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Nonlinear optics has regained attention in recent years, especially in the context of optospintronics and
topological materials. Nonlinear responses involved in various degrees of freedom manifest their intricacy more
pronounced than linear responses. However, for a certain class of nonlinear responses, a connection can be
established with linear-response coefficients, enabling the exploration of diverse nonlinear-response functionality
in terms of the linear-response counterpart. Our study quantum mechanically elucidates the relation between
such nonlinear and linear responses we call the Pitaevskii relation and identifies the condition for the relation
to hold. Following the obtained general formulation, we systematically identify the Pitaevskii relations such
as the inverse magnetoelectric effect and inverse natural optical activity unique to systems manifesting the
space-inversion-symmetry breaking. These results provide a systematic understanding of intricate nonlinear
responses and may offer further implications to ultrafast spintronics.
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I. INTRODUCTION

Interaction between light and matter has been a subject of
extensive research. The interaction gives rise to a plethora
of diverse physical phenomena stemming from the breaking
of symmetry such as magneto-optical responses (e.g., Faraday
effect). In particular, the development in laser technology
allows for high-intensity light sources and thereby makes it
feasible to explore the optical responses of matter in more
detail. For instance, intense light induces nonlinear effects
like the rectification phenomena driven by the oscillating
stimuli. The phenomena include rectified electric polarization
(optical rectification) [1–3], magnetization (inverse Faraday
and Cotton-Mouton effects) [3–11], and mechanical rotation
(Sadovskii effect) [12–14] responses to the irradiating light.
The formula is explicitly given by

Mi = κi jk (ω)Ej (ω)Ek (−ω)

for the rectified magnetization response M to the double elec-
tric field E2.

Further advancements in optical technology enable time-
resolved spectroscopy of materials stimulated by the pulsive
light, namely, pump-probe spectroscopy. Combined with the
nonlinear light-matter interaction, the methodology has paved
the way for ultrafast control of the phase of matter such
as magnetism, garnering significant interest in the realm
of ultrafast spintronics [15–17]. It is noteworthy that non-
linear light-matter coupling, being in sharp contrast to the
thermalization-driven control [18–22], is expected to open a
route to highly efficient manipulation of magnetic states with
minimizing Joule dissipation [23–28].

In the field of nonlinear magneto-optics, it has been con-
firmed that the nonabsorption condition leads to nontrivial
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relationships bridging linear and nonlinear responses. For
instance, in the case of the Faraday effect, the response is de-
termined by the off-diagonal elements of the optical dielectric
susceptibility χi j (ω), that is the optical Hall susceptibility. As
uncovered by Pitaevskii [4,29], the optical Hall susceptibility
is correlated with the response function of the inverse Faraday
effect κi jk in the absence of the absorption as

κi jk (ω) = 1
2 lim

B→0
∂Bi χ jk (ω),

with the external magnetic field B. Here let us call the non-
trivial relation between the linear and rectification responses
Pitaevskii relation. The original derivation is carried out
with the classical treatment of electrodynamics of matter and
subsequently grounded in arguments based on effective free
energies or perturbation analysis of the atom Hamiltonian
[5,7]. Furthermore, the effect of absorption has been eluci-
dated in recent works including those for two-dimensional
systems and first-principles calculations of bulk materials
[30,31].

Despite extensive research, the relation has hitherto not
been formulated in a full-quantum manner to cover that be-
tween various degrees of freedom other than the electric
and magnetic polarizations [7]. Furthermore, the microscopic
conditions for the Pitaevskii relation to hold remain elusive,
though the absence of absorption is considered to be essential.
By considering the fact that the spintronic applications have
been explored on the basis of theoretical and experimental
findings delving into inverse magneto-optical effects [15],
generalized Pitaevskii relations may allow us to explore cru-
cial insights for future investigations of the optoelectronics.

In this study, we present a quantum derivation of Pitaevskii
relations in a general formulation utilizing the Lehmann rep-
resentation and auxiliary-field method [32] without specific
assumptions such as the independent-particle approximation.
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Employing Kubo’s response theory, we derive the conditions
under which Pitaevskii relations hold among various degrees
of freedom through calculations of linear and nonlinear re-
sponses. We analytically and numerically demonstrate that
Fermi-surface effects may lead to the violation of Pitaevskii
relations, even when the nonabsorption condition is satis-
fied. The obtained relations are systematically classified based
on the system’s space-time symmetry. As an example, we
extensively investigate the phenomena such as inverse magne-
toelectric and inverse natural optical activity, which are unique
to systems with broken space-inversion symmetry.

The organization is the following. In Sec. II A, we eluci-
date the nonabsorption condition concerning the responses
to the external stimuli up to the second order. Performing
full-quantum calculations, we derive the condition for the
Pitaevskii relation to hold in Sec. II B. In Sec. III A, after
revisiting the Pitaevskii relation of the inverse Faraday ef-
fect, we generalize the relation to cover diverse correlations
between the linear and rectification responses. The systematic
classification of the relations is presented in Sec. III B, and a
tabulation of them is in Sec. III C. Our formulation is further
demonstrated in Sec. IV by taking the specific example, that
is, reciprocal magnetization induction. Numerical results are
in agreement with the analytical results. Finally, we summa-
rize the contents in Sec. V.

II. QUANTUM-MECHANICAL FORMULATION OF
PITAEVSKII RELATION

We derive the relation between rectification and linear re-
sponses by following Kubo’s response theory. We first discuss
the nonabsorption condition required to validate the Pitaevskii
relation (Sec. II A). After the perturbative calculations, we
formulate the nonabsorptive rectification and (generalized)
Pockels responses and thereby derive the Pitaevskii relation
(Sec. II B).

A. Nonabsorption condition

The variation of total energy is given by the expectation
value of the time derivative of the total Hamiltonian H (t ) as

d

dt
〈H (t )〉 = Tr

(
H (t )

dρ(t )

dt
+ ρ(t )

dH (t )

dt

)
, (1)

where we introduced the density matrix ρ(t ) denoting the
quantum state of the system. Considering a closed system,
one can see that the first term vanishes by the von Neumann
equation idρ(t )/dt = [H, ρ(t )] and the cyclic property of
trace [33]. This indicates that the heat production is zero and
the energy variation is attributed to the work W done by the
external stimuli. Then, we recast Eq. (1) as

d

dt
〈H (t )〉 = W ≡ Tr

(
ρ(t )

dH (t )

dt

)
. (2)

With the coupling between the stimuli and system written by
Hex = ∑

i Fi(t )Xi + O(F 2), the work is given by

W = Tr[ρ(t )Xi(F (t ))]
dFi(t )

dt
, Xi(F (t )) = ∂Hex

∂Fi(t )
, (3)

where the summation over the stimuli i is implicit. The re-
sponse to the external stimuli is expanded with respect to F :

〈X 〉 = Tr[ρ(t )Xi(F (t ))]

= 〈Xi〉eq +
∫ ∞

−∞
dt ′χi j (t − t ′)Fj (t

′)

+
∫ ∞

−∞
dt ′

∫ ∞

−∞
dt ′′κi jk (t − t ′, t − t ′′)Fj (t

′)Fk (t ′′)

+ O(F 3). (4)

〈·〉eq denotes the averaging by the density matrix ρ = ρeq

under no external fields. Note that each susceptibility ten-
sor satisfies the causality as χi j (s) ∝ θ (s) and κi jk (s, s′) ∝
θ (s)θ (s′), where θ (s) is the Heaviside step function.

After subtracting the expectation value in equilibrium as
〈X 〉 → 〈X 〉 − 〈X 〉eq, the work is obtained in a perturbative
manner. It is given by

W (1) =
∫ ∞

−∞
dt ′∂t Fi(t )χi j (t − t ′)Fj (t

′), (5)

up to the linear response. We are interested in the work aver-
aged over a sufficiently long period T and therefore take the
average of W

W
(1) = 1

T

∫ T/2

−T/2
dt W (1) →

∫
dω

2π
iωF ∗

i (ω)χ (1)
i j (ω)Fj (ω).

(6)

On the rightmost side, we took the limit of T → ∞. We here
define the nonabsorption condition that the total work W done
by the external stimuli F (t ) is zero,

W = 0. (7)

In Eq. (6), the nonabsorption condition is satisfied when the
susceptibility tensor χ (ω) is Hermitian as χ∗

i j (ω) = χ ji(ω).
This can be proved by the fact that the stimuli Fi(t ) is real and
thereby F ∗

i (ω) = Fi(−ω). For the case of dielectric suscepti-
bility, the nonabsorption condition is the vanishing imaginary
part.

Similarly, we obtain the time-averaged work up to the
second order. The second-order correction is

W
(2) =

∫
dω dω1dω2

(2π )2
δ(ω − ω1 − ω2)iωF ∗

i (ω)κi jk

× (−ω; ω1, ω2)Fj (ω1)Fk (ω2). (8)

We here defined the second-order susceptibility tensor in the
frequency domain by

κi jk (−ω1 − ω2; ω1, ω2) =
∫

dt dt ′ κi jk (s, s′)eiω1s+iω2s′
. (9)

W
(2)

is rewritten as

W
(2) = 1

3

∫
dω dω1dω2

(2π )2
δ(ω − ω1 − ω2)iFi(ω)Fj (ω1)Fk (ω2)

×{ωκi jk (−ω; ω1, ω2) − ω1κ jik (ω1; −ω,ω2) − ω2κki j

× (ω2; −ω,ω1)} (10)

= −1

3

∫
dω dω1dω2

(2π )2
iFi(ω)Fj (ω1)Fk (ω2)κ̃i jk

× (−ω,ω1, ω2). (11)
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In the final line, we defined the tensor

κ̃i jk (ωi, ω j, ωk )

= δ(ωi + ω j + ωk ){ωiκi jk (ωi; ω j, ωk )

+ω jκ jik (ω j ; ωi, ωk ) + ωkκki j (ωk; ωi, ω j )}. (12)

Owing to the intrinsic permutation symmetry of the
second-order susceptibility tensor, that is κi jk (ωi; ω j, ωk ) =
κik j (ωi; ωk, ω j ), the tensor κ̃i jk (ωi, ω j, ωk ) is totally symmet-
ric under any permutation between (i, ωi ), ( j, ω j ), and (k, ωk ).

As a result, the second-order averaged work W
(2)

vanishes
when the totally symmetric tensor κi jk (ωi, ω j, ωk ) is zero.

The vanishing second-order correction is related to the full
permutation symmetry [34], that is,

κi jk (ωi; ω j, ωk ) = κ jik (ω j ; ωi, ωk ) = κki j (ωk; ωi, ω j ). (13)

When the full permutation symmetry holds, one can straight-
forwardly find that the totally symmetric part is zero:
κ̃i jk (ωi, ω j, ωk ) = 0. Note, on the other hand, that the full
permutation symmetry may not always be satisfied when
the totally symmetric tensor κ̃i jk (ωi, ω j, ωk ) is zero. Thus,
the full permutation symmetry is a sufficient condition for the
nonabsorption, though is not necessary.

Let us elaborate on the nonabsorption condition and the
full permutation symmetry in the case of the rectification
response, which is of primary interest. They are given by

κ̃i jk (0,−ω,ω) = 0 (14)

and

κi jk (0; −ω,ω) = κ jik (−ω; 0, ω) = κki j (ω; 0,−ω). (15)

The full permutation symmetry indicates that the rectifica-
tion response is related to the Pockels effect denoted by
κ jik (−ω; 0, ω) and κki j (ω; 0,−ω), that is DC field (Fi) cor-
rection to the linear susceptibility concerning Fj (−ω) and
Fk (ω). Note that the Pockels effect is for the DC electric-field
correction to the electric permittivity, which is reproduced
by taking (Fi, Fj, Fk ) = (Ep, Eq, Er ), where the indices p, q,
and r are for the real-space coordinates. In the following, we
call the second-order responses of the form κi jk (±ω; 0,∓ω)

Pockels effects regardless of whether the external stimuli are
the electric field.

In closing this section, we note that the stimulus Fi in
the above discussion is assumed to be invariant under the
gauge transformation. For instance, the electric current J is
conjugated to the vector potential A, and thus in the case of
the electric current response to the quadratic electric field, the
fields are taken as (Fi, Fj, Fk ) = (Ap, Eq, Er ) with the electric
field E in Eq. (8). In this case, it is more physically trans-
parent to replace the vector potential with the electric field
as A(ω) = E(ω)/(iω), to make the gauge invariance of W

(2)

manifest. Then, we rewrite the second-order contribution to
the averaged work W as

W
(2)
JPP =

∫
dω dω1dω2

(2π )2
δ(ω − ω1 − ω2)κ ′

i jk

× (−ω; ω1, ω2)E∗
i (ω)Ej (ω1)Ek (ω2). (16)

Here P in the subscript of W
(2)
JPP denotes the electric polar-

ization conjugate to the electric field. Accordingly, the totally
symmetric tensor defined from κ ′ is given by

κ̃ ′
i jk (ωi, ω j, ωk )

= δ(ωi + ω j + ωk ){κ ′
i jk (ωi; ω j, ωk )

+ κ ′
jik (ω j ; ωi, ωk ) + κ ′

ki j (ωk; ωi, ω j )}, (17)

with which finite work is obtained through the second-
order current response. The obtained nonabsorption condition
κ̃ ′

i jk = 0 is consistent with Refs. [33,35] where the DC current
response to the AC and DC electric fields is discussed, respec-
tively. In this way, when the output is conjugate to the gauge-
covariant field, one can discuss the nonabsorption condition
with the totally symmetric tensor such as κ̃ ′

i jk (ωi, ω j, ωk ) of
Eq. (17) instead of κ̃i jk (ωi, ω j, ωk ) of Eq. (12).

B. Derivation of Pitaevskii relation

We formulate the rectification and the Pockels effects. Fol-
lowing the established perturbative calculation [32,36–46], we
obtain the nonlinear susceptibility in the Lehmann representa-
tion as

X i
(2)(ω) =

∫
dω1dω2

(2π )2
2πδ(ω − ω1 − ω2)κi jk (−ω; ω1, ω2)Fj (ω1)Fk (ω2), (18)

where

κi jk (−ω; ω1, ω2) = lim
F→0

[∑
a

1

2
X i jk

aa fa (19)

+
∑
a,b

1

2

X i j
abX k

ba fab

ω2 + iη − εba
+ 1

2

X ik
abX j

ba fab

ω1 + iη − εba
(20)

+
∑
a,b

1

2

X i
abX jk

ba fab

ω + 2iη − εba
(21)

+
∑
a,b,c

1

2

X i
ab

ω + 2iη − εba

(
X j

bcX k
ca fac

ω2 + iη − εca
− X j

caX k
bc fcb

ω2 + iη − εbc

)
(22)

+
∑
a,b,c

1

2

X i
ab

ω + 2iη − εba

(
X k

bcX j
ca fac

ω1 + iη − εca
− X k

caX j
bc fcb

ω1 + iη − εbc

)]
. (23)
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Here, η = +0 represents the adiabaticity parameter. We
defined the operators

X i = ∂H (F )

∂Fi
, (24)

X i j = ∂2H (F )

∂Fi∂Fj
, (25)

X i jk = ∂3H (F )

∂Fi∂Fj∂Fk
, (26)

where the Hamiltonian H (F ) includes the coupling to the
stimuli. In the case of the vector potential (F = A), for in-
stance, X i and X i j denote the paramagnetic and diamagnetic
current operators in the limit of F → 0, respectively. We
also introduced the energy eigenvalue εa for the many-body
Hamiltonian including Hex and the Boltzmann factor fa =
e−εa/T /(

∑
b e−εb/T ), and accordingly defined εab = εa − εb

and fab = fa − fb. While we here consider general interacting
systems, we can show for noninteracting electron systems that
the equations of the same form as the following ones hold
by replacing H (F ) in the definition of X i, X i j , and X i jk with
the single-particle Hamiltonian and accordingly reinterpreting
energy eigenstates and eigenvalues, as well as replacing fa

with the Fermi distribution function.
First, we consider the rectification response κi jk (0; −ω,ω).

Following the parallel discussions in Ref. [32], we arrive at the
expression including no resonant contribution:

κna
i jk (0; −ω,ω)

= 1

2
lim
F→0

⎧⎨
⎩∂Fi

⎡
⎣∑

a

X jk
aa fa −

∑
a,b

X j
baX k

ab fab
1

ω + εba

⎤
⎦

−
∑

a

X jk
aa ∂Fi fa −

∑
a,b

X j
abX k

ba

1

ω + εab
∂Fi fab

⎫⎬
⎭.

(27)

Similarly, the off-resonant Pockels response is given by

κna
i jk (ω; −ω, 0)

= 1

2
lim
F→0

⎧⎨
⎩∂Fk

⎡
⎣∑

a

X i j
aa fa −

∑
a,b

X j
baX i

ab fab
1

ω + εba

⎤
⎦

−
∑

a

X i j
aa∂Fk fa −

∑
a,b

X j
abX i

ba

1

ω + εab
∂Fk fab

⎫⎬
⎭. (28)

Here we divided the total second-order susceptibility
into terms with and without resonant contributions by
κi jk (ωi; ω j, ωk ) = κa

i jk (ωi; ω j, ωk ) + κna
i jk (ωi; ω j, ωk ). The res-

onant contribution κa
i jk is defined to include delta functions

that appear from factors like (ω + iη − ε)−1. The derivations
are given in the Appendix. It turns out that κna is responsible
for the Pitaevskii relation and thus we focus on this compo-
nent.

The obtained response functions satisfy

κna
i jk (0; −ω,ω) = κna

k ji(ω; −ω, 0). (29)

One can straightforwardly derive other relations such as
κna

i jk (0; −ω,ω) = κna
jik (−ω; 0, ω) by using the intrinsic per-

mutation symmetry. These relations indicate that the full
permutation symmetry of Eq. (15) is satisfied for κna

i jk . Thus,
we conclude that the off-resonant rectification, and Pockels,
response functions satisfy the nonabsorption condition. The
response functions (27) and (28) consist of two contribu-
tions: the first term enclosed by auxiliary-field derivative and
the second term including the distribution-modulation effect
(∂F fa).

Linear-response functions are similarly obtained as

χi j (ω) =
∑

a

X i j
aa fa +

∑
a,b

X i
abX j

ba

ω + iη + εab
fab. (30)

The nonabsorptive part is given by the Hermitian component

χna
i j (ω) = 1

2
{χi j (ω) + χ∗

ji(ω)}

=
∑

a

X i j
aa fa +

∑
a,b

P
X i

abX j
ba

ω − εba
fab, (31)

where P denotes the Cauchy principal value. This means that
the nonabsorption condition for the linear response means the
absence of resonant contributions. Finally, we can relate the
rectification response with the linear response as

κna
i jk (0; −ω,ω) = 1

2 lim
F→0

{
∂Fiχ

na
jk (−ω, F ) + κdm

i jk

}
. (32)

The auxiliary-field (F) dependence of the linear-response
function is explicitly shown as χi j (ω, F ) and

κdm
i jk ≡ −

∑
a

X jk
aa ∂Fi fa −

∑
a,b

X j
abX k

ba

1

ω + εab
∂Fi fab (33)

is the contribution including the modulation of the distribution
function. Thus, we have proved that an equation similar to
the Pitaevskii relation generally holds between off-resonant
contributions of linear and nonlinear susceptibilities. The
Pitaevskii relation holds as

κi jk (0; −ω,ω) = 1
2 lim

F→0
∂Fiχ jk (−ω, F ), (34)

when there is neither κdm
i jk nor the resonant contributions

of the linear and nonlinear susceptibilities, which are given
by κa

i jk (0; −ω,ω) and the anti-Hermitian part χ a
i j (ω) =

[χi j (ω) − χ∗
ji(ω)]/2, respectively.

In summary, the full-quantum derivation of the rectification
and Pockels effects clarified the condition for the Pitaevskii
relation to hold beyond arguments based on the steady-state
free energy [5] and on the atom Hamiltonian [7]. Our formu-
lation is based on the Lehmann representation of the response
functions without considering specific approximations such
as independent-particle approximation. For instance, the for-
mulas can be applied to the quantum phases realized in
many-body systems and to disordered states. Pitaevskii re-
lation (34) holds if and only if the frequency ω is in the
off-resonant regime and the distribution-modulation factor is
negligible (∂F fa = 0), i.e., the rectification, Pockels, and lin-
ear responses are related with each other when interbandlike
or intrabandlike excitation is absent.
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It is noteworthy that the nonabsorption condition does
not always ensure the Pitaevskii relation. For example, let
us take the band-electron system where electrons partially
occupy a single band well isolated from other bands. If the
frequency of the external field is sufficiently larger than the
bandwidth but does not give rise to interband transition,
the rectification-response and linear-response functions are
given by the nonabsorptive contributions of Eqs. (14) and
(31), whereas the Pitaevskii relation is violated due to the
Fermi-surface effect of Eq. (33). Note that the summation
over the eigenstates may result in the vanishing distribution-
modulation effect in some situations [47,48]. In the following
subsections, we will mainly work on cases satisfying the non-
absorption conditions (χ a

i j = 0, κa
i jk = 0) as well as κdm

i jk = 0
to corroborate Pitaevskii relations. Then, the superscript “na”
will be suppressed unless explicitly mentioned.

III. GENERALIZED PITAEVSKII
RELATION AND SYMMETRY

A. General remarks

Our formulation covers diverse Pitaevskii relations in-
cluding known results for the inverse Faraday, inverse
Cotton-Mouton, and optical rectification effects. One can take
various fields for each auxiliary field such as electric field
E, spin and orbital Zeeman field Bsp/orb, stress σi j , and so
on. Furthermore, the auxiliary field may be taken as what
is related to the spontaneous symmetry breaking such as the
spatial gradient of the phase of the condensate of Cooper pairs
[32,49,50], which is equal to the vector potential A in the
London gauge.

We here investigate cases where the Pitaevskii relation
holds as

κi jk (0; −ω,ω) = 1
2 lim

F→0
∂Fiχ jk (−ω, F ). (35)

The distribution-modulation contribution is assumed to be
zero. Pitaevskii relations are classified by the preserved sym-
metry of the unperturbed Hamiltonian. Let us take a known
example, that is, the magnetization response to the double
electric field. The induced magnetization is

Mi = κBEE
i jk (ω)Ej (−ω)Ek (ω) = κBEE

i jk (ω)E∗
j (ω)Ek (ω), (36)

where we explicitly show the auxiliary fields (Fi, Fj, Fk ) =
(B, E, E ) related to the response in the superscripts of
the susceptibility κi jk (ω) ≡ κi jk (0; −ω,ω). According to the
Pitaevskii relation, κBEE

i jk is related to the electric permittivity
defined by the formula Pj (ω) = χEE

jk (ω)Ek (ω). The Pitaevskii
relation is explicitly written as

κBEE
i jk (ω) = 1

2 lim
B→0

∂Biχ
EE
jk (−ω, B). (37)

The antiunitary symmetry such as the time-reversal (T )
symmetry is convenient to decompose the relation. When the
T symmetry is intact in the unperturbed state, the Onsager
reciprocity relation leads to

χEE
jk (ω, B) = χEE

k j (ω,−B), (38)

by which only the antisymmetric component (χEE
jk = −χEE

k j )
contributes to the Pitaevskii relation of Eq. (37). It follows that

the DC magnetization is induced by the cross product of the
double electric fields:

Mi = 1
2κBEE

i jk (ω) ε jkl [E∗(ω) × E(ω)]l , (39)

in T -symmetric systems. Since E∗(ω) × E(ω) �= 0 when the
light has the circular-polarized component [51], the obtained
formula represents the DC magnetization response to the cir-
cularly polarized light, so-called the inverse Faraday effect
[4,6]. As a result, the Pitaevskii relation of Eq. (37) points
to the correlation between the inverse Faraday effect and op-
tical Hall conductivity. When the T symmetry is not kept in
the unperturbed Hamiltonian, the Onsager reciprocity relation
[Eq. (38)] does not hold. Then, DC magnetization can respond
to the noncircular part of the double electric fields (unpolar-
ized and linearly polarized lights) satisfying E∗

j (ω)Ek (ω) =
E∗

k (ω)Ej (ω), that is, the inverse Cotton-Mouton effect [8,9].1

Note that the permutation symmetry between the in-
dices of double electric fields ( j, k) is in close relation
to the property as the complex number; the antisymmetric
part [E∗(ω) × E(ω)] is pure imaginary while the symmet-
ric part [E∗

j (ω)Ek (ω) + ( j ↔ k)] is real. Accordingly, the
rectification-response function κBEE

i jk is divided into the imagi-
nary and real parts for the inverse Faraday and Cotton-Mouton
effects, respectively. The decomposition is explicitly given as

Mi = 1

2
Re

[
κBEE

i jk (ω)
]{E∗

j (ω)Ek (ω) + ( j ↔ k)}

+ i

2
Im

[
κBEE

i jk (ω)
]{E∗

j (ω)Ek (ω) − ( j ↔ k)}. (40)

If the nonabsorption condition is satisfied, the real-imaginary
decomposition of κBEE

i jk is consistent with the symmetry of
the nonabsorptive linear response whose response function
is Hermitian [χ∗

i j (ω) = χ ji(ω)], and thereby the permutation
symmetry of indices determines whether the response func-
tion is real or purely imaginary as

Re[χi j (ω)] = Re[χ ji(ω)], Im[χi j (ω)] = −Im[χ ji(ω)].

(41)

Note that the symmetry of the Pitaevskii relation does not
change when the electric fields are replaced by the magnetic
fields in Eq. (36) [52] or when the induced magnetization is
replaced with another magnetic multipolar degree of freedom
having the ferromagnetic symmetry such as magnetic octupo-
larization in Mn3Sn [53].

The classification is straightforwardly generalized. Let us
take the T -symmetric system and define the T parity of
the physical field Fi by τ

Fi
θ . The Onsager reciprocity relation

reads as

χ jk (ω, Fi ) = τ
Fj

θ τ
Fk
θ χk j

(
ω, τ

Fi
θ Fi

)
, (42)

1The Cotton-Mouton effect is magnetic birefringence proportional
to the square of magnetization M. We note that this magnetic bire-
fringence is attributed not only to the magnetic correction to the
symmetric part of the electric permittivity (�χEE

i j = +�χEE
ji ∝ M2)

but also that to the antisymmetric part (�χEE
i j = −�χEE

ji ∝ M) in
the Voigt optical arrangement. We here consider the Cotton-Mouton
in a narrow sense, that is, the magnetic birefringence arising from
corrections to the symmetric part.
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TABLE I. Classification of Pitaevskii relation based on the total
time-reversal parity. The nonabsorptive rectification-response func-
tion κna

i jk is classified by the permutation symmetry for ( j, k) and the
total time-reversal parity τ tot

θ . The symmetric and antisymmetric parts
are real and pure imaginary, respectively.

Symmetric (κna
i jk = κna

ik j) Antisymmetric (κna
i jk = −κna

ik j)

τ tot
θ = +1 T even T odd

τ tot
θ = −1 T odd T even

due to which only the antisymmetric double fields (ε jklF ∗
j Fk)

are relevant to Pitaevskii relation if the total parity is odd as
τ tot
θ ≡ τ

Fi
θ τ

Fj

θ τ
Fk
θ = −1. Conversely, only the symmetric com-

ponents [F ∗
j Fk + ( j ↔ k)] are relevant if the total parity is

even as τ tot
θ = +1. Once the T symmetry is violated in the

unperturbed state, the symmetric and antisymmetric parts also
make contributions to the Pitaevskii relation for the cases of
τ tot
θ = −1 and τ tot

θ = +1, respectively. One can reproduce the
symmetry of the DC magnetization response to the double
electric fields from the above-mentioned classification by tak-
ing τ tot

θ = τH
θ (τE

θ )2 = −1. We summarize the symmetry of the
Pitaevskii relation in Table I.2

B. Odd-parity response and T -PT classification

Every system satisfies the T symmetry if there is no ex-
ternal field or spontaneous symmetry breaking. Among the
responses classified in Table I, T -even responses may exist in
general, while the T -odd contributions are admixed with them
only when the T symmetry is lost in the unperturbed state.
On the other hand, the T -odd response can occur without
admixed with the T -even part if another symmetry forbids
the latter. For instance, the combined symmetry for the T and
the space-inversion (P ) operations, namely, PT symmetry,
is convenient to classify the physical phenomena induced by
the P-breaking effect [54]. Similarly to Eq. (42), the PT
symmetry leads to a kind of the Onsager reciprocity relation
of the linear-response function as

χ jk (ω, Fi ) = τ
Fj

θI τ
Fk
θI χk j

(
ω, τ

Fi
θI Fi

)
, (43)

with τF
θI denoting the PT parity. Since τF

θI = τF
θ τF

I (τF
I is

the P parity), the PT -symmetry constraint on the linear re-
sponse is contrasting to that demanded by the T symmetry if
one considers the odd-parity response in which τ tot

θ = −τ tot
θI .

For instance, the symmetric part κi jk = κik j is allowed in
T -symmetric systems but is absent in the PT -symmetric
systems if τ tot

θ = +1 and τ tot
θI = −1, whereas it is forbidden

by the T symmetry but can be finite in the PT symmetry if
τ tot
θ = −1 and τ tot

θI = +1. Following the parallel discussions,
we obtain the T -PT classification of the antisymmetric part
(κi jk = −κik j). One may obtain a similar classification by
making use of the combined operation of the T and another

2One can find the correspondence between the permutation sym-
metry of indices and T parity (Table I) even when including Eq. (33)
as in Eq. (32). Note that, if one adopts Eq. (32), the Pitaevskii relation
does not hold.

unitary operation such as θ2 comprised of the twofold rotation
operation, which may work for the classification of P-even
responses as well.

Let us consider an example where the T and PT sym-
metries play contrasting roles. To this end, we consider an
odd-parity rectification response written by

Mi = κBEB
i jk (ω)E∗

j (ω)Bk (ω) + κBBE
i jk (ω)B∗

j (ω)Ek (ω), (44)

≡ [
κ̂BEB

i (ω)
]

jkE∗
j (ω)Bk (ω) + [

κ̂BBE
i (ω)

]
jkB∗

j (ω)Ek (ω),

(45)

that is, the DC magnetization response to the bilinear product
of electric and magnetic fields. The induced magnetization
is flipped under inversion of the incident light, different
from the response of Eq. (36). Thus, the response formula
denotes the reciprocal magnetization induction (RMI). We
compare the response with the known E-induced DC magne-
tization of Eq. (36) in Fig. 1 where we make use of Faraday’s
law for the monochromatic field (B = k × E/ω). RMI may
be overwhelmed by the inverse Faraday and Cotton-Mouton
effects since the photomagnetic field is typically smaller than
the photoelectric field. It is evident from the fact that its ex-
perimental observation remains elusive [55]. The observation,
however, may be feasible by careful estimation of the magne-
tization induced by the lights propagating in the forward and
backward directions.

To discuss the Pitaevskii relation, we rewrite the formula
for RMI by

Mi = C∗
j (ω)�i jk (ω)Ck (ω) (46)

≡ C†(ω)

(
O κ̂BEB

i (ω)
κ̂BBE

i (ω) O

)
C(ω), (47)

with the 3 × 3 zero matrix O and C = (E(ω), B(ω))T . The
indices i = 1, 2, 3 and j, k = 1, 2, . . . , 6 for the response
function �i jk . Then, the Pitaevskii relation for RMI is

�i jk (ω) = 1
2 lim

B→0
∂Biχ

CC
jk (−ω, B) (48)

or, equivalently,

κBEB
i jk (ω) = 1

2 lim
B→0

∂Biχ
EB
jk (−ω, B),

κBBE
i jk (ω) = 1

2 lim
B→0

∂Biχ
BE
jk (−ω, B). (49)

Here we defined the magnetoelectric susceptibility

Pi(ω) = χEB
i j (ω)Bj (ω), Mi(ω) = χBE

i j (ω)Ej (ω) (50)

representing the odd-parity coupling between electric and
magnetic polarizations such as magnetoelectric effect and
(magnetic-dipole-related) natural optical activity [56–58].
Specifically, the Pitaevskii relation of Eq. (48) has been partly
elaborated in studies of isotropic and nonmagnetic media, for
which the rectification response is termed with the inverse
magnetochiral effect [59–61]. Equation (48) is the generaliza-
tion of the inverse magnetochiral effect and is thus applicable
to various cases such as the PT -symmetric materials and
anisotropic media. Furthermore, T -PT classification allows
us to take a closer look at the response as follows.

By using the T and PT parities given by τ tot
θ = +1, τ tot

θI =
−1, we can decompose RMI into those allowed in the
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FIG. 1. DC magnetization responses to (a) unpolarized or linearly polarized light and (b) circularly polarized light. Blue arrows are the
induced magnetization and orange arrows are the propagating electromagnetic fields. The induced magnetization is not flipped and flipped
under inversion of incident light for the P-even and P-odd rectification responses, respectively. In terms of reciprocity, panels are for (c) inverse
Cotton-Mouton effect, (d) inverse magnetoelectric effect, (e) inverse Faraday effect, and (f) inverse natural optical activity.

T -symmetric and PT -symmetric materials. In the T -
symmetric case, following the parallel discussion on the
inverse Faraday effect, only the symmetric part of the mag-
netoelectric susceptibility (χCC

jk = χCC
k j ) has a nonvanishing

derivative with respect to the magnetic field B. Then, accord-
ing to the Pitaevskii relation of Eq. (48), the formula for RMI
satisfies

�i jk = �ik j, Im[�ik j] = 0 (51)

in the T -symmetric materials. Since the relevant mag-
netoelectric susceptibility (Re[χCC

jk ]) represents the optical
magnetoelectric effect, which is the AC analog of the (static)
magnetoelectric effect and is T odd and PT even [62]. Then,
we call the rectification response denoted by Re[�i jk] the
inverse (optical) magnetoelectric effect in the same spirit of
the inverse Faraday effect. In the case of isotropic and non-
magnetic media, the tensor of rectification response is reduced
to �i jk = �0 εi jk (�0 ∈ R). Obtained response functions �0

represent the inverse magnetochiral effect [60], a specific case
of the inverse magnetoelectric effect.

Importantly, owing to the PT -ensured Onsager reciprocity
of Eq. (43), the components in �i jk for the inverse magne-
toelectric effect vanish in the PT -symmetric system. On the
other hand, the T violation allows for nonzero B derivative for
the antisymmetric part of the magnetoelectric susceptibility
(χCC

jk = −χCC
k j ) as in the case of inverse Cotton-Mouton effect.

Thus, if the system does not respect the T symmetry but PT
symmetry, only the antisymmetric part contributes to RMI,
resulting in the relation

�i jk = −�ik j, Re[�ik j] = 0, (52)

in PT -symmetric systems. Such a T -violating but PT -
symmetric system can be found in a series of antiferromagnets
[63]. The antisymmetric part (Im[χCC

jk ]) means the natural
optical activity arising from the correlation between the elec-
tric and magnetic dipole transitions, which is observed in
nonmagnetic and P-violating materials such as ferroelectric
materials. Then, the rectification response of Eq. (52) is the
inverse natural optical activity characteristic of odd-parity and
PT -symmetric magnetic materials.

One may obtain an intuitive picture of the field-induced
natural optical activity as follows. The PT -symmetric mag-
netic order gives rise to the coupling between the magnetic
field and the noncentrosymmetric and T -symmetric fields,
e.g., the magnetoelectric coupling is the linear coupling be-
tween the magnetic and electric fields [DC limit of Eq. (50)].
The interplay between the PT -symmetric magnetic and B
fields leads to the nonmagnetic P violation and thereby re-
alizes the natural optical activity under B. To summarize the
space-time classification, RMI is determined by the inverse
magnetoelectric effect in the presence of T symmetry, while it
is by the inverse natural optical activity in the PT -symmetric
systems.

Finally, let us consider the polarization state of light rele-
vant to RMI. The tensor symmetry and property of complex
number [Eqs. (51) and (52)] indicate that the inverse magne-
toelectric and inverse natural optical activity are the responses
to the Re[E∗

j Bk] and Im[E∗
j Bk], respectively. When the elec-

tromagnetic field satisfies B = k × E/ω with the wave vector
k of light as it does in the vacuum, the double external fields
are recast as

E∗
j Bk = 1

ω
εkαβkα E∗

j Eβ. (53)

Thus, similarly to the nonreciprocal magnetization induction
such as the inverse Faraday effect, the imaginary part is
present if the light includes the circular component, while
the real part is nonzero in general due to |E|2. It follows that
the inverse magnetoelectric effect occurs even when the light
is not circularly polarized, while the inverse natural optical
activity does under the circularly polarized-light irradiation.

Note that the electric-quadrupole field EQ
ab ≡ (∂aEb +

∂bEa)/2 gives electromagnetic excitations comparable to that
from the magnetic-dipole field (B) in the gradient expansion
of the electromagnetic field. Then, up to the lowest-order
contributions including RMI, the formula for the DC magne-
tization response is

Mi = κBEE
i jk E∗

j Ek + κBEB
i jk E∗

j Bk + κBBE
i jk B∗

j Ek

+ κ
BEQ
i j(kl )E

∗
j EQ

kl + κ
BQE
i( jk)l

(
EQ

jk

)∗
El , (54)
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TABLE II. Relations between the linear and rectification responses relevant to the electric field E, magnetic field B, and stress σ̂ . Bearing
the rectification response Xi = κi jkF ∗

j Fk in mind, “Linear response” is defined for the physical fields (Fj, Fk ) and Fi is conjugate to the rectified
response Xi. τ tot

θ = ±1 denotes the time-reversal parity of κi jk . Real and imaginary parts of κ̂ are classified by whether it is allowed without or
with the T violation (see also Table I). “Rectification” is for the rectification response and available references. Some entries in “Fi” have the
superscript “‡” to denote the P-odd parity of the corresponding rectification responses, and therefore either T -even or T -odd contribution is
forbidden if the PT symmetry is preserved.

Linear response (Fj, Fk ) Fi τ tot
θ Re/Im [κi jk] T even T odd Rectification

Electric susceptibility (E, E ) E‡ +1 Re � Optical rectification [2]
Im � Optical magnetorectification

B −1 Re � Inv. Cotton-Mouton [8,9]
Im � Inv. Faraday [4,6]

σ̂ +1 Re � Optical electrostrictive
Im � Optical magnetoelectrostrictive

Magnetoelectric susceptibility (E, B) E −1 Re � Inv. magnetoelectrogyration
Im � Inv. electrogyration

B‡ +1 Re � Inv. magnetoelectric [59]
Im � Inv. natural optical activity

σ̂ ‡ −1 Re � Optical piezomagnetoelectric
Im � Kinetic piezomagnetoelectric

where we introduced the odd-parity DC magnetization
response κ

BEQ
i j(kl ), κ

BQE
i( jl )k to the electric-dipole (E ) and electric-

quadrupole (Q) fields. Since the total T parity of κ
BEQ
i j(kl ) is

opposite to �i jk , Im[κBEQ
i j(kl )] (Re[κBEQ

i j(kl )]) contributes to RMI
in the T -symmetric (PT -symmetric) systems in contrast to
Eq. (51) [Eq. (52)]. Note that the linear responses relevant
to the rectification responses κ

BEQ
i j(kl ) share the same symmetry

with the piezoelectric effect and magnetopiezoelectric effects
allowed in the T - and PT -symmetric materials, respectively
[64–66].

In isotropic media, the response formula of Eq. (54) is
recast as

M = iκ0E∗ × E + 2 Re[�0(B∗ × E ) + �1∇|E|2
+�2(∇ · E∗)E + �3(∇ · E )E∗], (55)

where we implicitly assume either T or PT symmetry by
which the inverse Cotton-Mouton effect is forbidden. Since
B∗ × E is real and ∇ · E = 0 if the monochromatic-field
conditions such as B = k × E/ω hold, RMI is attributed to
Re[�0] and Re[�1], which are allowed in the T -symmetric
and PT -symmetric systems, respectively.

C. Tabulation of Pitaevskii relations

The generalized Pitaevskii relations of Eq. (35) allow us
to predict connections between the rectification and linear
responses. Let us consider examples by taking auxiliary fields
as F = E, B, σ̂ where σ̂ is the stress conjugate to the strain ε̂.
We can obtain 18 Pitaevskii relations in total from the 6 linear
susceptibility tensors

χEE
jk , χBB

jk , χσσ
( jk)(lm), χ

EB
jk , χBσ

jk , χσE
( jk)l , (56)

undergoing the correction proportional to F = E, B, σ̂ .
The linear-susceptibility tensors are for the electric per-
mittivity (χEE

jk ), magnetic permittivity (χBB
jk ), elastic sus-

ceptibility (χσσ
( jk)(lm)), magnetoelectric susceptibility (χEB

jk ),

piezomagnetic susceptibility (χBσ
jk ), and piezoelectric sus-

ceptibility (χσE
( jk)l ). The Pitaevskii relations are tabulated in

Table II. It suffices to show the results related to χEE
jk and

χEB
jk , manifesting the opposite T parity. The Pitaevskii rela-

tions concerning other linear responses are straightforwardly
obtained.

For instance, our classification identifies the inverse
phenomenon of the electrogyration effect associated with
(Fi, Fj, Fk ) = (E, E, B). The electrogyration effect, the
E-induced optical activity, has been demonstrated in theory
and experiment [67–70] and applied to the imaging of the
P-even symmetry-breaking effect such as ferroaxial order
[71].3 Note that one should treat the other electrogyration
effect related to the electric-quadrupole excitations on equal
footing. The corresponding rectification response is

Pa = κ
EEQ
i j(kl )(ω)E∗

j (ω)EQ
kl (ω), (57)

whose response function is related with ∂Eiχ
EQ
j(kl ) via the

Pitaevskii relation. The response is similar to the so-called
electric-quadrupole second-harmonic generation [72,73].

For responses including the elastic degree of freedom in
Table II, let us consider the photoinduced strain response
given by

εi j = κσEE
(i j)kl (ω)E∗

k (ω)El (ω). (58)

3The inverse electrogyration effect can be regarded as another
inverse phenomenon of the natural optical activity, concerning the
stress σ̂ instead of the magnetic field B in the case of the “inverse
natural optical activity” in Table II. To highlight this difference,
we can also call the inverse electrogyration, i.e., the rectification
responses of the strain connected with Im[χEB

i j (ω)], the inverse σ̂ -
induced natural optical activity. Similarly, “inverse natural optical
activity” in Table II should be understood as the inverse B-induced
natural optical activity. Similar things can also be said for the other
responses in Table II.
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In the DC limit, the coupling between ε̂ and EkEl indicates
the electrostrictive effect. Thus, the Pitaevskii relation claims
that the optical electrostrictive effect we defined by Eq. (58)
is related to the electric susceptibility modified by the stress.

One also notices an odd-parity strain response

εi j = κσEB
(i j)kl (ω)E∗

k (ω)Bl (ω), (59)

which is correlated with the stress-induced optical magneto-
electric coupling according to the Pitaevskii relation. In the
DC limit, the response indicates the trilinear coupling between
the strain, electric polarization, and magnetization, namely,
piezomagnetoelectric effect [74,75].

Note that one can further exploit the Pitaevskii relations
by taking another auxiliary field such as the spin gauge fields
for the spin-current response, sublattice-dependent magnetic
field [76], the spatial gradient of the phase of the super-
conducting order parameter. For instance, the nonreciprocal
current generation in the superconducting phase is related to
the nonabsorptive linear optical conductivity [32].

IV. NUMERICAL STUDY OF RECIPROCAL
MAGNETIZATION INDUCTION

In this section, we verify that our formulation of the gen-
eralized Pitaevskii relation is in agreement with the numerical
results. For a specific case, let us consider RMI, comprised
of the inverse optical magnetoelectric effect and inverse nat-
ural optical activity [Eq. (45)]. To corroborate the contrasting
space-time symmetry of the two effects, we adopt toy models
where the P symmetry is violated while either T or PT sym-
metry is retained. We adopt the normalized lattice constant
and the natural units such as h̄ = 1 for the Dirac constant and
e = 1 for the elementary charge of fermion.

A. Setup

The model is a one-body tight-binding Hamiltonian for the
one-dimensional zigzag chain comprised of two sublattices
(A, B) [Fig. 2(a)]. The Hamiltonian of the spinful fermions
reads as

H =
∑

k

c†
kHkck, (60)

where ck = (ckA↑, ckA↓, ckB↑, ckB↓)T is the vector of anni-
hilation operators for the fermion labeled by the crystal
momentum k, sublattice (τ = A, B), and spin (↑,↓). Then,
the many-body energy eigenstates are spanned by the Fock
space with the one-body energy eigenstates. The occupa-
tion is given by the Fermi-Dirac distribution function f FD

a =
{exp [(εa − μ)]/T + 1}−1 parametrized by temperature T and
the chemical potential μ.

The Bloch Hamiltonian Hk consists of the centrosymmetric
[H0(k)] and P-violating [H1(k)] parts. The centrosymmetric
term is given by

H0(k) = −(t + u) cos
kz

2
τx − (t − u) sin

kz

2
τy + λ sin kzσxτz,

(61)

and satisfies the P symmetry τxH0(−k)τx = H0(k). The Pauli
matrices σ and τ are for the spin and sublattice degrees of

FIG. 2. (a) Zigzag chain comprised of A and B sublattices.
Dimerization is denoted by the thick lines. (b) T -symmetric and
P-broken state resulting from the staggered onsite potential. (c) PT -
symmetric and P-broken state due to the antiferromagnetic order.
(d) Band structures of the parastate (dashed line), that in the case of
(b) (red solid line), and that in the case of (c) (green solid line).

freedom. t = 1, u = 0.8 are the nearest-neighbor hoppings,
by which t − u denotes the dimerization between neighbor-
ing sites, and λ = 0.6 is the sublattice-dependent spin-orbit
coupling [77–79].

Let us take into account the noncentrosymmetric term
H1(k) in the following twofold manners. In the T -symmetric
case, the parity-breaking effect is given by the staggered po-
tential like the Su-Schrieffer-Heeger model

H1(k) = Hθ (k) = δτz, (62)

which breaks the symmetry about the P operation defined
with the A-B bond center [Fig. 2(b)]. The symmetry-breaking
effect induces the spin-momentum splitting with preserving
the degeneracy between ±k protected by the T symmetry
[Fig. 2(d)]. On the other hand, the PT -even but P-breaking
effect is built into the Hamiltonian by

H1(k) = HθI (k) = h0σyτz. (63)

h0 is the molecular field of the antiferromagnetic ordering.
The magnetic moments are aligned to the y axis and staggered
between the A and B sites [Fig. 2(c)]. The energy spectrum re-
mains doubly degenerate at each crystal momentum due to the
PT symmetry [Fig. 2(d)]. In the following, we demonstrate
RMI and its Pitaevskii relations based on the T -symmetric
Hamiltonian H0 + Hθ and the PT -symmetric one H0 + HθI

with δ, h0 = 0.5.
The physical responses are numerically calculated with

the formulas of Eqs. (18) and (30). The physical fields
are (Fi, Fj, Fk ) = (B, B, E ) for the reciprocal magnetiza-
tion induction of Eq. (45) and (Fi, Fj ) = (B, E ) for the
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magnetoelectric susceptibility of Eq. (50). The electric
field is expressed in the velocity gauge with which the
photoelectric field is E = iωA. Each physical field is coupled
to the fermions as

HB(k) = B · σ (64)

for the magnetic field B and

Hk → Hk+A (65)

for the vector potential A. After calculating the correlation
functions χBA

i j and κBBA
i jk , we obtain the response functions

χBE
i j and κBBE

i jk of interest by using E = iωA. We replace the
adiabaticity parameter η = +0 with the phenomenological
scattering rate γ > 0. We adopt T = 10−3 and γ = 10−3 un-
less explicitly mentioned. For the k integration, we adopt the
N-discretized first Brillouin zone (N = 104).

B. Reciprocal magnetization induction and Pitaevskii relations

Let us consider the symmetry of the adopted
Hamiltonians and the allowed responses. The T -symmetric
model is labeled by the magnetic point group

m1′, (66)

with the yz mirror symmetry, while the PT -symmetric model
is by

2/m′, (67)

with the twofold rotation along the x axis. The noncentrosym-
metric symmetry allows for the B-linear correction to the
magnetoelectric susceptibility (∂Biχ

BE
jz )

(i j) = (xx), (yy), (zz), (yz), (zy) (68)

in the T -symmetric Hamiltonian and

(i j) = (xy), (yx), (zx), (xz) (69)

for the PT -symmetric case. Note that we consider the electric
field along the z direction (E ‖ ẑ) due to the one-dimensional
Hamiltonian. Since the tensor shapes of the κBBE

i jk and ∂Biχ
BE
jz

coincide with each other, the allowed components of RMI are
obtained in parallel. We corroborate κBBE

yyz and κBBE
yxz of T - and

PT -symmetric systems, respectively, though the qualitative
aspects do not change for the other components.

First, let us consider the T -symmetric case. The spec-
trum of RMI and B-modified magnetoelectric susceptibility
is shown in Fig. 3. The chemical potential is set to μ = 0,
and the system is in the band-insulator phase. In accordance
with Eqs. (51), each response function is real below the optical
gap (ω � 0.924), while the imaginary parts also participate
in responses since resonant particle-hole excitations break
down the nonabsorption condition. Note that we show the full
susceptibility κ including the absorptive part κa as well as
κna. It is evident from the in-gap spectrum shown in Fig. 3
that the Pitaevskii relation for the inverse magnetoelectric
effect holds. Although κBBE

yyz almost coincides with ∂Byκ
BE
yz

in the entire frequency range in Fig. 3 due to the simplicity
of the model Hamiltonian, the deviation � ≡ ∂Byκ

BE
yz − κBBE

yyz
develops around the optical gap when the frequency of light
increases as emphasized in the inset. The real part of the devi-
ation Re � is vanishingly small below the optical gap (within
the ambiguity of the order T, γ = 10−3) as expected from
the Pitaevskii relation Re � = 0, while it takes finite values

FIG. 3. Spectrum of the reciprocal magnetization induction
κBBE

yyz (ω) (RMI) and magnetoelectric susceptibility ∂Byκ
BE
yz (ω) (ME)

of the T -symmetric model. The resonant particle-hole excitations
are present in the shaded area. The chemical potential is μ = 0
corresponding to the insulator phase. Real (imaginary) parts of two
response functions almost overlap with each other. (Inset) Spectrum
of � = ∂Byκ

BE
yz − κBBE

yyz . The deviation gets negligible well below the
optical gap.

above the optical gap. We also checked that Im � vanish well
below the optical gap as both Im κBBE

yyz and ∂By Im[χByEz ] should
vanish there.

Next, we investigate the PT -symmetric case. Assuming
the band-insulator state with μ = 0, we obtain the frequency
spectrum of responses as shown in Fig. 4. In contrast to the T -
symmetric case, one can observe good coincidence between
∂By Im[κBE

yz (ω)] and Im[κBBE
yxz (ω)] below the optical gap (inset

of Fig. 4). It follows that the Pitaevskii relation holds for the
inverse natural optical activity.

The numerical evidence supports the validity of the
Pitaevskii relations for the inverse optical magnetoelectric

FIG. 4. Spectrum of the reciprocal magnetization induction
κBBE

yxz (ω) (RMI) and magnetoelectric susceptibility ∂Byκ
BE
xz (ω) (ME)

of the PT -symmetric model. The resonant particle-hole excitations
are present in the shaded area. The chemical potential is μ = 0
corresponding to the insulator phase. (Inset) Enlarged view of the
spectrum in the in-gap regime. Note that no multiplication is applied
to each response plotted in the inset, different from the main plot. The
imaginary parts of two responses coincide with each other, whereas
the real parts are vanishingly small.

014405-10



GENERALIZED PITAEVSKII RELATION BETWEEN … PHYSICAL REVIEW B 110, 014405 (2024)

FIG. 5. Same plots as those in Fig. 4, while the chemical poten-
tial is μ = −0.6 corresponding to the metal phase. We note that the
optical gap is shifted to ω ∼ 1.2, different from that of Fig. 4. (Inset)
Enlarged view of the spectrum in the in-gap regime.

effect and natural optical activity of Eq. (48). The adopted
model Hamiltonian may be relevant to the wide-gap semicon-
ductors and insulators. Making use of the low-frequency light
source, one can realize the nonabsorptive optical response and
RMI satisfying the Pitaevskii relation of Eq. (48). The relation
holds if and only if the nonabsorption condition is satisfied
and the distribution-modulation effect is negligible, and thus
one may be interested in how the Pitaevskii relation ceases
to be satisfied. We have already observed that the relations
do not hold if the light irradiation allows for electron-hole
excitations (Figs. 3 and 4). Then, let us consider the effect
of the distribution-modulation effect [Eq. (33)].

In the adopted Hamiltonian, the distribution modulation
can occur in the presence of the Fermi surface. Here we focus
on the PT -symmetric case and take μ = −0.6. The metallic
conductivity is identified by the low-frequency spectrum of
the optical conductivity (not shown). Figure 5 shows the
spectrum of RMI and the B derivative of magnetoelectric
susceptibility around the optical gap. Both of ∂By Im[κBE

yz (ω)]
and Im[κBBE

yxz (ω)] are nonzero below the optical gap as well
(inset of Fig. 5), whereas they show the significant deviation
and thereby indicate the breakdown of the Pitaevskii relation.
The thermal fluctuation affects the fermionic distribution and
the distribution-modulation effect; hence, the deviation may
show significant temperature dependence. Note that such a
thermal effect is negligible in insulators as in the case in
Figs. 3 and 4 when the thermal-fluctuation energy is smaller
than the band gap.

The obtained deviation is not attributed to the smearing of
the resonant contributions. To eliminate that possible extrinsic
effect, we calculate RMI and the magnetoelectric suscepti-
bility with varying the phenomenological scattering rate γ

(Fig. 6). The frequency is fixed to that below the optical gap
as ω0 = 0.5. Despite the increasing scattering rate over the
orders as γ = 10−4 ∼ 10−2, ∂By Im[κBE

yz (ω)] and Im[κBBE
yxz (ω)]

do show negligible variation, indicating that the difference
between them is the intrinsic behavior free from the smear-
ing effect. This is also evident from the comparison between
∂By Re[κBE

yz (ω)] and ∂By Im[κBE
yz (ω)], the former of which un-

dergoes slight modification by the increasing scattering effect.

FIG. 6. Phenomenological-scattering-rate dependence of the re-
ciprocal magnetization induction κBBE

yxz (ω) (RMI) and magnetoelec-
tric susceptibility ∂Byκ

BE
xz (ω) (ME) of the PT -symmetric model.

The frequency of light is ω0 = 0.5, and the chemical potential is
μ = −0.6 where the metallic conductivity is present.

As a result, the insulating state is necessary in addi-
tion to the nonabsorption condition for the validity of the
Pitaevskii relations. The distribution-modulation effect is sim-
ilarly observed in the system comprised of multiple degrees
of freedom such as electron and phonon. In those systems,
the distribution may be modified under the external stimuli
with the nonabsorption condition kept. It is an important
future work to further elucidate the possible breakdown of
the Pitaevskii relation without phenomenological treatments
of scattering effects.

V. SUMMARY

We have formulated the rectification and Pockels ef-
fects satisfying the nonabsorption condition and generalized
Pitaevskii’s argument to cover various correlations between
the linear and rectification responses. In a full-quantum man-
ner, we obtained the Pitaevskii relation by which the linear,
rectification, and Pockels responses are closely related to each
other if there is neither interbandlike nor intrabandlike excita-
tion. The derivation based on many-body energy eigenstates
does not depend on any specific approximation and is thus
applicable to various systems. Although the Pitaevskii rela-
tions have been investigated in previous works in terms of the
inverse magneto-optical responses and optical rectification,
the derived generalized Pitaevskii relations are applicable to
diverse physical phenomena such as cross correlation between
electric, magnetic, elastic, and other degrees of freedom. For
instance, we identified a series of Pitaevskii relations and sys-
tematically classified them in terms of space-time symmetry
(Table II). The analytical results are supported by numerical
calculations of the inverse magnetoelectric effect and inverse
natural optical activity. The numerical results further imply
that the Pitaevskii relation may be violated in the presence
of the Fermi-surface effect even when the frequency of light
is in the off-resonant regime. These analytical and numerical
demonstrations of the Pitaevskii relations may offer impli-
cations for future studies utilizing the nonlinear light-matter
coupling and thereby spark further interest in ultrafast spin-
tronic phenomena.
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APPENDIX: DERIVATION OF OFF-RESONANT RECTIFICATION RESPONSE

We derive the nonabsorptive rectification response function from Eq. (18). The general formula is given by

X i
(2)(ω) =

∫
dω1dω2

(2π )2
2πδ(ω − ω1 − ω2)Fj (ω1)Fk (ω2)

× lim
F→0

[∑
a

1

2
X i jk

aa fa +
∑
a,b

1

2

X i j
abX k

ba fab

ω2 + iη − εba
+ 1

2

X ik
abX j

ba fab

ω1 + iη − εba
+

∑
a,b

1

2

X i
abX jk

ba fab

ω + 2iη − εba

+
∑
a,b,c

1

2

X i
ab

ω + 2iη − εba

(
X j

bcX k
ca fac

ω2 + iη − εca
− X j

caX k
bc fcb

ω2 + iη − εbc

)

+
∑
a,b,c

1

2

X i
ab

ω + 2iη − εba

(
X k

bcX j
ca fac

ω1 + iη − εca
− X k

caX j
bc fcb

ω1 + iη − εbc

)]
.

Let us consider the case of rectification responses (ω = 0, ω1 = −ω2 = −ω). Since the resonant contribution breaks down the
nonabsorption condition, we drop the contributions including δ(ω − εab) arising from (ω + iη − εab)−1, i.e., κa

i jk (0; −ω,ω). As
a result, the rectification-response function is [32,36,37,43]

κna
i jk (0; −ω,ω) = 1

2
lim
F→0

[∑
a

1

2
X i jk

aa fa +
∑
a,b

X i j
abX k

ba fab

ω − εba
+

a �=b∑
a,b

1

2

X i
abX jk

ba fab

εab

+ 1

2

∑
a,b

∂Fi

(
1

ω − εba

)
X j

abX k
ba fab +

a �=b∑
a,b,c

X i
ab

εab

(
X j

bcX k
ca fac

ω − εca
− X j

caX k
bc fcb

ω − εbc

)]
+ [(ω, j, k) ↔ (−ω, k, j)]. (A1)

The energy and eigenstate are parametrized by the auxiliary fields F [32], and hence the Hellmann-Feynman relation is
obtained as

X i
ab = εab〈∂Fi a | b〉 (A2)

between the states (a, b) with different eigenvalues. Then, the fifth term of Eq. (A1) including three eigenstates (a, b, c) is
transformed into

a �=b∑
a,b,c

X i
ab

εab

(
X j

bcX k
ca fac

ω − εca
− X j

caX k
bc fcb

ω − εbc

)
=

∑
a �=b

(
DFi X

j
ab − X i j

ab

)
X k

ba

fab

ω − εba
, (A3)

where we defined DFi X
j

ab = 〈∂Fi a|(1 − |a〉 〈a|)X j |b〉 + 〈a|X i j |b〉 + 〈a|Xj (1 − |b〉 〈b|)|∂Fi b〉. One can notice that this term is
partially canceled out by the second term of Eq. (A1). Similarly, the third term is recast as

a �=b∑
a,b

1

2

X i
abX jk

ba fab

εab
= 1

2

∑
a

(
∂Fi X

jk
aa − X i jk

aa

)
fa. (A4)

The component including X i jk
aa is canceled out by the first term of Eq. (A1). Then, resumming all the terms and using DFi X

j
abX k

ba +
X j

abDFi X
k
ba = ∂Fi (X

j
abX k

ba), we arrive at the final expression

κna
i jk (0; −ω,ω) = 1

2
lim
F→0

[∑
a

∂Fi X
jk

aa fa −
∑
a �=b

X j
baX k

ab fab∂Fi

(
1

ω + εba

)
− ∂Fi

(
X j

baX k
ab

) fab

ω + εba

]
(A5)

= 1

2
lim
F→0

[
∂Fi

⎧⎨
⎩

∑
a

X jk
aa fa −

∑
a �=b

X j
baX k

ab

fab

ω + εba

⎫⎬
⎭ −

∑
a

X jk
aa ∂Fi fa −

∑
a �=b

X j
abX k

ba

1

ω + εab
∂Fi fab

]
. (A6)

The nonabsorptive Pockels-response function of Eq. (28) is derived in a similar manner.
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