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The decay of the excited S3/2 state of Er'+ ions in Lap3 at 295'K has been investigated in detail.
The energy is transferred from the thermally populated multiplet H»». The decay curve of thc
luminescence from S3/2 after a flash lamp excitation is explained well by taking into account diffusion

and cross relaxation simultaneously. The obtained diffusion coefficient D is inversdy proportional to the
fourth power of the average separation between Er + ions, indicating that the coupling between the ions

responsible for the diA'usion is the electric dipole-dipole interaction. The energy-transfer constant Cdd of
the diffusions 8»/2 I l5» and S3/2 I ls/2 and the energy-transfer constant C of the cross
relaxations H, l/2 ~ I9/2 Il5/2 ~ Il3/2 and H»/, —l I,3/2 Il5/2 ~ I9/2 are 7.0 X 102 4 4 4 2 4 4 —40

cm /sec and 4.5 &( 10 ' cm/sec, respectively. The fact that Cdd is larger than C by more than one
order of magnitude indicates that the energy transfer is essentially the diffusion-limited relaxation. The
other cross relaxatsons, F7/2 —l I »/2, I l5/2

—l I »/2, and F5/2 ~ F9/2 I l5/2 ~ I l3/2 and F,/2
4 4 4 4 4 4 4 4

I l 3/2 I l 5 /2 ~ F9/2 have been observed in Lap, :Er'+ . The ensemble-averaged energy-transfer
constants of these cross rclaxations calculated by the theory of Dexter for the electric dipole-dipole
interaction are in good agreement with the energy-transfer constants obtained by the phenomenological
rate-equation model.

I. INTRODUCTION

A considerable effort has been made to elucidate
the mechanism of the concentration quenching of
the radiative yield and the transient decay curve of
luminescence. It was shown that the quenching of
the luminescence takes place by cross relaxation
from an excited ion behaving as an energy donor
(a donor ion) to another ion behaving as an energy
acceptor (an acceptor ion) with or without diffusion
of the excitation enex gy among donor ions, ' which
allows the excitation to migrate to the vicinity of
an acceptor ion, resulting in the quenching thx'ough
donor- acceptor interaction. ~

Webers has classified the energy transfer into
three limiting cases according to the diffusion
length of the excitation: direct cross relaxation,
diffusion-limited relaxation, and rapid diffusion.
He has found that the diffusion-limited relaxation
takes place in europium-phosphate glass contain-
ing a small amount of chromium. Watts and
Richter4 have studied the energy transfer from
Yb ' to Ho ' ions in YP„and found all the three
cases. The former two cases have been found by
Krasutsky and Moos' in La+1, :Pr', Nd'.

As is well known, there are several kinds of in-
teractions between two ions responsible for the
energy transfer: electric dipole-dipole (d-d), elec-
tric dipole-quadrupole (d-q), electric quadrupole
quadrupole interaction (q-q), and exchange inter-
action. The theory of the energy transfer due to
these interactions has been developed by many in-
vestigators, and the formula of the energy-trans-
fer rate has been given in Refs. 6 and V. The
energy-transfer rates in these cases do not have

the s me dependence on t e donox-a, cceptor sep-
ara, tion, but in all cases it is proportional to the
overlap integral between the emission spectrum of
a donor ion and the absorption spectrum of an ac-
ceptor ion. This information can be obtained ex-
perimentally by measuring the transient decay
curve of the donor luminescence if the donor level
associated with energy transfer is a luminescent
one. The emission of a donor level from which
the energy transfer takes place cannot always be
detected because of the small quantum efficiency
of the radiative yield. This situation sometimes
makes it difficult to obtain the energy-tlansfel constant.

The overlap integral is expressed by the product
of the oscillator strengths of the optical transitions
of do~or and acceptor ions and the overlap of the
normalized emission and absorption spectra, as
mentioned later. If the oscillator strengths and
the spectral shapes of the emission of a donor and
of the absorption of an acceptor are known, the
energy-transfer constant can be calculated by the
theory of Dexter. Some of the optical-transition
probabilities between 8 multiplets of an Er ' ion in
LaF3 have been computed by Webers using the theory
of Judde and Ofelt. 0 He has shown that the optical
transitions in this system are mainly due to the
electric dipole mechanism, and has obtained the
three phenomenological parameters T3, T4, and
T6, which contain the crystal-field strengths, the
energy separation between the 4f" and 4f" ' M
configurations, the x'efractive index of the medium,
and the interconfigurational radial integr als.

In the present study the parameters governing
the enexgy transfer in the LaF3:Ere' system have
been obtained experimentally and compared with
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the theoretical values.

II. THEORETICAL BACKGROUND

The energy transfers due to electric multipolar
interactions have been discussed in detail by Dex-
ter. 6 The energy transfer probability P(R) between
a, pair of ions can be written using oscillator
strengths (f's) as follows":
Pgt)=CA '

3e' 1
2 8 3 4ft6 & P fd(+t~fFfl +I~fFI)mcnA ~y gyr gy

xf, (~,iJel"p, np JpF~) dpP'q(p)E', ,~(p),
(1)

where C is the energy-transfer constant; p,.& means
the energy to be transferred in cm; F's denote
the irreducible representations of the Stark levels
of a J' multiplet; EfI(p) and P!i~(v) are the line-
shape function of the emission of a donor ion and
that of the absorption of an acceptor ion, respec-
tively, and the integral of each function over p is
normalized to unity. For pex'fet overlap and identi-
cal linewidths of the two spectra, the overlap in-
tegral is the inverse of the linewidth. The exponent
s in Eci. (1) is 6, 6, or 10 according to d-d, d-q, or
q-q interaction, respectively.

Judd and Ofelt~ have calculated the oscillator
strength of an optical transition due to the electric
dipole between 8 multiplets of 4f" configuration of
a, rare-earth ion in a crystal, assuming all levels
of the 4f" ~5d configuration to be located at an
average energy. This excited configux'ation is
mixed into the 4f" configuration due to the odd-par-
ity terms of the crystalline field. They have given
the formula. for the oscillator strength which can
be simplified into a sum of products of the phenom-
enological parameter T„and a matrix element of
unit t~nsor operator U ~:

Cpf~«~~ cI~g) ='~
g +

x Tx 4 ~~~SL cJ U+~ 4 ~~+SL pe
~

y

&=2, 4, 6,

where c and p denote the light velocity and a mean
energy in cm ~ of the transition between J multi-
plets, respectively. A 8'multiplet of 4f"config-
uration of R rare-earth ion ln R ex'ystRl is generRQy
split into Stark levels. In Eq. (2), the condition
that the transition probabili'ty between any pair of
Stark levels of the two J multiplets is equal or the
condition that all the Stark levels of the initial J
multiplet are equally populated is implicitly in-
cluded. The latter condition is only approximately
fulfilled at ambient temperatures. In LaF3:Er ',
however, because of the low crystal-field symme-
try, each Stark component is composed of a linear
combination of many substates of J, quantum num-
bers. This fact tends to average out the generally
unequal transition probabilities between the two
Stark levels of the initial and the final J multiplets.

In fact, Webers has determined the parameters
T„ in Eq. (2) by observing the absorption spectra
for Er ' ions in LaF~ at (6-10) 'K. Though only a
few of the lower Stark levels have appreciable pop-
ula, tion at such low temperatures, the fact that the
absorption intensity has been explained well by
these parameters shows that the former condition
seems to be fulfilled fairly well in LaF3. He has
also measured the absorption from the 4I&&13 state
to upper multiplets at liquid-nitrogen temperature,
Rnd found that the oscillator strengths differ a little
from the values obtained at (6-10) 'K, but that the
differences axe always less than a factor of 2. The
transition probability at low temperatures due to
the electric dipole between any pair of J multiplets
can be calculated using these parameters. Those
probabilities for some pairs of J multiplets have
already been calculated by Weber. 8

If we postulate that the oscillator strength is the
same for any transition between Stark levels of
different J multiplets which is actually allowed in
LaF,:Er", ~ Eq. (1) can be rewritten using Eg.
(2) as follows (see Appendix):,

Se' ~ 1 1
(R)=6 s a s ~~6 Z a q.. (~ ~ fu«~~~~&y~i&n&&~ ~'~&a+) ~

ag m c n B q pg q~ n(Jgpi(Jg )f vy gt syt
v&~)g(~)Fl g (~) (2)

where n(J) denotes the number of Stark levels of a
J& multiplet. In the present case, n(J&) = (2Z&+ I)/
2,. since Rll the Stark levels of an Ers' ion in LaF3
are only Kramers doublets.

The observed energy-transfer rate in an actual
system, however, is not the pairwise form of
P(B), but the ensemble average of P(R). The
ensemble-averaged energy-transfer rate per ion
(W) has been obtained by Fong and Diestler'3 for
the system of randomly mixed donor Rnd acceptor

ions in a host lattice, in the form of

(4)

where N is the concentration of acceptor ions in a
host lattice; o is the nearest-neighbor separation
between a donor ion and an acceptor ion.

Inokuti Rnd Hirayama' have discussed the trans-
ient decay of a donor luminescence in the presence
of R direct-cross-relaxation process only. When



31

dlffuslon ls px'esent 1Q addition to the direct cx'oss
relaxation, and when the interaction between ions
is assuxned to be the d-d interaction, the donor
luminescence intensity as a function of time after
R flRsh exc1tRtlon hRs beeQ g1veD by Yokota and
Tanimoto«4 as follows:

Q(t) = Q(0) exp —— m
IS—N(Ct)~I~

70

1+10.BVz+15. 50m )'I'
X 1+8. 743@ (5)

Polycrystalline-powder samples of lanthanum
fluoride activated with Ers' were synthesi. zed by
coprecipitating the oxalate from a nitric-acid solu-
tion of the oxides, by decomposition of the oxalate
to the oxide at 800'C in air, and finally by reaction
of the oxide with anhydrous HF gas at a temperature
of 1100'C. The reactions were carried out in a
platinum container in a platinum furnace. This
procedure led to well-crystallized single-phase
powder as determined by standard powder x-ray
diffraction technique. The samples synthesized
contain Er3' of 0.03, 0.1, 0. 3, 1.0, and 2.0 mole%
Qom«nally «

A mass-spectrograph analysis of LaFS.Er3'
showed that the Ere' concentration coincides with
the nominal mole % within the experimental error
of 20/0, and that the following impurities are pre-
sent in mole%. ,0.01% Eu, 0.005% Ho, andless than
0.001% other impurities.

The light sources used for observing steady-state
absorption Rnd luminescence spectra were a tung-
sten lamp and a high-pressure xenon ax'c lamp.
The absoxption Rnd the emission spectra were mea-
sured in the visible and near-infrared region with
a grating monochrometer (f/6. 2, 11 A/mm) equipped
with R 3-11 photomultiph. er tube or R cooled 8-20

where E» To» Rnd C Rx'6 time» the 1ntx'1nslc decRy
time of a, donor ion, and the donor-acceptor energy-
txansfer constant, respectively, Rnd

~C -1ISts I8

in which D is the diffusion coefficient, which is
expressed by the donor-donor energy transfex con-
stant Cgg Rs follows:

D=—Caa& ~

8
(6)

where 8 is the mean separation between donor
ious. Equation (5) ls identical to the theory of lnokutl
and Hirayama for negligibly small D and small time
t«17'I'O'I'. For large D, Eq. (5) becomes a
simple exponential function with the decay rate,

1/7 =1/~, +4~mrp,

where p =0.66(C/D) I~.
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FIG. 1. EnergJJ 1evels of an Er. ion and the lumi-
nescence transitions studied in. the present paper.

photomUltlpller tube. Transient luminescence
intensities were obsex'ved by exciting samples with
a pulsed light of 2- p,sec duration from a xenon flash
lamp, and the output of a photomultiplier tube was
introduced to a boxcar integx ator. A pulsed excita-
bon light was led to a monochrometer (f/4. 5,
60A/pm) to excite samples only into the first and/
or the second upper multiplet above a luminescence
state under consideration.

The absorption and the emission spectra of our
samples coincided with those of Kx'upke and Gx'u-
ber, «3 and the lifetimes of the luminescence states
of the sample containing. the lowest concentration
of Ers' ions were equal to those of Weber«' within
experimental error. %6 have observed lumines-
cence at low temperatures from the 41««&» 4pQI2,
48,/„~HO&» and 4C««~ states and at high tempex'R-
tures from a thermally populated Bzqgz state in the
x'eglon between 10000 Rnd 30000 cIQ The enex'gy
levels of an Ers' ion and the three strong emissions
ax'e shown in Fig. 1. Concentration quenching of
the radiative yieM was observed distinctly in the
emission from the thermally populated ~H««&~ state
and from the 8,&& state at room temperature. «6

This suggests that an Er~' ion excited into the 'g«&,
state relaxes to lower rnultiplets exciting another
Ers' ion by means of the ion-i. on interaction such as
the d-d interaction. Energy transfer from an Ers'
ion to other 1Inpurlty lons may be neglected becRuse
the concentration of other impurities is much lower
than that of the Ers' ions.

The decay curves of the 4&3&~ I«5&~ transition at
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295'K are shown in Fig. 2. The decay at VV'K
was observed, being the same from sample to sam-
ple. Since the optical transitions in I aF3:Er ' are
mainly due to the electric dipole, it is natural to
consider that the energy transfer is due to the d-d
interaction in the first approximation. The solid
lines in Fig. 2 are plots of P(t) in Eq. (5) which
give the theoretical decay curve for the d-d inter-
action. The parameters C and D in Eg. (5) were
determined to obtain the best fit to the experimental
decay curves using the nominal concentration N of
Er ' ions and the decay time v'& =0.923 msec of the
sample containing 0.08-mole %Er~' ions, which is
considered to be the intrinsic decay time of the
S3/~ state at 295 'K since the ion-ion interaction

may be neglected in such a low-concentration sys-
tem. The parameters so determined are shown
in Fig. 3.

The broken lines in Fig. 2 are the fits to the
theory of Inokuti and Hirayama obtained for the
d-d interaction. Since there is some departure in
Er3' concentration from the nominal value in the
samples studied, the value ¹inaddition to the
parameter C was allowed to vary around its nomi-
nal value by about 20/p in applying the theory of
Inokuti and Hirayama. As can be seen in Fig. 2,
the fits to the theory are quite poor in the samples
of higher concentration of Ers' ions, while in the
samples of lower concentration the fits are fairly
good, especially in the sample containing. 0.l-mole /&

Er3' ions, in which the decay curve can be explained
well by either theory, suggesting that the diffusion
coefficient D is too small to be determined from
the experimental decay curve for the 0. l-mole%
Er3' sample.

Figure 4 shows the luminescence intensity of a 2-
mole% Er~' sample corresponding to the
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four times with respect to the vertical axis. C is almost
independent of the mean separation of the Er3' ions,
whil. e D is inversely proportional to the fourth power of
the mean separation of the Ers' ions.
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'F,&,- 'I»&, transition for the excitation into some
higher multiplets indicated in the figuxe. The in-
tensity was normalized with the amount of optical
absorption to the multiplet into which Ers' ions
were excited. The luminescence intensity for the
excitation into the 'II,$/2 state coincided with that
for the excitation into the Ssq2 state within experi-
mental error. At lower temperatures, the lumines-
cence intensity for the excitation into the F,~2

tAX
LLI

UJ
10

le

lU

hJ

LJJ

V)
hJx-20.
Z

CV

~CPi

JJ
O
~ 10-I-
7)
UJI-

-10
0

I

1

TIME ( msec)
0

100 200
TEMPERATURE ( K )

300

FIG. 2. Decay curves of the 83g2 luminescence at
295'K. The dots show the experimental results. The
solid and the broken lines are the best fits obtained by
the theory of Yokota and Tanimoto and that of Inokuti and

Hirayama for the d-d interaction, respectively.

FIG. 4. The luminescence intensities from the I"9~&

to the I&&~2 state for the excitations into the multiplets
indicated in the figure. The intensity is normalized with
the amount of absorption to the multiplet into which Er
ions were excited.
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state is much larger than those for the excitation
into the other multiplets, and the intensity for the
excitation into the 4E»& state is smaller than that
for the excitation into the 483&3 Rnd 3H»&z states.
The intensity for the excitation into any multiplet,
however, is the same at room temperature. In the
samples of lower concentration of Er3' ions, the
normalized E9&& luminescence intensities for the
excitation into those multiplets coincided at any
temperature within experimental error. If the ex-
cited 'E„„'E„„Rnd'a„„states relaxed only
through multiphonon relaxation even in a sample of
high concentration, the excitation into those multi-
pletes would give the same normalized 4EQ&~ lumi-
nescence intensity as that into the 4Ss ~z state. The
fact that the 4E9&2 luminescence intensity for the exci-
tation into the 4E, g~ state is much larger at lower tem-
peratures suggests that the excited energy of the 4E5&~
state partiaBy relaxes to the 4E~&3 bypassing the
4S3~2 state. The same consideration applies to the
case of the excitation into the F~~a state at lower
temperatures the fact that the 4E9~3 luminescence
intensity for the excitation into the E~~~ state is
smaller than that for the excitation into the ~IIyggp» 'S,&2 states at lower temperatures suggests that
the excited E7~3 state partially relaxes to some
lower multlplet, probably I&j ~2, bypassing both the
Ssga and I 9~3 states. It is due to tI1e large quan-

tum efficiency of the 4S3~3 emissions that these two
energy transfers are observed distinctly at lower
temperatures in spite of the small energy-transfer
rates as compared with the total relaxation rates
of the 4E„, Rnd 'E, , states, Rs mentioned later.

Generally, the multiphonon relaxation rate of a
rare-earth ion in solids at room temperature is
much larger than that at VV 'K, while the radia-
tive transition rate and the energy-transfer rate at
room temperature are nearly equal to those at VV 'K.
When the total relaxation rate is much larger than
the energy-transfer rate, the energy transfer can-
not generally be observed experimentally. It is
presumably due to the multiphonon relaxation rates
of the 4F&~3 state at room temperature being much
larger than those at VV 'K that the normalized
E9~3 luminescence intensity for the excitation into

any multiplet indicated in Fig, 4 is the same at
room temperature.

Figure 5 shows the luminescence intensities of
the Ilying Igggp Rnd the Eegp Igsgp trRnsltlons Rt
VV 'K. The black and the white circles correspond
to the luminescence intensities from the 4I»~~ and
the E9&z state, respectively. The multiplets into
which Er ' ions were excited are indicated in the
figure, and the emission intensity for the sample
of 0.03-mole /q

Era' ions was made equal in the fig-
ure. This procedure means that the luminescence
intensity was normalized with the amount of absorp
tion of the multiplet into which Er ' ions were ex-
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FIG. 5. The luminescence intensities corresponding
to the I&~g&~ I&&g2 (felled circles) and the

4 4

transitions (open circles) at 77'K for the excitation into
the multipl, ets indicated in the figure. The lines are the
best fits to the rate-equation model.

rv. DISeUSS&ON

Generally, the energy migration cannot be neg-
lected in discussing the relaxation of the excited
energy. In Fig. 3 the cross-relaxation constant C

cited, on the assuxoption that the osciQator strength
of the optical transition is independent of Ers' con-
centration. The solid lines in this figure are the
theoretical curves discussed ln tI1e following section,

The absorption spectra corresponding to the
4I&z&2 Rnd the Iz~&z E~&z transitions at VV 'K

are shown in Fig. 6. The average linewidths were
about 10cm for the samples studied. These rather
broad linewidths may be caused by the inhomogen-
eous broadening: the crystal fields seen by indivi-
dual rare-earth ions are slightly different from one
another due to lattice defects. The intensity of the
components of the absorption spectra varies within
a factor of 5, so that Eq. (3}may be valid within a
factor of 5. The emissions corresponding to the
transitions indicated in the upper sides of the ab-
sorption spectra were not detected due to the small
radiative yields of these transitions. The vertical
bars shown in the figure are the positions of the
expected luminescence lines of these -transitions.
%e assume that the luminescence lines are as
broad as the absorption lines and that the intensity
of the luminescence line also varies within a factor
of 5 as in the case of the absorption line.

In Fig. V are shown the absorption spectra of the
'I„„-'E»,Rnd the 'I„„-'E„,transltlons Rnd the
expected emission lines corresponding to the
'E„,-'I„„and the 'E„,-'I„„transitions Rt VV'K.
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FIG. 6. The absorption spectra of the I&&/2

and the I&5/2 F9/2 transitions at 77'K. The vertical
lines are the positions of the luminescence lines expected
for the transitions indicated in the figure at low tempera-
tures.

and the diffusion coefficient D are shown, which
were obtained in the analysis of the decay of the

S3/2 emission at 295 'K using Eq. (5). The cross
relaxation can occur only through the thermally
populated 'II„/, state as mentioned in the last sec-
tion. The constant C is the sum of the two cross-
relaxation constants for the energy transfers

, 2 4 4 4 2 4
+11/2 I9/2 I15/2 I13/2 a d . 11/2 13/2

'H»/2-'Ig„. The cross-relaxation probability can
be evaluated by Eq. (3) using the calculated oscilla-
tor strengths of the transitions associated with the
cross relaxation. The product of the calculated
oscillator strengths in Eq. (3) for the former cross
relaxation is larger by two orders of magnitude
than that for the latter cross relaxation, and the
overlaps of the emission and the absorption spectra
associated with the two cross relaxations can be
estimated to be in the same order, so that the
main process is considered to be the former cross

2 4 4 4r elaxation: H, 1/2 Ig/2& I15/2 I13/2 ~

The cross-relaxation constant C is independent
of the donor-acceptor separation B. Watts and
Hichter4 have studied the energy transfer from
Yb" to Ho3' in YF3, and found that the cross-re-
laxation constant C varied from sample to sample
by a factor of 3. The C value of our samples, as
can be seen in Fig. 3, varies by only a factor of 2;
this may be partially because we used the nominal
value of the Er3' concentration N in the analysis of
the decay curves instead of the actual value. The
averaged value of C is 4. 5x10"cm'/sec.

In Fig. 3 are also shown the diffusion coefficients
which are inversely proportional to the fourth power
of the mean separation B in Eq. (6), ind;cating
that the interaction causing the diffusions

83/2 I15/2 and ~H»» I»» is the d-d interaction.
The donor-donor energy transfer constant C« in
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FIG. 7. The absorption spectra of the I&5/2

and the I&5/& +&/& transitions at 77'K. The vertical
lines are the positions of the luminescence lines expected
for the transitions indicated in the figure at low tempera-
tures.

Eq. (6) is determined to be 7.Ox IO~o cm~/ sec,
which is about sixteen times as large as the cross
relaxation constant C. As can be seen in Fig. 2,
the decay curve is not a simple exponential function
with the decay rate defined by Eq. (7). These
facts indicate that the decay of the 'S, ~2 state at high
temperatures is essentially the diffusion-limited
relaxation.

The diffusion coefficient D for the sample con-
taining 0. 1-mole /o Er ' ions could not be determined
from the decay curve of the S3/2 emission at 295 'K.
The decay curve of this sample could be explained
as well by the theory of Inokuti and Hirayama as
by the theory of Yokota and Tanimoto. This fact
suggests that the diffusion process does not contri-
bute effectively to the relaxation of the 'S3~2 state.
The cross-relaxation rate for this sample can be
calculated to be 43 sec ' by Eq. (4) using the value
of C=4. 5x10 4' cme/sec. The energy-transfer
rate can be also expressed as the difference between
the total decay rate 1/-„and the intrinsic decay
rate I/ro, (1/7 —I/~o), where 7. is the mean decay
time defined as v =f tP(t)df/f P(t)dt. 7 The r of the

S3/2 state of the sample of 0. 1-mole %%uo E r ' ions is
0. 897 msec, so that the value of 1/v —1/ro is about
30 sec 1,which is favorably compared with the cross
relaxation rate of 43 sec ' calculated by Eq. (4).

In Table I, the total decay rate (I/r„), the diffu-
sion rate between donor ions [I/7'„( = N f (C~&/R )
x4mR dB, where C~~=7. 0x10 40 cm6/sec)], and the

energy transfer rate (1/r„—I/ro) are shown for
each sample. The I/r, is smaller than the I/r„
for the sample of 0.1-mole% Era' ions: the excited
energy relaxes to lower states more probably than
the donor-donor energy transfer takes place. For
the samples of higher concentration of Er3' ions,
the 1/7„ is larger than the 1/7 . This means that
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TABLE I. The total decay rate (1/7'~) of the 83/& state, the ensemble-averaged
transfer rate of the diffusion (1/7'&), and the energy-transfer rate (1/7'~ -1/7'0) at
295'K.

5109

Ers' concentration (mol. e%)

1/T~ {sec )
1/T g (sec )

1/ 7m 1/7'0 (sec

0. 1

1.12 x 103

7. 50x10'
30

0.3

1.17x 103

2. 25 x10'
90

1.0

1, 73x103
7. 50 x10'

650

2. 0

3.15x10'
1.50x10'

2070

the donor-donor energy transfer takes place more
often than the excited energy relaxes to lower states
and that the donor-donor energy transfer contrib-
utes to the relaxation of the excited energy be-
cause of the local density fluctuation of Er" ions;
if all Er3' ions were separated from each other by
an equal distance, the diffusion process would not
contribute to the relaxation of the excited energy
because it would not change the state of the total
system.

The energy-transfer rate (1/r —1/7s) increases
with the concentration more rapidly than in pro-
portion to it. This indicates the actual contribu-
tion of the diffusion process to the energy transfer,
since if there were no diffusion effect the cross
relaxation rate would increase in proportion to the
Ers' concentration according to Eg. (4).'"

In Fig. 5 are shown the luminescence intensities
of the I11/2 I15/2 and the E9/2 I15/2 transltlons
at 77 'K for the excitation into the multiplets indi-
cated in the figure. The solid lines are the curves
calculated by the following rate-equation model.
The experimental result shown in this figure sug-
gests that the cross relaxations E7/2 I]1/2,

4 4
/ I11/2 a d E5/2 I13/2 I15/2 E9/2 and

E5/2 E9/2, I15/2 I13/2 take place in the La F3:
Er' system. As mentioned later, the energy-
transfer constants (C's) of these cross relaxations
are larger than the C«'s of the diffusions of the

p7/2 and the 'F»2 excited-state energies. Then
the direct cross relaxations are dominant for the
energy transfers from the multiplets E7/2 and
4
E5/2 ~

Generally, the relaxation of the excited state in
rare-earth ions in a solid can be explained well by
the rate-equation model. ' Assuming the cross re-
laxation E7/2- I11/2, I,5/2

- I1,/2 and neglecting
the higher-order interactions such as phonon-as-
sisted energy transfer, '9 one gets the following
rate equations for the excitation into the 'I 7/2 state
at low temperatures:

s = ~ovsN& UssN1Ns RsvNs i

dN7
R87NS R76N7

dNH, = R76N7 —RSN6,

dN5 = R85N~ —R5N5,

(8)

dN4 = R54N5 —R43N4,

dN3 = R4sN4 + 2 Ussr

6 x 10 N1 2U83N1
U83)-'-1+ 5 x 10 U83N1 + 5 x 10

The U» was obtained by the best fit to the concen-
tration dependence of the I»/2 luminescence, and
determined to be 2x10 '7 cms/sec. The same
procedure can be applied to the E,/2 luminescence
for the excitation into the 4E, /2 state. In this case,
we assume another energy transfer constant U95
which corresponds to the cross relaxations
4 4 4 4 4 4
F5/2 —I13/2 I15/2 E9/2 and F5/2 E9/2

I15/2 —I13/2 Using the values R98-2 x10' sec ', "
and U83-2 x10 "cm' sec in addition to the values
used in the analysis of Eq. (8), we have obtained
the U»- 8x10 "cms/sec. These phenomenologi-
cal values of the cross relaxations are in good
agreement with that of 2x 10-'7 cm'/sec obtained
by Mita ' for YF,:Er, Yb powder s. As can be

where Nq, Ps, and os are the population of the state
i in Fig. 1, the excitation photon flux, and the ab-
sorption cross section corresponding to the

I15 /2 F7/ 2 transition, respective ly; R~, @&, and

U83 denote the total relaxation rate of the state i,
the multiphonon relaxation rate from the multiplet
i to the lower multiplet j, and the cross-relaxation
rate mentioned above, respectively. We also assume
that the excited energies of the multiplets 7 and 4
mainly decay through the multiphonon relaxation.
Actually the luminescences from these two mul-
tiplets were not observed at 77 'K, indicating that
the relaxations are mainly due to the multiphonon
relaxation. The values of the R», Re, R6„R5,
and R,4 have been estimated to be - 5 x10' sec-', '
1, Ox 10 sec ', 0.022 x 10 sec ', 1.3 x10 sec ',
and 0. '79x10' sec ', respectively. ' Using these
values, the N3 is written in the steady state as fol.-
lows
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seen in Fig. 5, the theoretical curves obtained
by the rate equations explain well the experi-
mental results, though the experimental results
observed for the sample of 2. 0-mole % Er'*
concentration deviate a little from the theoretical
curves. This is presumably due to the neglection
of higher order interactions like the phonon-as-
sisted energy transfer and the dependence of the
energy-transfer rate on the higher order of the
concentration of the ions. '"

U~~N, and UQ,N, are equal to W in Eq. (4), since
these energy transfers are in the first approxima-
tion the direct cross relaxations with negligibly
small diffusion as mentioned later. We can there-
fore compare these values determined by the rate
equations with the values calculated by the equa-
tions (3) and (4).

As can be seen in Fig. 6, the overlap between
the absorption spectrum of the transition I»/2
-'I»/2 and the expected emission spectrum of the
transition F,/2- 'I»/2 is fairly good. Assuming
that the six emission lines overlap well with the
absorption lines, we can calculate the cross-re-
laxation constant C by Eq. (3) to be 5x10 ~0 cm6/
sec. The overlap for the cross relaxation 'E, /,

Ii3/p, Iis/2 F9/2 is poor: one absorption line
and one expected line partially overlap each other.
The overlap of the cross relaxation Es/2- E9/2,
Iis/2 Ii3/2 is also poor, ' and may be in the

same order of that of the cross relaxation 'F, /2

Ii3/2 Iis/2 F9/2. Assuming that the magnitude

of the overlap for each case is one-tenth of the

perfect overlap of one line, we can calculate the
cross-relaxation constant C, which is the sum of
the two cross-relaxation constants, by Eq. (3) to
be 1 x10 ' cme/sec. Using these two values, U~
and U„can be calculated by Eq. (4) to be 3 x10-'7

and 6 x 10-"cm'/sec, respectively. These values
are in good agreement with the values obtained by
the rate equation model: U83-2x10 "cm'/sec
and U9,

- 8 x 10-'8 cm'/sec. The critica, l energy-
transfer distances Ro= (C70)' of the two cross re-
laxations are both 3 A, which is less than the
nearest-neighbor separation.

Next we estimate the energy transfer constants
of the diff usions F~/2 I,s/2 and Fs/2 Iis/2. As
can be seen in Fig. V, only two lines are expected
to overlap for each case. The calculated energy-
transfer constant C« is 8 x10 4' cm'/sec for the
former diffusion and 2 x10 4' cm /sec for the lat-
ter diffusion. These values are several times as
small as those of the cross-relaxation constants
associated with those diff usions. Therefore, the

energy transfers from the F, /2 and Fs&2 states
are classified into the direct cross relaxations.

In Eq. (3), it is assumed that the oscillator
strengths of the optical transitions between Stark
levels of different multiplets are equal to one an-

other, although the intensity of the absorption lines
in the actual system vary within a factor of 5. The
energy-transfer constants calculated by Eqs. (3)
and (4), however, are in good agreement with the
values estimated by the rate equation model. This
is presumabLy due to the fact that the unequal os-
cillator strengths may be averaged out because
the absorption and the expected emission lines
overlap very well for the cross relaxation Fv/2

4 4 4- Iii/2, Iis/2- Iii/2
The energy-transfer constants governing the en-

ergy transfer in LaF3: Er ' have been obtained ex-
perimentally. These values are in 10 4~-10 cms/

sec, which are smaller by two or three orders of mag-
nitude than the energy-transfer constant (2-6)
x 10 cm /sec found in LaC1~:Pr" and LaCI~: Nd"
by Krasutsky and Moos, ' who have concluded that
the energy transfer is due to the d-d interaction.
This difference may be attributed to the different
oscillator strengths of the optical transitions of
the rare-earth ions and the different overlaps be-
tween the absorption and emission spectra in the
two systems.

V. SUMMARY AND CONCLUSION

The decay curve of the $,/2 emission at room
temperature can be explained well by the theory of
Yokota and Tanimoto, in which the ion-ion interac-
tion is assumed to be the d —d interaction. The

Ss/2 excited state relaxes through cross relaxation
from the thermally populated 'H„» state in addi-
tion to the intrinsic relaxation. The energy trans-
fer is essentially the diffusion-limited relaxation
because the energy transfer constant C«of the dif-
fusions Ss/2 Iis/2 and Hii/2 Ils/2 larg4 4 p

by more than one order of magnitude than the en-
ergy transfer constant C of the cross relaxations
2 4 4 4 2 4

ii/2 9/2 ~ i5/2 is/2 ii/2 iS/»
I»/2- I,/2. The diffusion, however, is not effec-

tive for the relaxation in the sample containing 0. 1-
mole% Er' ions in which the total decay rate of
the Ss/2 state is larger than the ensemble-averaged
diffusion rate.

The luminescences of a sample of high concentra-
tion of Er ions corresponding to the I,i/p Iis/p
and the F9/2 I»/2 transitions at lower tempera-
tures are enhanced for the excitation into the I'~/2
and F,/2 states, respectively, due to the cross
relaxations F~/2 Ifi/2, Iis/2 Iii/2 and
4 4 4 4 4 4
Fs/2 Iis/2, Iis /2 E9/2 ~d Fs/2 F9/2
Ils/2 I13/2 ~ The ensemble-averaged energy-

transfer rates calculated by the theory of Dexter for
the d —d interaction is in good agreement with the
phenomenological energy-transfer rates obtained
by the rate-equation model. These energy transfers
are the direct cross relaxations because the cross-
relaxation constants are several times as large as
the energy-transfer constants of the diffusions.
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APPEXOlX

The polarization spectra of an Er ' ion in LaF3
have been explained well by D» site symmetxy. +

A J multiplet is split into Stark levels of the rep-
resentations I'&, l'8, and FQ, which are all Kra-
mers doublets. The electxic dipole components
pal allel to and perpendicular to the c axis belong
to the represenatations I'4 and I'„respectively.
The representation I'„&& Fz (0 = 4 and 5, f= 7, 8, and
9.) does not contain two or more times the same
representation l &. Therefore the matrix element
of the electric dipole P, (I'; IP II"z) for i = 7, 8, and

9, is proportional to (y, + Iy, Iy~ +) according to the
Wigner-Eckart theorm, "where y; + (yz +) and y„
are the bases of the 1", (I"&) and I", representations,
respectively. The nonzero matrix elements are
(y7+ Iy41ys+), (ye~ iy4iyg+), (y7+ Iyglyv+),
(yp+ Iy Iye+), ('y +Iy5 iys+), and (y +Iys iy9+),
where (y; +iy„iy&+) means (y;+Iy, iy&+) and

(y; —Iy» Iy~-), and the square of the absolute value

of the foxmer is equal to that of the latter. 4 This
means that the transition fx"om one state of a Kra-
mex s doublet I'; to that of a Kramers doublet I'&

is allowed and that-the transition probabilities are
equal to each other. Then the tx'ansition probability
due to the electric dipole P between two Stark levels
from the initial and the final 4 multiplets can be
written 2(n &~&,y, +or —) I P In&J&I'z(ye+or —)),
whichwillbe rewritten simply as (o.«;1'; IP Io'.pp'q)
hereafter.

Assuming the transition probabilities of the elec-
tric dipole P between Kramers doublets of different
multiplets to be equal to one another, we may give
the following equation,

(&«~l"; I P I &g~gf'y)'= ——
n(J; n Zq

„g (&,.z,r,. I PIng, r,)',
I"~ s I'f

where n(J) denotes the number of Kramers dou-
blets of a 4 multiplet and is equal to (24+1)/2. The
above equation can, then, be written using the cor-
responding oscillator strengths between cf multi-
plets as follows

1 f(~«~. ~P,).n Zy

Using this result, Eq. (1) can be written as Eq. (2).
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