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Crystal fields and exchange in dilute alloys of Tb, Dy, and Er in Y studied for different
concentrations

J. Hgg and P. Touborg
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(Received 22 May 1974)

This is a sequel to an earlier paper reporting magnetization measurements on Y-0.14-at. %%uo-Dyand
Y—0.14-at. %-Er. In the present paper we have performed similar measurements on different
concentrations of dilute Er, Dy, and Tb alloys and also included specific measurements of the
basal-plane anisotropy. Crystal-field and exchange parameters were obtained by fits to the inverse initial

susceptibility. The anisotropy measurements provide a confirmation of the crystal-field parameters in Dy
and Er and are used to deduce B« in Tb. The measurements on different concentrations confirm the
adequacy of the theoretical models used. The crystal-field parameters vary substantially with the solute.
The molecular-field tensors are highly anisotropic and are approximately independent of concentration at
small concentrations.

I. INTRODUCTION

In a previous paper' we have reported static
magnetization measurements on Y-0.14%-Er and
Y-0.14%-Dy (in the present paper % means atomic
%). The study of these dilute alloys was initiated
to determine the crystalline electric fields,
which are difficult to obtain from measurements
on the pure rare-earth metals. As a continuation
of this work —from which an unexpected behavior
of the crystal-field parameters was deduced —we
report in the present paper magnetization mea-
surements on dilute Y-Tb, Y-Dy, and Y-Er single
crystals. These measurements were performed
on crystals of different concentrations to check
the model used, in which the crystal-field pa-
rameters do not depend on the concentration. The
measurements also eliminate effects of spurious
impurities in the host metal and elucidate the
dependence of the exchange interactions on the
concentration. The appropriate concentrations
for such experiments may thereby be deduced.
To check the parameters further we have per-
formed separate measurements of the basal-plane
anisotropy. In the case of Tb these measurements
were necessary to obtain all the crystal-field
parameters unambiguously.

In the following, we describe the experimental
and theoretical procedures used in this investi-
gation. The experimental results are then pre-
sented for each solute separately and finally the
results are discussed.

II. EXPERIMENTAL PROCEDURE

The single-crystal samples, including a pure
Y sample, were grown by the techniques of an-
nealing arc-melted buttons. The materials used
were 99.99/o for the Y and 99. 9% for the Tb, Dy,
and Er. The measurements were performed

using three different magnetometers, a Faraday
magnetometer (FM), ' a 5-Hz vibrating sample
magnetometer (VSM), ' and a, 169-Hz vibrating
sample anisotropy meter (VSA). 3 All magne-
tometers were mounted in cryostats with super-
conducting magnets. The very sensitive Faraday
magnetometer was used mainly for measuring
initial susceptibilities, while the vibrating sample
magnetometer was used for magnetization mea-
surements at higher fieMs. The absolute accuracy
of the magnetic moment measured in these two
magnetometers was better than 1%, and the fields
were known accurately within 0. 5%. The Faraday
2nd the vibrating sample magnetometers are de-
scribed in further details in Ref. 1. The vibrating
sample anisotropy meter was used for measuring
the basal-plane anisotropy. In this apparatus the
horizontal moment components parallel, M~[ and
perpendicular, M„ to the magnetic field were
measured as a function of crystal rotation angle
p about the vertical c axis. M„which gives a
sensitive measure of the anisotropy, was recorded
as the crystal was rotated in steps of 2. 5'. A

typical output is shown in Fig. 1. M, in these ex-
periments was always smaller than 1/o of the mag-
nitude of total moment. M„=M, (y) was Fourier
analyzed giving the harmonic components of order
6P, P=1, 2, .. ., expected for a crystal withhexag-
onal symmetry. Other components of order 0,
1, 2, etc. , are present. Some of these harmonics
are error signals arising from geometrical effects
like nonalignment, etc. , of the magnetometer.
The second-order component stems from the c
axi.s not being exactly vertical or the samples not
being ideal spheres. The errors in the hexagonal
harmonics are estimated from the size of the
fourth, fifth, seventh, etc. , order components.

The samples measured in the anisotropy meter
had to be kept below 2. 5 mm in diameter. These
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FIG. 1. Typical VSA recording of the perpendicular
magnetization. The origin on the y axis is arbitrary.

small samples were cut from the same crystals as
the approximately 3. 5-mm spheres used for the
other magnetometers. To take account of inhomo-
geneities, the concentrations of the small samples
were determined separately from measurements
of the parallel component of the magnetization.

The arc-melted buttons of the alloys, which had
a thickness of 4-5 mm and diameter of 22-30 mm,
were turned and remelted five times before an-
nealing. The homogeneity perpendicular to a,

button melted in this way has been investigated in
Ref. 2 and was there found to vary by about + l%%uo.

The concentrations determined by magnetization
measurements in the present work of samples
usually cut on different positions of the button and
in different grains have shown inhomogeneities up
to about + 10%%uo in the buttons as a whole.

KCF 20 020+ 40 40+ 60 60+ 66 66 ~

The 0, 's are the Stevens operators and the
B& 's are the crystal-field parameters. In (1) it

THEORETICAL PROCEDURE

Tb, Dy, and Er are expected to form tripositive
ions when dissolved in Y, with ground-state multi-
plets having total angular -momentum quantum num-
bers Jof 6, ~', and '2', respectivel&. The effects
of mixing of the J multiplets by the crystal field
were calculated for Tb, which has the smallest
energy separations between the J multiplets.
These effects were found to be negligible. In the
analysis of the experimental data we therefore
assumed that the crystal field does not mix the
J multiplets in the lowest I.S term. In this asump-
tion the most general operator describing the
crystal field for a 4 f ion in a hexagonal-close-
packed lattice is

is assumed that the coordinate axes x, y, and z
lie along the crystallographic axes a, 5, and c,
respectively. The total Hamiltonian used for
the dilute alloys is

CF+gJP;BJ'Heff p

H, gg =H+ X ~ M (2)

H, „=X M

In the Zeeman operator the small exchange inter-
actions are included in the molecular-field ap-
proximation. gJ is the Landd factor, p, B the Bohr
magneton, J the tota, l angular momentum operator,
5 the internal field, X the molecular-field tensor,
and M the magnetization per rare-earth atom.
X has axial symmetry with components X, and X,
in the c and basal-plane directions, respectively.
The magnetizations were calculated by diagonaliz-
ing the total Hamiltonian (2). The zero-field sus-
ceptibilities were calculated according to the
method described in Ref. 1, which only involved a
diagonalization of the crystal-field Hamiltonian (1).

The crystal-field parameters as well as X„,
X, and the actual concentrations were obtained by
a simultaneous least-squares fit to the reciprocal
initial susceptibilities in the c and b directions,
as described earlier. ' The sign of B66 does not
influence the initial susceptibility and had to be
determined from separate measurements of the
a and 5 axis magnetizations at high fields (VSM).
For Tb it was not possible to determine the mag-
nitude of B68 from the susceptibility data alone.
In this case the basal-plane hexagonal anisotropy
measurements had to be included in the fit.

The perpendicular component M, of the basal-
plane magnetization for a paramagnetic crystal
can be written

M, (H, T, y) =M, , 6(H, T) sinew+ M, , ~ (H6, T)

xsin12y+ ~ ~ ~

p is the angle between the a axis and the magnetic
field which lies in the basal plane. M, 6 (H, T),
which is the largest amplitude in (3) in the present
experiment, was calculated and compared with
experimental values. In order to obtain sufficient
numerical accuracy it was convenient to use a
real matrix representation of 3C [E41. (2)]. This
was accomplished by choosing a coordinate system
with the z axis along H,«and the y axis along the
c axis. In this frame of coordinates the crystal-
field Hamiltonian K c F has a complicated form in
terms of Stevens operators. ' A small angular
deviation between the effective field and the in-
ternal magnetic field implies a correction to the
value M, , which is calculated by using the mag-
netic-moment operator -gJ p, BJ„. To first order
in the exchange field
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EXPERIMENTAL RESULTS

In this section we present a comparison between
experimental results and our theoretical curves,

FIG. 2. Crystal-field parameters divided by the
Stevens factors and plotted as a function of the number of
4f electrons in the rare earths. The dashed curve is cal-
culated in the point-charge model (Ref. 6) using the lat-
tice parameters for pure Y. Tb: N=S; Dy: N=9; Er:
N =11.

FIG. 3. Molecular-field parameters vs concentration.
AJ 4 XII ~II/ 10: o. The dashed lines are the isotropic
part of the molecular-field tensor obtained from the para-
magnetic Curie temperatures of the pure rare-earth
metals (Ref. 7) multiplied by the concentration (see text).

which are calculated using the crystal-field and
the molecular-field parameters summarized in
Fig. 2 and in Fig. 3, respectively. In all experi-
mental curves the Y background is subtracted.
Magnetizations and susceptibilities are given per
rare-earth atom.

Tb

Of the three binary systems studied Y& „Tb„has
least structure in the inverse initial susceptibility
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FIG. 4. Reciprocal susceptibilities for Tb and Y. (FM at 1.35 x10 A/m). The full curves are calculated.
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TABLE I. Crystal-field parameters in Kelvin.

B20
B40

B60
B66

0.140% Er"
—0.309 +10%

0.814 x10 +10%
0.243 x10 +10%

-0.279 x lo~ ~10%

0.309/o Er

0.298 + 10%
0.6x10 3+40%
0.231 x 10 +10%

—0.272 xl0 +10%

0.141/o Dy

0.321+10%
-0.293 x10- +10%

0.418 x10 +10%
—0.333 x10 3 +10%

0. 898% Dy

0.336 +6%
—0.260 x 10 + 10%

0.335 x10"+10%
—0.334 x 10~ + 10%

0.166/o Tb

0.945+ 10%
0.589 x10-3 +20%

-0.145 x10 +25/o
0.100x10" +25%

~R =rare earth. "jo=atomic %.

as a function of temperature (Fig. 4). As men-
tioned earlier, we have to include basal-plane
anisotropy measurements (Fig. 6) in the fit to ob-
tain all "rystal-field parameters. The 1.23%-Tb
alloy is clearly seen to exhibit incipient ordering
at 4. 2 K (Fig. 4), and it could not be used for a
separate determination of the crystal-field pa-
rameters. Using the crystal-field parameters ob-
tained for 0. 166% Tb (Table I) the molecular-field
parameters and the actual concentration for 1.23%
Tb were found by a fitting procedure. The varia-
tion of M, as a function of temperature and field
(Fig. 6) could not be completely fitted due to or-
dering effects. In Fig. 5 theoretical curves are
calculated for two different values of B« to illus-
trate the effects of varying this parameter. M
measured in the a and b directions (Fig. 6) at

1000

Y - 0.149 at. %Tb

fr =44. 1xlOI A/m clearly shows the b axis to be
the axis of easy magnetization and also illustrates
the importance of measuring M, for an accurate
determination of the basal-plane anisotropy. The
isothermal magnetization curves for the 0. 166%-
Tb alloy are very well accounted for at higher
temperatures but deviate from the theoretical
curves at low temperatures (Fig. 7), demonstrat-
ing the effects of ordering at low temperatures
even for this dilute alloy.

Dy

The characteristic features of the reciprocal
zero-field susceptibilities for YI „Dy„(Fig. 8)
allow an accurate determination of the crystal-
field parameters for these alloys. The crystal-
field parameters for 0. 14% Dy and 0. 898% Dy
agree to within the accuracy of their determina. -
tion (Table I). The 3.60%-Dy sample orders,
and the data for this crystal are not adequate for
a, determination of the crystal-field parameters.
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FIG. 5. Perpendicular basal-plane sixth-order compo-

nent vs temperature and field for 0.149/p Tb in Y. The
full and dashed curves are claculated using B66

——0.110
x10 K and B66 =0. 84xl0 K, respectively.

FIG. 6. Isofield curves in the a and g directions at
44. lx 10 A/m for 0. 166% Tb in Y. The full curves are
calculated.



524 J. H@G AND P. TOUBORG

7
IXI

6
X
C)

4

FIG. 7. Isotherms for
0.166% Tb in Y. The full
curves are calculated.

10 20 5 30
H (10 A/N)

40 50

As the Y background in the 0. 898%%uo-Dy alloy is less
important than in the 0. 141/0-Dy alloy, the crystal-
field parameters obtained for the former are ex-
pected to be the most reliable. These parameters
together with the molecular-field constants and the
actual concentration found for each alloy separately

are therefore used to calculate all curves in Fig. 8.
Figure 9 shows isotherms for 3. 60%%ua Dy. The or-
dering at BK is clearly seen from the inset, which
shows the reciprocal 5-axis susceptibilities for dif-
ferent fields. Neutron-diffraction measurements on
the same crystal have shown that it orders in a helical
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FIG. 8. Reciprocal susceptibilities for Dy in Y t,
'FM at 1.35 x105 A/m). The full curves are calculated.
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retically by Nagamiya. ' In Fig. 13 the sixth-
order harmonics for 0. 141%Dy are shown for
different temperatures together with calculated
curves, which are seen to agree well with the ex-
perimental data.

FIG. 11. Perpendicular basal-plane sixth-order com-
ponent vs field for different concentrations of Dy in Y at
4. 2 K. The curves are drawn by hand.

In Fig. 14 the reciprocal susceptibilities for
Y&,Er„are displayed. The curves allow a rather
accurate determination of the crystal-field pa-
rameters. Except for 840 the crystal-field pa-
rameters for 0. 140% Er and 0. 309% Er agree with
the accuracy of their determination (Table I). 8«
is found to be less well determined than reported
for the 0. 140% Er, presumably due to systematic
errors arising from impurities in this dilute alloy.
B«plotted in Fig. 2 is the mean value for the two

alloys, and the accuracy is chosen to cover both.
The crystal-field parameters for 0.993% Er are
not included in Table I due to rather poor accuracy
arising mainly from the small number of experi-
mental points Rbove 10 K. The magnetization Rs R

function of field and temperature is well described
for all Er alloys as the results for 0. 140% Er in
Ref. 1 illustrate. The small inconsistencies be-
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FIG. 13. Perpendicular
basal-plane sixth-ord er
component vs field and tem-
perature for 0. 141/p Dy in
Y. The full curves are cal-
culated.
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FIG. 14. Reciprocal susceptibilities for Er in Y. (FM at 1.35 x 10 A/m). The full curves are calculated. ,

tween the theoretical and experimental basal-plane
anisotropy (Fig. 15) can be easily accounted for
by the uncer tainties in the crystal-f ield parameters.
An inaccuracy of 10% on @0, B~o, or B66 results
in an inaccuracy of about 25% in the theoretical
curve at 4. 2 K. The influence of B4o is ten times
smaller .

DISCUSSION

The measurements of initial susceptibility,
magnetization, and basal-plane anisotropy on al-
loys of different concentrations have supplied addi-
tional information on the use of such measure-
ments for the dete rmination of crystal-field and
molecular-field parameters, and have confirmed
the reliability of these parameters.

In the following we will discuss possible sources
of error. In the Hamiltonian (2), we have neglected
effects arising from the exchange interaction be-
tween the rare -earth impurity and the conduction
electrons resulting in contributions to the mag-
netic moment due to localized electron polariza-
tion. This effect is important at low temperatures
and is most clearly seen in the saturation magne-
tization of 0. 140% Dy. '

Another effect which the Hamiltonian (2) does
not describe is broadening of the crystal-field
levels. The presence of broadening of full width

at half -maximum values of 11 K have been observed
in an inelastic-neutron-diff raction experiment on
Y-2%-Er." However, calculations have shown

that broadenings of this magnitude only have sig-
nificant effect on the initial susceptibility below
about 5 K.

The third possible source of error is the simple
model used for describing the exchange. This is
most severe for the less dilute alloys where or-
dering or incipient ordering occurs, and in the
worst cases (1.23% Tb and 3. 60% Dy) reasonably
accurate crystal-field parameters could not be
obtained from the fit to the inverse initial sus-
ceptibility curves. The basal-plane anisotropy is
especially sensitive to ordering, and ordering
effects were observed in even the most dilute
alloys .

A 11 these sources of error are only significant
at low temperatures, and inconsistencies between
theory and experiment are generally observed at
low te mp erature s in sus cep tibility, magne tiz ation,
and basal-plane anisotropy curves. At higher tem-
peratures we find excellent agreement between
theory and experiment in all cases. This fact, to-
gether with the separate check which the basal-
plane anisotropy measurements give for Er and

Dy, provides confidence in the parameters obtained.
The Hmniltonian (2) also satisfactorily explains
the variation of the susceptibility curves with con-
centration in terms of concentration-independent
crystal-field parameters and concentration-de-
pendent molecular -field parameters. The ade-
quacy at higher temperatures of the molecular-
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ponent vs field and temperature for 0.304% Er in Y. The
full curves are calculated.

FIG. 16. Energies and eigenfunctions for Tb in Y cal-
culated for B&p = 0. 945, B4p = 0.5 89 x10, Bep = —0.145
xl0, and B66=0.100x10 (in Kelvin). l m) =( I m)—
(
-m) ) 2 and ) m):—( [ I& + )
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field model, which only shifts the inverse initial
susceptibility curves according to the relation Er

Cr ystal field levels

is excellently demonstrated by the parallel curves
in Figs. 4, 8, and 14.

In Fig. 2 the variation across the three rare-
earth metals of the crystal-field parameters divid-
ed by the Stevens factors ' are illustrated. This
picture supports the conclusion obtained in Ref. 1
about the inadequacy of the point-charge model and
the importance of charges on the rare-earth ion
itself in determining the crystal fields.

The crystal-field level schemes for Tb, Dy,
and Er are given in Fig. 16, Ref. 1 (Fig. 12), and
Fig. 17, respectively. The level scheme for Er
given here is somewhat different for the one given
in Ref. 1 (Fig. 11) due to the change of B40 men-
tioned earlier. A high degree of accidental de-
generacy is observed for Tb. These level schemes
are important for suggesting other kinds of ex-
periment like ESH, neutron spectroscopy, and
magnetization measurements in high fields to
further elucidate the crystal fields. The possible
neutron energy-loss transitions from the ground
state doublet to the first, second, and third ex-
cited-state doublets in Er have been observed with
correct energies and intensities within experi-
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FIG. 17. Energies and eigenfunctions for Er in Y cal-
culated for Bpp= 0.309 B4p=0 600x10 Bep=0 243
x10+, and B66 =-0.279 x 10+ (in Kelvin).
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mental accuracy. " Characteristic features in the
magnetizations —due to the crossing and mixing
of crystal-field levels —have been observed in a
high-field (300&& 10' A/m} experiment on Y-Tb,
Y-Dy, and Y-Er alloys. Also, these measure-
ments have been satisfactorily accounted for by
the parameters reported in the present work.

In Fig. 3 the molecular-field parameters de-
fined in Eq. (2} are plotted versus concentration.
A striking feature of this figure is the difference
between X, and X, which even have opposite signs.
The existence of highly anisotropic exchange inter-
actions has also been observed by inelastic-neu-
tron-diff raction experiments on pure E r " and

Tb, " and is in contradiction with earlier mod-
els which assume isotropic exchange. For pure
ion-ion exchange, simple theories predict the
molecular-field parameters to be proportional
to the concentration. In Fig. 3 the isotropic
part of the molecular-field tensor obtained from

the paramagnetic Curie temperatures of the pure
rare-earth metals, 7 and multiplied by the con-
centration, is also shown. X, and g seem inde-
pendent of the concentration at small concentra-
tions, possibly reflecting contributions from con-
duction-electron exchange or from clustering. '6

Due to the oscillatory and long-range character
of the ion-ion indirect exchange in the rare-earth
metals, any tendency for the rare-earth impuri-
ties to occupy sites in the lattice in a regular way
will affect the molecular-field parameters.
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