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Sensing vibrations using quantum geometry of electrons
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We show that the coupling of phonons with electrons can have nontrivial consequences to the quantum
geometry of an electronic structure, which manifests as oscillations in the Berry curvature dipole and hence have
observable nonlinear Hall signatures. Using these, we introduce a vibrational spectroscopy based on the geome-
try of quantum electronic structure (GQuES) making specific predictions for the transport and radiative GQuES
spectra of two-dimensional materials. The selection rule presented here for the GQuES activity of a phonon
allows the measurement of acoustic and optic phonons spanning sub-GHz, THz, and infrared frequencies, and is
readily generalized to other dynamical excitations. GQuES can be used even for materials having trivial quantum
electronic geometry, such as hexagonal boron nitride, through a proximal interaction with substrates such as
graphene.
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I. INTRODUCTION

When the external parameters or fields interacting with a
quantum system change slowly along a cyclic path or a loop,
its quantum energy state time-evolves adiabatically, picking
up two phase factors: (i) the dynamical phase factor deter-
mined by the energies of quantum states traversed during
the cyclic evolution and (ii) an additional factor that depends
only on the geometry of quantum states accessed along the
loop in the parameter space, as shown by Berry in 1984 [1].
When these parameters correspond to dynamical variables
of slow degrees of freedom, the geometric or Berry phases
are physically relevant to measurable properties significant
to applications [2]. The manifestation of Berry phases is
omnipresent and has been realized in diverse phenomena in
quantum chemistry, physics, and material science [2]. In the
last two decades, Berry phases and curvature have been shown
to govern the electronic topology of crystals that defines quan-
tum states of matter such as topological insulators, and Dirac
and Weyl semimetals [3,4].

In this paper, we propose a vibrational spectroscopy tech-
nique based on the ideas of Berry phases and curvature as
the quantum geometric properties of electrons. This spec-
troscopy combines the capabilities of Brillouin, Raman, and
IR spectroscopies in the sense it allows the measurement of
frequencies of acoustic and optic phonons. In analogy with
surface-enhanced Raman scattering, it can be used even in the
analysis of systems with trivial quantum geometry by bring-
ing them in proximity to a substrate with nontrivial quantum
geometry.
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The bending of the electronic trajectory in a crystal due
to the Berry curvature of its quantum electronic structure
causes an electrical Hall effect even in the absence of a mag-
netic field [2,5]. Such a linear anomalous Hall effect [6] is
observable only in systems with broken time-reversal sym-
metry. The electronic Berry curvature dipole, a first moment
of Berry curvature, was shown theoretically to result in non-
linear Hall (NLH) effects [7], which have been observed in
the time-reversal symmetric systems [8], probing the quantum
geometry of materials, particularly those exhibiting a narrow
band gap and low crystallographic symmetry [9].

We demonstrate that dynamical excitations lower the
symmetry of a crystal and induce an oscillating Berry cur-
vature dipole. Its signatures in the frequency-dependent Hall
response constitute a powerful geometry of the quantum elec-
tronic structure (GQuES)-based spectroscopic tool to measure
the excitation spectrum. Using first-principles theory and sim-
ulations, we illustrate the GQuES tool with crystal specific
predictions for experimental measurements of Hall transport
and THz/IR emission to probe the frequencies of acoustic and
optic phonons.

In the theoretical demonstration here, we choose two-
dimensional (2D) crystals. An ultrathin 2D crystal retains
its intrinsic carrier mobility when used as a channel in a
field-effect transistor, because of the dangling-bond free struc-
ture [10] and offers superior electrostatic control over its
charge carriers through the gate voltage [11]. 2D crystals
with distinct electronic properties can be integrated [12] into
heterostructures to enable multifunctionality and ease in the
fabrication of low powered electronic devices with enhanced
performance [13]. Noting the advantage in the experimental
realization and interesting quantum geometry exhibited by
some of the 2D materials [8], we consider the readily avail-
able 2D materials, monolayered tungsten telluride (WTe2) and
aligned graphene-hexagonal boron nitride (gr-hBN) in our
analysis to facilitate experiments.
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FIG. 1. Quantum geometric origin of the anomalous Hall ve-
locity and vibrational spectroscopy. Transverse velocity 〈ẏ〉kx of an
electron (a) driven by a force Fx = −eEx along the k̂x direction
is associated with the change in its Berry phase γy generated by
the Berry curvature Ωz(k). Td -WTe2 monolayer exhibits nontriv-
ial Ωz(k) and finite Berry curvature dipole Dxz, due to its mirror
symmetry σx (b). A GQuES-active vibrational mode at frequency
ω0 dynamically lowers its symmetry, permitting oscillations in Dxz

[highlighted by the double-headed yellow arrow in the right sub-
panel of (b)]. A schematic of an electronic device (c) proposed
for GQuES-based transport spectroscopy measures the transverse
current jωy in response to an applied voltage V ωac

x at low frequency
(ωac, ω0 < 10 GHz), originating from Dxz and its oscillations. A
schematic of the device proposed for GQuES-based emission/optical
spectroscopy measures the intensity of emitted radiation Iω

y polarized
with electric field Ey in response to an applied voltage V ωac

x (d) or
incident light of frequency ωL � ω0 polarized along the x̂ direction
(e) when ω0 is in THz.

II. THEORY

The energy eigenfunction of an electron in a crystal, la-
beled by the Bloch wave vector k ∈ Brillouin zone (BZ), is
ψk = eikxu k(x) with u k being cell-periodic. As ψk is periodic
in k space, its adiabatic evolution across BZ is cyclic and picks
up a geometric phase [1], γα = i

∮
dk〈u k| ∂

∂kα
|u k〉, where α de-

notes the direction in momentum space (we do not include the
band index for simplicity). The integrand is the Berry connec-
tion Aα (k) and the Berry curvature is Ωδ (k) ≡ εδβα

∂
∂kβ

Aα (k),
which is analogous to a magnetic field governing the trajec-
tory of electronic motion in reciprocal space [1]. Ωδ (k), the
curvature of quantum geometry of electrons in 2D, is nonzero
only along the ẑ direction (δ = z) and vanishes identically in
a crystal with time-reversal and inversion symmetries.

However, Ωz(k) can be nonzero in low-symmetry 2D crys-
tals and gives rise to anomalous velocity vy, perpendicular to
the motion driven by the electric force Fx = −eEx, due to a
shift in γy ∝ 〈y〉 [see the semiclassical picture in Fig. 1(a)].
This transverse velocity causes an anomalous Hall current and
the conductivity is σxy = e2

h̄

∫∫
d2k

(2π )2 Ωz(k) f (εk ), where f (εk )
is the Fermi-Dirac distribution [14].

In a 2D time-reversal symmetric crystal Ωz(k) =
−Ωz(−k), and a linear anomalous Hall effect is not possible
as σxy = 0. However, an applied field Ex shifts the Fermi
surface in k space, giving an asymmetric nonequilibrium dis-
tribution of electrons [15] (see Supplemental Material [16]

and also references therein [17–28] for details of the cal-
culations). It causes a nonlinear Hall current that depends
quadratically on Ex and is determined by the Berry curvature
dipole D [7]. jy ∝ D · E2

x , where

D =
∫∫

k

[
∂

∂kx
Ωz(k)

]
f (εk ) (1a)

= −1

h̄

∫∫
k

[vx(k)]

[
∂

∂εk
f (εk )

]
Ωz(k). (1b)

Noncentrosymmetric Weyl semimetals (WSMs) are good
candidates to exhibit the NLH effect, as a consequence of
large Ωz(k) arising near the Weyl points that act as mag-
netic monopoles [29,30]. In response to an ac electric field
Ex(t ) = Re(Ex · eiωact ), the symmetry-allowed D generates a
NLH current at twice the applied frequency jy(2ωac) and
at zero frequency jy(0) [7]. A second-order NLH effect
was first observed in the WTe2 bilayer [8], and the strong
NLH responses in the transport signatures were traced back
to its tilted band anticrossings, using a 2D massive Dirac
model [31]. In addition, electrically switchable D was demon-
strated in the Td -WTe2 monolayer (type-II WSM) [32]. Gao
et al. [33] derived a field correction to the Berry curvature and
proposed a gauge-invariant Berry connection polarizability,
which can be associated with a nonlinear anomalous Hall
effect in systems with both time-reversal and inversion sym-
metries [34].

Nonzero Ωz(k) and D (Dbz with b = x, y) are constrained
by the symmetries of the crystal (see Supplemental Mate-
rial [16]). For example, consider a 2D crystal having only the
σx reflection symmetry [shown in Fig. 1(b)]. Since Ωz(k) is
odd under the time-reversal and σx(kx, ky) → (−kx, ky) sym-
metries, its Dxz is nonzero and its magnitude is determined
by Ωz(k) and the group velocity of electrons at the Fermi
energy [7]. On the other hand, Dyz of such a crystal vanishes as
the velocity along the ŷ direction is even under the reflection
symmetry σx. A single mirror symmetry (σx or σy) of a 2D
crystal permits nonzero D, perpendicular to the mirror line
(Dxz or Dyz) [Fig. 1(b)].

In this paper, we use the idea that the symmetry of a
structure can get lowered during a normal mode of vibration
(frequency ω0), allowing oscillations in D [right subpanel of
Fig. 1(b)]. This naturally causes an observable NLH response
modulated with frequency ω0. Expanding up to first order
in u, D = D(0) + u ∂D

∂u |u=0 where u = u0 cos(ω0t ). Within a
relaxation time approximation, the frequency-dependent NLH
current is

jy(ω) = − εabce3τ

4(1 + iωτ )
E2

x

{
2D[δ(ω − 2ωac) + δ(ω)]

+ u0
∂D

∂u

∣∣∣∣
u = 0

[δ(ω − (ω0 + 2ωac))

+ δ(ω − |ω0 − 2ωac|) + 2δ(ω − ω0)]

}
, (2)

where e and τ are the electronic charge and relaxation
time, respectively. For a 2D crystal with an inherent D,
both the terms contribute to the NLH current: the first
one at (i) ω = 0 (rectification), (ii) 2ωac (second harmonic
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generation), which have been observed [8], and the second
one, yet to be observed, at (iii) ω = ω0 and (iv) ω = |ω0 ±
2ωac|. Thus, ∂D/∂u �= 0 defines the selection rule for GQuES
spectroscopy and for only the q = 0 (λ → ∞) phonon,
∂D
∂u �= 0, because of the conservation of momentum [35], and
∂D

∂u
q �=0
= 0. We expect the temperature dependence of spectral

peaks in Eq. (2) to arise primarily from the Bose-Einstein
distribution function, which will be taken up in future work
based on a fully quantum mechanical analysis of GQuES
spectroscopy.

When the symmetries of a 2D crystal force its intrinsic
D to vanish, only the second term containing ∂D/∂u is re-
sponsible for the NLH current peaking at frequencies ω0 and
|ω0 ± 2ωac|. It can be measured as ω-dependent Hall voltage
[Fig. 1(c)], which is feasible for low-frequency vibrations (for
example, acoustic phonons). As ω0 of an optical phonon is
typically in THz, its transport measurement in a circuit is
challenging [Fig. 1(c)], and may rather be detected as THz
radiation with polarization Ey emitted by the sample aided
with a transverse antenna structure [Fig. 1(d)]. GQuES-based
optical spectroscopy is also possible with lasers [Fig. 1(e)],
which involves normal incidence of light with Ex polarization
at frequency ωL (THz) and the detection of emitted electro-
magnetic radiation with Ey polarization peaking at frequencies
2ωL ± ω0.

III. PREDICTIONS: MATERIAL-SPECIFIC GQuES
SPECTRA

We now present material-specific evidence to support
these ideas using first-principles theoretical calculations. The
T ′-WTe2 monolayer, a 2D quantum spin system [36], belongs
to the centrosymmetric P21/m space group. Though bulk
WTe2 (a type-II WSM) belongs to the Pmn21 space group
and hosts nontrivial Berry curvature near the Weyl points
due to the lack of inversion symmetry of its structure [37],
a centrosymmetric T ′-WTe2 monolayer forces its overall in-
trinsic Berry curvature (and hence D) to vanish. However, the
distortions induced by a Bu vibrational mode at ω0 = 3.74
THz [Fig. 2(a)] lower its symmetry to a single mirror plane
σx and permit nonzero Dxz [Fig. 2(b)], induced orthogonal to
the σx mirror line.

A sizable Ωz(k), of the order of few 100 Å2, concentrated
near the Weyl points (WPs), oscillates in its polarity as the
T ′-WTe2 structure vibrates with the Bu mode [see the insets
of Fig. 2(b)]. Though the induced D at Fermi energy (EF)
is of the order of 10−1 Å, it is the sensitivity of D with
respect to the amplitude of a specific vibrational mode that
is relevant to GQuES. Noting that Bu is a polar phonon and
can be selectively excited with IR radiation at a frequency of
∼3.74 THz, we expect its GQuES Hall signal to get enhanced
systematically with the IR pump, though it is not necessary.
This is somewhat similar to the metastable topological phases
of HgTe obtained through the coherent excitation of an IR-
active phonon mode [38].

A long wavelength (q → 0) longitudinal acoustic (LA)
phonon [Fig. 2(a)] is a quantized form of a strain wave
[right subpanel of Fig. 2(a)]. It also induces oscillations in
D [Fig. 2(b)] as the associated uniaxial strain along the y

FIG. 2. GQuES-based transport spectroscopy of the WTe2

monolayer. Phonon dispersion (a) of T ′-WTe2 monolayer (ML) with
GQuES-active optic phonon Bu at ω0 = 3.74 THz (blue symbol) and
longitudinal acoustic (LA) mode at ω0 = 2π

L vg (red symbol) that
constitutes a natural vibration of a sample of lateral size L. These
vibrations [given in the right subpanel of (a)] dynamically lower the
symmetry and induce a linear variation in Dxz with amplitude u of
the Bu mode (blue solid line) and uniaxial strain εy, corresponding
to the LA mode (red dashed line). The insets in (b) show contour
plots of Ωz(k) of T ′-WTe2 ML, exhibiting a reversal of the polarity
of Dxz with u < 0 and u > 0. GQuES vibrational spectra from the
measurement of NLH current jy(ω) (c) and THz emission Iy(ω)
(d) in response to voltage Vx (ωac ) applied to WTe2. Macroscopic
strain mode of vibration of T ′-WTe2 (blue squares) and Td -WTe2 (red
circles) monolayered samples of lateral size L = 4 µm, correspond-
ing to their LA phonons at ω0 = 3.17 GHz and ω0 = 3.09 GHz,
respectively, manifests as three peaks (c) at ω0 and ω0 ± 2ωac (ωac =
1 GHz). Additional peaks at ω = 0 and 2ωac are evident in the
NLH current of Td -WTe2 [inset of (c)] due to its intrinsic Dxz. For
ωac = 4 GHz, the Bu mode of T ′-WTe2 ML manifests as peaks in
Iy(ω) of emitted radiation (d) at ω0 = 3.742 THz and ω = ω0 ± 2ωac.

direction lowers the lattice symmetry of T ′-WTe2. We now
present the GQuES spectra of WTe2, corresponding to the LA
mode in GHz [Fig. 2(c)] and the Bu mode in THz [Fig. 2(d)],
that may be validated with experimental observations in the
transport mode. The signal is read as either a Hall current
[Fig. 1(c)] or emitted THz radiation [Fig. 1(d)]. The precise
frequency of the natural vibration is that of the LA mode at
q = π

L [Fig. 2(a), L being the sample width], which can be
measured from the peaks in the ω-dependent Hall voltage at
ω = ω0 and ω0 ± 2ωac [Fig. 2(c)] for a probing field of 1 GHz
(ωac). In addition, we expect small peaks at ω = 0, 2ωac for
the noncentrosymmetric Td -WTe2 [inset of Fig. 2(c)] due to
its intrinsic D (see Supplemental Material [16]), which permit
characterization of the inversion asymmetry of the structure.
For a field frequency of 4 GHz, the optical phonon Bu of
T ′-WTe2 manifests as three peaks (centered at its frequency
ω0 = 3.74 THz) in the intensity of emitted THz radiation
[Fig. 2(d)] polarized along the y direction. The GQuES spectra
can be systematically controlled by the frequency ωac of the
driving field.
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FIG. 3. GQuES-based optical spectroscopy of the WTe2 mono-
layer. For a laser probe at frequency ωL = 2.52 THz polarized
along the x axis, GQuES-active Bu phonons of T ′-WTe2 monolayer
(ω1 = 3.74 THz, ω2 = 5.08 THz, ω3 = 7.04 THz) manifest as peaks
at ω = ω0, 2ωL ± ω0 (blue symbol) and at ω = ω0, ω0 ± 2ωL (red
and yellow squares) in the emitted radiation Iy(ω) (a). Schematics
of the quantum picture of GQuES (b) for rectification (dc), trans-
port (2ωL < ω0), and emission (2ωL > ω0) modes. Solid and dashed
black lines represent electronic and vibrational levels, respectively.
Red and blue arrows denote generation and absorption of a phonon.

GQuES spectrum of the T ′-WTe2 monolayer obtained in
the optical/emission mode [Fig. 1(e), with ωL = 2.52 THz]
exhibits a rich structure of peaks associated with its three Bu

modes [Fig. 3(a)]. While the transport mode requires elec-
trical contacts for measurements, the THz/emission mode is
contactless. While Stokes and anti-Stokes peaks in a Raman
spectrum are centered at ω = ωL, the peaks manifested in the
GQuES spectra are centered at ω = 2ωL for 2ωL > ω0, as
illustrated by the quantum schematic in Fig. 3(b). At higher
frequencies h̄ωL > Eg (see Supplemental Material [16]), we
expect quantum resonant processes to become relevant and
make the GQuES spectra even richer, requiring a full quantum
mechanical analysis.

IV. SUBSTRATE-BASED GQuES

For GQuES spectroscopic signatures to be observable in a
2D crystal, (a) the condition of low crystal symmetry needs
to be satisfied and (b) Ωz(k) of electronic bands needs to
be nonzero at the energies in the vicinity of the chemical
potential. For example, hexagonal boron nitride (hBN) is
a wide-gap insulator, commonly used in devices based on
two-dimensional materials [39]. Its large band gap weakens
the Hall responses, even if nonzero D is permitted by the
dynamically lowered symmetries of the hBN crystal. These
limitations, we show, can be overcome by aligning it on
graphene, as shown in Fig. 4(a). A monolayer of graphene
aligned with h-BN in the AB stacking (aligned gr-hBN) ex-
hibits a narrow band gap of 45 meV at the Dirac points
due to the interlayer crystal field. The point group symme-
try C3v (E ,C3z, σx ) of aligned gr-hBN allows its Ωz(k) to be
nonzero, but its intrinsic D vanishes due to threefold rotational
symmetry.

Hexagonal BN exhibits a GQuES-active vibrational mode
E at ω0 = 41.9 THz [Fig. 4(b)] that lowers its C3z symmetry
and its interaction with graphene modulates the electronic
structure near the Dirac points of graphene inducing oscil-
lations in D [Fig. 4(c)]. The activity of the E mode of hBN
can be thus observed in the GQuES spectrum inthe emission
mode with ω-dependent Iω

y emitted by the supporting antenna

FIG. 4. Substrate-induced GQuES activity of phonons in aligned
gr-hBN. (a) Schematics of an experimental setup for the observation
of emission of THz radiation Iω

y as the nonlinear Hall response to
incident laser ωL (black beam) due to substrate-induced GQuES
activity of phonons in aligned gr-hBN. (b) The GQuES-active vibra-
tional mode E (doubly degenerate at ω0 = 41.9 THz) of hBN lowers
the structural symmetry and induces oscillating Dxz ∝ D′u cos(ω0t ),
where D′ is given by the slope of variation in Dxz with u (c), the
amplitude of the E mode. Insets in (c) are the contour plots of Ωz(k)
of aligned gr-hBN distorted with u < 0 and u > 0, whose asymmetry
generates D. In response to an incident laser at ωL = 2.52 THz
(λL = 118.9 µm) polarized along the x axis [red arrow in (a)], the
E mode with vibration localized on hBN (b), manifests as peaks in
the GQuES spectrum at ω = ω0 ± 2ωL and ω = ω0 in the emitted
radiation Iy(ω) (d), polarized along the y direction [blue arrow in
(a)] due to the nontrivial geometry of electronic states near the Dirac
points of graphene (GQuES-inert material).

[Fig. 4(a)] in response to incident laser at ωL = 2.52 THz. The
E mode manifests itself as a peak at ω0 = 41.9 THz along
with side peaks at ω = 41.9 ± 5.04 THz in Iω

y of emitted IR
radiation [Fig. 4(d)].

V. DISCUSSION

We note that a spectroscopic (particularly vibrational)
analysis typically involves an inverse problem: going from
a spectrum to vibrational excitations and then to the iden-
tity (Hamiltonian) of a system. While the inverse may not
even exist (nonunique mapping), spectroscopies work as
powerful tools because vibrational frequencies indeed are
often the fingerprints of a system. We thus expect GQuES
to be quite practical as a tool for the analysis of vibra-
tional spectra providing information complementary to other
techniques.

The mechanism of GQuES-based vibrational spectroscopy
originates from the oscillations in the quantum geometry of
the electronic structure, and is applicable in graphene and
MoS2-based 2D materials, where strain-dependent D has been
reported [40–43]. The GQuES tool can be useful in translating
signals in GHz or sub-GHz frequencies into those in the THz
range [Fig. 2(d)], with a suitable choice of active material and
modes of natural vibration. Our results in Fig. 4 show that

014305-4



SENSING VIBRATIONS USING QUANTUM GEOMETRY OF … PHYSICAL REVIEW B 110, 014305 (2024)

a GQuES-active material could be used as a substrate in the
analysis of a system that is otherwise inert [Fig. 4(a)]. The
GQuES vibrational spectroscopy demonstrated here with 2D
crystals can be generalized to (a) other excitations that dynam-
ically break the crystal symmetry, and (b) 3D crystals, opening
up manifestations of quantum geometry in even richer set of
phenomena.

VI. SUMMARY

In summary, we have demonstrated from first principles
that lattice vibrations can be gauged using the characteristic
oscillations they induce in the quantum geometry and Hall
transport of electrons. We expect this to translate into power-

ful experimental techniques to measure the spectra of acoustic
and optic phonons and other excitations.
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