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Valence charge density in grey tin: X-ray determination of the (222) "forbidden"
ref1ection and its temperature dependence*
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The (222) reflection of diamondlike lattices is essentially contributed at room temperature by valence
electrons piled up between neighboring atoms. It is therefore a direct experimental proof of the
existence of covalent bonding charges in diamond structures. Such a proof has now been established in
the case of grey tin. The (222) reflection has been measured in absence of simultaneous reflections on
an absolute basis, using Cu Kn radiation. Its intensity is four orders of magnitude smaller than the
(333), corresponding to a structure factor F2» ——1,06+ O.OS electrons/cell at 20o K. This value is
52% smaller than that calculated using a pseudopotential approach. Similar measurements were repeated
at different temperatures between 80 and 223'K. The nuclear mean-square vibrational amplitude was
found to be 0.0319+0.002 A' at 200'K, very close to the value obtained from lattice-dynamics
calculations, corresponding to a Debye temperature of 150'K. The temperature dependence of the
valence bonding charges suggests, however, that their mean-square vibrational amplitudes may be some
20%%uo smaller than that of the core.

I. INTRODUCTION

Grey tin is the heaviest element which crystal-
lizes in the diamond crystal structure, and marks
the transition from covalent to metallic in the IV
column of the Periodic Table. It is a semiconduc-
tor with an extremely small energy gap. As a
matter of fact, the top of the valence band touches
the bottom of the conduction band at k=0, which
puts this crystal in the particular class of the so-
called zero-gap semiconductors. The average en-
ergy gap is not zero, but; it is probably the small-
est one among all tetrahedrally coordinated semi-
conductors (3.06 eV). Since the average energy
gap represents the difference between the bonding
and antibonding energy levels, one is led to con-
clude that directional bonding should not be very
pronounced in grey tin, a natural trend as the core
size is increased. In fact, the next element in the
fourth group is lead, a close-packed metal. It is
therefore interesting to gain some information
about the valence-electron charge density of grey
tin, in order to assess the covalent character of
its bonding. The most direct experimental proof
of tetrahedral deformation in diamond structures
is offered by the weak nonzero (222) x-ray forbid-
den reflection, ' which is mostly contributed by
valence electrons.

The vibrational properties of these valence elec-
trons have been the subject of recent intensive in-
vestigations, in the case of Ge and Si.' ' Accord-
ing to the shell model one would expect that the
valence electrons vibrate with less amplitude than
the ions. ' A substantially reduced temperature de-
pendence for the valence electrons in 8~. is also
predicted by the bond-charge model, in which the

interstitial covalent charge is related to the static
dielectric constant and therefore to the index of
ref raction. ~ Experimental observations described
in Refs. 2 and 3 do not seem to support this hy-
pothesis, although Fujimoto's work' shows that the
mean-square vibrational amplitude of the valence
electrons in Si may be 10/0 smaller than that of the
core. One of the problems in interpreting the Si
and Ge data is the presence of anharmonicity in the
thermal motion of the core at high temperatures.
In the case of grey tin one is limited to a low-tem-
perature region because the crystal transforms to
white tin at 13.2 C. While this limitation restricts
our temperature range, the fact the anharmonicity
is negligible at low temperatures simplifies con-
siderably the interpretation of the experimental
data.

II. EXPERIMENTAL

Grey-tin single crystals were grown in a saturated
mercury solution at -30'C by Ewald and co-work-
ers. ' Most of the crystals had several perfect
mirrorlike (100) and (111)faces. Therefore, it
was not necessary to cut, polish, and etch the
crystals. The samples were stored below 0 C at
all times to keep the mercury from combining with
the grey tin. The crystal orientation was easily
determined after identifying the hexagonal faces as
(111) and the rectangular natural faces as (100).
Back-reflection I.aue photographs conf irmed these
orientations. A perfect-looking (111)crystal was
selected and the backside tip end of the crystal was
frozen with mercury to a copper cup and mounted
in a low-temperature cryostat. During handling
the crystal was cooled with dry ice and a light
frost was cleared from the crystal by cleaning with
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FIG. 1. Double-crystal
arrangement for measuring
the (222).
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methyl alcohol cooled to -40'C.
A double crystal spectrometer (Fig. 1) was used

to measure the integrated intensities. A perfect
InSb (400) first crystal provided close matching
(84so'=28. 4') to the (222) grey tin crystal
(8'~" =24.3'). Copper radiation (A. =1.54 A) yielded
favorable Urnueganxegung-free regions. A stabi-
lized x-ray generator operating at 45 KV and 30
mA kept the direct beam stable to within 1% after
correcting for changes in atmospheric pressure.
Four calibrated brass foils, each attenuating
the direct beam by a factor of 8, were used to
place the direct beam intensity measurements on
an absolute basis. The direct beam intensity was
8.4x10' counts/sec when measuring the (222). The
slit system allowed a beam 0.7 mm wide and 2 mm
high to fall upon the grey tin crystal. A single
channel analyzer set for the Kn peak rejected the
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(222) Grey Tin Rocking Curve

harmonic contaminant of 2A. from the proportional
counter. An electronic background of 0.08 counts/
sec was present in our measurements.

A scan interval of four times the n, -n, spacing
was selected. Increasing the angular interval
showed a negligible increase (s1/~) in the integrat-
ed intensity. The background was counted at both
extremities and subtracted from the total intensity.

All measurements were made at an Umueganxe-
Zung-free azimuth (arrow, Fig. 2). The cryostat
could be rotated by +5' around the [ill] direction
and therefore the azimuthal alignment could be
completed by locating some peaks due to multiple
diffraction in the diffracted (222). The peaks were
identified with the aid of a computer-predicted
Unzzoegan~egung pattern and carefully avoided. A
typical (222) rocking curve is shown in Fig. 3.

The small crystal size (4x 2.5 mm) made the
horizontal alignment difficult. Two methods were
used to ensure that the incident beam completely
hit the crystal. In the first method a neighboring
Unzseeganx'egung peak was excited to produce a
strong (222) diffracted intensity. Lead slits were
placed before and after the grey tin crystal to
sharply define the path of the x rays. The propor-
tional counter was replaced with a He-Ne laser

2 34 4O 54 6o 74 8e 9 IOe

Azimuth ( Degree )

FIG. 2. Umwegan~egung pattern at the (222) diffracting
position. The 0' azimuth corresponds to a position in
which the [110] axis lies in the diffraction plane, forming
an angle less than 90' with the incident beam. The (800}
and (622) do not produce any appreciable Umzoeg peak.

~ WS

Vl

4]
c

p
3.2min

FIG. 3. Typical (222) rocking curve. The two peaks
correspond to K+& and Ko,2.
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adjusted to retrace the path of the x rays through
the slit system. The laser beam then clearly
marked out the diffracting region of the crystal for
visual observation.

The second method involved translating the crys-
tal forward and backward along the [111]direction
(Fig. 1) to discover, with some care, the left and

right edges of the crystal. For the final measure-
ments, the sample was surrounded with five turns
of "superinsulation" (aluminized Mylar) to mini-
mize radiation losses to the outer radiation shield
at 80'K. About fgo of the intensity was lost due to
the superinsulation and the horizontal alignment
was performed by the second method.

The error bars on the (222) (Fig. 4) correspond
to +3/g and were estimated from statistics and ex-
perimental reproducibility. The experimental val-
ues for the (222) and (444) integrated intensitites
as a function of temperature were quite linear over
the temperature range examined. Hence it was not
necessary to plot the log of the integrated intensity
against a reduced temperature. This point was
checked by comparing with calculated I-vs-T plots
(f is the integrated intensity), using dynamical
theory for the (444) and kinematical theory for the
(222). A least-squares straight-line fit to the (444)
experimental data yielded a slope consistent with

a Debye temperature of e~= (150+ 5)'K. This value
corresponds to a mean-square vibrational ampli-
tude (u', „,.) =0.0319 A' at 200 K, whereas a least-
squares fit to the (222) data yields (u„'„„d)=0.0250
A' at the same temperature.

III. DISCUSSION

The (333) and (444) reflections were close to the
dynamical values, an indication of good crystal per-
fection. Table I summarizes our results and shows
the comparison between observed and calculated
values. A Debye temperature of 150'K was used
in the calculations, as determined from the tem-
perature dependence of the (444).

This value of 8~ is appreciably different from
6D, the Debye temperature deduced from specific-
heat measurements at low temperature'. OD =260
'K. There is good agreement, however, with the
value calculated from the dispersion curves ob-
tained by neutron inelastic scattering'; 6' =153
K. This indicates that grey tin is not a Debye

solid. A similar phenomenon has been observed
for Qe and Si.'

The scattering factors and the anomalous dis-
persion corrections were taken from Refs. 9 and
10, respectively. The (222) reflection is very weak
and the dynamical and kinematical values agree
within less than 1%; therefore kinematical theory
was used for calculating E», from integrated in-
tensity data. A possible contribution to the (222)
from anharmonic vibrations, predicted theoretical-
ly" and experimentally observed in Qe and Si,""
was evaluated for grey tin using the treatment
given in Ref. 11 with a value for the thermal ex-
pansion coefficient of 4.7&&10 '/ C. Such a con-
tribution turned out to be less than 2/0 at the high-
est temperature of interest and was neglected in
the subsequent analysis.

A convenient explanation for a nonzero (222)
structure factor in diamond structures can be given
in terms of a tetrahedral deformation of the charge
density'~:

p = (1/4m)[1~ oxyz/(x'+y'+z')'i']'R', (1)

where o. is an adjustable parameter and R' is the

TABLE I. Experimental and theoretical integrated
intensities. The calculations vrere based upon both dy-
namical and kinematical theories using 8& ——150 K and
a crystal temperature of 200 K.
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80 K

1

I30 K

I

180'K
I

230oK ~ CBIC
~h, h1

Dynamical theory
CXPt
heal

g Calc
hhg

Mosaic theory
FIG. 4. Integrated intensities as a function of temper-

ature for (222) and (444). Dots denote a single measure-
ment and the crosses are the average of all the dots at a
particular temperature. The dashed lines have a slope
consistent ~ith ~ ——150 'K.

222
333
444

~ e ~

1.38 x 10
1.65 x 10

1.62v10 '
1.53x]0 '
1.9].x10

0 0 ~

2.27 x10 '
2.74x10 5
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FIG. 5. Plot of (j ~) or ef the four valence electrons of
grey tin.
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difference is meaningful. Furthermore, the value
of (u'...„)=0.0219 A' was deduced using dynamical
theory, that is to say, e "dependence. If the (444)
is not completely dynamical, as Table I seems to
suggest, its temperature dependence may be steep-
er than e '~, thereby corresponding to a smaller
(u,'.„„).Shell-model calculations of the mean-
square vibrational amplitudes for the bonding
charges in Si (Ref. 2) predict a value which is 26%%uo

smaller than that of the core, but the experimental
observations' ' are in favor of a much smaller dif-
ference. In the case of grey tin we draw essen-
tially the same conclusions valid for Ge and Si,
that is to say, the thermal motion of the bonding
charges looks essentially the same as that of the
core, or, at most, it may be about 20%%u~ smaller.

IV. CONCLUSIONS

The "forbidden" (222) reflection has been mea-
sured with x rays in grey tin single crystal and
found to be E», =1.06+0.05 at 200'K. The exist-
ence of this nonzero forbidden reflection is a direct
experimental proof of tetrahedral distortion of the
valence electrons in this narrow-gap semiconduc-
tor. This result has been interpreted in terms of
a phenomenological model of the charge density in
which the tetrahedral distortion is introduced by
means of a nonspherical term with local tetra-
hedral symmetry and over-all cubic symmetry.

In this way the charge density between nearest
neighbors is appreciably increased over the free-
atom value, in qualitative agreement with pseudo-
potential calculations. The E,',"'2 pseudo-structure-
factor, however, is almost twice the experimental
value, which is probably due to the extra pseudo-
charge present near the cores.

The temperature dependence of (222) and (444)
has been determined between SO and 223 K. The
latter reflection has been used for determining the
Debye temperature O~, which turned out to be
150'K, appreciably lower than GD deduced from
specific heat (260 'K) but in good agreeme xt with
the value calculated from inelastic neutrc i scatter-
ing data. The temperature dependence of the (222)
indicates a mean-square vibrational amplitude of
the bonding charges equal to 0. 18 (u'„,„„),with an
experimental uncertainty of +20%.
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