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We present the details of an earlier Letter in which we showed that many-body effects qualitatively
change the behavior of conduction-electron spin resonance (CESR) in metals having a spread in g
values over the Fermi surface. When scattering is too slow to motionally narrow CESR we show that
electron correlations and g anisotropy combine and lead to an exchange-narrowed collective mode. This
mode is Lorentzian and its width would vanish in the absence of scattering. The position of the
collective mode is shifted from the position of the motionally narrowed CESR which one would observe
at high temperatures. This shift offers the possibility of determining the electron-electron exchange
interaction in metals for which spin waves have not yet been observed. We discuss the behavior of
CESR in general and derive equations for the linewidth and resonance position in one interesting limit.

1. INTRODUCTION

In an earlier letter! we presented a theory of
many-body effects on conduction-electron spin
resonance (CESR) in anisotropic metals. This
paper will give the details of that work. The
theory of CESR in isotropic metals has been known
for a long time.? It is also known that, with the
exception of the alkali metals, most metals are
highly anisotropic and have complex Fermi sur-
faces. Furthermore, in these metals the electron
g value, g(k),® is expected to be momentum de-
pendent as a result of the spin-orbit interaction.?
If one neglects the spin-orbit interaction then the
CESR frequency is not affected by Coulomb inter-
actions. This fact is well known* and the reason
for this is that the CESR frequency is the rate of
precession of the total magnetization M of the in-
teracting electron gas, which is a constant of the
motion (commutes with the Hamiltonian including
Coulomb interactions) in the absence of spin-orbit
coupling. We show that when one allows for the
momentum dependence of the electron gyromag-
netic ratio (which is a result of the spin-orbit in-
teraction) and also takes account of the electron-
electron exchange interaction, the situation is
changed. In this case we show that these two ef-
fects combine and lead to a collective mode which
we have called “collective CESR.” The position of
this collective mode is not that of “motionally
narrowed CESR” which one would observe at high
temperatures where many-body effects are unim-
portant. Furthermore, at low temperatures where
one expects to be able to observe collective CESR,
the breakdown of motional narrowing is compen-
sated for by exchange narrowing and we find a

narrow Lorentzian line whose width would vanish
in the absence of scattering. On the other hand,
at high temperatures, we obtain as expected a
motionally narrowed® Lorentzian line whose posi-
tion is at the average of the g distribution
(&)ugH,). In order to observe the shift from
(&) ugH, one must have B(g) ppH;7/(1 +B)>1 (B
is a dimensionless interaction parameter which is
similar to B, in the usual Landau Fermi-liquid
theory; 7 is a non-spin-flip scattering time). The
collective CESR then provides information about
the exchange parameter B in metals for which
spin waves® are difficult to observe. Lubzens,
Shanabarger, and Schultz” used the theory de-
scribed above, and which will be fully developed
in this paper, to analyze their experiments on the
transmission CESR of Al, Cu, and Ag. In Al both
the CESR linewidth and position were observed to
be frequency and temperature dependent. The
comparison of their data with the equations given
by the authors® for the CESR linewidth and posi-
tion enabled Lubzens et al. to make preliminary
estimates of the parameter B as well as the rms
spread in g values over the Fermi surface.

The following is the plan of this paper. In Sec.
II we define our theoretical model and introduce
the Landau-Silin® transport equation for the spin
distribution function. In Sec. III we solve the
transport equation and calculate the transverse
wave-number- and frequency-dependent rf sus-
ceptibility. Section IV uses the results obtained
in Sec. III to calculate the CESR linewidth and
resonance position in one interesting regime. The
behavior of CESR, which mathematically cor-
responds to a pole in the uniform (g =0) trans-
verse rf susceptibility X +(w), is fully discussed
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in this section. In addition we also discuss the
continuum of single-particle excitations [these
correspond to branch cuts in the susceptibility

X +(w)] which arise from combined quasiparticle
spin-flip transitions and cyclotron-resonance
absorptions. In the Appendix we demonstrate,

for closed quasiparticle orbits, that the collective
CESR always exists for B#0 (under conditions
stated in the Appendix) and also that the collective
CESR always lies outside of the continuum of
single-particle excitations. The possible rele-
vance of this last fact to the failure to ob-
serve CESR in some metals is discussed in the
latter part of Sec. IV. We also briefly discuss the
spin-diffusion constant in several interesting lim-
its.

II. THEORETICAL MODEL

We consider a model metal in which the conduc-
tion electrons have a momentum-dependent g
value g (k) as a result of the spin-orbit interac-
tion.* In general one should consider a g tensor,®
but for simplicity we consider a scalar g distribu-
tion of the form

g(k)=(g) +ag (k) (2.1)

where Ag (k) is the deviation of g (k) from its
Fermi-surface average. In order to take into
account electron correlations we follow Landau®
and view the conduction electrons as forming a
gas of quasiparticles described by the following
single-particle Hamiltonian (which is to be under-
stood as a matrix in spin space):

8Qp—5k % ( )HU —"é)/(E)H'_(;—%Og(F 6,t),

(2.2)

where 83 is the conduction-band Bloch energy
which for most metals is highly anisotropic. The
Zeeman terms describe the coupling of the quasi-
particle spin to the external magnetic fields, where
H, is a dc field oriented along the Z axis and

E(IT, t) is an inhomogeneous rf field. The quantity
y(kK)=g(k)p (15 is the Bohr magneton) is the
gyromagnetic ratio. The term 88(T,3,t) is the
interaction energy of a quasiparticle with the
other excited particles of the system. In order
to avoid serious complications when 8% is aniso-
tropic, we take 08 to have the form

3

68=atrz on(k,r,0,t)+b0 tr’

> > >,

X Z o' on(k,r,0’,t), (2.3)

where a and b are constants.’® In (2.3) on(k,T,7,¢)
=n(K,T,0,t)-n%(8%) is the deviation of the quasi-

particle density matrix from its equilibrium value
(a Fermi function) and describes the degree of ex-
citation of the system. The first term in (2.3)
describes the spin-independent part of the quasi-
particle interaction and will not enter into our sub-
sequent calculation of the spin susceptibility.!!
The second term in (2.3) is of the form b5+ 3(T,¢),
where§ (t,¢)=tr),,0 on(k, T, 0, t) is the local spin
density of the quasiparticle gas. It then follows
that the parameter &, which has the dimensions

of energy, may be interpreted as an effective ex-
change energy coupling a quasiparticle spin to the
local spin density produced by the other quasi-
particles in the system.

Our object is to calculate the transverse mag-
netization produced by applying an rf magnetic
field perpendicular to the applied dc field H,. The
transverse magnetization is then given by

M+(?,t)=%trf r(®)o,on(k,T,5,t)

@n)y®
(2.4)

where 0, =0, +i0, (0, for @=x,%,z are the Pauli
spin matrices). In order to proceed further we
need to determine 6n(k,T,0,t). The time develop-
ment of the quasiparticle density matrix is given
by [see Eq. (14) of Silin’s paper, Ref. 8]

% +{n1 &)P} +i[gQP1n] 2('32"—) ol ’ (2-5)

where {n, é’QP} is the symmetrized Poisson bracket
and is given by

on 36qp 359? on
{n, Sop}—z< r ok | ok or
(a_n.aé’Qp 9_@.?1), (2.6)

> = + = >
ok or ar 3k

W=

and [84, 7] is the quantum-mechanical commutator.
The effects of quasiparticle collisions with other
quasiparticles, impurities, and phonons are con-
tained in the collision term (8n/8¢)., . The deriv-
ation of the linearized kinetic equation follows
readily from the above equations, but is lengthy
and has been given elsewhere.!? For this reason
we will move quickly to the result and refer the
reader interested in the details to the above refer-
ences.

In order to take into account collisions, we
choose the following phenomenological linearized
collision integral:

on 57L -> ->
(a_t)coll=— T( N t)+ (2 )3 é(gk 81(’)

(2 6i(R 7,0+ edi(R, 5, 0 ),
° ’ 2.7)



where 1/7=1/7,+1/7; T, is a non-spin-flip scat-
tering time, 7, is the spin-flip scattering time,
and v is the density of states per unit volume for
8=8,. It is easy to demonstrate that the collision
integral in (2.7) has the properties that (i) the
total number of quasiparticles in the system is
conserved by the collisions, and (ii) the magnet-
ization relaxes with the relaxation time 7;,, In
(2.7) we have introduced the deviation from local
equilibrium

6;1(-1;’;9-5)t)=n(l-{)-;y—6’t)—n(0) <gQP)- (2-8)
It is this object which appears in (2.7) because it
is the full (including interactions) local quasipar-
ticle energy which is conserved in a quasiparticle
collision. If we compare (2.8) with the definition
of on(k,r,0,t) (see 2.3) then we can write
on =07 = 8(8, - 8,)[08 - 3y(R)H,0, - $y(®h 3],

(2.9)

where we have used a low-temperature property
of the Fermi function and written 8f,/88, =~ 6(8,
—-&).

If we write
69, =3 troon=y(k,T,1)6(8, - &7) (2.10)

then the “spin density” ¥(k,T,¢) satisfies the
Landau-Silin equation

ap . *on, 2 [ d°'
gt == [ G 06 - 60)
1 B a3\ .. Kk
x(‘r *1+B at>¢(k R
2.11)
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where the derivative

d 9 9 e ,»~ - 9
—_———— e = >X .
dt at +V% a-— + c (V k HO) _-ra (2.12)

is along the quasiparticle trajectory in k space.
We have defined the dimensionless interaction pa-
rameter B =vb (B is similar to B, in the usual
Landau theory of isotropic systems). In the alkali
metals Na and K the Landau parameters B, can be
obtained from spin-wave experiments® and have
the values B,=-0.21 (Na) and B,=-0.28 (K) (the
negative values of these parameters indicate that
the quasiparticle exchange interaction in these
metals is “ferromagnetic” in character leading to
an enhancement of the static Pauli susceptibility).
In (2.11) we have introduced a renormalized gyro-
magnetic ratio

r(0)-us(1 5 +az () @.13)

The renormalization of the gyromagnetic ratio in
(2.13) tells us that the energy required to reverse
the spin of a single quasiparticle is altered by the
presence of other quasiparticles. In general the
term involving Ag(k) in (2.13) will also be re-
normalized by the exchange interaction, but be-
cause we have taken the exchange energy b in (2.3)
to be a constant this renormalization is absent in
our model.

III. SOLUTION OF THE LANDAU-SILIN EQUATION

If we integrate over ¢{ we can convert Eq. (2.11) into the following integral equation:

oh, (¥,t")

zp(E,?,t)=_f at’ exp[ (wg-—>(t_t)_zf dt"AwL(k(t"))]y*(k(t) E

+3 ‘(12’;)3 (8 = & )f dt’exp[ <w* __)(t-t )—zf at" aw, ( k(t”))]( lBB at)w e,
(3.1)
where we have found it convenient to introduce the following quantities:
k= 1(% o H, (3.2a)
and
Aw, (k) =Aag (K)u H, (3.2b)

In the following it will be useful to have the space-time Fourier transforms
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v(E % ) f(zﬂ)a SRS “9)y(q, &, @) (3.3)

and the inverse
zp(&,i,w):jd%] dtemi (A T-ut) (3 % 1),

and similar transforms for the rf field 'ﬁ(;, t). If we then take the Fourier transform of (3.1) and perform
some simple manipulations we find

¥(q, &k, w) =-———fd31'e“q"f éq)sf ltexp[i&’-?(—t')#(w- w¥+i /1))
X exp (—-i fo ! dt" Aw, (k (- t”)))y*(i(- t'Nhi(q', w)]

2 dk d b ’ Dot 2ned ’ . . ’
s 06y = 8p) [ e F [T [ a [exoli’ - F- )+ 40 - wF i /1]

X exp (—7;'/;" at” AwL(E(-t")))(}l—o-iw - BB )zp(a' K, w)]. (3.4)

In order to solve (3.4) it will be convenient to choose a coordinate system with the dc field H, along the
Z axis and the wave vector q in the x-z plane making an angle A with H,. If we integrate the equation of
motion k = (eHo/c)(er) back along the quasiparticle trajectory from k we find

x(=t)=x+(c/eH) ky~k,(~t)] and z(-t)=z-v,t,
so that we can write
A T(=t)=q T+(q.c/eH)ky=ky (=) =qyv,t , (3.5)

where we have introduced ¢, =¢ sinA and ¢, =q cosA, which are the components of the wave vector perpen-
dicular and parallel, respectively, to the dc field H,. Equation (3.5) is general and is valid for a Fermi
surface of arbitrary geometry. If we substitute (3.5) into (3.4) and do the integrations over r [which gives
6(4-q')] and q’ we find
% '
B(G, K, ) = etorcty /eﬁof dt’ {exp(LLCI];:Lt_l +i(@-qv, -} +i/‘r)t'>
0

(]

Xexp(—ij; at" Aw, (k(-t ”))[

(*- BV [ o6t - &N w)]} (3.6)

hi(q, @) yRk(= 1)

+
To
For any function F (k) defined on the Fermi surface it will be convenient to define its Fermi-surface aver-

age

<F> = (2 )3 G(gk - ((; )F(k) (3.6')
so that we can write (3.6) in the compact form
WG E @) =25 6, G K, ) (3 -1 og ) (D G(@F ), 3.7
V]

where we have defined the functions

iq,ck

- - « pe— 7 p— ! ‘, - . -
Gn(q,k,w)=exp(—;H—l> [ dt'[exp(—l—q-M 4@ =gy - Fei/r =i [ dt" Sw (R t”)))?’*"(k(— u))] ,
o 0 eH, (]

(3.8)
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for n=0,1. The solution of (3.7) is then trivial and we find

(6)Gy(q,k, @)

> > Twh, - 1 iwhB
Wk, @)= {Gl(q' "")*( To 1+B>1—[1/7 —iwB/(1+B)G, )] 3.9)

If we recall Egs. (2.4), (2.9), and (2.10) we find that the transverse magnetization can be written as follows:

M, (q, w) =3 v{y*p) +5vhly*y) ,

(3.10)

or by making use of (3.9) we have for the transverse wave vector and frequency-dependent susceptibility

(7*GyXG)

- w
X+(q, w)=T

v [(‘}'*Gl) +<'T10‘ sz)l

[1/7,-iwB/{1 +B)](G, )} + % (rer) .

(3.11)

The last term in (3.11) is the static Pauli susceptibility of the quasiparticles and in our model

X pauli =£ (y*y) = "Z‘Q‘<(<g>) +((Ag)2>)

so that if there was no g anisotropy [A g(kK)=0] we would have the result X p,; =X <ou /(1 +B) (here x 0

Pauli

is the susceptibility of the noninteracting electron system), which is the well-known result for the effects
of Coulomb interactions on the spin susceptibility of an interacting electron gas.!®

IV. CALCULATION OF CESR POSITION AND LINEWIDTH

The CESR position and linewidth may be obtained
by considering the uniform (g =0) transverse sus-
ceptibility x.(w).'* The susceptibility x.(«) has a
pole at the complex frequency w, such that

Wy = Wepsp—1t /T¥ (4.1)

where Wepgr = &ovs hpH, and 1/T# give the position
and linewidth, respectively, of the resonance.
From (3.11) we see that X .(w) has poles whenever

1—<——le§><c(w)) 0. 4.2)

To

We can solve (4.2) for the complex frequency w,
in one interesting regime, namely, for

|Ag lugH,
lw—{giupH,/1 +B)+L/T|

and 4.3)

I_Aér_lliﬁ_o_«l, m#0

[+

i(1+B) ( +BX(A )N gH, )7 *

Wy =(g) 1 pH, ~ T, () wpHBT*/(1+B) +i

r

where the Ag,,’s come from expanding Ag('ﬁ) ina
Fourier series in a phase variable ¢ for fixed
k

z)

©

Ag(k(=t)=agy(k,)+ 3 Agulk,)etmtomveta)t],
" 4.4)

where we have chosen as coordinates on the Fermi
surface k,, the momentum along the field H,, and
a phase variable ¢ which is measured from the

k, -k, plane and which locates a quasiparticle on
its orbit. We note that the Ag,,’s are functions of
k, and therefore a general Fermi surface can be
expected to vary with the direction of the dc field
H,. Also because of the anisotropy of the Fermi
surface quasiparticles on different orbits will
have different cyclotron frequencies so that w(&,)
is also a function of k2,.'®* The prime on the sum-
mation in (4.4) indicates that we are excluding the
m=0 term, If we expand the exponential in {G,(w))
to lowest nonvanishing order in the small quan-
tities appearing in (4.3) and solve (4.2) for the
complex frequency w,, we find

(agy)f

+2(1 +B)<<—'§-—-Q°—-——g> ‘1‘L+11{3 Brx + z)

2N\ &Y upH,BT*/(1+B)+i]? -

(mwc'r*)z > (IJ'BHO)zT* ’ (4‘5)
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where we have used the expansion (4.4) and have
defined
1 1 B
T =?;' —f . (4.8)
Taking the real and imaginary parts of (4.5) and
recalling (4.1) we find

Eops ={ &) (1 + B<(Agcl>)?§;sHo)zT *2

w2 N /1882 (up H P[1 +X2 = (mw 7%)]
+2B71 Z< [1 —)5+(mw67*)2]2+u2 >)

m=1

(4.7)

and

1 _(14B)  (LBNAgP (pH P
T% T, 1+X2

[1-X2 4+ (mw, 7*PP +4X2

+2(1 +B)7* i <|Agml2(p'BHo)2[1 +X2 + (mw‘T*)2]>,

m=1
(4.8)
where we have defined the quantity X =[B/(1 +B)]

(g&)upH,T*. Note that for w 7*<<1 we can sum the
series in (4.7) and (4.8) and find

Eovs =(&) (1 + B<(A‘§I)?)§‘§BH°)2T *2) (4.9)
and
Tlg - l:sB .t +B)<(ﬁg+)?(£“3ﬂ°) ., @10

provided that an integer m, exists such that

Ag, ~0 for m=m, and mw,7*<<1, In the opposite
limit w,7*>>1, which is more interesting in prac-
tice, the terms involving Ag, are negligible com-
pared to those involving Ag,. In the strong scat-
tering limit |X| <<1 we see from the above equa-
tions that many-body effects are not important.
The linewidth is characteristic of a motionally
narrowed Lorentzian line [the factors (1 +B) can
be absorbed into 7* and 7, which already contain
many-body effects]. The center of the resonance
which we have called motionally narrowed CESR
is at g, =( &), the average of the g distribution,
In the weak scattering limit | X| >>1 many-body
effects are dominant and the linewidth is charac-
teristic of an exchange-narrowed Lorentzian line
whose width would vanish as 7*-« if there were
no spin-lattice relaxation (‘rs-°°). The center of
this resonance which we have called collective

ﬁm(kz 3 ¢)

CESR is shifted from the position of motionally
narrowed CESR. This shift can provide informa-
tion about the many-body parameter B in metals
for which spin waves are difficult to observe.”

We also note from (4.10) that in the regime |X| >>1,
if we neglect the variation of 7, with temperature
then the linewidth should pass through a maximum
with increasing temperature, When |X| >>1 we
conclude that many-body effects qualitatively change
the spectrum arising from the free-electron pic-
ture. For noninteracting electrons, motional nar-
rowing ceases when IAgI upH,T>1, and we should
expect a spectrum reflecting the full g-value dis-
tribution [Fig. 1(a)]. In fact, for |X|>>1 the spec-
trum consists of the free-electron continuum
shifted in frequency by =[B/(1 + B)(g)u zH,, and
the collective CESR [see Fig. 1(b)]. The narrow
line must be understood as a collective mode; its
width vanishes in the no scattering (7 — ) limit,

In the Appendix we shall prove that the collective
CESR always exist for B#0,

The functions (G,(w)) and therefore the rf sus-
ceptibility have a series of branch cuts corre-
sponding to power absorption by simple quasi-
particle spin-flip transitions. To see this more
clearly consider (we put 1/7 -0 for the purpose of
studying elementary excitations) the function

(Goh =( [ atrexpli (0~ ) L2t

- Agou,,Ho)t']P(kz, 8t"),

(4.11)
where we have used (3.8) (for q =0) and (4.4) and
have defined the function

P(kZ’ ¢,t)

—, Ag. U H -
- ’ mBig imo imw,(ky )t _
xp( 3! SRR et o) )

(4.12)

We note that P(k,, ¢,t) is a periodic function of ¢
with period 27/w, and may be expanded in a
Fourier series

P(k,, ¢,t)=.2 Pk, ¢)einwelre)t

n==ow

(4.13)

If we substitute (4.13) into (4.11) and do the integral
over ¢ we find

(Gy(w)) =i< E w-{(g)uzH,/Q1 +B)'<Ag>kgﬂsHo-mwc(k,)> ) (4.14)

m==
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(o) FREE ELECTRONS \
|

———High Temperoture (X<<|)
—— Low Temperature (X>> 1)

|

hypothetical ¢
¢ distribution

/

|

,’ I‘ _Motionally narrowed CESR
|
I

FIG. 1. Schematic absorp-
tion spectra for (a) free
electrons and (b) interact-
ing electrons, drawn to a

(b) INTERACTING ELECTRONS

X" (arbitrary scale )

Motionally narrowed CESR\

|
!

W common scale. wy = (g)upH.
For free electrons X should
be understood as w7. For
interacting electrons X
=Bw7/(1 + B); motional nar-
rowing requires the strong-
er condition w7<<1,

where {(Ag) szAgo(k,) is the average of Ag around
an orbit at fixed 2,. We see from (4.14) that

(G (@) [and therefore X.(w)] has branch cuts
whenever

w=(g) Mg Ho/(l +B)+(Ag) sz-BHo +mw (R, ),
(4.15)

so that the shape of the single-particle absorption
spectrum reflects the detailed distributions of g
values and cyclotron frequencies. However, this
interesting structure, intrinsic to the material,
is blurred by collisions when Aw=w —~(g) uz H,B/
(1 +B)~1/7, Physically the excitations described
by (4.15) are combined single-quasiparticle spin
flips and cyclotron-resonance absorptions and
Eq. (4.15) is nothing more than a statement of
conservation of energy for these processes.

When |Ag|ppH o7/ |X|=(lag]/2l(1+B)/|B|] <1,
almost all of the oscillator strength (area under
the absorption line) is in the collective CESR (see
Freedman, Ref, 12); this is the circumstance
for which (4.7) and (4.8) are valid. If we imagine
reducing |B|, we should find that the collective
mode approaches the edge of the continuum, which
shifts to meet it; at the same time, the oscillator
strength of the collective CESR would decrease,
and the integrated strength of the continuum would
increase. Inthe limit |B|~0, the collective CESR
can no longer be excited; this limit cannot be
studied with (4.7) and (4.8) because these equa-
tions are only valid if |B|/(1 +B)> |Ag|/g. That
the collective CESR always lies outside the con-

tinuum may have an important experimental con-
sequence. Let

ming,(k,)=(g) -~ Ag. (4.16)
and
(4.17)

where g,(k,) is the average of g(k) around an or-
bit at fixed k,. Since the collective CESR always
lies outside the continuum it occurs at frequency
w such that

w/ugH>{g /(1 +B)+Ag, for B>0

maxg,(k,) =(g) +Ag,,

(4.18)
and

w/upHy<{g)/(1+B)-Ag_ for B<O. (4.19)

This is shifted from the position of the “motion-
ally narrowed CESR,” observed at high tempera-
ture, by

fw/upH,—(2)|>Ag, -~ B(g)/(1+B)~Ag, (4.20)

for |B|/(1+B)<Ag,/{g). Therefore when the scat-
tering is sufficiently weak, the collective CESR
may be shifted substantially from the position of
high-temperature CESR; this large shift may be
responsible for the failure to observe CESR in
some metals.

From (3.11) we see that X, (§, w) has a branch of
singularities in the w-¢ plane whenever the func-
tion

5@ w)=1-(2 - %) (6,06, 0
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vanishes. In the regime where Eqs. (4.3) are
valid, the above condition becomes (to order g¢?)

i(1+B)
T

S

w=(§> ppHy—

L +BX(Ag )" (1 gH o)
w=-(g ugHy/(1+B)+i/T

+iq®D , (4.21)

where D is the complex spin-diffusion constant.
We have calculated (for details see Freedman,
Ref. 12) D for a metal having a spherical Fermi
surface and for simplicity have also taken g(&) to
have azimuthal symmetry about the dc field H,
[this is equivalent to neglecting the terms Ag,, for
m#0 in (4.4)]. For free electrons with an iso-
tropic g value [i.e., B=0 and Ag(k)=0] we obtain
the well-known result

. ZA
D=%v%7° (Tﬁcﬁ—;y + coszA> (4.22)

of a real anisotropic spin-diffusion constant. The
asymmetry with respect to the dc field is telling
us that in a charged Fermi system it is more dif-
ficult for the magnetization to diffuse across the
field (A =7/2) than along the field (A=0). Ina
neutral Fermi liquid like 3He the spin-diffusion
constant is isotropic and one obtains the correct
result by putting w, =0 in (4.22). For a metal
with an isotropic g value [i.e., Ag(k)=0], but with
exchange interactions, we find

sin®A (X +7) +cos"'A>
X +iP —(w,7%2 * X+i /’

(4.23)

where as defined earlier X=[B/(1 +B)] (@ ugH  T*.
This agrees with Eq. (4) of Platzmann-Wolff (Ref.
6) if in their equation we set B, =0. Note that in
the limit where many-body -effects are important,
namely, [X|>1, then the term in large paren-
theses in (4.23) becomes nearly real. In this limit
ImD > ReD and from (4.21) we see that this gives
rise to a traveling wave instability in X, (¢, w).
This is the paramagnetic spin wave. There is yet
another limit to consider, free electrons with g
anisotropy [i.e., B=0 and Ag(k)#0]. In this limit
we recover essentially the results of Kaplan and
Glasser,'® who considered the effects on spin dif-
fusion of a momentum-dependent g value and spin-
lattice relaxation time. We find “spin-wave-like”
terms in D (terms which make D complex), but
these terms are of order Ag upH,7<1 and are in
no way responsible for the spin-wave resonances
observed in Na and K.©

=3i (1 +By%* (

V. CONCLUSIONS

We have shown that Coulomb interactions can
lead to observable effects on CESR in anisotropic
metals for which the electron g factor is momen-
tum dependent as a result of the spin-orbit inter-
action. Our results can most easily be seen by
considering Fig. 1. For free electrons [Fig. 1(a)]
at low temperatures, such that scattering is too
slow to motionally narrow the g distribution, one
finds a spectrum reflecting the full spread in g
values. On the other hand, at high temperatures
(i.e., for wT<<1) one finds a motionally narrowed
Lorentzian line centered at the average of the g
distribution ((g) ugH,). This picture is qualita-
tively changed for interacting electrons [Fig. 1(b)].
At low temperatures when motional narrowing
ceases and when |X|=|B|w7r/(1 +B)>1, one finds
instead of the full g distribution a narrow Lorentz-
ian line which is narrowed by the electron-electron
exchange interaction and whose width would vanish
in the absence of scattering (7— ). The position
of this narrow mode, which we call collective
CESR, is shifted from the motionally narrowed
CESR observed at high temperatures. As ex-
plained in Sec. IV of this paper, this shift can
provide information about the electron-electron
exchange interaction (the parameter B) in metals
for which spin waves® have not yet been observed.
We also see from Fig. 1(b) that the free-electron
continuum is shifted in frequency by —[B/(1 +B)]
x(g) ugH, from the average of the g distribution.
In this paper we have discussed the behavior of
CESR in general and in one interesting limit [see
(4.3)] have given equations for the CESR linewidth
and position.
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APPENDIX

In this appendix we prove, for the case where
all the quasiparticle orbits in 2 space are closed,
that the collective CESR always exist for B#0
and moreover that it always lies outside of the
continuum of single-quasiparticle spin-flip ex-
citations. It is well known!” that for all real met-
als with the exception of the alkalis that there
exists open orbits in & space for certain orienta-
tions of the dc field H,. The cyclotron mass
m,(k,) may become infinite for quasiparticles on
these open orbits.!® As we shall see our proof
will require that m ], the maximum cyclotron
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mass for quasiparticles on the Fermi surface,
be finite. This clearly restricts the validity of
the proof given here to the alkali metals and to
other metals only when the dc field H, is along a
direction for which all orbits in k space are
closed.

From (3.11) we see that the transverse suscepti-

J

1+B
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bility X, (w) has poles whenever there exist fre-
quencies w such that

1=-f—‘f§- Gy, (A1)

where we have let T— in order to study collec-
tive behavior and

(Golw) = < j: dt exp [i (w —SQH—BEJ) t—i j;‘ dt'ag(k(-t")) HaHo]> ) (A2)

where w—w +i0". If we proceed as in Eqgs. (4.11)-(4.13) we arrive at

Gwh=i { 3 s 0)

m==co

which is Eq. (4.14) of this paper and which we re-
peat here for convenience. As discussed earlier
the function (G,(w)) is an analytic function of real
w except for an infinite series of branch cuts for

H
o=\t pg e uptl g imuk)),  (Ad)

where m is any integer. For m #0 these cuts cor-
respond to the simultaneous excitation of a quasi-
particle spin flip and cyclotron resonance absorp-
tion for a quasiparticle on an orbit characterized
by k.. In general Eq. (A1) will have many solu-
tions, each of which corresponds to a possible
collective mode of the system. A discussion of all
of these collective modes would require an ap-

1+B _ I—Jﬁ(kgy ()b)

w=(QupH,/(1+B)=Agy(k,)usH,~mw,(k,)

> , (A3)

r

pendix of prohibitive length. Therefore we will
restrict our discussion to the collective CESR
which is the mode which lies nearest in frequency
to the branch points of the cut corresponding to
m =0. Our proof will require that this branch cut
be separated in frequency from the branch cuts
corresponding to m =+1. It is easy to see from
(A4) that these cuts will be well separated in fre-
quency provided thatm,/m} >Ag/g, where m, is
the rest mass of a free electron andm is the
maximum cyclotron mass for quasiparticles on
the Fermi surface. For metals for which? Ag/g
~1072 the above condition will be well satisfied
form; <10m,. .

If we substitute (A3) into (A1) we are led to
study the equation

“Fo - <m=—°° (QupgH,/(1+B)+Ag,(k,)upgH , +mw, (k,) - w

> . (A5)

For purposes of discussion it is convenient to define the functions F,(w) and F,(w) where

F(w)y=-01 +B)/Bw
and
ﬁnl(kz 3 4))

(A6a)

Falw)= <».§':i, (@upH o/(1 +B) +8go(k,)upH o +m w,(k,) - w

are the left- and right-hand sides, respectively,
of (A5). We will show below that for B>0 (cor-
responding to antiferromagnetic exchange) the
collective CESR is at a frequency w} such that
wg(0)<wy <w; (1), where we have introduced wg(n)
and w; () to denote the right- and left-hand branch

> (A6b)

T

points, respectively, of the branch cut corre-
sponding to the integer n. For the case of ferro-
magnetic exchange -1<B <0 (we note that for B
negative it is necessary that B> -1 for Fermi-
liquid theory to be valid) the collective CESR is
at a frequency wg such that wx(-1)<wy <w, (0).
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In the following discussion we will only consider
the collective modes in the frequency range wg(0)
<w<w;(1); the case wg(~1)<w<w,(0) can be simi-
larly discussed. A few observations are in order.
For wg(0)<w<wg (1) we see from (A6a) that the
function F,(w) is a continuous monotonically in-
creasing function of w which assumes finite nega-
tive (for B >0) values at both end points of this
interval. From (A6b) it is not difficult to see that
F,(w) is also a continuous monotonically increas-
ing function of w for wg(0)<w <w,(1). This obser-
vation follows from the fact that for all integers »n

2m
A= [ 2Pk )20, (a1)

so that each term in Fy(w) [i.e., Eq. (A6b)] is it-

self a continuous monotonically increasing function

of w for wg(0)<w<wg(1). A proof of (AT) can be
given as follows. From (4.12) we can write
Pll,, ¢,t)=e* @90 @ = Q(p — w,1)/Q(¢),
(A8)
where

o

q(¢) = Z AgnipH, gim

m==00 c

and Q(¢)=e?®).

Using (4.12) and (4.13) together with (A8) we can
write

[

(A8a)

We note that AgX=Ag_,, since Ag(¢) is real.
Therefore q*(¢)=—q(¢), so that @*(¢)=e*®
=¢ " ® =1/Q(¢). From (A8a) we have that

An(kz)='f"d¢ Qo) &’

which is the desired result. We will demonstrate
below that lim,, ., o)+ o+Fa(@) == [i.e., F,(w)
approaches an infinite negative value as w ap-
proaches the edge of the m =0 cut from the high-
frequency side] and also that lim,, ., (1y-o+ F2(w)
=+, Itis then clear that the two functions F,(w)
and F,(w) must cross at some value w; such that
wg(0)<ws <w,(1). For B<O, there is a collective
mode at w;, wx(0)<w; <w,(1), which is associated
with the singular behavior of F,(w) at w,(1) and
may be interpreted as a collective excitation
derived from a combined quasiparticle spin flip
and cyclotron-resonance absorption; collective
CESR lies at wy; <w;(0). A graphical solution of

*s0, (A8D)

(A5) which illustrates the above ideas is shown
in Fig. 2.

In order to complete our work we must prove
that (a) limg, . , o)+ o+ Fa(w)=—= and
(b) limy gy, 1y-0+ Fa(w) = +w. In order to prove (a)
we must consider the function Ag,(k,) appearing in
the definition of F,(w) [see (A6b)]. As k, ranges
over the Fermi surface say for =k, <k, <k,,
Agy(k,) has a spread in values, say —Ag_ <Ag,(k;)
<Ag,. Two alternatives must be considered:
(1a) Agy(k,) has its maximum value at some point
k, such that -k, <k, <k, or (2a) Ag,(k,) has its
maximum value at an end point, say at k. First
we consider case (1a). Then we can write

Ago(kz):Ag+ ~bylk, - kP for k,=k,, (A9)

for b,>0 a constant. If we substitute (A9) into
(A6b) and keep only the m =0 term [the terms m
#0 are nonsingular as w - wg(0) +0*] we find

Fo(w)=1 1 m, (k) Ag(ky) [Fo@*® dk,
272 rpa-c) AW —bougH (R, — ko)
+(terms with m #0), (A10)

where in arriving at (A10) we have written the %
space volume element d®k =m  (k,)d8 d¢ dk, in
terms of standard coordinates!® and have used
(A7). We have also defined the quantity

H
Awei‘g%%‘iBJ +Ag, upH, ~w. (A11)

ARBITRARY SCALE

Fqlw) (B>0)
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FIG. 2. Schematic (not drawn to scale) graphical solu-
tion of Eq. (A5) for wg(0) <w <w(1). The frequency
wg(0) [wy (1)] is the right- (left-) hand branch point of
the branch cut corresponding to m =0 (m=+1) in (A4).
The functions Fy(w) and Fy(w) are defined in (A6). For
B >0 the collective CESR is at wj. The collective mode
at wi>wj is derived from a combined quasiparticle spin-
flip and cyclotron-resonance absorption. The broken
lines are at wg(0) and wy(1). wf=(gHugH,/(1+B). For
Wg(=1) <w <wy(0) the collective CESR exists for B <0
and the graphical solution of (A5) (although not shown in
Fig. 2) is similar to that shown.



11 THEORY OF MANY-BODY EFFECTS ON... 4857

In (A10) 0<e <1 is arbitrary and can be chosen
sufficiently small so that (A9) is valid. The cyclo-
tron mass m(k,) and A (k,) are assumed to be
constant over this small interval. The integral

in (A10) is trivial and we find as w - wgx(0) +0*
(i.e., as |Aw]|=~0)

Fz(w)z_co/(lAw‘)llz""wy (Alz)

where C,>0 is a constant. Now we consider case
(2a). Then we can write

Agylk,)=0g, =So(ky ~k,) fork,=k,, (A13)

where S,> 0 is a constant. Following the same
procedure as for case (la) we find that for w
-~wg(0)+0*

Fyw)=KyIn|Aw |~ -, (A14)

where K,>0 is a constant. In order to prove case
(b), namely, that lim,_, wy, y-ot Fa(@) =+, it is
convenient to define the function @,(k,)=Ag,(k,)
XugHy+w.(k,). Ask, ranges over the Fermi sur-
face the function ,(%,) has a spread in values,

say Q7 < Q,(k,)<Q;. The analysis for case (b) is
essentially identical to that for case (a) except

that wy (1)=(g) upH /(1 +B)+Q; so that we will
be interested in the behavior of £,(k,) near its
minimum. For case (1b) we can write

Q,(k,)=Q; +b1(kz_ko)2 for k,~k,, (A15)

where b,>0 is a constant. Proceeding exactly as
in case (1a) we find that as w - w,(1)=0" [i.e., as
Aw-0", here Aw= (@ uzH,/(1 +B)+Q; — w]

Fy(w)=C,/(Aw)/% = 40 (A18)

where C,>0 is a constant. In arriving at (A16) we
have only retained the m =+1 term in (A6b) since
this term is the only singular term for w - w; (1)
—0". We have also used (A7) for =1 and have
assumed that A,(k,) can be taken as constant over
the small region of integration near k,=k,. For
case (2b) we write

Q,(k,)=9Q7 +S,(k, —k,) fork,=k,, (A17)

for S,>0 a constant. Following the same pro-
cedure as above we find for w - w; (1) -0* (i.e.,
for Aw-0%)

Fy(w)=-K,InAw — +o (A18)

for K,>0 a constant. This completes our proof.
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