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Quantum magnonics, an emerging field focusing on the study of magnons for quantum applications, requires
precise measurement methods capable of resolving single magnons. Existing techniques introduce additional
dissipation channels and are not apt for magnets in free space. Brillouin light scattering (BLS) is a well-
established technique for probing the magnetization known for its high sensitivity and temporal resolution.
The coupling between magnons and photons is controlled by a laser input, so it can be switched off when
a measurement is not needed. In this article, we theoretically investigate the efficacy of BLS for quantum
tomography of magnons. We model a finite optomagnonic waveguide, including the optical noise added by
the dielectric, to calculate the signal-to-noise ratio (SNR). We find that the SNR is typically low due to a small
magneto-optical coupling; nevertheless, it can be significantly enhanced by injecting a squeezed vacuum into
the waveguide. We reconstruct the density matrix of the magnons from the statistics of the output photons using
a maximum likelihood estimate. The classical component of a magnon state, defined as the regions of positive
Wigner function, can be reconstructed with a high accuracy while the nonclassical component necessitates either
a higher SNR or a larger data set. The latter requires more compact data structures and advanced algorithms
for postprocessing. The SNR is limited partially by the input laser power that can be increased by designing the

optomagnonic cavity with a heat sink.
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I. INTRODUCTION

Magnons, the quanta of spin waves, are promising can-
didates for nonsilicon based devices for wave or quantum
computing [1]. They couple to a variety of excitations such as
optical photons [2-8], microwaves [9—-11], phonons [12,13],
and spin centers [14—17] making them versatile transducers.
In particular, magnonic systems based on Yttrium Iron Garnet
(YIG) [18] are interesting owing partly to their low dissipa-
tion, even in nanoscale samples [19,20]. Furthermore, since
the magnon frequency [10,11] and nonlinearities [20,21] are
externally tunable, they are candidates for scalable bosonic
qubits suitable for quantum error correction [22-25].

Using magnons for quantum applications requires the
ability to generate and measure nonclassical states of the
magnetization. The first states of this kind were recently ex-
perimentally demonstrated [26]. Theory proposals for state
generation in magnons includes both heralded measurement
techniques [27-29], and deterministic protocols [30,31]. Nev-
ertheless, quantum measurements of magnon states is less
explored. Classically, magnons can be probed using mi-
crowaves via ferromagnetic resonance experiments [32], NV
centers [15,16], electric currents via spin pumping [33-35],
and optical light via Brillouin light scattering (BLS) [36,37].
Microwave cavities can mediate a coupling between the
magnons and a superconducting transmon, which has been
demonstrated to perform magnon tomography [26,38—40].
Such a measurement would not be suitable for applications
which require a magnet to be in free space, such as magnetic
field sensing. Spin pumping into a spin-Hall material, such
as Pt, can be used for performing classical tomography of
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magnons [35], however it is, in principle, not suitable for mea-
suring magnon coherence because of the dissipative nature of
spin-to-charge converters.

BLS is one of the most sensitive probes of the magneti-
zation with a high resolution of < um and < ns [37], which
has allowed for detecting and mapping spin-wave eigen-
modes [41] and for investigating nonlinear processes [42]
in microdisks. BLS has also been recently used to probe
spin-wave time refraction in strips [43], and to observe
high-momentum magnons [44]. Unlike methods employing
microwaves or spin pumping, BLS does not lead to extra
dissipation because the coupling between the magnons and
the photons can be switched on and off using an external laser.
When compared to other methods, BLS might then be a useful
tool to also probe features of quantum states of magnons.

In this work, we theoretically propose and evaluate a
method for BLS-based tomography of magnon quantum
states. For simplicity and concreteness, we consider an op-
tomagnonic waveguide [5,8] made of a magnetic dielectric
as shown in Fig. 1, including the dielectric losses and added
noise. This geometry offers moreover an optimal overlap
between the photons and the magnons. The results are qualita-
tively general and hold for other geometries such as spheres,
except that a smaller overlap between the photon’s and the
magnon’s mode profiles leads to a decrease in the signal.

Input light propagating through the waveguide can inelasti-
cally scatter via magnons into the perpendicular polarization,
see Fig. 1, such that the output light of the waveguide has im-
prints of the magnon state. The homodyne data of the output
light can then be used to estimate the magnon’s density matrix

©2024 American Physical Society
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Magnetic Field

FIG. 1. Envisioned setup consisting of a waveguide made of a
magnetic material. The red incoming line denotes a large coherent
optical input in the e, polarization. The green incoming lines denote
squeezed vacuum in the e, polarization while the outgoing line is
the output to be measured. A static magnetic field saturates the
magnetization along e,.

using a maximum likelihood estimate (MLE). Protocols based
on MLE were demonstrated for optical tomography with no
noise [45-48]. We generalize such protocols to include the
effect of output noise, and evaluate them for low signal-to-
noise ratio (SNR). The SNR is limited by a trade-off between
the strength of the magneto-optical coupling and optical dissi-
pation in the material, which typically go hand-in-hand [49].
To reduce the output noise, we consider a squeezed thermal
input in the polarization into which light is scattered. We
numerically characterize the fidelity of the tomography un-
der different signal-to-noise ratios for a classical (squeezed
coherent) state and a nonclassical (cat) state of the magneti-
zation. To this end, we numerically generate data to simulate
an experiment by analytically calculating the output optical
probability density for a given magnon state.

In Sec. II, we discuss and evaluate an MLE-based method
of estimating the magnon’s density matrix using the statistics
of the output photons for a general SNR and input squeezing.
In Sec. III, we evaluate the SNR for realistic material param-
eters. In Sec. IV, we analyze our system in Fig. 1 to find
the output light by solving the electromagnetic Hamiltonian
which includes BLS and optical damping within the magnet.
We conclude in Sec. V.

II. RECONSTRUCTION OF A MAGNON STATE

In an optomagnonic waveguide, see Fig. 1, a large e, po-
larized input pulse facilitates the exchange of quanta from
magnons to e,-polarized photons. The e,-polarized output is
affected by external noise and by impurity noise within the
magnet. In this section, we discuss the tomographic recon-
struction of a magnon state from a noisy output optical signal
for a general SNR and input squeezing.

The general procedure is described in Sec. II A. The fidelity
of reconstruction is discussed for a pure Gaussian state in
Sec. IIB and a cat state in Sec. II C. To understand the re-
construction fidelity, we discuss the output optical probability
distribution explicitly in Sec. II D.

A. Evaluation procedure

The output photons are a mixture of optical noise and
magnons, such that the output annihilation operator ay is
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FIG. 2. Schematic representation of the magnon tomography.
The input light is scattered via magnons, acquiring a noisy signal
which encodes the magnon state. A homodyne measurement on the
output photons is performed by mixing it with a local oscillator with
an amplitude oy o, providing amplification, and phase ¢, setting the
phase of the quadrature to be measured, a4 as defined in Eq. (2). A
set of data corresponding to the measured values of a, for a given
¢ is acquired by subtracting the photocurrents f; and ;. Such a set
is then used in the maximum likelihood procedure explained in the
text, giving an estimate of the magnon state. Data and probability
histogram depicted in the figure are illustrative.
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given by
dout = €OS OTjoy + sin O1n, (1)

where 7oy 1S the noisy output if there were no coupling to
magnons, and 77 is the annihilation operator of magnons. The
angle 6 is a sample-dependent quantity of magneto-optical
origin, whose formula we discuss in detail in Sec. III, which
gives the SNR tan 8. As discussed there, we expect 6 ~ 0.2
for an optimally coupled optomagnonic cavity with no heat
sink. For evaluating the reconstruction procedure, we consider
three cases, 6/m € {0.02, 0.25, 0.45}, in increasing order of
SNR tan 6 € {0.06, 1, 6.3}. For completeness, we discuss the
case of higher 6 assuming future advancements in cavity and
material design as well as lower 6 that can occur due to
experimental imperfections.

The homodyne data consists of measurements of the
quadratures of the output doy,

ay = dowe " +al e, 2)

by varying ¢ uniformly in the range [0, w]. The phase ¢ is
set by a local oscillator mixed with the output signal via a
beam splitter, see Fig. 2. A set of experimental measurements
can be written as {(a;, ¢;)} fori € {1,..., N} where N is the
number of measured samples, ¢; is the chosen ¢ for the ith
measurement, and g; is the measured value therein. Since
doye includes contributions due to the magnons, the output
homodyne data can be used to reconstruct the magnon state
as we now discuss.

For a given ¢, the random variable g, follows a probability
density p,(a, ¢). We can write p, in terms of the magnon’s
density matrix p,, as

Pala, $) = Tr[pnLa, 9], 3
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where the operator P is

P(a,¢) =

1 a — sin 67y
Pn< ; ¢)- @)

cosf cosf

We show the detailed derivation of Eq. (3) in Sec. II D. Here
Dy(n, @) is the probability density of the noise quadrature 7,
where both iy and f), are defined analogous to a4. Under
equilibrium conditions, p, would correspond to the vacuum
fluctuations as photon frequencies are much higher than ambi-
ent temperatures. However, we can significantly decrease the
noise by injecting squeezed vacuum, cf. Fig. 1, such that

e ] S
——exp| — |,
270y P 207

where 02 < 1 is the variance of the squeezed noise quadra-
ture. As ¢ is tuned externally for each data point, the
squeezing can be adjusted such that the quadrature ), is
squeezed. We show in Sec. IV that o, = ¢™"» where ry, is the
squeezing parameter of the input, when the output is slightly
off-resonance with the cavity [see Eq. (57)]. This implies
that the squeezing is not significantly affected by the optical
impurities in the magnet.

When either & — 7 /2 (infinite SNR) or o, — 0 (no noise),
we get P — 8(sin 0mgy — a), implying that the probability of
measuring dg to be a is exactly the probability of measuring
g to be a/ sin 0. In this case, the magnon probability density
can be directly reconstructed using the optical probability
density, unless 6 is too small. In general, we can interpret
Eq. (3) as follows: the probability of measuring a4 to be a
gives an estimate of 71, being close to a/sin @ with an error
of o, cos 8, as expected from Eq. (1).

Equation (3) can, in principle, be inverted exactly to find p,,
in terms of the probability density of the observed optical data.
However, it is known from classical estimation theory [50]
that an exact inversion amplifies noise exponentially, making
its numerical implementation infeasible. We then resort to a
statistical procedure using the maximum likelihood principle,
i.e., given a set of data, say (a;, ¢;) fori € {1, ..., N}, we want
to find a magnon’s density matrix p,, that maximizes the prob-
ability of observing this data set, i.e., maximize [] pa(a;, ¢:).
We show in Appendix A that the optimal density matrix can
be found via the recursion relation,

pn(n, @) =

o Zpobe + (i)
Prv1 = 7 ; (6)
starting from an arbitrary initial guess pg, where
N
Pai, ¢i)
Z ™

Tr[pP(ai, ¢)]

Note that if the initial guess is a valid density matrix, i.e., py =
[)g, po = 0, and Tr[po] = 1, each py is also a valid density
matrix. The convergence is guaranteed by the Banach’s fixed
point theorem.

To evaluate the fidelity of reconstruction for a given
magnon target state |Wy,), we simulate an experimental data
set by generating N = 10* optical data points as follows. We
analytically derive p,(a, ¢) corresponding to a given magnon
signal amplitude 6 and magnon state |V, ) using Eq. (3).
We choose a ¢ € [0, ) uniformly and sample a using the
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0 0
' /
-5 _5 0.00
=0. -0.01
=5 0 5 0.00 -5 0 5
Med SNR High SNR
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U L+0.00
-5 0 5 0.00 -5 0 5

FIG. 3. The Wigner functions of the target state |W,,,), and the
reconstructed outputs for 6 = 0.02zx (Low SNR), 6 = /4 (Med
SNR), and 6 = 0.457 (High SNR), without the enhancement due
to the squeezing of optical input. The x and y axes correspond to the
real and imaginary values of (7). The fidelities of reconstruction in
the increasing order of SNR are 0.21, 0.92, and 0.96.

probability distribution p,(a, ¢). The generated data is then
processed using MLE, Eq. (6), to find the prediction, giving a
workflow

Wiar) = {(ai @10} = Porea (8)

We then plot the Wigner functions of the target and the
predicted states along with calculating the fidelity F =
V (War | Opred | Wrar). The number of simulated data points N

is chosen to be small for computational reasons.

B. Gaussian state

First, we evaluate the reconstruction of a squeezed coherent
state defined as

|Woau) = D(0tg)S(rg, ¥0)|0), )

where the operators ﬁ(ag) and S (rq, Wg) are, respectively the
displacement and the squeezing operator of the magnons (see
Appendix B for the definitions). Magnon squeezing can be
generated by anisotropies [29,51] and displacements can be
generated by a microwave excitation. We choose an arbitrary
set of parameters o, = 1.8 —2.4i, ¢’s = 1.5, and ¥, = 2.7.
In Fig. 3, we discuss the results when there is no in-
put optical squeezing, i.e., oy = 1 in Eq. (5). The Wigner
functions of the target state and the reconstructed outputs
for three cases of 6 are shown. As expected, the high SNR
case gives a high fidelity of reconstruction. Perhaps slightly
surprisingly, the SNR = 1 case also gives nearly the same
fidelity, although it underestimates the degree of squeezing.
For the low SNR case, the prediction severely overestimates
the number of magnons. This can be qualitatively understood
as follows. For 8 « 1, there is a very small probability of
observing a photon. So, each observed photon is taken by
the algorithm as a strong indication of the presence of a high
number of magnons, essentially amplifying the noise. The
predicted (/1) = 1.5 — 1.9i is smaller in magnitude than the

014416-3



SHARMA, VIOLA KUSMINSKIY, AND BITTENCOURT

PHYSICAL REVIEW B 110, 014416 (2024)

Target Low SNR
5 1.90 5 0.56
0 0
’ »
=5 =5
-5 0 5 0:00 -5 0 5 0:00
Med SNR High SNR
5 173 5 1.75
0 0
-5 0.00 ~3 0.00
-5 0 5 -5 0 5

FIG. 4. Similar plot as in Fig. 3 but with squeezed input with the
standard deviation in the squeezed quadrature being o,' = 5 times
smaller than its vacuum value. The fidelities of reconstruction in
increasing order are 0.67, 0.96, 0.97.

target displacement o,, although they both have almost the
same angle with an error of less than 2 ° (note that the number
of magnons is much larger than |(/i2)|?). Thus, even for a
very low SNR, the magnon phase can be predicted with a
high accuracy which is useful for measuring weak magnetic
fields [52].

Now, we consider the case with squeezed input with a real-
istically achievable parameter Us_l =5 [53-55], that should
improve the reconstruction fidelities. As we see in Fig. 4,
even for the low SNR case, we get the correct (#1) although
not the squeezing parameters. Medium and high SNR cases
are indistinguishable. Here, the reason for nonunity fidelity is
the choice of a smaller Hilbert space cutoff for computational
reasons. Note that the cutoff is not given by the magnon state
but rather by a faithful representation of the operator P [see
Egs. (4)] which approximates a § function for tan6 /o, > 1.

C. Cat state

The second state we consider is a cat state,

leee) + e've [—a)

V2 ’
where N is a normalization constant, and |+ a.) =
D(+£a,)|0). Magnon cat states can be generated using
heralding protocols assisted by microwaves or optical pho-
tons [28,29], as well as deterministically [30,31]. We ar-
bitrarily choose o, = 2.7+ 1.3j and ¢, = —1.7. For later
comparison, we define a 50:50 classical mixture of coherent
states which can be thought of as the classical component of

|\Ilcat>»

[Wear) = N (10)

b = loee) (e | + [—ae)( ac|. (11

2
In Fig. 5, we discuss the case with no optical squeezing,
os = 11in Eq. (5). The high SNR case gives a moderate fidelity
of reconstruction, while maintaining the salient features of
a cat state, in particular the interference fringes. Here, the
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FIG. 5. Wigner functions for a target cat state |W,,,) for different
SNRs similar to Fig. 3. The fidelities of reconstruction in increasing
order are 0.16, 0.67, and 0.85. For the case of medium SNR, the
reconstruction has a 0.95 fidelity with the classical mixture p. In
the high SNR case, the fidelity is limited by the small number of
samples considered here.

fidelity is limited by the number of data points, N = 10* in
our case. The low SNR case gives the identity matrix again
amplifying the noise to a level that no magnon information is
retrievable.

The medium SNR case predicts the closest classical ap-
proximation to the cat state, i.e., p, as defined in Eq. (11).
This can be explained by comparing the output probability
distributions for the cat state |W.,) and the classical mixture
pal [see the discussion below Eq. (25)]. We find that these
output statistics are approximately the same when tan 0 /o, <
|eee|. Very subtle statistical differences can be detected with a
larger data set, although that will increase the computational
time. Thus, more efficient computational algorithms can fur-
ther improve the reconstruction fidelity.

In Fig. 6, we discuss the case with input optical squeezing.
The low SNR case now predicts the correct peaks of the
distribution. However, it misses the coherence and predicts
a larger noise than present in the state. This is tantamount
to the amplification of noise as observed before with much
less severity. With increasing SNR, the prediction becomes
better. In particular, we notice that at a medium SNR, the
tomographic reconstruction already captures the interference
fringes which are absent in Fig. 5. The fidelity improves as
the number of data points are increased (not shown here for
brevity), showing again that quantum information typically
requires observing more subtle changes in the probability
distribution.

D. Analytical probability distributions

Here, we discuss the output optical probability distribution
for the two cases considered in Secs. II B and II C. We find
the effect of noise and dissipation on the optical data, and
in particular, show analytically that quantum coherence in a
cat state is lost even when the information about the peak
amplitudes is preserved, as found in Figs. 5 and 6. The salient
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FIG. 6. Similar plot as in Fig. 5 but with squeezed input with pa-
rameter o, | = 5. The fidelities of reconstruction in increasing order
are 0.46, 0.79, 0.88. For the case of low SNR, the reconstruction has
a 0.66 fidelity with the classical mixture py.

features of deriving the output optical probability distribution,
Da, are written here with intermediate steps in Appendix B.

For a given ¢, the magnon quadratures 7, = fme™'? +
im'e'® have a probability distribution p,,(m, ¢) defined as the
unique distribution that satisfies,

<ﬂm»=/wﬂme¢x (12)

for any function f. For a given magnon density matrix p,,, we
can calculate the magnon probability distribution formally by
setting f(m) = §(m — my),

Pm(mo, @) = Tr[pnud (g — mp)]. (13)

Because of the singular nature of the above equation, we
discuss a more practical method to calculate p,, below.

We define p, and p, as the probability distributions of Gy
and 7)oy, respectively. Now, we want to find p,(a, ¢) in terms
of the magnon’s density matrix. Since the random variables 7
and  are independent, one can write for any function g,

(8(ing, 1p)) = /dmdn g(m, )pu(m, @)py(n, ¢).  (14)

Inserting the relation a4 = cos 8y + sin 01y [see Eq. (1)]
into Eq. (12) and then comparing with Eq. (14) for g(m, ) =
f(cosBn + sin Om), we obtain the following relation between
the probability distributions:

pala, @) = /da’ pp(cosfa —sinbd’, ¢)

X pm(sinfa + cosba’, ¢). (15)

Inserting the relation Eq. (13) into the above, we find the
dependence of p, on p,, as written in Eq. (3).

We can now obtain the output probability statistics for the
magnon states |Wg,y,) and |Wey). We first calculate the magnon
probability distribution by

mww=/@wwwww» (16)
2

To derive this, we set f(m) = ¢#” for an arbitrary 8 in
Eq. (12) to find the Fourier transform of p,,(m, ¢) and then,
invert the Fourier transform.

A similar formula can be used for the noise. Consider the
case when the variances of two independent quadratures f)y,
and f)y 1> are oy and oy, respectively, for a chosen . Then,
the noise probability distribution is [see Eq. (B18)]

1 —n2
’ = ~ o | 17
Py(m, @) N exp [2043} (17)

where the variance is
adf :ab2 sin (¢ — w)—i-af cos? (¢ — V). (18)

We see that oy, = o, and oy4-/2 = 0, giving the expected
variances in the quadratures #)y and #y4/>. For a general
quadrature f)4, the variance is a convex combination of af and
[oF be

The parameter ¢ refers to the phase of the local oscillator
used for the required optical homodyne, see Fig. 2, and thus,
is externally chosen for each measurement. For a given data
point, one can always choose ¥y = ¢ to get the least amount
of noise, effectively yielding

1 —772
(0, @) = N exp [?52] (19)

With the calculation of p,, and p,, one can perform the
integral in Eq. (15) to find the output photon statistics. For the
Gaussian state introduced above,

|Woau) = D(0tg)S(rg, ¥0)|0), (20)

we get a Gaussian

1 (a - Mgau(¢))2
a,gau\tty =7 —— . (21
Pa,gau(a ?) 27T0gau(¢) exp |: ngau((p) :| 21

The mean of the probability distribution is pea(P) =
2 sin ORe[age™?], as expected from Eq. (1). The variance is
given by a weighted average of the noise variance, o2, and the
magnon variance given in terms of r, and g,

ngau(qb) = cos 0o} + sin’ 0 (e cos* (¢ — V)

+ ¢ sin’(¢p — ). (22)

For 6 = m /2, corresponding to no noise, p,, ¢au gives the prob-
ability distribution of the magnons. For 6 = 0, we simply get
squeezed vacuum noise.

For the semiclassical state p. introduced above as a 50:50
mixture of the coherent states | & «.), the photon’s output
probability distribution reads

cosh(2azg) a’ + ok 7%
Pac(a, @) = ————exp [— (— , (23)
V2T Oy Zo-czat

where o2, = sin? @ + cos’ B0 and

' | g +izp =
20, ?sin@/c2,. Similar considerations as above holds
for & =0 and 0 = 7 /2. Compare this to the case of the cat

state defined above as
o) + Ve |—a)

W, =N s
[Wear) 7

(24)
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z=—l2

z =12

FIG. 7. Schematic representation of the various boundary terms
used in the main text. The external inputs for a given polarization o
are X,,,in, with X = L or R, while the outputs are given by in — out.
Inside the magnet, the boundary waves are denoted by lower case
letters. The total length of the magnet is /.

where p,cala, @) = N?paala, p)l(a, ¢) with the interfer-
ence term being

1 +tan’6/02 ) cosh(azg(¢)) 2

The presence of the interference term corresponds to the co-
herence between the two components of the cat state. The
second term in / has an exponential in |a.|? that diminishes
the interference term. If tan 6 /o, < |ct.|, we get p, cac(a, @) ~
Pa.ci(a, @) and information about the phase of the cat state
V¥, is lost. This is evidence of the fact that, in general, the
magnon’s coherence information is lost unless the SNR is high
or in the presence of high input squeezing. This explains why
the MLE procedure converged to a classical density matrix
above, except when tan 6 /o; > 1. While the latter condition
is necessary to observe the coherence fringes, it is not suf-
ficient. If both 8, oy < 1 but 8 /0, > 1, we get a very small
optical signal that leads to numerical inaccuracies. The latter
can be seen directly from pg ga and py 1.

2
L +exp< —2a| )cos(az,@)—wc)

III. CHARACTERIZATION OF SNR

The magnon signal amplitude 6 defined in Eq. (1) is a cen-
tral quantity to the evaluation of the amount of magnon signal
in the output field a,y. As mentioned above, a large coherent
e, polarized pulse of duration 7, causes a coupling between
the magnons and e,-polarized photons. For an optomagnonic
waveguide, see Fig. 1, 0 is given by

ygﬁ CAtzmvaul ®F + ®C I'lt
0= (20
M, Vinag 2 |1 — pPr2eikal|

This formula is derived in Sec. III, while here we discuss
its physical meaning and achievable values in a YIG waveg-
uide. Here, y¢ is the gyromagnetic ratio, M; is the saturation
magnetization, Ag,y 1s the input light amplitude inside the
magnet [in the notation of Fig. 7, Ay = |(l},0m)|], and Ve
is the volume of the magnet. The second term describes the
magneto-optical activity, with ® being the Faraday rotation
per unit length and ®¢ being the Cotton-Mouton ellipticity per
unit length. The optical dissipation is included as I' = e~%//2
where a,p; is the optical absorption coefficient per unit length
and [/ is the length of the magnet. p and t are the reflec-

tivity and transmittivity at the air-magnet interface that can
be controlled by a coating or a secondary waveguide. Due
to time-reversal symmetry, they must satisfy ftr7% + p> = 1
where [ is the refractive index of the magnet. The wave
vector of the output light ko = kin + @y, /v is given in terms
of the input optical wave-vector k;,, the magnon frequency
wy, and the speed of light inside the magnet v = ¢/ iyef.

The light amplitude inside the magnet must be limited to
avoid excessive heating. The traveling power inside the mag-
netis Py = Atzmvha)inv, and hence the stored optical energy is
Egored = Piravl/v. The dissipated power is Pyiss = ®tabsVEtored>
giving the rate of change of the magnet’s temperature

Pdiss

= —0, 27)
Cy MdenVmag

where Cy is the specific heat and ptqe, 1S the mass density of
the magnet. To avoid significant heating, we choose an optical
amplitude A,y such that the temperature increase during the
pulse is sufficiently small kgT < 0.1%w,, /Tpu1- This ensures a
magnon number increase of <0.1. Note that we assumed that
all of the optically dissipated power goes into the magnons,
which is an overestimation as the heat can sink into the
phonons and also leak away from the system.
This gives
cA?

trav Wi ret Cv Mden

T _ (28)
Vmag - kBaabswinl ’

Inserting this into the expression for 8, we see that the de-
pendencies on T,y and Ve drops out. This implies that we
can decrease the pulse width T,, down to as small of a
value as feasible by pumping up the input power, making the
measurements extremely fast. Similarly, the volume depen-
dence cancels off because the single photon coupling scaling
of & 1/,/Viag is compensated by the maximum input power
scaling of o< \/Vinag.

The reflection at the boundary, p, can be tuned by design.
If both the resonance conditions are satisfied, i.e. the input
frequency wji, and output frequency wy, + w,, are multiples of
mv/l, then 6 is maximized at p ~ I" for both p, I' & 1. This
is akin to impedance matching maximizing the output signal.
One can always adjust w;j, by a small amount to ensure that
the input resonance condition is satisfied, i.e., ki,//7 is an
integer. This will typically make the output photons nonres-
onant, so one should make sure that the linewidth is larger
than the degree of off-resonance, i.e., 1 — p?I'? > 2wl /v
[see Eq. (26)]. Concretely, we get the following dependence
on the reflectivity p:

0 vi-p

B |1 _ pZFZeZiwml/v| ’

(29)

using ;7> = 1 — p? as mentioned above. The maximum 6
is achieved at

V1+T% =212 cosQw,l/v)
_ = )
For large absorption, specifically 2I'? cos(2w,,l /v) < 1, the
right-hand side becomes negative implying that 6 is max-

imized at p =0, i.e., no reflection. In our case, typically
1 -T K wyl/v K1 giving an estimate 1 — p ~ w,//v. In

p* =1

(30)
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this off-resonance limit, we get

1 [y6hCy prgenc OF + Oc
8\/5 kBMs A/ XabsWin '

We see that the dependence on the magnet’s length [ also
drops off. While the interaction time increases with the
length of the magnet, the output photons become more
off-resonance.

The parameter 6 depends on the optical and magneto-
optical parameters of the material which, in turn, depend
on the frequency of light propagating in the material and
the temperature. As a material, we consider YIG, and con-
sider operation at two wavelengths, visible (A; = 550 nm)
and infrared (A, = 1.5um) at cryogenic temperatures. For
YIG, the wavelength A; is close to the electronic band gap
giving a very high MO activity at the cost of high opti-
cal absorption. In the infrared, YIG is nearly transparent
with a measurable MO activity. As MO activity is caused
by energy level transitions, its temperature dependence is
weak [49,56,57], so we assume O)) = OF(., given by
OF,, = 3000°cm~! [49], OF;, = 200°cm~! [56,57], and
B¢ K Of [49]. However, the optical absorption has a strong
temperature dependence [58], typically decreasing by 2-3
orders of magnitude from room temperature to cryogenic
conditions. Thus, we take as an estimate for the absorption

; oyo _ 19=2,,RT
at cryogenic temperatures o, = 107 “a;, where the room

temperature values are [58] a5 = 200cm~" and X" <
0.03cm™!.

For YIG, Cy = 590Jkg_1 K~! and Mden = 5gcm’3. Be-
sides the optical frequency and the material parameters, the
only remaining free parameter is the length of the magnet.
We consider magnets with lengths / € (1, 1000)um [20,59]
corresponding to reflection coefficients 1 — p € (1074, 1071).
Varying the length, we get |S| € (0.18, 0.25) for infrared and
|S| & 0.02 for visible input. These values imply that the in-
frared light is much more efficient for magnon tomography
than the visible light, for YIG. To increase the signal further,
one needs to increase the optical power and sink the heat
away from the magnet, e.g., using a material with a high
thermal conductivity. Another way would be to design the
cavity such that both the input and the output photons are in
resonance, e.g., by polarization-sensitive mirrors at the edges
of the waveguide.

3D

Ooft ~

IV. LOSSY OPTOMAGNONIC WAVEGUIDE

In this section, we model a single-mode optical waveguide
(along e;) composed of a magnetic insulator, such as YIG, as
illustrated in Fig. 1. We determine the output light in terms
of the inputs to the waveguide in order to have access to the
underlying magnon state, deriving the expression for magnon
signal amplitude 6 given in Eq. (26). The notation used in this
section is summarized in Table I.

We consider a static applied magnetic field along e, that
saturates the magnetization. In this configuration, called the
Voigt configuration, the magnetization is perpendicular to the
photon propagation direction, which maximizes the BLS cross
section [6]. In the absence of the magnetization, the two
linearly polarized propagating modes (with electric fields po-

TABLE I. Definitions of important symbols used in the text.

Symbol Definition

v Speed of light in the magnet

Win, kin Optical input frequency and wave vector ki, = wi,/v
ybs Optical absorption per unit length in the magnet

r Amplitude decay in one trip e~%bs!/2

p(T) Reflectivity(transmittivity) at waveguide boundary
Op Faraday rotation per unit length

O¢ Cotton-Mouton ellipticity per unit length

WOy K Magnon frequency and corresponding optical

wavevector k,, = w,, /v
S, 0 Complex magnon signal amplitude, 0 = |S]|

as(z) Photonic field annihilation operator with polarization o
at position z

Mot (1) The effective optical noise inside the magnet

o,(0p) Standard deviation in the squeezed (nonsqueezed)

quadrature in the output noise

larized along e, and e,) are decoupled, nevertheless inelastic
BLS by magnons can transfer photons from one polarization
to the other. Due to a large e,-polarized input, the magnons
and e,-polarized light are coupled, such that the output con-
tains information about the magnons’ state.

The photons within the magnetic material experience de-
cay due to optical absorption, as well as additional noise inside
the material and from the thermal input from outside. This
noise competes with the magnon signal generated by BLS. To
mitigate the external noise, we can inject squeezed vacuum in
the e, polarization, see Fig. 1. Only e, polarization requires
squeezing because the noise in e, polarization is too small
compared to the large coherent input. The rigorous derivation
of the results can be found in Appendices C and D, while in
this section, we discuss the salient features of our results.

A. Propagation inside an optomagnonic waveguide

Here, we discuss the propogation of light inside the op-
tomagnonic waveguide, including the effects of BLS. We
consider only the uniform magnetic excitations, i.e., Kittel
magnons, as justified shortly below. Formally, we promote the
magnetization field to an operator, and describe the magnetic
excitations around the saturation direction as a bosonic exci-
tation via the Holstein-Primakoff transformation,

M, — iM, ~ 2 Mzpgi, (32)

where we ignore terms of higher order in 7, and the zero point
fluctuations are given by

)/GFIMS

Mzpr =
2Vimag

; (33)

with y¢ being the absolute value of the gyromagnetic ratio,
M, the saturation magnetization, and Vi, the volume of
the magnet. Within this approximation, the magnon Hamil-
tonian is I—?mag = hw,m' M [32], where w,, is the resonance
frequency set by the external magnetic field strength and the
shape anisotropy. For magnetic fields of <200 mT, the an-
gular frequencies of magnons remain <27 x 10 GHz. Given
that optical frequencies typically extend into the hundreds of
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terahertz, the photon frequencies remain nearly unaltered in
BLS, and the same holds also for the magnitude of photon
momentum. Due to momentum conservation, our geometry
enforces a constraint on magnon momentum, allowing it to be
either zero or twice the magnitude of photon momentum. As
the analysis is analogous for both scenarios, we consider only
the case of zero momentum magnons as stated above. Finally,
we ignore magnon’s dissipation and thermal noise, which is
valid if the optical pulses are much shorter than the magnon’s
lifetime. As discussed in Sec. II, this restriction does not affect
the output signal.

The photon’s electric field is given by E = E+ & " where

=) [ Ewyedn. G

withr = (x, y, 7). We integrate over the wave vector k and sum
over the polarization o € {x, y}. The field operators satisfy
[as (k), &Z,(k/)] = 8,5:8(k — k'), and the electric field inten-
sity is normalized by
hlk|v
2 9
where g is the permittivity of free space, ¢, is the relative
permittivity of the magnet, and v = ¢/ s is the speed of
light in the magnet with p.s being the refractive index of

the magnet. The above normalization ensures that the optical
Hamiltonian becomes that of field harmonic oscillators,

Hop =Y v / dk|k|a (k)ag (k). (36)

- / dxdy|E(x, )P = (35)

The scattering of light by magnons is modeled by the
Hamiltonian [6],

A B OpF ~ 4 A
Hint = @/dV[lﬁpM (ST X g)

Wopt s

+}%§(M ENY - 5)}, (37)
where Op is the Faraday rotation per unit length and O is the
Cotton-Mouton ellipticity per unit length.

We separate the photons into forward (4) and backward
(—) propagating waves, d,+(z), defined as partial Fourier
transforms over positive and negative wave vectors respec-
tively,

R > dk ik A
- = ——e "0, (LK), 38
s+ (2) /(; —ZJTe a, (£k) (38)

The propagation of the electromagnetic waves outside the
magnet is that of a free wave. Therefore, the annihilation
operators satisfy d,4(z,t) = dy+(z F ct, 0) for both z and
Z F ct either > [/2 or < —[/2. Inside the magnet, we have,

(O £ 0)82(2. 1) = =i Y Moo/ (t)itgr2(z,1)

— %&gi(z, 1) = SViesr(z 1) (39)

Here, the operator My (1) = Goiit(t) + G* inf(t) de-
scribes the inelastic magnon Brillouin light scattering with
Gy, being the scattering amplitudes. The noise source is

assumed to be a local white source [#,+(z, 1), ﬁ;,i(z', ] =
350:8(z — 7)8(t — '), and the dissipation rate y = vt is
given in terms of the optical absorption coefficient oa,s. The
scattering amplitudes depend on the direction of the saturation
magnetization. For the configuration shown in Fig. 1, G, =
G,y =0, and

G — ic Mgypr O + O¢
"=E M 2

The amplitude G,, is given by replacing ®r — —@®f in
Eq. (40).

(40)

B. Input-output relations

The inputs and outputs to the waveguide are graphically
presented in Fig. 7. Here, we derive the output operators in
terms of the input operators. The left and right inputs are,
respectively, written as (for e — 0T),

. —1
Lo,in(t) = &U+(7 — €, t>7

Iég,in(z)sag_GJre,z). 41)

The outputs ﬁg,out(t) and Iég,ou[(t) are defined by the re-
placements d,+ — ds+. The boundary amplitudes inside the
magnet are indicated with the lower-case letters and found by
the replacements € — —e, L — f, and R — 7.

The boundary conditions can be found by employing
time-reversal symmetry and enforcing canonical commutation
relations. On the left boundary,

ia.out Mref T 1Y i‘(f in
out ) Soin ) 42
(La,out> ( —pP T la,in ( )

where the reflectivity p and transmittivity © satisfy pert? +
p>=1. A similar boundary condition holds at the right
interface. Here, we have ignored a small rotation of the po-
larization upon reflection due to the magnetization, i.e., the
magneto-optical Kerr effect [60].

We assume a classical input from the left that is linearly
polarized along e,, such that we can replace

I Pl —iwint
y,in > me ", (43)

where Py, is the input power, and wy, is the input frequency.
The corresponding input amplitude inside the magnet is

~ Mref T P,

Ly ou — 1 — p2r2e2ikal eiont, (44)

hwi,c

where I' = e=®!/2 and ki, = win/v. The amplitude has peaks
at resonances ki, = nmr /Il for an integer n as expected for a
Fabry-Perot cavity.

Such an input light will scatter via magnons, resulting
in an output signal at the right port polarized along e,. We
assume an optical input pulse within a time smaller than the
magnon’s lifetime, such that we can take i(t) = e,
Here, we have ignored the backaction of e,-polarized photons
on the magnons. The output amplitude is given by using the
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photonic equation of motion Eq. (39) along with the boundary
condition Eq. (42),

Reou®) = Y (oD i) +8@),  (43)
p=0

where we identify two contributions for the output mode: the
first term, proportional to the operators ?)L;ZP o), corresponds
to all noise sources, while the second term, indicated by S ®),
encodes the signal from the magnon mode. The notation

nl

2y = x(; _ ;) (46)

denotes retardation after n one-way trips inside the magnet.
The noise part 7 includes input noise from both the left and
the right ends of the waveguide along with optical noise added
inside the magnet fmag,

flot = _p(Rx,in - FzR[iz]) + /Lreffzr‘i[ill + fmag (1) (47)

X,in x,in

As the output field ﬁx,om depends on ) retarded by an even
number of one-way trips, this translates to the output being
dependent on the noise from the right (left) retarded by an
even (odd) number of one-way trips, i.e., Ié)[;iﬁp Iand ﬁ)[;zp -1,

The noise added inside the magnet, 7,4 introduced in
Eq. (39), accumulates to fjm,, Whose correlations become

2
(mag ()0 (1)) = %(1 +p T3 =T8¢ —1'), (48)

which are zero if I' = 1 (optical absorption agps = 0)or T = 0
(no transmission).
The signal part is given by the expression

S(t) — Soe—iwant(Abme—iwmz +Arﬁz+eiw’”t) (49)
where

—il'l Mref(l - pZ)eik;nl P,
So = : . 50
0 ¢ 11— p2IZeZiknl \| hwpc (50

The blue sideband amplitude is proportional to
nymgikml/Z
= 1= 22kt

Ap (5D
with &, = w,,/v being the momentum of a hypothetical pho-
ton of frequency w,,. The peaks at wi, + w,, = nwv/l for an
integer n are expected from the resonance condition. The red
sideband component A, is given by a similar formula as A,
with replacements G,, — Gjy and k,, —> —k,, [61].

The input noise from outside {R, L} can be squeezed to
reduce the noise. Adopting the notation X e {I?x, ins ix,in}’ fora
quadrature Xe~"¥ 4+ XTe'¥ squeezed by a factor e~"n we have
the following noise correlations:

R OR (")) = sinh? %“5(: — 1, (52)
for the input noise occupation and
I . o Tin Tin iy '
(X)X (t")) = —sinh 5 cosh ?e 8 —1t), (53)

for the noise coherence.

C. Photon detection

In the previous subsection, we found the output fields, in
particular Iéx,om. A homodyne measurement of this field cor-
responds to the weighted photonic field with weight function
p(t) [62] (see Sec. C3),

&out — fdt p(t)R\x,ou[(t)ei(wm+wm)t, (54)

where we single out the red sideband. For an input pulse of
Tou, we choose p(t) = \/c/Tyy for |t| < Tpu/2 and O other-
wise. This ensures the commutation relation [doy, Ezzm] =1
converting the optical field into a confined bosonic mode.
Assuming that the blue sideband is far away in frequency, we
get by integrating Eq. (45)

&oul R ﬁoul + va (55)
where S is given by
Gy«
S = SO 1 — pZFZeZi(kin+km)] \/CTpul- (56)

We note that as we have ignored backaction from output pho-
tons on magnons, the above result is valid only for |S| « 1.
When this condition is not satisfied, the above expression
should still be valid as an order-of-magnitude estimate. For
IS| = 6 < 1, Eq. (55) is similar to Eq. (1) that was used to
derive the main results in Sec. II.

The noise component 7oy is found by integrating the noise
component in Eq. (45). Since the noise )¢ depends on the
input from outside, {I:x,m, Rx’in}, that are squeezed, the inte-
grated noise will be squeezed as well. More concretely, the
variance in the quadrature 7y, = foue ™ + il €V is

- (1—em)(1 =T = p*)
o, =e '™

s 14+ p2I'2 — 2pT cos(kinl + kypl)”

The squeezing is reduced compared to the waveguide in-
put, i.e., ‘7‘;2 > ¢’ due to the noise added by the magnet.
Similarly, the quadrature fy /> has a variance o} given by
replacing rj, — —ri, in Eq. (57). Finally, the two quadra-
tures are independent, i.e., (f)yfy1z/2 + Ny4r/2fy) =0. In
the case of impedance matching p =I" and at resonance
(kin + ki)l = 2nm, we find oy = 1, i.e., there is no squeezing.
However, to keep the coherent e,-polarized input resonant,
we require ki,/ = 2nm. This implies that the output photons
will be slightly off-resonant as k,,/ < 1. To compensate for
this small detuning, the reflectivity should be slightly lower,
p < T, to effectively increase the cavity linewidth up to de-
tuning, i.e., 1 — p ~ k,,[. As discussed in Sec. III, this would
typically imply, 1 3> 1 — p > 1 — T, giving 02 &~ ¢~ "in.

(57)

V. CONCLUSION

We have proposed and evaluated a method for performing
quantum tomography of magnon states hosted in dielectrics.
In our proposal, the tomographic reconstruction is performed
via optical light scattered by magnons, i.e., BLS. We dis-
cussed the reconstruction of the magnon’s density matrix
through the statistical analysis of the output photons using
a maximum likelihood estimate (MLE). For the input light
squeezed by a factor e’ and the ratio of magnon to noise
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amplitude in the output being tan 6, we can define a qualitative
figure of merit F' = tan(f)e"™ for the tomographic fidelity.
When F < 1, the tomographic reconstruction fails, although
the procedure still yields information about the coherent com-
ponent of the magnon state, such as (##1). High F' > 1 would
typically yield good reconstruction fidelities (unless 6 < 1),
although meeting such a condition requires significant tech-
nological advancements.

In the realistically achievable case of tan(6)e' ~ 1, we
observed that regions with positive Wigner functions were
accurately reproduced, while the algorithm ignored the neg-
ative regions that encode quantum features, for example,
the interference fringes of cat states. This issue stems from
limitations in the data itself rather than the reconstruction
algorithm. A substantial number of data points may be
necessary to address the subtle changes in the probability
distributions caused by the quantum features. We note that
getting more data points than we considered here, N = 10%,
is experimentally feasible because each optical pulse for
measurement should be shorter than the magnons’ lifetime
(<100ns). However, it will require higher computational
resources for MLE, which has a linear complexity O(N).
The computational efficiency can be significantly improved
by using compact representations of the density matrices
such as tensor networks [63], restricted Boltzmann ma-
chines [64,65] and other neural networks, which we leave to a
future study.

We discussed the specific setup of a cylindrical op-
tomagnonic waveguide, such that the output field of the
waveguide includes a signal due to BLS by magnons. The
conversion of magnons to photons is approximately indepen-
dent of the geometry, so we expect our results to hold for
other structures too, such as spheres [2,3,7] or optomagnonic
crystals [66—68]. We evaluated the SNR for input light in
the infrared regime, an optimal choice for our purposes since
the magneto-optical activity of YIG is relatively high at such
frequencies, while optical dissipation is minimal. Despite this
favorable regime, we found that the SNR is still low, <0.2. It
is indeed possible to improve the SNR by increasing the input
laser power, contingent on transporting excess heat away from
the magnet, e.g., by using a material with a high heat conduc-
tivity. Furthermore, we demonstrated that injecting squeezed
vacuum can partially compensate for the low SNR, effectively
reducing noise in the system.

While initially designed for ferromagnets, our proposed
scheme can potentially be extended to antiferromagnets
(AFMs). Unlike ferromagnets, AFMs exhibit a stronger
BLS amplitude for processes involving two magnons than
those involving a single magnon [69,70], yielding a sig-
nificantly higher SNR. Nevertheless, the tomographic re-
construction has to be modified to take into account the
different relationship between the output optical field and
magnon operators, specifically the operator in Eq. (4) would
involve two-magnon operators. Quantum tomography of
magnon states in antiferromagnets can be used, for exam-
ple, to reconstruct intrinsic magnon squeezed state in such
materials [71].

The plots in the paper can be reproduced using the codes
available in Ref. [72].
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APPENDIX A: MAXIMUM LIKELIHOOD

Given a set of data (a;, ¢;) fori € {1, ..., N}, we want to
find the magnon density matrix that maximizes the probability
of observing the set, i.e., that maximizes

N
P= Hp(aiv ¢)is ﬁ)f (Al)

i=1

where

pla, ¢, p) = Tr[pP(a, $)1,

with P(a, ¢) defined in Eq. (4). To ensure hermiticity and
positivity, we write p = T7T. The trace constraint is enforced
via a Lagrange multiplier, giving the optimization function,

(A2)

N
L[p]l=— Z log Tr[TTTB] — M(Tx[TTT]1— 1), (A3)

i=1
where P, = P(a;, ¢;) and A is a Lagrange multiplier. Varying
wrt. T,
Tr[(T78T + 8T7T)P;
0= Z [( A+A ! )P
Tr[TTTP]

— ATe[T78T + 8T7T7.

(A4)
As this holds for all arbitrary variations, we can replace 87 —
i8T and subtract the two results, in order to get

ANV Ny
Z T AL A AL — )\-T .
— Tr[T1T P

i=1

(AS5)

Multiplying both sides by 7', and taking the trace gives A = N,
leading to Z(p)p = p, where

1 N
20 =52

where p; = Tr[[)f’i] is the probability of observing the data
point (a;, ¢;). Because of hermiticity of p and P;, we also have
pZ(p) = p and therefore, p = F'(p) with

Z(D)p + PZ(D)
e

; (A6)

F(p) = (A7)
The superoperator £ is well-defined in the space of density
matrices, i.e., for a valid p, F (p) is also a valid density matrix.

We choose an initial guess py o vazl P(a;, ¢i), normal-
ized to unity trace, and find the sequence p; = F [Di—1]-
To show that this series converges, consider the norm square
of F,

. 1 BpPip+ p2PP;
A1271 J J
Tr[F[p]] = 2—§ Tr[# . (A8)
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The norm can diverge if p; < 1 but such a pair of (a;, ¢;) has
a very small probability of occurrence. To get an estimate of
the norm for a given data, we can replace the summation by a
probabilistic integral

]l\/z —> /da,dd),-p,».

(A9)

Thus, we get

TAPPI~ 5 [ dadadgud Te1PoPp + PP

(A10)
Assuming the completeness of the projection operators,
Tr[F[p]?] < A> where A is the highest eigenvalue of p. As
Tr[p*] = Y, A%, where A; are the eigenvalues of p, we con-
clude that Tr[F[p1?] < Tr[p?), ie., F is a contraction in the
space of density matrices. Thus, the Banach fixed point theo-
rem guarantees the convergence of the above recursion.

APPENDIX B: PROBABILITY DISTRIBUTIONS

In this section, we discuss the states we considered for
evaluation and the relevant probability distributions. The dis-
placement operator is

D(a) = exp(am’ — a*m). (B1)
The squeezing operator is
$(r, ¥) = exp [g(e_m’n%z — P2 ] (B2)

The magnon probability distributions are calculated using the
defining relation,

Faig) = [ dm fompum. 9. ®3)
where f is an arbitrary function, 7y = e~ + m'e, and
the average is calculated using the magnon density matrix py,.
One can invert the above as

Pn(m, ) = (8(m — 1ny)).

However, such an inversion would involve a singular §-
distribution that can make it difficult to keep the analysis
rigorous. However, one can write these also in terms of the
displacement operators using the relation

(B4)

(D(iBe'?)) = (') = f dme’*" p,,,(m, ¢) (BS)

that follows from the definition of p,,. Inverting the above
Fourier transform, we get

dﬂ A iB(m—m,
Pu(m, §) = / 5 Ti[pe” ], (B6)

that gives a rigorous alternative to Eq. (B4). The optical prob-
ability distributions are then calculated using Egs. (15),

paa, @) = /da’ pnp(cosfa —sinbd’, ¢)

X pm(sinfa + cosbd’, ¢), B7)

and Eq. (5),
(1 §) = — - (B8)
)= —exp| —=|.
p7] 77 27_[0_Y p 2O_S2
For the vacuum state, p,, vac = |0) (0|, we get
(01D(@)|0) = 7172, (BY)
which after Fourier transforming gives
—m?/2
(B10)

'm,vac (1, = .
p ,ZIC( ¢) \/ﬂ

If p,.» is known for a given p, then for a displaced density
matrix py = D(a)pD' (), we get using Eq. (B4),

Pp, (M, ) = Tr[pd(m — iy — 2Re[ae™])],  (B11)
where we used the relation
D' (@)mD(a) = it + «a. (B12)
Thus,
Pip (M, @) = Py p(m — 2Re[ae ], ¢), (B13)

Similarly for a squeezed density matrix Py =

S(r, )8 (r, ¥), we find
Py (M, @) = Tr[8(Z 0 + 2’ — m)py], (B14)

where 7z = coshre® — ¢/ @¥=®ginhr, and we used the
relation

ST(r, Y)MS(r, ) = cosh rii — ¥V sinh i’ (B15)
For z = |z|¢'®, we get the probability distribution
1 m
Pm.p,y (m, ) = Epm,i) (Ev CD>~ (B16)

Using these relations and the expression for p,, yac, We can

calculate the probability distributions of
[Wean) = D(ag)S(rg, ¥)10) (B17)

as

3 (m — 2Re[agei¢])2]

1
P, gau(m, ¢) = \/Eam(‘l’) exp |: 20,,21(45)

where the angle-dependent variance is

o () = e 7 cos (P — Yp) + ¥ sin’(¢p — ).

The corresponding optical probability distribution can be
found via a straightforward Gaussian integral,

(a — 2 sin ORe[ae 1)
B 202(9) ]

(B18)

(B19)

1
Da,gau(@, @) = m—%((p) exp |:

where the optical variance is

02(¢) = cos* Oa? + sin” 0o ().

(B20)

(B21)

While the mean is scaled down by a factor sin 6, the variance
is mixed with the noise variance o2.

Next, we consider a classical mixture of coherent states,
given by the density matrix

o lae) (o] + | — ac)(—acl
cl = ) .

(B22)
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The magnon probability density in this case is given by putting
re = 01n p,, ¢y along with the following replacements:

(B23)

2pm,cl = pm,gaulag%a,y + pm,gaulagefac-
Explicitly,
2

1 m? + 4yg
m,cl (M, ) = h(2aygr), (B24
Pm,c1(m, @) meXp[ 2 }cos (2ayr), (B24)

where a.e” = yr + iy;. The photon probability density is
also found in a similar way using p gau,

1 a® + 4y% sin® 0
Pacla, @) = exp|—|———
V2no P [ ( 202
2 in 0
x cosh (w) (B25)
o
where o2 = sin? @ + cos® 6o 2.
Next, a cat state is defined as
D(a,) + eV D(—a,)
|Weg) = N —— 7 <10y, (B26)
where the normalization constant is
1
N = (B27)

V1 + e 2l cosyr,

The average of the product of the displacement operators D(c)
can be found using the relations D(—a.) = D' (a,),

D(—a)D(a)D(a,) = ™1 P(a), (B28)

D(+a.)D(@)D(+a,) = D(a + 2a,), (B29)

along with Eq. (B9). Finally, we get the probability distribu-
tion

2 2
o5 2R

pm,cat(mv ¢) = E

X [cosh (2ayg) + cos 2ay; — ¥.)]. (B30)

The optical output’s probability distribution can be written as
2]t |?
out _ 2 _out ¢
pcat(av ¢) - N pcl (a’ ¢)|:1 + eXp <_ 1 + tan2 9/0}2

| cos (Pt — wc)}_

cosh (Zayfr;inﬁ)

(B31)

APPENDIX C: PHOTON PROPAGATION
IN A LOSSY WAVEGUIDE

Consider an infinitely long single mode optical waveguide
along e,. In this section, we review propagation of photons
in a lossy dielectric cylinder to set the stage to study BLS
in the next section. We ignore the polarization index as the
propagation for both the polarizations is independent of each
other. .

The quantized electric field is given by E = E+ & k, where

N dk .
Er =Y / = Bk, (€D

Here, the spatial pointr = (x, y, z), k gives the wave-vector in
the z direction, the function E(x, y) is the transverse distri-
bution of the electric field, and the photon field annihilation
operators satisfy [a(k), a'(k')] = 8(k — k’). The electric field
functions are normalized as,

. Alklv
sosr/dxdyEk(x,y)-Ek(x,y)= 5 (C2)

where ¢, is the relative permittivity and v is the speed of
light inside the dielectric. The normalization is chosen to
ensure that the Hamiltonian becomes that of field harmonic
oscillators,

A

Hyy = hv/dklkl&*(k)&(k). (C3)
The equations of motion without dissipation are

d

Z&(k) = —ilk|va(k). (C4)

This can be converted to position space by introducing
the forward and backward propagating waves as a(z,1) =

Jo e a1y and a(z,0) = [ A e*a(k,1). Be-
cause of the integrals being over only half spaces, their
commutation relations are not as simple as their wave-vector
counterparts. Nevertheless, position dependent photonic fields
are useful for introducing local dissipation sources in the

equations of motion,
N V. A
(0 £ v3,)ax(z,t) = —Eai(z, 1) = Yh(z,1). (C5)

Here, the noise source is assumed to be a local white source
[A+(z, 1), f]l(z’, "] = 8(z — Z)8(t — t’) with other commuta-
tors being zero, and the dissipation rate y = vaaps With s
being the optical absorption coefficient. The general solution
of the above differential equation is

l
0z, 1) = e T2, (:FE, f+

?z—l/Z)
v

*dz z—2Z

== m _ﬁozahs(z—z)ﬂﬁi (Z, tF )
Fl/2 v v
(C6)

This gives a(z,t) and a_(z, t) in terms of the retarded bound-
ary terms a4 (—I/2,t)and a_(l/2, t), respectively, in addition
to added noise.

We briefly pause to check the commutation relations of
photons in bulk. Putting [ — oo, the first term disappears be-
cause of the exponential and the noise terms can be simplified
to

[ax(z, 1), &' (0, 0)] = eFoml25(z 5 vr). (C7)

This can be understood as photons traveling with speed v and
suffering an amplitude decay per unit length of ayps/2.

1. Boundary conditions

The propagation in an infinite waveguide, given by
Eq. (C6), should be supplemented by boundary conditions in
the case of a finite waveguide. For simplicity, we assume that
the small magneto-optical effects do not affect the boundary
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implying that the two polarizations can be considered inde-
pendent of each other. Consider a semi-infinite magnet in the
space z > 0 with the medium on the left, z < 0, being air. For
sufficiently small z, the photons on the left satisfy

1< 0iasn=as(0,1 %), (C8)
c
while the ones in the right
z>0:&i(z,t)=&i(0,l‘:F£), (C9)
v

ignoring dissipation. We define

[L(t) = aL(07, 1), Li(t) = ax (0%, 1). (C10)
Using Eq. (C7), we get
. . 1
[Le(t), LL(t)] = ES(I 1), (C11)
X ~ 1
e (t), ()] = ;S(t —1). (C12)

We assume a general scattering matrix between inputs
{Ly,[_} and outputs {L_, [},

i+ _ (Tt /1 i+
<£> = <p2 o\ ) (C13)
Correct commutation relations follow if
Mref = 7»'12 + //Lrefplzv 1= p22 + Mreffzz’ (C14)

where [ is the refractive index of the waveguide. Ignoring
the small effect of the magnetization, we assume time-reversal
symmetry giving

i_ _ (T P1 i_
L) \p; wJ\L )

Equations (C13)—(C15) can be satisfied by two parameters, p

and T,
Z+ _ [ HrefT P l:'+
L_ -p T\l )

satisfying pre 7> + p2 = 1.

(C15)

(C16)

2. Photon amplitude

Now, consider a finite magnet as in Fig. 7 with sides at
z = =£l[/2. We want to find the photon amplitude inside the
magnet in terms of the inputs

N l
Lin(t):&+(—§ —8,t>,
Rin(t) = & ! +e,t

in =da— B g, r],

for a negligible ¢ > 0. Similarly, one can define Lowe and Ryy
by interchanging @ <> a_. The boundary operators inside the
magnet are defined analogously, e.g.,

N —1
in:Af_ 1),
o (3+)

(C17)

o~

(C18)

and so on. The outside operators are related to inside operators
via the boundary conditions,

(Zout) — (Mref‘c P) <l:41n)
Loul —pP T lin ’

which holds also with L. — R and [ — 7. The inside operators
are related via the equations of motion, Eq. (C6),

(C19)

R N-1] | A
Pin = Fl([)ut Y i

iin = F;‘[il] + ﬁ—,L

out

(C20)

Here, I' = e~%»!/2 gives the decay of the signal. We introduce
a notation for retarded waves

N A l
Fiom = f(t - ”—>. 21
v
The integrated noises are given by
12 4F )
eat) = — i, [ om0,
' iV
- 1/2FE
x(s,t— / $‘§>. (C22)
v
This gives the variance,
A AT ’ 1-T1? ’
(1) () = 5 8 —1). (C23)

The forward wave equation in Eq. (C20) can be interpreted as
the photons from the left boundary, [oy, traveling through with
a delay of //v, a decay of I', and added noise M. A similar
interpretation holds for the backward moving wave.

The resulting set of equations can be solved to get a recur-

sive relation,

low = P°T2I7 + B, (C24)
with the force
Fi = pees T (Lin + pTREY) + p(N- + pTAl ("), (C25)
The above recursion is solved by
00
fouw =Y (pD P, (C26)
p=0
Similarly, we get
00
Fouw = Y (pT)PEg 7, (C27)
p=0
where
Fr = toer® (Ria + pTLTY) + p(Rea + oTALY). (C28)

3. Output

Given the photon amplitudes inside the magnet, the outputs
are simply given by the boundary conditions in Eq. (C19).
For concreteness, we consider the right side boundary with
output Rou(?). The output wave is collected and filtered into a
confined photon operator as [62]

Bowe = / dt PE“ iy (g ). (29)
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where zger > [/2 is the detector position, wqgps 1s the center
frequency of the filter and p(r) > O is the instantaneous col-
lection efficiency. As the evolution outside the magnet is that
of a traveling wave, we get

i (zaets 1) = Row (r - w) (C30)

giving
Qout = / dt p(1)e ™' Roy (1), (C31)

where
p(t) = ﬁ(r + M) (C32)

and we ignored a constant phase shift. For the correct commu-
tation relations [doye, &Zul] = 1, the function p(¢) must satisfy

d
f—tpz(m ~1.
C

Typically, we take p(¢) to be a constant in a time window and
zero outside. Similar terms can be defined with R — L.
Vacuum: For a vacuum input

(C33)

N . 1

K (X)) = 8t — 1), (C34)
¢

with X € {L, R}. We get an intuitively appealing correlation

function inside the magnet

Z(pm“a( ¢ ’) (€35)

For infinite dissipation I' — 0 or no reflection p — 0, the
correlation function is that of a free wave with no retardation.
Otherwise, the waves at time separation 2r/ /v are correlated
with a decrease in correlation (pI')?"! corresponding to 2r
reflections and dissipation during one way trips.

For the output fields Kout (1), we get a vacuum state

( out(t)lout(t )

8 —1")
P

(Kout ()X (1)) = (C36)

as expected in thermal equilibrium. This gives dqy in vacuum
state.

Squeezed Vacuum. For a squeezed 1nput the correlations
can be written in terms of the quadratures: Xs = Xne ™V +
XTe and —iXy i, = Xine ¥ — X, eV for X € {L, R} and the
squeezing direction given by . For a squeezing factor of r,

. . s
(Ryin (DX in(t) = —r%
X % / r(s(t - t/)
XpinOXpin()) =€ —

<}2s,in (t )Xb,in (t,) + Xb,in (t )Xs,in (t,)> =

Then, we can calculate the output noise statistics also in terms
of similar quadratures,

Xy out () X5 out(t))

00 2| 2
- , (pI")" prer T -
=e'8(t—1t)+ § 1_—’02;2(1—e )1 —T?)

For r # 0, the output is colored. For the collected photons,
(@) =€+ —e)(1—p)(1 —T2)
o0

(e . [ dt 2Mz
Z 1_ 2F2 2“ ()hJ/ ?p I —— p(t)

pu=-00

If p(¢) is nearly constant over a width T, we can approx-
imate p(r —2ul/v) =~ p(t) for u < 2vt/l. Additionally, If
(o))" « 1, then the contribution of w > 2vt/l would
be negligible, and we can use the normalization of p(z),
Eq. (C33), to get the result in the main text, Eq. (57). For
at > 100ns and / < 100 um, we have vt /Il > 1000, which
should be sufficient for this condition to hold.

Classical input. We consider a classical input from the left,

ie.,
| Py .
(Lin@)) = ﬁe it

(C37)
The field inside the magnet can be found using
7 _ Mref T Pin —iwint
(lowt (1)) = 1— p2F2e2ilwin/U heony e . (C38)
The output field towards the right is
R 21-* ilwin /v Pl )
(Rou1)) = 7 Dienl(C39)

,02F282ll“)i"/v /‘;lw]_n

This gives a coherent d,, with a significant amplitude only if
Wobs ~ Wip.

APPENDIX D: OPTOMAGNONIC WAVEGUIDE

In this Appendix, we discuss the effect of BLS on a large
e,-polarized input, giving a scattered output in e,-polarization.
We assume that the ground state magnetization is along e,
direction.

We assume that only the uniform mode is excited and
quantize it by the Holstein-Primakoff transformation,

M. — iM, ~ 2 Mzppin, (D1)

where we ignore terms higher order in /% and the zero point
fluctuations are given by

YG hM, s

M =
ZPF 2Vmag

, D2)

with y; being the absolute value of the gyromagnetic ra-
tio, M, being the saturation magnetization, and V., being
the volume of the magnet. The generalization to all magnon
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modes is straightforward. The magnon Hamiltonian is ﬁmag =
fw,, " 1, where w,, is the resonance frequency.

The interaction Hamiltonian is that of scattering of light by
the magnetization,

A r OF ~ 4 A
Hiy = @/dV[lﬁFM(ST X 8)

Wopt s

Oc ~ At~ A
+V§(M-s )(M~£)}, (D3)
where £ is given by a generalization of Eq. (C1),
A dk .
Er)= / ——™E 1 (x, y), (k). D4
() Z 7= Enrlx o). (D4)

Using the quantization, we get the interaction Hamiltonian

. A dkdk' | . /
B = 1y / S (03] (K g0k K) + hc. (DS)

The coupling is

hgoo (k, k') = ﬂ@eofdv ol k—K)z

Wopt s

X [IOpE} . (x,y) X Eqr(x,y)
+Oc(ey-E . (x, Y)Eq(x,y) + e,
Eor(x, Y)E (X, y))] 4,

where Ay = A, + iA,. The final Hamiltonian is H= I-?opt +
ﬂmag + ﬂinp

We can follow a similar procedure as Appendix C, to define
traveling waves a, . Their equations of motion should be sup-
plemented with the BLS interaction. For the uniform magnon
mode, we expect no backscattering, so the waves in opposite
direction move independent of each other via the equations of
motion (dissipation to be added later),

(0 % v0)a e (2. 1)
——iZ/d—Z/[ (& () + g (2 i (0]
= a . 8o+, 2 855'+Z, 2

X Gpr4(Z, 1), (D6)

where the position dependent couplings g,,+ are defined as
Fourier transforms,

dkdk’ o
gmr’:l:(Z, Z/) = // gwr(k, k’)efzszrzkz i
L 27

D7)

with the intervals I, = (0, co) and I_ = (—o0, 0).

BLS occurs between photons whose wave vector is sep-
arated by /v < kopt, kopt being a nominal optical wave
vector. For frequencies not too close to the threshold of the
waveguide, E,;(x, y) has a very weak dependence on k, such
that we can replace E,; ~ Ey,,. This gives a local relation,
8oo+(2,7) ~ 2 Gyer8(z — 2'), where

ic. /Er sz]:
ha)opl MS

+ Ocle, - E} . (p)Es(p) +e,-Es(p)E (0))]+
(D8)

G = . / 2 plOFE?(p) x Eq (p)

suppressing the ko, index. For typical cases of the polarization
being along e, and e, we have G, = G,, = 0.
Finally, we model the optical dissipation as a local source,

(O £ 00.)852(2.1) = =i Y Moo/(t)gr2(2.1)

_ gagi(z, 1) = Vies(z1). (DY)

Here, the magnon operator M,y (1) = Gyrohi(t)+

G*_m'(t), and the noise source is assumed to be a local

white source [+ (2, 1), A (2 t')] = 850:8(z — 2)8(t — 1').
The above equations can be solved analytically to give

I zx1)2
v

dps(z,1) = e”“i’/z)/z“&H(:FE, tF

¥ /z ge:FV(z—g)/ZvI:ﬁﬁai(é’t - - é)
T

1/2 v v

+i2/\?lw/<t¢z;

S>a6’:l:<§vt:f: i>:|
v

(D10)

For the forward moving wave: the first term is the propogation
of the amplitude from the left boundary and the second term
integrates the scattered light via BLS and noise.

For e, polarization, we assume that the input is large
enough such that we can ignore any backaction from the
magnons. We want to find the output in e, polarization.
The inputs and outputs are defined analogous to Egs. (C17)
and (C18) but with a polarization index. The output towards
the right of the magnet is

A

Rx,out = _pr,in + T;}x,in~ (D11)

N

R, in is the noise from the outside (which can be squeezed).
To find the amplitudes inside the magnet, we use Eq. (D10) to
get

N 2 qk B
Prin(t) = Tl gyt + flxes — i f = om0
"y

X /\?txy<t - l/2—$)&y+<§’t - l/2—§>,
v v
(D12)

where we used G,, = 0. The noise is given by

12 3z ) .
hoa=—v7 [ e omy, (8- 225,

12 v v
(D13)
We can treat a,,. classically for a large coherent input (see the
previous section),

1/2
t_z+/

&y+(za t) = ey(z+l/2)/2vly,out< v

>, (D14)

which can be use to simplify the expression for 7, i, (¢) to

A A [
~ -1 ~ . —0lansl/2
rxqin(t) = 1—‘Il)E,ou]t + 77x+,I —le aanl/ ly,oul (t B ;)

12 g% _F
[ (-5,
—12 v v

(D15)
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Ignoring backaction on magnons, we assume a time-
dependence #i(t) = e "', For w,,l /v < 1, we find

Fuin = T 4+ g — i
rx,in - x,out + 77x+,l - l?

« (nyrheikm(l/Z—vt) + G;kymfe—ik,,,(z/z—ut))i;;lljz.

(D16)

The above equation generalizes the result in Appendix C for
the output photons by adding the magnon contribution. Thus,
we can write analogously

b RO

Ry out = x,out

(D17)

The first term is a squeezed vacuum, as discussed in Sec. C 3.

The second term is given by

nyﬁ,leik,,,l/Zefi(wimem)t

1 — p2T2e-2ik:

G;kyﬁﬁe—ikml/ze—i(wm—wm )3 >
)

1 — p2l2e2ik-1

ﬁ%MQ=&<

+ (D18)

where ky = (win = @,)/v, we assumed a classical /,, and

TDL pgTe ™!V Py
Sp = —i—

v 1— p2F262ilwi"/” hwin.

(D19)
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