positive current
as Ic+ with Ic+ = max[I (0 < φ < 2π )] and the critical value
for its negative current as Ic− with Ic− = max[−I (0 < φ <

2π )]. In Fig. 2(a), we plot −Ic+ of the CPRs as dashed lines.
Each dashed line and its corresponding CPR curve possess the
same color. It is found that the dashed lines are not tangent
with their CPR curves. This indicates that the critical value
for the positive current and that for the negative current are
not equal, i.e., Ic+ �= Ic−. This is just the nonreciprocity effect
of the Josephson supercurrent in our junctions. Actually, all
the dashed lines in Fig. 2(a) are below their corresponding
CPRs, and one has Ic− < Ic+. As a result, our junctions with a
fixed orientation of the right AMSC can serve as an efficient
rectifier by altering the direction of the applied current I with
Ic− < I < Ic+.

To measure the nonreciprocity in our junctions, we intro-
duce the Josephson diode efficiency η, which is defined as

η = Ic+ − Ic−
Ic+ + Ic−

. (8)

The diode efficiency η as functions of αr is shown in Fig. 2(b)
for different values of RSOC with tJ = 0.5. The efficiency η

exhibits oscillation behavior when the orientation angle αr is
adjusted. However, η can keep stable and high values in a large
range of αr . For example, the efficiencies for λ = 0.1 and
0.3 can reach about 20% in the range of 0.25π < αr < 0.5π

and can exceed 15% in the range of 0.5π < αr < 0.75π . The
stable and high efficiency with no strict demand on the value
of the orientation angle in our junctions will be helpful for
the practical applications of the JDE based upon AMs. From
Fig. 2(b), one can also find that raising the value of RSOC will
not always increase the efficiency for the given tJ . For exam-
ple, the efficiency in the angle range of 0.25π < αr < 0.5π

is obviously weakened when the value of RSOC is increased
from λ = 0.3 to 0.5 and then to λ = 0.7. On the contrary,
the smaller value λ = 0.1 of RSOC can cause higher diode
efficiency in the same angle range. The large value of RSOC is
not the essential condition for the high diode efficiency, which
is another advantage of our junctions.

In addition, the curves for the efficiency η in Fig. 2(b)
satisfy the following relation:

η(αr ) = −η(2π − αr ), (9)

which suggests that the diode efficiency will change its sign
when one adjusts the orientation angle from αr to −αr . To
clarify the relation in Eq. (9), we introduce the joint operation
Z = T Mxz (see Appendix C for details). The Hamiltonian
HL(R) for the left (right) AMSC will be transformed according
to ZHL(R)(αl (r), φl (r) )Z−1 = HL(R)(2π − αl (r),−φl (r) ) under
the joint operation. As a unitary operation, the mirror reflec-
tion Mxz does not change the Josephson current. On the other
hand, the time-reversal operation T only inverts the direction
of the current. Hence, we have the relation I (αl , αr, φ) =
−I (2π − αl , 2π − αr,−φ) for CPRs. For αl = 0, the relation
will degenerate into I (αr, φ) = −I (2π − αr,−φ). When one
adjusts the orientation angle from αr to −αr , the positive
(negative) current for αr will become the negative (positive)
current for −αr . The critical value Ic+(Ic−) for αr will turn into
the critical value Ic−(Ic+). According to the definition of η in
Eq. (8), η will change its sign when αr is changed into −αr .
Furthermore, for αr = π , we have I (π, φ) = −I (π,−φ) and
the JDE will vanish as shown in Fig. 2(b).

The variations of the efficiency η as the magnitude of
altermagnetism are presented in Fig. 2(c) for several given
values of the orientation angle αr . In Fig. 2(c), we have taken
λ = 0.3. For the orientation angle αr = 0.3π, 0.7π , or 0.9π ,
the efficiency η reaches its peak value at the position around
tJ = 0.4. The peak value can exceed 15%, 25%, and even
30% for αr = 0.3π, 0.7π , and 0.9π . In particular, a diode
efficiency exceeding 10% can be obtained in a large range of tJ
for the three orientation angles, which shows the excellent sta-
bility of the diode effect in our AMSC/NM/AMSC junctions
when the strength of altermagnetism is changed. The varia-
tions of efficiency η as RSOC are presented in Fig. 2(d) for
the given orientation angles and the fixed tJ = 0.5. A similar
stability can also be found in Fig. 2(d) for these orientation
angles when the strength of RSOC is altered. In particular, it is
found that the very small value of RSOC can bring about high
efficiency. For αr = 0.3π and 0.7π , an efficiency of about
10% can be achieved even for λ = 0.05, which is one-tenth
of tJ . In Figs. 2(c) and 2(d), we also consider the variations of
η for the small orientation angle αr = 0.1π . In this situation,
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FIG. 3. The Josephson diode efficiency η for (a) Nx = 1 and (b)
Nx = 10 in the (αR, tJ ) space and for (c) Nx = 1 and 10 in the (αR, λ)
space. For the width of the junctions, we have taken Ny = 15. In
(a) and (b), λ is taken as 0.3; in (c) and (d), tJ is taken as 0.5.

a larger value of altermagnetism or RSOC is needed for the
appearance of the peak value of η, which corresponds to the
unobvious in-plane inversion symmetry breaking for the small
orientation mismatch of AMSCs. In addition, adjusting the
strength of altermagnetism or RSOC can change the sign of
η as shown in Figs. 2(c) and 2(d); this can also be observed in
Fig. 2(b).

In Fig. 2, we have taken Ny = 3, which corresponds to the
narrow limit of the junctions. For the discrete model in Eq. (3),
the next-neighbor hopping is required in order to describe
the altermagnetism in AMSCs. The junctions with Ny = 3 are
enough to seize the basic physics in our Josephson structure
based upon AMs. However, for practical applications, it is
necessary to consider the influence of the width of the junc-
tions on the JDE. In Fig. 3(a), we present the diode efficiency
η for Ny = 15 as a bivariate function of αR and tJ and its pro-
jection on the (αR, tJ ) plane. It is found that the peak value of η

can exceed 36% and the valley value of η is less than −44%.
The obtained high efficiency implies that an increase in the
width of the AMSC/NM/AMSC junctions will not weaken
the JDE. From the projection of η, one can also find that the
parameters for the high efficiency distribute in a large area in
the (αR, tJ ) plane. The area is approximately centered around
the point with αR = 0.8π and tJ = 0.4 as shown in Fig. 3(a).
The similar property of the diode efficiency can manifest itself
in Fig. 3(c) when η is expressed as a bivariate function of
αR and λ. In this situation, the peak value of η will exceed
37% and the valley value can reach −39%. The parameters
αR and λ for the high efficiency mainly distribute around the
point with αR = 0.7π and λ = 0.3 in the (αR, λ) plane. The
above discussions on the numerical results in Figs. 3(a) and
3(c) indicate the high stability and the high efficiency of the
JDE in the AMSC/NM/AMSC junctions when the width of
the junctions is increased. Next, we discuss the influence of
the length of the junctions on the JDE. In Figs. 3(a) and 3(c),
we have taken Nx = 1, which corresponds to the short limit
of the junctions. In Figs. 3(b) and 3(d), the numerical results
of the efficiency η for Nx = 10 are presented as functions of

(αR, tJ ) and (αR, λ), respectively. The increase of the length
will not significantly weaken the diode efficiency. The peak
value and the valley value of η in Fig. 3(b) can reach about
32% and −38% while those values in Fig. 3(d) can reach
about 37% and −32%. Although the distribution area of the
parameters responsible for the high efficiency in Fig. 3(d)
becomes a bit smaller, the positions of the center of the area do
not change, as shown in Figs. 3(b) and 3(d). These properties
of η demonstrate that the stability and the high efficiency of
the JDE can be maintained in our junctions when the length
of the junctions is increased. In Fig. 3, the orientation angle
αR of the right AMSC is only taken as 0 � αR � π since the
antisymmetric relation for η in Eq. (9) still holds for the wider
and longer junctions with Ny = 15 or Nx = 10.

Here, we give some discussions on several scales and their
relations in our junctions. The first scale is the coherence
length ξ0 = h̄vF /�0 = 2

√
t0μ/�0 in superconductors, which

can be calculated as about 283a using t0 = 1, μ = 2, and
�0 = 0.01. The second scale is the length of NM, which is
given by �x = Nxa as shown in Fig. 6. From the two scales,
one can find that the short junctions are considered in this
paper since we have �x � ξ0 even for Nx = 10 in Fig. 3. Due
to the presence of AMs with RSOC in our junctions, the spin
of electrons is not conserved. In this situation, both singlet and
triplet superconducting correlations will arise in NM [71,72].
The third scale defined by us is the decay length ξ of the
singlet correlation in AM, which is given by ξ = h̄vF /tJ . For a
moderate value of tJ with tJ = 0.5, ξ = ξ0/50 ≈ 5.66a. When
the length of NM increases from �x = a with Nx = 1 to
�x = 10a with Nx = 10, the singlet correlation will decay fast
and finally becomes negligible [71,72]. However, the triplet
correlation possesses a larger penetration length and will de-
cay slowly with the increase of �x [71,72]. It will dominate
the Josephson effects in our junctions with �x = 10a and in
longer junctions with �x > 10a.

Now, we discuss the experimental realization of the JDE in
our AMSC/NM/AMSC junctions. First, the high efficiency
of the JDE can be obtained when tJ is of the order of 10−1t0,
e.g., tJ ≈ 0.4t0 in Fig. 3 or tJ ≈ 0.5t0 in Fig. 2(c), which is just
the typical magnitude of altermagnetism in AM [54,64]. For
RSOC, its value in the AM without coupling to SC is about
tJ/10 (see the supplemental material of Ref. [54]). The SC on
AM will enhance the strength of RSOC due to the breaking
of the reflection symmetry in AM/SC heterostructure. The
strength of RSOC can also be enhanced by an applied electric
field or the substrate beneath AM. Actually, even for λ =
tJ/10, a diode efficiency exceeding 10% can be acquired in
our junctions, as discussed above and as shown in Figs. 2 and
3. Second, the detection of the Josephson effect in junctions
composed of materials with a different crystallographic orien-
tation is a mature technology in experiment [73]. It is expected
that the high efficiency in our junctions can be detected for a
given orientation angle of the right AMSC. Finally, we noticed
that two theoretical schemes for the field-free superconduct-
ing diode have been proposed by the authors of Refs. [33]
and [38]. It is worth emphasizing that the field-free diode
in these works means that the realization of the diode effect
does not need an applied magnetic field. But the periodic
arrangement of magnetic dots or the ferromagnetic insulator is
still needed in these schemes, which implies that the magnetic
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cross-talk in these schemes cannot be avoided. This is distinct
from our field-free scheme based upon AMs in which any
magnetic field is not needed and the magnetic cross-talk can
be completely eliminated.

IV. CONCLUSIONS

We theoretically study the nonreciprocity of supercurrent
in the Josephson junctions based upon AMs. The JDE with
the high efficiency can be realized without an external field
and the ferromagnetic exchange field, which remains stable
in a large range of parameter values. The sign change of
the diode efficiency can be brought about by rotating the
orientation angle in AMSC or altering the magnitudes of alter-
magnetism and RSOC. The highly efficient JDE can survive
well regardless of the width or the length of the junctions.
We also analyze the symmetry of the CPRs based on the
transformations of the time-reversal, the spin-rotation, and the
mirror reflection operations, and we show that the occurrence
of the JDE is a result of the combination of both time-reversal
symmetry breaking and in-plane inversion breaking. The in-
vestigations in this paper will enable the study and application
of the field-free JDE based upon AMs.
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APPENDIX A: THE ELECTRONIC STRUCTURE
FOR THE NORMAL STATE OF AMSCs

The continuum Hamiltonian for the normal state of the
left or right AMSC, i.e., the AM system with RSOC, can be
written as

hAM =
∑

k

ψ̃+
L(R)(k)ĥAM(k)ψ̃L(R)(k), (A1)

with ĥAM(k) = ĥ0(k) + ĥJ (k) + ĥλ(k) and ψ̃L(R)(k) =
(cL(R)k↑, cL(R)k↓)T in the spin space. Here, ĥ0(k) = [t0(k2

x +
k2

y ) − μ]σ0, ĥJ (k) = tJ [(k2
x − k2

y ) cos 2α + 2kxky sin 2α]σz,

and ĥλ(k) = λ[(ky cos α − kx sin α)σx − (kx cos α + ky sin α)
σy] in the spin space of particles. The orientation angle is
denoted by α, where the subscript l (r) is omitted for brevity.
The eigenvalue equation for the particles in the normal state
can be written as

ĥAM (k)χ (k) = Eχ (k). (A2)

The energies of the particles can be solved from the eigenvalue
equation as

E± = t0(k2 − μ) ± ξ (k), (A3)

FIG. 4. (a) The elliptical Fermi surfaces of AM without RSOC.
Panels (b) and (c) are the circular Fermi surfaces for the E+ and
E− bands of the two-dimensional electron gas with only RSOC.
The black arrows denote the spin of particles in momentum space.
The parameters are taken as t0 = 1, tJ = 0.5, λ = 0.1, α = 0.2π , and
μ = 2.

with ξ (k) = 1√
2
{k2(t2

J k2 + 2λ2) + t2
J [(k4

x + k4
y − 6k2

x k2
y ) cos

4α + 4kxky(k2
x − k2

y ) sin 4α]}1/2 and k2 = k2
x + k2

y . The eigen-
vectors can be written correspondingly as

χ+(−)(k) =
(

+(−)ieiα [ξ (k)+ĥJ11(22) (k)]
λ(kx+iky )

1

)
, (A4)

with ĥJ11(22)(k) being the 11(22) component of the matrix
ĥJ (k). The averages of the spin of the particles in the normal
state can be calculated using the eigenvectors in Eq. (A4), the
components of which are given by

〈sx+(−)〉 = +(−)
[ξ (k) + ĥJ11(22)(k)]λ(ky cos α − kx sin α)

[ξ (k) + ĥJ11(22)(k)]2 + λ2k2
,

〈sy+(−)〉 = −(+)
[ξ (k) + ĥJ11(22)(k)]λ(ky sin α + kx cos α)

[ξ (k) + ĥJ11(22)(k)]2 + λ2k2
,

〈sz+(−)〉 = 1

2

[ξ (k) + ĥJ11(22)(k)]2 − λ2k2

[ξ (k) + ĥJ11(22)(k)]2 + λ2k2
. (A5)

Here, sx+(−), sy+(−), and sz+(−) are the x, y, and z components
of spin for the particles with energies E+(−).

To understand the electric structure of the normal state, i.e.,
the AM with RSOC, we first discuss the electric structures for
the system with λ �= 0 or tJ �= 0 only. For λ = 0 and tJ �= 0,
the Hamiltonian in Eq. (A1) describes the AM without RSOC.
In this case, the Fermi surfaces are two ellipses populated by
electrons with the opposite spin due to the altermagnetism in
AM [53], as shown in Fig. 4(a). The electrons on the blue
ellipse have the spin along the +z direction while those on
the red ellipse have the spin along the −z direction. The two
Fermi surfaces intersect at θ = α + (2n + 1)π/4 in the mo-
mentum space, with n being an integer number. In particular,
for the dx2−y2 -wave altermagnetism with α = 0, the two Fermi
surfaces intersect at θ = (2n + 1)π/4, while for the dxy-wave
altermagnetism with α = π/4, the Fermi surfaces intersect at
θ = nπ/2. At the intersection points, the electrons are spin-
unpolarized. Otherwise, the electrons are spin-polarized on
the Fermi surfaces.

On the other hand, for tJ = 0 and λ �= 0, the Hamiltonian
in Eq. (A1) describes the usual two-dimensional electron
gas with only RSOC after the α angle rotation of the
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crystallographic axis. In this case, the Fermi surfaces are two
concentric circles with different radius as shown in Figs. 4(b)
and 4(c). The blue circle is the Fermi surface determined by
E+ = 0 while the red circle is the Fermi surface determined
by E− = 0. The spin of particles on the two Fermi surfaces is
pinned in the xy plane with 〈sz+(−)〉 = 0 due to the presence
of RSOC. The spin textures are formed on the two Fermi
surfaces due to the spin-momentum locking. The black arrows
in Figs. 4(b) and 4(c) denote the spin vectors (〈sx+〉, 〈sy+〉)
and (〈sx−〉, 〈sy−〉) in the whole momentum space. From the
plot of the spin vectors in Figs. 4(b) and 4(c), one can obtain
the information of the spin distribution on the two Fermi
surfaces. The dot product between the momentum and the
corresponding spin vector on the Fermi surfaces can be given
by (〈sx+(−)〉, 〈sy+(−)〉) · (kx, ky) = −(+) k

2 sin α, which means
that the angle between the momentum and the spin is α + π/2
on the Fermi surface determined by E+ = 0 and is α − π/2
on the Fermi surface determined by E− = 0. If one takes
α = 0, the momentum and the spin will be perpendicular,
which corresponds to the familiar two-dimensional electron
gas system without the α angle rotation of the crystallographic
axis [45].

Now, we discuss the electric structure of AM with RSOC,
which is the normal state of AMSCs considered in our Joseph-
son junctions. In this situation, tJ �= 0 and λ �= 0. The Fermi
surfaces consist of two closed curves as shown in Fig. 5. The
blue curve in Figs. 5(a) or 5(b) is determined by E+ = 0, while
the red curve in Figs. 5(c) or 5(d) is determined by E− = 0.
The averages of the spin for particles can be calculated from
Eq. (A5). The black arrows in Figs. 5(a)–5(d) denote the
spin vectors 〈(sx+〉, 〈sy+〉), 〈(sx+〉, 〈sz+〉), 〈(sx−〉, 〈sy−〉), and
〈(sx−〉, 〈sz−〉) in the whole momentum space. From the fig-
ures, the average spin for particles on the two Fermi surfaces
can be observed. Due to the coexistence of altermagnetism
and RSOC, the spin of particles will obtain both the in-plane
component and the out-of-plane component. In other words,
the three components 〈sx+(−)〉, 〈sy+(−)〉, and 〈sz+(−)〉 are all
nonzero. However, the in-plane component of spin is domi-
nant only in the zones around θ = α + (2n + 1)π/4 as shown
in Figs. 5(a) and 5(c) while the out-of-plane component is
dominant in the other zones. This can also be clearly seen in
Figs. 5(b) and 5(d). This is because the spin is unpolarized
along the direction θ = α + (2n + 1)π/4 in the AM without
RSOC as discussed above and as shown in Fig. 4(a). In the
zones around this direction, the introduction of RSOC will
pin the spin in the xy plane. In the other zones, the spin is
polarized along the z direction in the AM before introducing
RSOC. Hence, the spin will almost retain the polarization after
the introduction of a small RSOC.

APPENDIX B: THE DERIVATION
OF THE GREEN FUNCTIONS

The continuum Hamiltonian in Eq. (1) can be discretized
on the two-dimensional square lattice with the lattice con-
stant a as shown in Fig. 6. From the continuum Hamiltonian
in Eq. (1), the matrices in the discrete Hamiltonian in
Eq. (3) can be obtained. For clarity, we express the ma-
trices Ȟ , Ȟx, Ȟy, Ȟxy, Ȟxȳ for the left (right) AMSC, and
NM in Eq. (3) as ȞL(R), ȞL(R)x, ȞL(R)y, ȞL(R)xy, ȞL(R)xȳ and

FIG. 5. The Fermi surfaces and the spin structures of electrons
in AM with RSOC in momentum space. The Fermi surface denoted
by the blue closed line in (a) and (b) is determined by E+ = 0.
The Fermi surface denoted by the red closed line in (c) and (d) is
determined by E− = 0. The black arrows in (a) and (c) represent
the spin vectors (〈sx+〉, 〈sy+〉) and (〈sx−〉, 〈sy−〉), respectively. The
black arrows in (b) and (d) denote the spin vectors (〈sx+〉, 〈sz+〉)
and (〈sx−〉, 〈sz−〉), respectively. The parameters have been taken as
t0 = 1, tJ = 0.5, λ = 0.1, α = 0.2π , and μ = 2.

ȞN , ȞNx, ȞNy, ȞNxy, ȞNxȳ, respectively. These matrices are
given by

ȞL(R) =
(

4t0 − μ

a2

)
τz ⊗ σ0 − �0[cos φl (r)τy ⊗ σy

+ sin φl (r)τx ⊗ σy], (B1)

ȞL(R)x = − t0
a2

τz ⊗ σ0 − tJ cos 2αl (r)

a2
τz ⊗ σz

+ iλ

2a
[cos αl (r)τz ⊗ σy + sin αl (r)τ0 ⊗ σx], (B2)

ȞL(R)y = − t0
a2

τz ⊗ σ0 + tJ cos 2αl (r)

a2
τz ⊗ σz

− iλ

2a
[cos αl (r)τ0 ⊗ σx − sin αl (r)τz ⊗ σy], (B3)

FIG. 6. The two-dimensional square lattice on which the contin-
uum Hamiltonian is discretized.
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and

ȞL(R)xy = −ȞL(R)xȳ = − tJ sin αl (r)

2a2
τz ⊗ σz (B4)

for the left (right) AMSC. For the central NM, one has

ȞN =
(

4t0
a2

− μ

)
τz ⊗ σ0, (B5)

ȞNx = ȞNy = − t0
a2

τz ⊗ σ0. (B6)

ȞNxy = ȞNxȳ = 0. (B7)

The hopping matrices in Eq. (4) can be given by

ŤL = ŤR = diag(t, t,−t,−t ). (B8)

To facilitate the numerical calculations, we introduce the uni-
tary operator [74]

U = e
∑

iσ [−(
iφl
2 ψ+

Liσ ψLiσ + iφr
2 ψ+

Riσ ψRiσ )], (B9)

which can lead to the transformations UψL(R)iσU −1 =
eiφl (r)/2ψL(R)iσ and Uψ+

L(R)iσU −1 = e−iφl (r)/2ψ+
L(R)iσ . Then, the

transformation on the discrete Hamiltonian H in Eq. (3) will
change ȞL(R) in Eq. (B1) into

ȞL(R) =
(

4t0 − μ

a2

)
τz ⊗ σ0 − �0τy ⊗ σy, (B10)

and will change the hopping matrices in Eq. (B8) into

ŤL(R) = diag(te−iφl (r)/2, te−iφl (r)/2,−teiφl (r)/2,−teiφl (r)/2),

(B11)

which is the one given by Eq. (4). The other matrices in Eq. (3)
are not changed. In other words, the expression of ȞL(R) in
Eq. (3) is the one in Eq. (B10), while the expressions of Ȟx,
Ȟy, Ȟxy, and Ȟxȳ for AMSCs and NM in Eq. (3) are given by
Eqs. (B2)–(B6).

In Fig. 6, the junctions have been discretized into a series of
columns. Each column contains Ny lattice points. The Hamil-
tonian for an isolated column in the left (right) AMSC can be
given by

HL(R)11 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ȞL(R) Ȟ+
L(R)y

ȞL(R)y ȞL(R) Ȟ+
L(R)y

ȞL(R)y ȞL(R) Ȟ+
L(R)y
. . .

Ȟ+
L(R)y

ȞL(R)y ȞL(R)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(B12)

The Hamiltonian for the hopping from one column to its right
neighbor column is given by

HL(R)12

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

ȞL(R)x ȞL(R)xȳ

ȞL(R)xy ȞL(R)x ȞL(R)xȳ

ȞL(R)xy ȞL(R)x ȞL(R)xȳ
. . .

ȞL(R)xȳ

ȞL(R)xy ȞL(R)x

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(B13)

The Hamiltonian for the hopping from one column to its left
neighbor column is given by HL(R)21 = H+

L(R)12.
For NM, the corresponding matrices are given by

HN11 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

ȞN Ȟ+
Ny

ȞNy ȞN Ȟ+
Ny

ȞNy ȞN Ȟ+
Ny

. . .

Ȟ+
Ny

ȞNy ȞN

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(B14)

and

HN12 = HN21 = 1Ny×Ny ⊗ HNx. (B15)

Below, we derive the surface Green functions of the left
and right AMSCs by constructing the Möbius transformation
matrix [67]. For the left AMSC, the matrix can be written as

XL =
(

0 H−1
L12

−H+
L12 [(E + iγ ) − HL11]H−1

L12

)
(B16)

with γ being a small positive quantity. The matrix XL

can be diagonalized by the matrix UL, i.e., U −1
L XLUL =

diag(λL1, λL2, λL3, . . . ). The eigenvalues satisfy the relation
|λL1| < |λL2| < |λL3| < · · · . If we express the matrix UL as

UL =
(

UL11 UL12

UL21 UL22

)
, (B17)

then the surface Green function for the left AMSC is given by
gr

L = UL12U
−1
L22. For the right AMSC, the Möbius transforma-

tion matrix can be constructed as

XR =
(

0 (H+
R12)−1

−HR12 [(E + iγ − HR11)](H+
R12)−1

)
. (B18)

Similarly, it can be diagonalized by the matrix UR. The surface
Green function for the right AMSC can be written as gr

R =
UR12U

−1
R22 with the 12 component UR12 and 22 component UR22

of the matrix UR.
Next, we use the recursive algorithm to calculate the re-

tarded Green function for the leftmost column of NM. The
Green function for the rightmost column of NM is given by

Gr (E , Nx ) = [
E − HN11 − T̃ +

R gr
R(E )T̃R

]−1
, (B19)
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with T̃R = 1Ny×Ny ⊗ ŤR. The Green function for the nth col-
umn can be obtained by

Gr (E , n) = [E − HN11 − HN12Gr (E , n + 1)HN21]−1. (B20)

Then, the retarded Green function for the leftmost column of
NM is given by

Gr
N (E ) = [

E − HN11 − T̃ +
L gr

L(E )T̃ − HN12Gr (E , 2)HN21
]−1

.

(B21)

The advanced Green function for the leftmost column of NM
is obtained by Ga

N (E ) = [Gr
N (E )]+.

After obtaining the surface Green functions gr
L(E ) and

gr
R(E ), the retarded Green function Gr

N (E ), and the advanced
Green function Ga

N (E ), the Green function in Eq. (6) can be
expressed as

Gr
NL(E ) = Gr

N (E )T̃ +
L gr

L(E ), (B22)

Ga
NL(E ) = Ga

N (E )T̃ +
L ga

L(E ), (B23)

with ga
L(E ) = [gr

L(E )]+. Using the fluctuation-dissipation the-
orem, the lesser Green function G<

NL(E ) is given by

G<
NL(E ) = − f (E )

[
Gr

NL(E ) − Ga
NL(E )

]
. (B24)

Substituting the expression of G<
NL(E ) into Eq. (6), the

Josephson current can be numerically calculated.

APPENDIX C: THE SYMMETRY ANALYSIS

For tJ = 0 and λ �= 0, the left and right AMSCs are time-
reversal invariant due to the absence of altermagnetism. We
introduce the time-reversal operation T , which can transform
the annihilation operator ckσ in the following manner:

T ckσT −1 = σc−kσ̄ , (C1)

with σ =↑↓ or ±. Under the time-reversal transformation, the
Hamiltonian for the left (right) AMSC will become

T HL(R)(αL(R), φL(R) )T −1 = HL(R)(αL(R),−φL(R) ). (C2)

Since the time-reversal operation will invert the Josephson
current in the junctions, we have

I (αL, αR, φ) = −I (αL, αR,−φ). (C3)

This relation means that the critical current for the positive
direction and that for the negative direction will possess the
same value. There will be no JDE for the junctions with only
RSOC and without altermagnetism.

For tJ �= 0 and λ = 0, the time-reversal symmetry is broken
due to the presence of altermagnetism. In this situation, we
introduce the spin-rotation operation about the y axis by a
π angle, i.e., Ry(π ), which can transform the annihilation
operator ckσ in the following manner:

Ry(π )ckσR−1
y (π ) = σ̄ckσ̄ . (C4)

The Hamiltonian for the left (right) AMSC is invariant under
the joint operation X = Ry(π )T , which leads to

XHL(R)(αL(R), φL(R) )X−1 = HL(R)(αL(R),−φL(R) ). (C5)

Accordingly, the Josephson current will satisfy the following
relation:

I (αL, αR, φ) = −I (αL, αR,−φ). (C6)

This relation implies that the JDE will not exist in the junc-
tions with only altermagnetism and without RSOC, which is
irrespective of the orientation angles αL and αR.

From the above discussions, one can find that the coexis-
tence of RSOC and altermagnetism is the necessary condition
for the JDE in our AMSC/NM/AMSC junctions. Actually,
another condition is also necessary for the JDE, which is
the different orientation between the left AMSC and the
right AMSC. To show this, we introduce the mirror reflec-
tion operations about the xz plane and the yz plane, which
can transform the annihilation operator ckσ in the following
manner:

Mxzc(kx,ky )σM−1
xz = σc(kx,−ky )σ̄ , (C7)

Myzc(kx,ky )σM−1
yz = −ic(−kx,ky )σ̄ . (C8)

Under these operations, the transformations of the Hamilto-
nian for the left (right) AMSC are given by

MxzHL(R)(tJ , λ, αL(R), φL(R) )M−1
xz

= HL(R)(−tJ , λ,−αL(R), φL(R) ) (C9)

and

MyzHL(R)(tJ , λ, αL(R), φL(R) )M−1
yz

= HR(L)(−tJ , λ,−αL(R), φL(R) ). (C10)

As a result, the joint operation Y = MxzMyz will transform
the Hamiltonian in the following way:

YHL(R)(αL(R), φL(R) )Y−1 = HR(L)(αL(R), φL(R) ). (C11)

The operation Mxz will not change the Josephson current, but
the operation Myz will invert the current through exchanging
the superconducting phases for the left AMSC and the right
AMSC. At the same time, the orientation angles in the left
AMSC and the right AMSC are also exchanged. Then, we
have the relation

I (αL, αR, φ) = −I (αR, αL,−φ). (C12)

If one takes αL = αR = α, the relation I (α, φ) = −I (α,−φ)
will hold. This means that the JDE will be absent in the
AMSC/NM/AMSC junctions with the same orientation angle
for the left AMSC and the right AMSC, although both RSOC
and altermagnetism are present. The joint operation Y actually
represents the in-plane inversion. The relation in Eq. (C11)
shows that the Josephson junctions respect the in-plane inver-
sion symmetry when AMSCs have the same orientation angle.
In other words, the in-plane inversion symmetry must be
broken in order to obtain the JDE in the AMSC/NM/AMSC
junctions based upon AMs.

Finally, we discuss the special case of αL = 0. The nu-
merical results for this situation have been presented in the
main text. We introduce the joint operation Z = T Mxz. For
the left (right) AMSC, the Hamiltonian can be transformed in
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the following way:

ZHL(R)(αL(R), φL(R) )Z−1 = HL(R)(2π − αL(R),−φL(R) ).

(C13)

Then, we have the relation I (αL, αR, φ) = −I (2π − αL, 2π −
αR,−φ) for the Josephson current. For αL = 0, the relation
will degenerate into I (αR, φ) = −I (2π − αR,−φ). This sug-
gests that the values of the critical current for the positive
direction and the negative direction will be exchanged if the

orientation angle in the right AMSC is changed from αR to
2π − αR. The diode efficiency η will change its sign corre-
spondingly, i.e., η(αR) = −η(2π − αR), which is consistent
with the numerical results in Fig. 2(b). In addition, if αR = π ,
we can obtain I (π, φ) = −I (π,−φ), which leads to η(π ) = 0
as shown in Fig. 2(b).

In the above discussions, we do not give the transforma-
tions of the Hamiltonian HN for NM under time reversal, spin
rotation, and mirror reflection operations since HN will be
invariant under these operations. The invariance of HN will
not influence the above symmetry analysis about the CPRs.
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