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Thermoelectric power in half-filled bands*
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We examine the conditions under which a system of interacting electrons. exhibits zero thermoelectric
power. We show, in particular, that a half-filled-band system described by the one-dimensional Hubbard
model has zero thermoelectric power. These results are discussed in relation to the organic
charge-transfer salts based on the acceptor molecule TCNQ (tetracyanoquinodimethan).

I. INTRODUCTION
I

Experimental studies of organic charge-transfer
salts have stimulated a substantial theoretical ef-
fort to identify the mechanisms primarily respon-
sible for the remarkabj. e properties shown by these
materials. In particular, the importance of elec-
tron-electron correlations in these systems has
been demonstrated experimentally and an attempt
has been made to interpret the experimental re-
sults for N-methylphenazinium-tetracyanoquinodi-
methan (NMP-TCNQ) on the basis of a one-dimen-
sional Hubbard model. Recent measurements of
the thermoelectric power (TEP) of the organic con-
ductor tetrathiofulvalinium-tetracyanoquinodi-
methan (TTF-TCNQ) have raised new interest in
the TEP of many-body syste'ms. The TEP in the
fluctuation region above the superconducting tran-
sition temperature has been calculated by Maki.
Patton and Sham are investigating the TEP near
the Peierls transition temperature of a one-dimen-
sional electron-phonon system.

Very recently Bari' has considered a one-di-
mensional system of electrons interacting through
a short-range potential and including the coupling
of the electrons to a "lattice" described by a set of
Einstein oscillators. He calculated the TEP of the
system to the lowest order in the electron band-
width. He found that the TEP vanishes for the case
of the half-filled band and speculated that this
might be a general property related to the particle-
hole symmetry of the half-filled band. We prove
below that this is indeed the case.

In Sec. III we show that for a particle-hole sym-
metric Hamiltonian (the precise meaning of this
expression is given in Sec. II) the TEP vanishes
identically at all temperatures. This- is identical
to the behavior of the TEP in an ordinary two-band
intrinsic semiconductor. Intuitively this is to be
expected, but it is important to establish this re-
sult rigorously, since most model Hamiltonians
proposed to describe the TCNQ salts are particle-
hole symmetric. This is the case, for instance,
with the Hubbard Hamiltonian.

As is well known, the Hubbard model has been
used to interpret the experimental observations of

the charge-transfer salt NMP-TCNQ. ~ The TEP
. of this salt exhibits a rather interesting temipera-
ture dependence. Above 200 K the TEP is small
and negative and has a linear temperature ~.epen-
dence with negative slope, suggestive of a metallic
system. Below 200 K a change in slope is observed
and the electronic contribution appears to decrease
sharply. This has been interpreted as due to a
transition to a magnetic insulating state. Epstein
et al. cautioned about this interpretation of the
TEP data because of the lack of a detailed trans-
port theory and stressed that related theoretical
work would be valuable. This has provided part of
the motivation for the present study.

II. PARTICLE-HOLE SYMMETRY

We consider a system of particles described by
a Hamiltonian K. In the grand canonical ensemble,
appropriate to a system where the average num-
ber of particles is given, all thermodynamic aver-
ages involve the operator K defined by

where p, is the chemical potential and N is the par-
ticle number operator. The thermodynamic aver-
age (A) of any operator A is given by

where the density operator p is defined as
-8E/T BIc

If we can find an operator P that commutes with K
then it can be shown, using the invariance of the
trace under cyclic permutations, that for any op-
erator A,

(4)

Qur method of proof now consists of demonstrating
the existence of such an operator P for several
model Hamiltonians. Then by nse of Eq. (4) we can
make definite statements about various thermody-
namic averages in systems described by such Ham-
iltonians.

Without loss of generality, the following discus-
sion is carried out in the site representation. In
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this way the application to typical model Hamil-
tonians describing strongly correlation electrons
(e. g. , the Hubbard Hamiltonian) will be more
transparent. We consider a system of N electrons
on a lattice of N, sites. The electronic Hamiltonian
is expressed in terms of operator C~i, , Ci, which
are, respectively, creation and annihilation oper-
ators for an electron with spin o. at the ith site.
We consider only a single nondegenerate orbital at
each site but otherwise the Hamiltonian is left un-
specified.

The unitary operator P is defined by its effect on
the annihilation operator C,„

PC)gP =ei & C;, ,
where P~ is a real phase factor which depends on
site j. Physically, the operator P interchanges
particles and holes. Now if we can choose p, such
that P commutes with K=K- p,N, the symmetry
implied by the existence of such an operator P will
allow us to make some general statements about
the thermodynamic averages and correlation func-
tions in such a system. Assuming we can find such
a p, then applying Eq. (4) to the case where A is the
number operator N = g, ,n,.„we find

(Q n, ,) N=
Therefore, this choice of p, also ensures that the
average number of electrons equals the number of
sites in the lattice, i.e. , a half-filled band. If we
can find such a p, we designate the system as ppz-
ticle -A,ole sy mme t'ai c.

We can easily show that the half-filled-band
nearest-neighbor Hubbard Hamiltonian describes
a system which is particle-hole symmetric. The
only restriction is to lattices of the alternant type. 7

The Hamiltonian can be written

K=g t„c,.c...~g... , . , (7)
a

where the sum in the first term is over sites i and
j which are nearest-neighbors. From the defini-
tion of P it follows that

t, , c,'. .c,. p'= P t;, c,'..c...
&igi &

to be particle-hole symmetric.
One can also show (see the Appendix) that for a

particle-hole-symmetric system the single-parti-
cle density of states is symmetric about the chem-
ical potential.

III. THERMOELECTRIC POWER IN

PARTICLE-HOLE SYMMETRIC SYSTEMS

where e is the absolute value of the electronic
charge and

(1)s('&=
ll

(vv(~)+v(v)v)dw,
2

p

S"'= —, (QV(~)+ V(~)Q&d~.(p& Pe

0

(12a)

Here V and Q are, respectively, the velocity and

energy flux operators which can be written in the
following manner~~:

1
V = lim —— [n&, K] e'"",

n-0 Sk

Q =lim ——
[h&, K]e'~'&~ 1

a o e
where h,. is the Hamiltonian density in the site
representation and is defined by K=/, . h, For the
Hamiltonian of Eq. (7) we write

The existence of an operator P which commutes
with K implies a relationship between the two-time
correlation function of operators A and B. In
particular we have

(A(7)B(0) +B(0)A(~)) = (PA(~)B(0)P '+PB(0)A(~)P ')
(10)

Using this result we can now proceed to show that
the TEP of a particle-hole-symmetric system
vanishes. For simplicity we restrict our atten-
tion to a linear chain with lattice constant a. The
extension to a three-dimensional alternating lat-
tice is straightforward. The thermoelectric power
S is written in terms of the Kubo formula for the
transport coefficients as'

S(2&p(1)
S=

if we choose the phases such that P,. —(t&, is an odd
multiple of m. This condition on the phase differ-
ences limits the validity of Eq. (8) to alternant lat-
tices. With this limitation we find

The momentum k is determined by periodic bound-
ary conditions. The time development of the
velocity operator is given by

P(K —&1K)P = K —le%, (9a) V(g) eZT Ve XT eICT Ve ET

with

1
P, =2 U. (9b)

Thus for the half-filled-band Hubbard model the
chemical potential is 2 U and the system is shown

The second equality follows from the fact that the
number operator N commutes with both the velocit
operator V and the Hamiltonian K.

From Eqs. (11) and (12) it is clear that the TEP
vanishes if
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J n-'=-v,
PQP ~=@ —2p V, (1sb)

in combination with Eq. (10), the validity of Eq.
(15) can be established and the proof is com-
pleted. '2

IV. DISCUSSION AND CONCLUSION

(qv(~)+ v(~)q& = ~(vv(~)+ v(~)v&

By using the transformation properties of V and

Q under the operator P,

~

i
x= t,-,-C; C,. +

2 ~ n; ~,
«g j& t ~ 0

P vl(d
+

2
—' + 2,. -B x,. n...2~ 2 t) t tfy

where x; and P; are the coordinates and moments
of a set of Einstein oscillators and the last term
describes the coupling between the electrons and
the oscillators. However, if one allows for "pho-
non" modulation of the on-site Coulomb interaction
by means of a coupling term~7

X' = ~ g x, n,.n., „, (20)

/ 1
$C = — V;.

t ~ j
(Fg 0'

the particle-hole symmetry is maintained for the
half-filled band with the chemical potential given
by

(17)

U
P, = 2++V;, (1S)

Thus the TEP vanishes for this augmented Hubbard
model. The TEP also vanishes for the half-filled
band if we include a term in the Hamiltonian cor-
responding to an exchange interaction between elec-
trons on different sites.

The particle-hole symmetry of the half-filled
band is not necessarily destroyed by including the
coupling of the electrons to the lattice vibrations.
Using the results shown above one can prove that
the TEP of the system vanishes if this electron-
lattice coupling is described by the Hubbard-
Holstein Hamiltonian ' ~

The study presented in this paper clarifies some
aspects of the transport mechanism in high-cor-
related solids. The established vanishing of the
TEP for particle-hole-symmetric systems has
implications for understanding the physics of
charge-transfer salts. . It follows that the be-
havior of the TEP of salts such as NMP-TCNQ can-
not be explained within the context of a half-filled
Hubbard model with electron transfer restricted
to nearest-neighbor sites. " This does not neces-
sarily imply a rejection of the application of the
Hubbard model to NMP-TCNQ. On the contrary,
our results may indicate how the Hubbard model
should be modified in order to account for the ex-
perimental behavior of the TEP of NMP-TCNQ.
In fact it can be shown~4 that the nearly half-filled
narrow-band Hubbard chain exhibits a TEP qualita-
tively similar to that observed in NMP-TCNQ.

We have investigated the particle-hole symmetry
of systems described by a modified Hubbard Ham-
iltonian. If we augment the Hubbard Hamiltonian
to include Coulomb interaction between neighboring
sites by means of a term"
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APPENDIX

The single -particle spectral weight function
A;,.(&u) is defined" as

A;,((u) = die"' ((c,.(f), c,.(0)1 &, (A1)

where C;,(f) =e' ' C,, e ' '. If we note that the
number operator N commutes with the Hamiltonian
we can write

(g'l e-ittt ei&x-tt&&t C -i(x-pN)t
/ tg (A2)

Using this equation and the fact that for particle-
hole symmetric systems there exists an operator
P (defined in Eq. (5)] which commutes with 5C —pN,
we can show that

iÃt C -i3.'t Cf ~-g -2i pt ixt Cf -i3'.t Ct(T ig tg i' ~

(As)

We can then rewrite Eq. (Al), for i =j, as

A;;((u) = df et(tll-g)t [e tlag (Ct (0) C ( -f)&

+ e' "(c',.(o) c,.(f)&1 . (A4)

the particle-hole symmetry is destroyed and thus
one expects a nonzero TEP. Even in the atomic
limit one cannot find an operator P which commutes
withK —iJN and satisfies Eq. (5). This is consistent
with the result of Pincus' who showed that the elec-
tron and hole bands are not symmetric in this case.
Finally, we mention that the effect on the TEP due
to coupling to the lattice is being studied inde-
pendently by Bari for a narrow-band Mott semi-
conductor in the nearly half-filled case. This
should add further insight into this fascinating
problem.
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Note that the term in the brackets is an even func-
tion of t. This implies that the single-particle

density of state p, (~) =(1/2w)A;. ;(a&) is an even func-
tion of (~ —y. ).
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