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Magnetic ordering in terbium ethyl sulphate

M. T. Hirvonen, T. E. Katila, K. J. Riski, and M. A. Teplov*
Low Temperature Laboratory, and Department of Technical Physics, Helsinki University of Technology, SF-02150 Otaniemi, Finland

B. Z. Malkin
Kazan State University, 420008 Kazan, United Soviet Socialist Republic

N. E. Phillips and Marilyn &un~
Inorganic Materials Research Division of the Lawrence Berkeley Laboratory

and Department of Chemistry, University of California, Berkeley, California 94720

(Received 27 January 1975)

The magnetic properties of terbium ethyl sulphate, a singlet crystal-6eld ground-state system with
predominantly dipolar interactions between the magnetic ions, have been studied theoretically and
experimentally at low temperatures. The susceptibilities parallel and perpendicular to the hexagonal c
axis were measured in the temperature range 0.03-4 K by a superconducting-quantum-interference-device
magnetometer in connection with a dilution refrigerator. In addition, the heat capacity of a powdered
sample was measured, The results indicate a cooperative transition at 0.24 K. The data give indirect
information on the value of the crystal-field splitting, which has not been measured before. The
behavior of the longitudinal susceptibility is consistent with a picture of a ferromagnetic transition into
long and thin domains along the c axis. The much smaller transverse susceptibility shows an
unexpected abrupt change at 0.24 K. Theoretical calculations on the magnetic properties are presented.
The molecular-field approximation, two- and three-particle "cluster" models and high-temperature
expansion are considered in turn, The predictions of the three-particle cluster model are closest to the
experimental data.

I. INTRODUCTION

Magnetic ordering in rare-earth compounds has
long been subject to intensive experimental and

theoretical investigation. The interaction of the
orbital angular momentum with the crystal elec-
tric field may be comparable to the interionic
coupling. If the rare-earth ion has an odd number
of 4f electrons, the crystal-field energy levels
will be at least twofold degenerate. In this case,
an ordered state can always be reached by suf-
ficiently lowering the temperature. On the other
hand, for a non-Kramers ion the crystal-field
ground state is often a singlet, for which the mat-
rix elements of the components of the magnetic
moment vanish. In this case the interionic cou-
pling must exceed a critical value relative to the
crystal-field splitting in order to have magnetic
ordering even at absolute zero." The crystal-
field effects, which tend to oppose the ordering,
become stronger as the orbital contribution to the
total angular momentum of the magnetic ion in-
creases. Accordingly, the ordering temperature
1Q general decl"eases on golQg f lorn the centel of
the rare-earth series towards either end. The
ordering occurs via magnetic moments which are
self-consistently induced by the interactions be-
tween the magnetic ions.

Most of the work done on singlet-ground-state

magnetism has dealt with systems where exchange
interactions are responsible for the ordering. '4
One such system, Tm, (SO,), ~ BH,O, was studied
earlier in our laboratories by heat-capacity mea-
surements with powdered samples. ' However, in-
complete knowledge of the crystal structure and
the interactions between the magnetic ions made
it difficult to carry out detailed comparisons be-
tween theory and experiment.

Magnetic ordering in materials with strong di-
pole-dipole interactions has also been studied. ' '
However, those investigations deal with cases
where the crystal-field ground state is a Kramers
doublet. In view of this it is of interest to study
magnetic ordering in a system of two crystal-
field singlets, with dipole-dipole couplings as the
dominant part of the interactions responsible for
the ordering. Such a situation prevails in terbium
ethyl sulphate (TbES}. The crystal structure of
the rare-earth ethyl sulphates is well known. '
The arrangement of the rare-earth ions in the
lattice is shown in Fig. 1. The shortest distance
between rare-earth ions is along the c direction
and equal to about 7 A." The E6 ground state of
the Tb" is split by the crystal field in a rare-
earth ethyl sulphate so that the two lowest-energy
levels are singlets. The level separation 4 of the
Yb" ion dilute in yttrium ethyl sulphate was de-
tel mined by paramagnetic resonance measure-

4652



MAGNETIC ORDERING IN TERBIUM ETHYL SULPHATE

C- AXIS

(O.O65}

0 (-0.125)

FIG. 1. Arrangement of the magnetic ions in the rare-
earth ethyl sulphate lattice. The numbers in paren-
theses indicate the relative strengths of the magnetic
dipole-dipole interaction with the central ion when both
spins are oriented parallel to the c axis. The unit of
energy is the nearest-neighbor interaction energy, equal
to about 0.28 K.

ments to be 0.56 K." The other crystal-field
levels lie high enough to be negligible at liquid-
helium temperatures. The nearest-neighbor di-
pole-dipole interaction energy is approximately
0.28 K. Besides, the components of the g tensor
and the hyperfine coupling constant have been
determined by EPR to be" g~} = 17~ 82+0.05 g~
= 0, and A = 0.303 + 0.003 K. The coupling of the
electron spin to the nuclear spin is thus even
stronger than the interionic coupling. A NMR
study" of TbES indicated no magnetic ordering
down to 0.33 K.

A study of the magnetic properties of TbES at
low temperatures has been carried out. Measure-
ments of magnetic susceptibility and specific heat
of single crystal and powder samples are reported
in Sec. II. In Sec. III some calculations concerning
the magnetic transition are presented. The experi-
mental and theoretical results are discussed in
Sec. IV.

II. EXPERIMENTAL INVESTIGATIONS

A. Magnetic susceptibility

Susceptibility measurements on TbES in the
temperature region 0.03-4 K were carried out
with a superconducting quantum interference device
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FIG. 2. Transverse molar susceptibility of TbES vs
inverse temperature, measured with a SQUID mag-
netometer. The trapped field was 4.5 G. The arrow in-
dicates approximately the point where the direction of
curvature changes.

(SQUID} magnetometer in connection with a dilution
refrigerator. The magnetometer consists essen-
tially of a superconducting flux transformer in-
ductively coupled to a SQUID. " A transformer
coil is wound around the tail of the mixing chamber,
inside which the specimen is located. The tail is
surrounded by a superconducting cylinder, and the
flux trapped in the cylinder can be varied from
run to run by introducing an external field prior
to the superconducting transition. The quantity
actually measured is the feedback voltage of the
SQUID magnetometer. Changes in this voltage are
proportional to changes in the static magnetiza-
tion of the sample. The initial setting of the feed-
back voltage is arbitrary, and this inherent un-

certainty in the zero of the scale is an obvious
drawback. However, if Curie's law applies at the
high-temperature end of our measurement range,
which seems to be the case, extrapolation will
yield the zero of the scale. Another disadvantage
is the limited sensitivity of our magnetometer at
large susceptibilities.

A calibration run with CMN, whose susceptibility
is known as a function of temperature, was needed
to obtain the conversion of the measured voltage
values to susceptibility values. The same run
served as a calibration of the carbon and germa-
nium resistors used for temperature measurement.
To simplify the susceptibility calibration it is
desirable to use the same shape and size for the
CMN sample and the specimen under study. %e
chose a cylinder whose diameter and height were
equal to about 3 mm, because for a CMN powder
sample of such a form the shape correction is
very small. " Besides, such a sample is easy to
cut from a single crystal and to orient in the de-
sired manner.

In Fig. 2 the susceptibility per unit density of



4654 M. T. HIHVONEN e~

TbES measured with the field perpendicular to the
hexagonal c axis (y ~) is plotted as a function of
inverse temperature. The abrupt change in the
vicinity of 0.24 K marks a transition to a magnetic-
ally ordered state, which is obvious also from
the specific-heat curve shown later (Fig. 4).

The measured longitudinal susceptibility it „(field
parallel to the c axis) of TbES is shown in Fig. 3.
As expected, the signal is much stronger than in
the transverse direction, the difference being
about three orders of magnitude. The behavior
of g ~i

is rather smooth, and at 0.24 K it is already
essentially saturated. At the lowest end of our
measurement range (below about 0.13 K) it wa, s
necessary to wait for a long time, even for some
hours at each temperature in order to reach
equilibr ium.

B. Specific heat

The total heat capacity of a powdered sample of
TbES was measured in the temperature region
0.15-20 K. The TbES powder was mixed with

Apiezon N grease to make thermal contact to a
finned copper sample holder. The heat capacities
of the grease and the sample holder were deter-
mined in separate experiments. The measure-
ments from the lowest temperatures to 0.6 K were
done in an adiabatic demagnetization cryostat
using a germanium resistance thermometer that
had been calibrated against single-crystal CMN.
Measurements were carried out from 0.3 to 20 K
in a 'He cryostat using a germanium resistor
calibrated against CMN and 4He vapor pressure.
As in the measurement of the longitudinal suscep-

tibility, long thermal relaxation times were en-
countered below 0.18 K, and they increased with
further decreases in temperature. By 0.12 K the
time constant had increased to about —,

'
h, and

reliable data could not be obtained at lower tem-
pe ratures.

The measured heat capacity is shown in Fig. 4.
There is a very sharp drop with increasing T
at 0.24 K, indicating a second-order cooperative
transition. Between 2 and 4 K the data fit the for-
mula C = 1.791T '+ 0.006 49T' J/mole K, and this
was used as a basis for separation of the magnetic
and lattice heat capacities. The T' term repre-
sents the low-temperature lattice heat capacity
C~, which is negligible below 1 K. The curve has
no other maximum than the transition peak, but
there seems to be a broad Schottky-like anomaly
centered at about 0.3 K, which corresponds to a
crystal-field splitting of approximately 0.6 K.
Below about 0.16 K the specific heat increases
again, but unfortunately a reliable determination
was not possible in that region.

III. THEORETICAL CONSIDERATIONS

In order. to compare the measured magnetic
properties of TbES with theoretical estimates we

present in the following some calculations con-
cerning the transition temperature and the be-
havior of the susceptibility and of the specific
heat. Similar calculations for dysprosium ethyl
sulphate (DyES) have been carried out by Cooke
et al.
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FIG. 3. Longitudinal susceptibility of TbES vs inverse
temperature, measured with the Earth's field trapped.
The solid curve is a plot of the modified MFA expression
(7), and the dashed curve is the result of a three-par-
ticle-cluster calculation [Eq. (33)]. V is the molar
volume of TbES, =357 cm3.
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FIG. 4. Heat capacity of powdered TbES as a function
of temperature. The temperature scale is logarithmic.
The solid curve is the plot of a fourth-order high-tem-
perature expansion (39).
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A. Molecular-field approximation

At temperatures where only the two lowest
crystal-field levels are populated the appropriate
effective spin Hamiltonian for TbES in terms of
the Pauli spin operators 0;„a;,is

1
JC = — ( gpeH, o;, + no;, )

t

1 ~+
2 ~ Ii&Oiz~jz+ hf &

fj

where

acting on any one ion. It is proportional to the
magnetization M = —,

'
gps(o, )N/V, hence the mea-

sured susceptibility obtained from Curie's law is

M A.
X=

If, T -~(p +,'v —D)-'
For a long and thin specimen, D = 0 when the ex-
ternal field is parallel to the long axis. If we as-
sume that at the transition a domain structure
sets in, which consists entirely of long and thin
domains, then for 6 = 0 the transition temperature
within each domain and therefore of the whole
sample would be

(2) T.= X(P+ &w), (8)

is the magnetic dipole-dipole coupling factor, and

X„,=g [-,'A&, , i,, + I'(31',, -'-,')J, (3)

where the nuclear spin I = 2. The nuclear Zeeman
interaction has been omitted. The magnitude of
the quadrupole interaction is not likely to corres-
pond to more than a few mK, as can be estimated
from the value (158 MHz) in DyES." Therefore,
the quadrupole term will be neglected in the fol-
lowing.

In the molecular-field approximation (MFA) the
interaction term in (1) is simplified by replacing
one of the o's by (og. The remaining lattice sum
depends on the shape of the sample, and it is
customary to perform the summation in parts.
For zero external field and vanishing hyperfine
interaction the resulting Hamiltonian is

Ag, , -kZ(p+&w-D)(o, )Q o... (4)
1

t

where

—= 0.0833 K
4k V

(5)

H~ = 2

gpss(P

+ ~ w D)(o,) N/V-

is the Curie constant for S = —,
' (in cgs units), and

N/V is the particle density. The first contribution
p to the second term in (4) comes from the ions
within a sphere centered on the ion considered.
The contribution from the ions outside the sphere
is usually calculated in the continuum approxima-
tion and it consists of two terms, —,

' ~ corresponding
to the Lorentz field, and -D corresponding to the
demagnetizing field. The demagnetization factor
D has a rigorous meaning only for an ellipsoidal
specimen.

The second term in (4) can be interpreted as a
molecular field

independent of the shape of the sample. According-
ly, the behavior of the sample would be described
by

A.
x= T —7 +AD'

Naturally, this is only a crude approximation, and
a closer fit to the experimental points can be ob-
tained with the modified expression

(10)

which was used in the analysis of susceptibility
measurements of some rare-earth hydroxides. "
Using T, = 0.24 K, the best fit to our experimental
value is obtained for D = 3.6, B = 8, and y = 1.16
(see Fig. 3). The parameter y deviates less from
the MFA value (y = 1) than in Tb(OH)„where
y= 1.26. This may be expected, since short-
range exchange interactions are absent in TbES,
while they dominate in Tb(OH), .

If the hyperfine term is left out from the Hamil-
tonian (1), then in the MFA for D = 0 the transition
temperature is given by the equation"

1
2kT, 2X(p+ —,

' ~)

The molecular-field constant P was calculated by
Cooke et al. ' to be = 4.21 for DyES. Using this
value and 6 = 0.63 K, as estimated from our
specific-heat measurements (see Sec. IIID), we
obtain T,(MFA) = 0.649 K. The inclusion of the
hyperfine interaction leads to a more complex
equation for T„

2z(p+ —,
' v)

P"' „,cosh' /2kT,

A. 'm2
nh

2&T
+

2k 2 cosh — = 1,
m = -3(2 -&m C ~C~m TC

= (P+ ,' v D)tf—- (8) (12)
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E = 2 NA(o, ) —4 Nb 5(o,)~ . (13)

In the ferromagnetic region (o,) is given by the
equation

= (b'+4'm')"'

However, only a small change in T, results,
T,(MFA, HF}= 0.651 K. It is seen that the MFA
overestimates the critical temperature, as noted
earlier by Felsteiner and Friedman. ' The reason
for this is that the MFA does not adequately rep-
resent the interactions, which are much stronger
along the c axis than perpendicular to it (see Fig.
1).

We next consider the specific heat. Taking the
expectation value of the MFA Hamiltonian (4) we
obtain the energy of the system,

(16) is 10.8 J/mole K. The corresponding experi-
mental value is 12.5 J/mole K.

B. Two-particle cluster

It is clear from Fig. 1 that TbES is essentially
a system of rather loosely coupled Ising chains in
the direction of the c axis. Therefore, it is to be
expected that a model which treats some intrachain
interactions rigorously and other interactions by
the MFA will yield better results than the above
MFA values. Such an approach was successfully
used by Cooke et al. ' to improve the agreement
between measured and calculated susceptibility
values of DyES. The simplest ease is that of a
"cluster" of two adjacent ions (subscripts 1 and 2)
in a chain, for which the Hamiltonian is easily ob-
tained from (1) (we again neglect the hyperfine
interactions),

tanh —= —,e =;b,(1+ 5'(o,)') ".2c 2 212
kT

(14)

Hence,

NE =———e tanh
2 4c kT (15)

where

+ ,'g pe(H, +—Ha)(o„+o„), (19)

and
I= (gpa}'/2c'= 0.283 K,

dE
dT

1

kT cosh e/k2T 2kT cosh e/kT

(16)

In the paramagnetic region (o,) = 0 and the specific
heat is given by the usual Schottky expression

2 1
2kT cosh'A/2kT

'

The magnitude of the jump in the specific heat at
the critical temperature [given by (11)]is

2

2kT, cosh n. /2kT,

X
(52 —1)ln[(5 + 1)/(5 —1)]

25-(5'-1)in[(5+ I)/(5-1}] ' (18

The numerical value is 6C(T,) = 9.1 J/mole K.
The maximum value of the heat capacity given by

gPa( lg) '(P, ~ D)
2V 3 (20)

where P' is obtained by subtracting from P the
contribution of the other ion in the cluster, P'
= 4.21 —3.385 = 0.825.

To obtain an equation for the critical tempera-
ture we write the self-consistency condition for
(o„) in terms of the density matrix of the cluster,
which depends on (o;.),

(o;,) = Tr[o, ,p((o;,))]. (21)

Using perturbation theory to calculate the matrix
o;,p for H, = 0 and (o;,) —0 we find, for a doma. in

with D= 0,

where c is the interioni'c distance along the c axis,
equal to 7.04 A (DyES), H„' is the molecular field
due to all ions except the other member of the
cluster. For our model to be consistent, the
average value of the magnetic moment of either
ion in the cluster divided by the volume V per ion
must be equal to the intensity of magnetization.
Hence, we can write, as in (6),

4I X(p + q 'l7) e~ @pl r ai + eq . ~E

6'(cosh e, /kT, + cosh&, /kT, ) kT, 2e, e, kT,
(22)
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—~ (I2+ g2)~r2 3,4 (23)

where e, and e, are energy eigenvalues of (19) in
the absence of H, and H „', i.e.,

The first-order perturbed wave functions

(g' 1 &Ig'"&
+ ~, , s

8~~ e 8
(26)

The graphical solution of (22) yields T, = 0.53 K,
still far from the experimental value.

C. Three-particle cluster

are then used to calculate the average value of
(o„),

(o. ) = — (q&» ~o. ~y&»& e 'txr"
8

(29)

The next model to be considered is a cluster
of three consecutive ions. %e treat the interaction
of the central ion 1 with its nearest neighbors 2

and 3 rigorously, represent the interactions of the
ions 2 and 3 with their outer nearest neighbors by
a magnetic field 0, and other interactions by the
MFA. Then the Hamiltonian for the cluster is

~&" =- Io„(o„+o„)+-,'a(o,„+o,„+o,„)+g,
g =~gp (H, +H„")(o„+o„+o„)+-,'gp (o„+o„).

(24)

The molecular field H„" is given by (20) when P'
is replaced by P" = 4.21 —2 x3.385 = —2.56. The
value of the parameter h is determined by the
requirement that the ions in the chain are equiva-
lent:

(o„)=(o,.& =(o,.&, (25)

which gives 0 in terms of H, +H&. The averaging
is done within the density matrix p(H„h) of the
cluster.

We treat '0 in (24) as a perturbation. To find
the unperturbed energy eigenvalues an eighth-order
secular equation needs to be solved. If the quan-
tization axis is chosen along the x axis, the equa-
tion factorizes as follows:

where

g e-~~/ar (30)

We note here that the condition (o'„)=(o'„) gives
for h a linear dependence on H, +H„" in a form
h =g(T) (H, +H/r), where g(0) = 0. It means that
magnetic ordering within one chain is possible
only at T=O.

For the small-field susceptibility

(M) gg, d&o(, &

o
~ o ~ 2y dB

we find, by using (26),

gps e(o„) s(o„& s(o„& s(o„&
2 V eh &H Bh 8H

s(o„-o,.)
Bh

where all derivatives are to be taken at H, = 0.
When (o„) and (o„& from (29) are inserted, an
expression for the longitudinal paramagnetic sus-
ceptibility for a sample of TbES with a demag-
netization factor D is obtained:

e +-,'b, =0,
Be' +4hz' —(32I'+106') e+ A(16I' —3LP) =0 .

(26)
where

Xo

~ (f ii+4 &
(33)

The resulting energy levels are
1

1 5

=- E =-k++COS N
1 1

e, = —e, = ,b, +a cos(—,o. + —,7r), -1 1 2

e, = —e, =-, a+a cos(-,'o. ——,rr),1 1 2

where

a =(4/v 3) (I'+-3d.')' ',
cosa. = —(166/Ba') (I' --', h') .

The numerical values for 6=0.63 K are

e, =0.315 K, c2=1.071 K,

e3 = —0.765 K, e4=0.009 K .

(2'I)

2A. R +QS
Xo Z R+Q

R =3.678 cosh ' —3.344 cosh

—0.335 cosh 4

Q = —3.5 9 sinh —' —2.347 sinh

+ 0.771 sinh 4

8=3. 75sinh ' +5.286sinh

+4.233 sinh ' +66.02 sinh 4
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The critical temperature for a domain with D =0
is given by the equation

1 —yp(P" + —,'s) =0 . (34)

A graphical solutiongives T, =0.40 K.
The longitudinal susceptibility, calculated from

(33) for a spherical sample, is plotted in Fig. 3. '

D. High- temperature expansion

In general, the magnetic susceptibility of a sys-
tem with Hamiltonian X can be expressed in terms
of the free energy F= —kTln Tre as ](' = —BPF/
BH2. At high temperatures, a truncated series
expansion can be used to approximate ](' (we use the
notation Tr Z" = Tr Z"/Tr1),

Tr Z' — Tr Z'+, [Tr Z' —3(Tr Z')'] —
60 k, [Tr Z' —10Tr Z' Tr Z']

, [Trrr' —10(Tr30')' 30(Tr30')' —15Tr30'Tr30 ]) (35)

The coefficients of the powers of T ' depend on
the shape of the sample in a system with dipolar
interactions. In this case it is convenient to use
an expansion' ' "for g

' instead of g:

T 6) B2 B B
1 ——+ —2+~+~+ ~ ~ ~-TT:~r

because, then, only the coefficient 8 is shape de-
pendent. The coefficients B„can be derived by
comparing (35) with (36). Neglecting again the
hyperfine interactions in the Hamiltonian (1), we
obtain

coefficients do not decrease monotonically in mag-
nitude, an attempt to estimate the transition tem-
perature by analyzing the asymptotic behavior of
the expansion (36) does not appear meaningful.

The specific-heat curve can also yield informa-
tion on d. For that purpose we calculate a high-
temperature expansion for the specific heat,

$2+C= —T

1 -, 1 -, 1
kT' kT 2(kT)'

18=- —~ I —(a- '~)Xu~ ' 3

f

—3(Tr Z')'+ ~ (36)

2 1»= ——Q, l]r —Q 1;rlr 1;)
f f &0

1 2 4 2B~ = p ——Q I;q —6 Q I;~l(»I»;
f&A

(3'f)

By using the Hamiltonian (1) we obtain

C b, b, b4

H (k T)' (k T)' (k T)'

where

b, =4(gpsH») +~A + —Q I', ~+ —,'(]A

(39)

+2 Q I,)Iy»I»]l]3+ Tpp n pp Bp(k/k) bp = 4(gpeH») Q I33 2 Q IrgIT»I»3

By using the lattice parameters of DyES and re-
sults from Refs. 7 and 8 we can evaluate the co-
efficients in (37),

6=0.35 K, B,=0.21 K',

B3 —0.0095 K, B4 = —0.03 K

Because of our superconducting magnetometer, .

measurements could not be carried out much above
4 K, and this prevents us from accurately deter-
mining the initial splitting d. Moreover, inspec-
tion of the values of the coefficients B„shows that
our third-order expansion (36) begins to lose its
accuracy already at about 5T,. Also, because the

8(g peH»I») +3(gPBH») Q I(f I3» ——,p h
f&0

—pb, Q I&~ ——QI;1+3 Q ITJI&»I», I»
f &0&1

5 g2g2 17 g4
32 256

For H, =O and 4=0.56 K," the numerical values
of the coefficients are

b =0 195 K b, =0.0176 K', b = —0.0412 K4 .
The solid curve in Fig. 4 is a plot of the sum of
(39) for these values of the coefficients and the
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lattice heat capacity. It does not agree well with
the experimental points. By adjusting the param-
eter b, of which b, and b4 are functions, to give
the best agreement with the experimental points
between 1.5 and 4 K, an estimate of 0. 63 K for 6
is obtained.

IV. DISCUSSION

A. Transition temperature

The transition temperatures given by the trans-
verse susceptibility (Fig. 2) and the specific heat
(Fig. 4) are in good agreement with each other.
Our calculation of T, within the different models
yielded results which consistently exceed the ex-
perimental value 0.24 K, but show a trend towards
it as the models become more realistic. The re-
sults of the calculations depend on the value of the
initial splitting 6,, for which we have used the
value 0.63 K extracted from our specific-heat data
on the basis of a fourth-order high-temperature
expansion. However, given the slow convergence
of the expansion, this value can hardly be con-
sidered reliable. The real splitting in TbES can
be even greater than 0.63 K, and this is a possible
reason for the discrepancy between the calculated
and experimental values of T,.

B. Specific heat

The analysis of our specific-heat data is com-
plicated by the strength of the hyperfine interac-
tion relative to the crystal-field splitting. In fact,
the transition should be thought of as that of a
compound electron-nucleus system. This is re-
flected in the behavior of the entropy, which we
obtain by separating the lattice contribution to
the specific heat. The entropy decrease from
T=~ to T=0.24 K is already 1.03Rln2; to T=0.20
K, just below the sharp peak, it is 1.37Aln2.
Clearly the nuclear-spin entropy begins to de-
crease already above 0.24 K.

Because our experimental specific-heat data
show no maximum above T„ the molecular-field
calculation for zero hyperfine interaction, which
yields a pure Schottky curve above T„cannot be
made to agree with the measurements. Since the
MFA does not yield the correct value for T„even
a more accurate calculation including the hyper-
fine interaction is not expected to result in a curve
which agrees with the experimental data. For the
same reason we did not calculate the specific heat
in the cluster models discussed above. Such cal-
culations are not likely to give additional informa-
tion on the properties of TbES.

C. Susceptibility

Although EPR measurements have shown that
g~ is approximately zero, we have observed a

where X; is the susceptibility of the impurities
(assumed isotropic) and H is the trapped field.
Below T, the sample is made up of long and thin
domains along the c axis. A strong molecular
field H&, parallel to the c axis, appears within
these domains. If the trapped field were exactly
perpendicular to the c axis, H„would give no con-
tribution to the magnetization along H. On the
other hand, if II makes an angle 6) with the c axis,
then the magnetization due to the impurities below
T~ 1S

M' g;~(H H& +8c)ofsor + domains,

M~ =)I&(H -H s8c)ofsor —domains .
(42)

The magnetization of the sample as a whole is then

finite susceptibility in the transverse direction
(Fig. 2). The results shown in Fig. 2 were ob-
tained with a trapped field of 4.5 G. Another mea-
surement in a trapped field of 9 G gave the same
slope for the approximately linear part of X~ both
above and below T, as the measurement with 4.5 Q.
However, the magnitude of the abrupt change in

y~ at T, was not the same in these two measure-
ments, nor was it proportional to the trapped field.

According to our estimate the temperature-in-
dependent Van Vleck susceptibility, due to the ex-
cited electronic states of the Tb'+ ion, is approxi-
mately 2 x10 ' cm'/mole in TbES. This value is
of the same order of magnitude as the transverse
susceptibility. However, because the SQUID mag-
netometer used in the measurements only indi-
cates changes in magnetization, the Van Vleck
contribution is presumably not included in our ex-
perimental data.

Misalignment of the sample is a possible source
of error in the transverse susceptibility. If the
c axis is not exactly perpendicular to the trapped
field, the longitudinal susceptibility will contribute
to the measured value of y~. However, this would

only happen in a region where X~~ varies with tem-
perature, and therefore cannot account for the be-
havior of g~ at and below T,.

Another possible source of error is the presence
of paramagnetic impurity ions, such as Gd'+ or
Er' . Their contribution to y~ would be linear in
T '. The amount of, e.g. , Er" ions needed to
account for the slope of X, below T, is about 0.03
at.%. The presence of such small amounts of im-
purities in our specimens cannot be ruled out. Vile

therefore consider, if a jump like the one observed
in pj at T, could be caused by paramagnetic im-

puritiess.

Above T, the magnetic moment per unit volume
due to the impurities is

(41)
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M,(T& T,) =aM', +(1-a) M, ,

where a is the fraction of + domains. At T, there
is a jump in the magnetization,

hMg = Mg(T& T,) —M~(T& T,)

=(2a —1))(;H„cos8 .
On the other hand, the longitudinal magnetization
of the sample below T, is

M~~ =)(~~H cos8=(1/D)H cos8=(2a —1)MO, (45)

where M, is the magnetization within the domains.
Therefore,

cos 8
D

and because for a long and thin domain' 8„=8.4M„
we obtain finally

A)(~ =(8.4cos'8/D) y; .
%'e see that the jump at T, should be independent
of the trapped field and very small for small mis-
alignments (8 close to 90'). Hence it seems un-
likely that the observed behavior of g~ is due to
paramagnetic impurities.

After considering some possible sources for the

transverse susceptibility in TbES we still lack a
satisfactory explanation for it. A study of the
transverse susceptibility of TbES single crystals
doped with controlled amounts of paramagnetic
impurities could be helpful in finding out the pos-
sible role of impurities in causing the observed
results.

V. CONCLUSION

(i) A ferromagnetic ordering has been observed
in TbES at 0.24 K. The transition is most clearly
indicated by the specific heat.

(ii) The temperature dependence of the longi-
tudinal susceptibility of TbES agrees with calcu-
lations based on a model of long and thin domains
along the c axis of the crystal.

(iii) Among the models considered, the three-
particle cluster combined with the molecular-field
appl oxlmatlon gives the best agreement with ex-
perimental results for the transition temperature
and the longitudinal susceptibility in the paramag-
netic region.

(iv) An anomalous temperature dependence of
the transverse susceptibility of TbES has been ob-
served.
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