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The Wilson-Fisher € expansion is used to calculate critical exponents to first order in € = 4 — d for
n -dimensional classical spins on a semi-infinite lattice with surface exchange such that the extrapolation
length is positive. It is found that to first order in €, all surface exponents can be calculated from bulk
exponents and a single surface exponent, 7=(1/2)e(n+2)/(n+8), describing the rate at which
bulk correlation functions are approached when all coordinates are far from the surface. The exponents
m, and 7 introduced by Binder and Hohenberg are, respectively, 1 — 7 and 2(1-7). A form for
the fixed-point spin correlation valid for all dimensions containing only the exponents 1 and 7 is
proposed. With this form, all critical exponents for a semi-infinite system can be obtained from 7, v,

and 1 if scaling is assumed.

I. INTRODUCTION

There has recently been a great deal of interest
in the effects of surfaces on magnetic phase transi-
tions. !™2° Most of the theoretical tools developed
to study phase transitions in bulk systems have
been applied to system with surfaces, including
mean-field theories, -5 high-temperature expan-
sions, *~" low-temperature expansions, 3° Monte
Carlo analyses, '° scaling analyses, #°**~1% and
exact solutions in the cases of the two-dimensional
Ising model!*~'® and a spherical model. }""'® To
date, only one definitive experiment'® on surface
ordering has been presented, but there is hope that
other experiments will be performed shortly.

In a recent letter, 2° the authors reported the ap-
plication of the highly successful Wilson renormal-
ization procedure?'~?* to the calculation of critical
exponents in semi-infinite Ising systems. In this
and a following paper, ®® the € expansion 2%2¢is ap-
plied to a semi-infinite lattice of »-component clas-
sical spins. The system is allowed to have a dif-
ferent exchange between spins on the surface layer
than between other pairs of neighboring spins. In
the mean field, this model allows for the possibility
of the surface ordering before the bulk if the ex-
change on the surface is greater than some critical
value. ® At this value of the surface exchange, the
extrapolation length A becomes infinite; below it is
positive, and above it is negative. This paper,
which is the first in a series of three, deals only
with positive extrapolation length. The second pa-
per treats the mean-field theory of phase transi-
tions in semi-infinite systems with emphasis on the
particularly rich behavior when A1 <0, Finally,
thf third paper will consider the € expansion for
AT <0.

The renormalization-group transformation used
to obtain the € expansion consists of a removal of
high-wave-number degrees of freedom followed by
a scale transformation. The scale transformation
involves a spin or wave-function renormalization in
addition to the change of length scale. In semi-
infinite systems, the spin renormalization is non-
local, i.e., the spins at successive iterations of
the renormalization transformation are related by
an integral over a nonlocal kernel. With this non-
local spin renormalization, the relevant param-
eters in the Hamiltonian are renormalized exactly
as in bulk systems. Hence, all information about
the surface in semi-infinite systems is contained
in the spin renormalization. This means that all
surface critical exponents can be obtained by scal-
ing from bulk exponents and any exponents con-

.tained in the spin correlation function I‘*(S?, 5;') at

the critical point. In this paper we calculate
T*(X, X') to first order in €=4—d. We find one new
surface exponent, which we call 7, which describes
the rate of approach to the asymptotic correlation
function characteristic of infinite systems as the
coordinates X and X' go into the bulk. The expo-
nents 7, and 7, introduced by Binder and Hohenberg*
are simply related to 7 to first order in € 7,=1-17
and 7, =2 - 27]. 1 also gives the asymptotic angular
dependence of I" when X is fixed near the surface
and X' goes into the bulk. The existence of a single
surface exponent is consistent with scaling theo-
ries*5:11-1% which we show imply that 7,=27n, -7,
where 7 is the bulk exponent. In Sec. IV, we sug-
gest a form for I'*(X, X') which will yield this rela-
tion for arbitrary 7.

This paper is divided into four sections of which
the introduction is the first. In Sec. II we develop
the model Hamiltonian and introduce the extrapola-
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tion length. In Sec. III we outline the renormaliza-
tion procedure with emphasis on the special feature
of the semi-infinite lattice: the nonlocal spin re-
normalization. In Sec. IV we calculate the expo-
nents 7, 1,, and 71,, and using scaling relations,
we calculate a variety of surface exponents.

II. MODEL

Our calculations will be based on a continuous
spin model on a semi-~infinite d-dimensional simple
cubic lattice with lattice sites Xx=(p, z), where z> 0
is the coordinate perpendicular to the surface and
E is the (d - 1)-dimensional coordinate parallel to
the surface. The surface is located at z=0. For
simplicity, we take the lattice spacing to be unity.
Following Wilson, 22:2* we associate with each #-
dimensional spin (%) =[s,&)], 7=1,2,...,n, a sta-
tistical weighting function

- o, e g
P(E(?;)): e ls(1c/2-uls( | ,

(2.1)

with #> 0. The Hamiltonian we consider is the
standard Heisenberg Hamiltonian with nearest-
neighbor exchange

H=-37 2, 5&) . 5G+3)
Xy 0

- -]'Z-JAS _.Z: g(;) . §(§+3|n)5z0 )

X, 0y

(2.2)

where 8,4 is the Kronecker delta, 5 =(3,,5,) is a
nearest-neighbor vector (of unit length), J is the
exchange in the bulk, and J(1 +A,) is the exchange
on the surface. § takes on both positive and nega-
tive values except on the surface layer where §, is
either +1 or zero. A  can be positive or negative
and measures the degree of enhancement or de-
pression of the exchange in the surface layer.
The partition function for this system is
z=Tr [] PER)) e/T =Tre®E®) | 2.3)
X
where T is the temperature and Tr den_otes an inte-
gration over all spin variables s;(x). 3Cis the re-
duced Hamiltonian
- - P e H
R:Z[%fs(x)!2+u|s(x)|4]+5, (2.4)
X
which is conveniently divided into a Gaussian or
quadratic part

foy=3 2 [360)[2 - 3K 20 360 - 3G +5)
X xb

~1KA, 2o 3®) - 3E+3)0,0, (2.5)
x6y
where K=J/T, and an interaction term
Ry =nd |SE)|. 2.6)
X
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In order to cast the above Hamiltonian into a
form susceptible to treatment by the € expansion,
it is necessary to transform from coordinate spin
variable to momentumlike spin variables. This is
achieved by performing a Fourier transformation
to variables which diagonalize ZED. In Appendix A,
we show that the functions

P2(X) = V2 PP sin(kz +9) @.7
where q=(p, #) and
tang = sink/(cosk -A; Z cosp - '5“> (2.8)
8y

form an orthonormal basis when 2(d - 1)A <1 which
diagonalizes 3Cy. In particular, if we expand s(x)
in terms of Y3(X),

0= [ 5@, 2.9)
where

ff

..u— . (211)“ ’
then

o=y ) 5@ - 31D (ra+ 2 - cosd - ),

q ]
(2.10)

where vq = (p, — k), 7o=2d[(T - Ty)/T,), and Ty=2dJ
is the mean-field transition temperature. Since
5(%) is real, we must have o*(q) =0(- vq), and since
the integral over % in Eq. (2.9) is symmetric, we
may take E(a) == ;(V-CI).

When 2(d-1)A, is greater than unity, there is an
additional surface “bound state” in the Gaussian
Hamiltonian. This can lead to ordering of the sur-
face before the bulk and will be discussed in the
following paper. Note that in the long wavelength
limit, the phase ¢ reduces to

tang~ @ =k, (2.11)
where
A=l -2(d-1)a,]" (2.12)

is the extrapolation length introduced by Mills!
when d=3. The appearance of the bound state in
the Gaussian Hamiltonian occurs when the extrapo-
lation length goes from +« to —«, In this paper
we will restrict ourselves to A>0. When the sur-
face exchange equals the bulk exchange, A=1;
i.e., the extrapolation length is equal to the lattice
spacing. _

We now express ¢, in terms of (q),

- >

1 =uo [ 5@ + 5 5@ - 5@

Xﬁ“(ax ’ (-1.2, as; (L)]+R(<L, az, ES’ 64) ’ (2' 13)
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where u,=#/K?2 and
64(‘.].1 ’ aa, (.1.8, Q4)
= (27)*16%"1(Dy + Dy +Ds +Da)A (ky, ks, ks, k),

(2.14)
where

T
ARy, by, Fos, B4) =2 D €1€2€5€40(€1ky + €ky + €gky + €4y)

X COS (€0 + €,¢0, + €505+ €,0,) ,
(2.15)

where €;=+1 and the sum is over all 16 combina-
tions of €. R(J;,ds,ds, ds) is a complicated func-
tion which is evaluated in Appendix B. It contains
only irrelevant potentials and will, therefore, not
be included in our model Hamiltonian below.

Critical properties are expected to depend only
on long-wavelength fluctuations and not on details
of short-wavelength terms in the Hamiltonian or on
the detailed shape of the Brillouin zone. For con-
venience, we, therefore, restrict E to be in a do-
main D, which is a cylinder of radius A and height
of 2A. A is a cutoff parameter which we choose to
satisfy A< min(1, A"Y). In this case, 23(1 - cosq - 3)
can be replaced by ¢, and because of Eq. (2.11),
cos(€ @, + €9, + €303 + €,¢4) can be replaced by uni-
ty. Our model reduced Hamiltonian on which sub-
sequent calculations will be based is then

o<l

5). o +@?5(Q) - o(- vq)
Dy

xuf, . @) 5E)5E - 3G
Q1r000404SD7

x5%(dy, ‘-l.z, (-‘I.Ss ) , (2.16)

where §%(q;, 4z, 43, 44) is given by Eq. (2. 15) with-
out the cosine factor. A final comment on Eq.
(2.16) is in order. We can define the region D,
only for some fixed value of At. If A is allowed
to go to zero, D, must shrink to zero. Thus the
renormalization calculations in this paper are not
intended to treat the cross over from Ax™1=0* to
A1=0", This will be treated in Papers II and TII.

The extrapolation length X is a number which is
determined by the strength of the surface interac-
tion, A,, in the initial Hamiltonian, It appears in
the wave functions zp;(i) but not in the model Hamil-
tonian Eq. (2.15) except via the cutoff A. It is,
thus, unaffected by any renormalizations which will
be applied to 3C and only resurfaces with its initial
value when spatial correlation functions are calcu-
lated from momentum correlation functions. X ap-
pears in scaling theories'®!® via the requirement
that the magnetization M(z, #) at reduced tempera-
ture ¢ vanish at z=- 2,

Mz, 1) = |t [® fl(z+ )/ E(0)] (2.17)
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where £(f)=£q1¢1™” is the correlation length and

f(w)-»{(l)

The second condition ensures that the bulk magne-
tization is regained as z—«, The surface magne-
tization m,(f) is then

my(B)=|¢[® FIVEWD]~ ¢ [P,

where B, is the surface magnetization critical ex-
ponent. f(w) can either be analytic or nonanalytic
for small w. In the first case,

my (D)~ | B Ae £ (0)~ | 2]

and A must diverge as [¢#/°1"%"” near |#|=0. This is
the form suggested by Fisher.!? Alternatively,
flw)~ w for small w, and

my(D~ [¢[Bv 20 .

In this case, originally suggested by Woliram et
al., ™ X remains constant and 8 =B+ov. The lat-
ter description is more compatible with the renor-
malization group analysis presented here. o is
tabulated in Table 1.

III. ¢ EXPANSION

as w-0"

e (2.18)

(2.19)
(2.20)

(2.21)

A. Renormalization procedure

The renormalization-group transformation R, is
defined by

R,=RSR}, (3.1)
b {2kt ]

where R} is an integration over intermediate wave-
vectors and R; is a change of scale, The operation
R} consists of writing 5(q) =%(q) +3”(q), where

ol (3.2)

. o(@), deD
o) ={ ’
p~1A

0, Q€D

where b is a number greater than unity. o> (a) is
now eliminated by evaluating the trace in the parti-
tion function over degrees of freedom q EDy-1,.
This yields a new Hamiltonian which is a function
of o <(E). The operation R; consists of a nonlocal
renormalization of & <(a) followed by a change of
scale a - ba. The spin renormalization is defined

by

<
5@- [ t@ 3563, (3.3

q
where [ %. signifies an integral over E' € Dy-15. This
operation yields a Hamiltonian which is a function
of ¢'(bq). Finally, the change of scale yields a
Hamiltonian which is a function of ¢'(q) with g D,.

The only difference between this problem and the

bulk problem is the form of the spin renormaliza-
tion. In the bulk case, the renormalization is
local, i.e., £(q,q")=¢(2n)%6%q -q’); and the calcu-
lated value of ¢ yields the exponent 7 since the cor-
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TABLE 1. Critical exponents.
3D 2D Spherical Spherical
€ expansion MF2 Ising Heisenberg Ising d=3 d=4-—¢€
n+2 e 5° d d
n (1 T ) 1 0.64 g 1 1
n+2 \P <1¢ e d d
M 2 (1 2(n +8)E 2 0.8 1 2 z
nt+2 \° 1 P 11° e _1¢®
2 ( "2t +9) ) 2 v/ ° ' 2-¢
n+2 \© 1 <0.1 o e "
Tt ( L 4(n+s)> : >=0.1 olog) ! T2-e
- t 3 Le g 4-¢€ °
B (1 e +s)‘ 1 2/3 0.75 3 3/2 36-9
P I 1 <0.79¢ Le pL °
A1 (2 i) 2 >0,67 2 1/2 1/2
n+2 d ¢ 3¢ ¢ c
o (1 2(n+8)) 1 0.51 3 1 1
2From Refs. 1-5 and 19.
’Calculated in this paper from € expansion.
°Obtained by scaling relation from calculated quantities.
dExact calculation, Ref. 18.
°Exact calculation, Ref. 14.
Series extrapolation, Refs. 4 and 5. All quantities have an error of 0. 1.
€Exact calculation, Ref. 17.
MExact calculation, reported in Ref. 13, but details unpublished.
iSeries extrapolation, Ref. 4 and scaling Ref. 5.
!Monte Carlo, Ref. 5 and low T, Ref. 9.
relation function e ®E) _ 2001~ o) +1(Gey 4. ) (3. 8)
s .

6, T(@, ") = (0@, @) (3.4)

must satisfy the scaling equation

I*(q, q') = £°T*(bq, bq") (3.5)
at the fixed point. This is possible if and only if
I™*(q, 4')~ ¢*>"6(q+q") and £=0'"*""/2, In the semi-
infinite case, the equation analogous to (3. 5) is

-

- oy < < - - - =,
r - J, [, 0@ 9@, Fr-0ded) .
(3.6)

The task of this paper is to find a function I'*(q, q")
which satisfies (3. 6) for the calculated form of
£(@,q"). T*(a,q’) will then give the exponents char-
acterizing spin correlation functions at the critical
point in the semi-infinite system.,

B. Transformation R}
To obtain 3= Ris, it is convenient to introduce

the symbol Tr, signifying an integral over all

03(q). 3[F<] is then defined via
e-(&‘é) = Tr>e-(3(50*361) , (3. 7)

where C is a constant independent of o<. Equation
(3.7) can be expanded for small values of u,

where 2°=Z%G <) =Tr,e™, and (4)= (2% Tr,e"*0A
for any operator A. & can then be expressed in the
form

1 < < -
"2 J; L V2(d,d")0 4@ - o¢

IJII Valdy, A2, s, da)

2”337 Y
x& 4(q1) - 0%(dz) 7%(gs) - 0 4(aa) (3.9)

Higher-order terms in o < have been omitted in Eq.
(3. 9) because their associated potentials are irrele-
vant. f/z and V4 are potentials which contain non-
local parts. We evaluate these to lowest order in

u (we use 7 and u rather than 7, and u, to distin-
guish between the initial Hamiltonian and the one
obtained after one or more applications of R,), us-
ing the diagrams in Fig. 1,

Va(dy, G2) = @7 +4)5(qy +vay) + VE (A1, d2) »
(3.10)
where from Fig. 1(a),

qZ’ Qy ED;
(3.11)
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(a)

(b)

FIG. 1. (a) First-order graph used to calculate the
nonlocal spin renormalization. (b) Second-order graph
for the quartic potential.

where f% signifies an integral over EGED,,-M and
where the superscript (1) refers to the order in u.
This can be decomposed into a local and a nonlocal
part using Eq. (2.15),
Vi (4, dz) = (2m)*4uln +2)Cy (r)
x54(d; +vay) - X$P (A, dp) ,  (3.12)
where

X509y, Go) = — (@)164 (D, +D)4ln + 2)u

> 1
XL qz+,,,[27’5(k1+k2+2k)' 27 5(ky = By +2E)]

q

(3.13)
and Cy(#»)= f%l/(qz +7). The first term in Eq.
(8.12) is the local term which appears in infinite
systems. X$"(d, dp) is a nonlocal term which re-
sults from reflections off the surface. ¥, can be
evaluated to lowest order in u# using the diagram
shown in Fig. 1(b),

Vald1, Gz, ds, G)
=us(ds, Gz, 03, Ag) + V42 (@1, 4z, G, A0) ,  (3.14)
where
f,ia) (‘L ’ az ’ 33, 64) == 4(n+8)?
X 5; j:,?-%_—y qlzl+ 1,5"(61, 2,9,d)
x6%(qs, ds, = vq, —vq) . (3.15)

Again, this can be decomposed into a local and a
nonlocal part

f’.‘f’ (al s az ’ ‘El.s; 64) =—4(n+ 8)u20254(q1’ 02, A3, da)
+X§2(d1, dz, A3, de) (3.16)

where Cy= [}(g?+7)% and X{?(d;, Gz, ds, da) is the
nonlocal four-point potential which is evaluated in
Appendix C.

The transformation R} which we have just de-
scribed takes us from a potential of the form of
Eq. (2.16) with only local interactions to Eq. (3.9)
with nonlocal interactions. Since the renormal-
ization transformation is to be iterated many times
to locate the fixed point, one might argue that the
nonlocal Hamiltonian equation (3. 9) should be used
as the input to R in order to obtain a new Hamilto-
nian of the form of Eq. (3.9). We shall see, how-
ever, that the nonlocal two-point potential X, will
be removed by the scale transformation on o< We
show in Appendix C that the nonlocal four-point
function X, is irrelevant. Hence after application
of the transformation Rj and elimination of irrele-
vant variables, we end up with a Hamiltonian of the
form of Eq. (2.16) with renormalized » and # which
can again be transformed by R;.

C. Transformation R}

The relevant terms in ¥ are, therefore,

5c=% j.<{[r+4u(n+2)cll +¢?154@) - (- vq)

1 < < - >, -,
BN A AN AR

q1 “az

< - - -
Flu-aeticy) [ G- 4G

41992, 93: Q4
X0 <(q3) » 0<(ds) 6%(ds, A2, A3, Aa) - (3.17)

WE now choose the spin renormalization operator
tla,, 32) to eliminate the quadratic nonlocal term
X$9(,,d,). To first order in xu,

s, B¢ (204 - )+ X6 G, - i)
(3.18)
Here, we have used the fact that »~u~€=d - 4 near
the fixed point. Hence Eq. (3.18) gives rise to
second-order terms in Eq. (3. 17) proportional to
[ +4uln+2)C XY which must be eliminated along
with second-order contributions to X, by second-
order terms in £(q;, d,), and so on. In this paper,
we calculate only to first order in € so Eq. (3.18)
suffices. The coefficient ¢ is chosen so that the
coefficient of ¢° in the quadratic term remains 4
after the scale transformation a - ba and is the
same as ¢ in the bulk problem ¢ =5'*2""/2 where
N=0 to first order in €.
The Hamiltonian 3¢’ = RJREIC is then
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! "I]
’

w'[')=5%l+, ', (3.19)

where 3C is given by Eq. (2.16), and v' and u' are
related to » and u by the bulk recursion relations

7' = 0%y +4K,(n + 2)u(D - v Ind)] ,
u' = b%"u - 4K, (n +8)u?1nd] ,

where D=K;'C,(0), €=4~-d, and K, =241 74/2
X[I'(3d)]™. These equations have the standard bulk
non-Gaussian fixed point, 22:24:26 with y* =[1/4K,(n
+8)]€ and #*=— €[(n+2)/(n+8)][D/(1 - b?)] and ex-
ponent?%+2

v=t+[(n+2)/4(n+8)]€. (3.21)

Thus, in the semi-infinite system, there is only
one divergent correlation length with the same ex-
ponent as in the infinite system. Furthermore, all
information about critical behavior of the surface
is contained in the spin or wave-function renormal-
ization.

(3.20)

D. Correlation function to order ¢

We now look for a scaling solution to Eq. (3. 6) to
order €, We write
I'*(4,q4)=T$g,q)+¥q,qd), (3.22)
where T’y is the Gaussian solution at the critical
point

e 2

> = (27) % [84q+va") - 643 +a)] (3.23)

rb“(q,q )= 2

and I'{ is of order €. Substituting Eq. (3.18) and
(3. 22) into (3. 6) gives to order ¢,

T#G, &)+ THG, §) = e, 53)+ £ 85, 1)
+842(1/g%¢"X ¥ (@, 3" ,

(3.24)
where we have made use of the symmetry proper-
ties of X*(q, q") as displayed in Eq. (3.13):
X:u)(a‘a') =X’2ku) (aly a) == X;(l)((-]: - Va')- Now
£2r¥(bq, bq") =T'}(q, q’), since ¢ =b2* 50 we are
left with

T, @) - »*2red, b3) = (1/¢%¢XF Y @, §) .
. (3.25)
We may rewrite X3V (q,q’) as
x30@q,9)=-1{"@,q)- 7@, q") (3.26)

by writing the integral in Eq. (3.13) as an integral
over D, minus an integral over Dy, i.e., [
- <
=J;=[%s0
T{O(q, ') == @m)F16'D(p+p")2(n + 2)u*
<1 '
x| S[Rrs(e+r +2k)
4y N
-276(k - &' +2ky)]. (3.27)
Noting that
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T{I)(baa bai) = T;” (CY, al)b-z.d ’

we have
-y,

I'¥(g, q') - b2*4r¥(bq, 5q")

- -y

1 1) _ 2+ 1 (D (pa ha’
qquaTi (0,0)-d (bzqa)(bzq:a) TiV(bq, bq) ,

and finally,
rtd,q4)=01/4¢*71"@, 1) . (3.28)
Therefore, in the limit of small ¢, ¢’ we have a
scaling solution,
Setting d=4, we have

- - - >N +2 1
r¥a,q)=-2n%> @ ) gt k');z';]Ta ,
(3.29)
A 1 1
&}) N 2 _
(& k) L dP1P1(p§+%(k+k:)z Bl kl)a) s
(3.30)
or
(DG, B == ) [ B
e o pi+ie-2"?
A
_1 e dp,
b+ k) -[o R+ e+ ER
Evaluating the integrals, we find
%, k)= -2 ) tan™ 20/ (k- &)
- He+R)tan™2A/(k+E"),  (3.31)
which reduces to
Y k") =tn(|k-F'|- |E+E']) (3.32)

for k, k' «<A. Eq. (3.29) is cutoff independent which
indicates that the renormalization procedure pre-
sented here makes sense. Finally, we have

- =y

I'¥a,q")=(2n%%p +p)r¥@,q) , (3. 33)
with

yE@ 3 =22 el K0 1Y (3.34)

1\ n+8 qaqlz ) . .

IV. CRITICAL EXPONENTS
A. Exponents from I'*(X,X’)

In this section, we evaluate 1"*(:?, x') to first or-
der in €. From this, we obtain the exponents 7,
and 7, introduced by Binder and Hohenberg4 and an
exponent 7 describing the approach to the bulk cor-
relation function as z, 2~ +», To first order in €,
only one of these exponents is independent. In Sec.
IV B, we argue that this feature should be general.

Fourier transformation of Eq. (3.22) yields

- > x> > - -

*(x,x)=I§x,x)+I¥x,x’), 4.1)

- -
where I'§(x, X) is the Gaussian correlation function
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obtained from Eq. (3.23),

T¥E X)=G,K-X') - G,X-vx'+22&,), (4.2)
where
= T@d-1) 1
Go(R) ==32arm g 1a o 4.3)

]
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where vX = (5, —z) and &, is a unit vector perpendic-
ular to the surface. [No confusion should result
from the T function appearing in Eq. (4. 3) and the
correlation function I'* in Eq. (4.2).]

In Appendix C, we evaluate T'¥(x,X’) from Eq.
(3.33) for T'¥@, q"),

w142 1 IX = vX' +22%, 12 , )
* ! =— b + - -
I'¥x, x % e €4ﬂzlx—x'lz<n EFS\PSY E [2A(z+ )] - E{[2A(2" +))],
1n+2 1 IXx-x'|2 :
T 2n+8 Sartlx- vR'+226, 12 <n4(z+)\)(z'+>\)_ Ey[2A(z +))] - Ey[2Mz +A)]> ’ (4.4)

where E, is the exponential integral. To obtain this equation, we have used Eq. (3. 31) which includes cut-

off dependence.

In general, there are other unimportant cutoff-dependent terms which are discussed at the

end:of Appendix D, Note 1";"(:?, X') is antisymmetric under interchange of |x— x'| and |x - vx+22&,| as ex-
pected. Combining Egs. (4.4) and (4. 3) and exponentiating, we obtain

- >

IX-%x"|2

T'*x,x )=

where a(z) = exp{E,[2A(z + )]} and
fi=3€n+2)/(n+8) . (4.6)

Note that all cutoff dependence is incorporated into
an over-all prefactor which tends to unity rapidly
as z and z’ go into the bulk

ez(z*).)A'l'y
m for (z+7\)A<<1,
a(z) ~ 1 o 4.7
=2A(z2+))
exP<2A(z+A)e ) for (z+2M)A>1,

where v is Euler’s constant. This indicates that we
cannot determine the variation of the overall coeffi-
cient from the € expansion when z and z’ are near
the surface. However, when z and 2z’ are of order
‘a few times A, this coefficient becomes independent
of z and A.

We now consider various limiting forms for
I'*(X,X'). To obtain these, note that |X - vx' +21é,12
=|X-%12+4(z+\)(z' +1). First, consider what
happens when z and z' go into the bulk with 1Xx-%'1
large and fixed. In this case, the bulk correlation
function Eq. (4. 2) should be retrieved. Noting that
4(z+0)(2"+0)=(z+2 +20 - (2 - 2')?, we obtain

T*(X, X') - TXE, X)~ (2 + 2)-(e-22D | (4.8)

Thus, the approach to the bulk value of the correla-
tion function behaves like a power law and occurs
more rapidly than in the mean-field theory. Next,
allow |x— x'|2 to be much greater than 4(z + )
X(z'+2), then

G % 1 (4(3 +N)(2’ +>~)>"" , (4.9)

X, X )~ T =732 o
’ Ix-%"1¢\ |x-x'12

where we have not included the (z-dependent) pre-

J"(%d—l)( 1 >5[ 1 (l;’:—w’c’ﬂuzxéﬂa)”_ 1 < )ﬁ] @.5)
4ri’2 \g(2)a(z")) LIZ-X"12°\ 4(z+2)(z"'+1) I1X—vX'+228,.12¢ \4(z+\) (2" +2)/ 1° .

r

factor. Two limits of this equation are of interest.
In the first, z and z' are fixed and IE— 5’[ becomes
large; in the second, z’ is fixed and |X—X'| be-
comes large. In these limits, I'*(x, X') obtains the
forms introduced by Binder and Hohenberg"

—I—f——i—}ﬁ"ﬁ"’ 2, z' fixed ,
IT™*(x,x")~ (4.10)
l—}.{:—_—%, z' fixed s
where cosf=(z-2z")/1X-X%'| and
N =2-27=2=[(n+2)/(n+8)]€, (4.11)
n=1-7=1-3[(n+2)/(n+8)]€, (4.12)
A(6) = (cos) . - (4.13)

B. Exponents from scaling

There are a variety of exponents describing sur-
face critical properties which have been described
by several authors. *%:11=13 A]] of these exponents
can be obtained from our 7, and 1, combined with
scaling relations implied by simple homogeneity
assumptions. If the shift exponent A introduced by
Fisher!! is greater than unity as most evidence in-
dicates, 57 the scaling from the surface free energy

can be written?s5:1113

F,=|t|2os f([¢]2n, [t]-2thy) , (4.14)

where h is the bulk magnetic field, %, is the mag-
netic field on the surface layer, o, the surface spe-
cific-heat exponent, A is the bulk gap exponent, and
4, is the surface gap exponent. a, satisfies

as=a+6, (4.15)
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where o is the bulk specific-heat exponent and 6 the
rounding exponent. 1 If one argues7 that the cross-
over from d- to (d - 1)-dimensional critical behavior
occurs when £,~ L, where &, is the correlation
length and L the finite length along one direction,
one obtains 8™ =y, in which case

as=a+v. (4.16)

Using Eq. (4.14), one can introduce new exponents
y, for the surface susceptibility x,=-8%F,/0h%; B,
for the surface magnetization m =~ 9F,/8h; B, for
the layer magnetization my =—8F,/8h ; y, for the
layer susceptibility y; = — 82F,/81;0h; v, for the
local susceptibility x,,, = - 8%F,/0h, etc. The ex-
ponents y; and v, ; can be obtained from the scaling
relations derived by Binder and Hohenberg?

(4.17)
(4.18)

Y1=v@2-mn),
n,a=vil-n,) .

The second relation follows from the assumption
that correlations on the surface obey scaling in a
(d- 1)-dimensional system with n,=1+n,. The val-
ues of these exponents to first order in € along with
other exponents that follow from scaling are listed
in Table I. We also list, for comparison, the rel-
evant exponents from: (i) mean-field (MF) theo-
ry, »*®* (ii) exact calculations for two-dimensional
(2D) Ising systems by McCoy and Wu, !* (iii) exact
calculations for a spherical model by Fisher and
Barber!” and by Watson, 18 and (iv) numerical cal-
culations for the Ising and Heisenberg models in
three dimensions (3D) by Binder and Hohenberg. 45
Note that the n =« values obtained from the present
work do not agree with exact calculations on the
spherical model (e.g., 7, is 1 — 3¢ from the =
limit of € expansion and 7, is 1 for all € in the
spherical model). For bulk systems the spherical
and the n =2 model are equivalent in the critical
region. In finite systems, the n=% limit most
likely corresponds to a spherical model in which a
spherical constraint is applied individually to each
layer27 rather than to the spherical model consid-
ered by Fisher, Barber, !" and Watson'® in which
the spherical constraint is applied to all of the
spins. It is difficult to make meaningful compari-
son between the exponents calculated for two- and
three-dimensional systems and those calculated to
first order in € in this paper. One can say however
that the general qualitative trend of the € expansion
is in agreement with the lower-dimensional expo-

|

51 (®) - 3K 2 [si(x+ B) + 5, (x+ D),
3

0s;(X) -
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nents. For example, the € expansion says that n,
should decrease from 1 as € increases from 0.
Both the numerical calculations in three dimensions
(. =0. 64) and exact calculations in two dimensions
(n.=2) yield an 7, which is less than 1. Similar
considerations apply to all of the surface exponents
listed in Table I.

The Barber'® surface exponent relation

2y1 = Y1,1=Ys =y +V =y + 6" (4.19)

can be combined with the Binder-Hohenberg rela-
tions, Eqs. (4.17) and (4.18), and the bulk-scaling
relation y =v(2 — 1) to obtain a useful relation for
the 71’s,

(4.20)

This relationship is satisfied exactly by the mean-
field theory, the 2D Ising model and to first order
in € in the € expansion; and it is satisfied within
estimated error in the 3D Ising model. A form for
the spin correlation function which gives exponents
which always satisfy this relation is

S | |§—v§'+27\é,,|2>"
Tk x) = IE-—)?’I"Z*"( 4(z +2)(z"+2)

M=2M-7 .

1 ( IX-x'|2 ),,
TIX-vxX +208, 147\ 4(z +2) (27 +0))
(4.21)
This is the same form as Eq. (4.5) with =0 and
predicts

(4.22a)
(4.22b)

m=1+n-7,
77|1=2+77_2ﬁ;

which trivially satisfies Eq. (4.20). A calculation
to second order in € should verify Eq. (4.21). Such
a calculation now seems feasible and is currently
being considered.
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APPENDIX A

In this appendix, we will show that the functions
¥3(X) defined in Eq. (2.7) form an orthonormal ba-
sis which diagonalizes the Gaussian Hamiltonian
3o, Eq. (2.5). To show that ¥z(X) diagonalizes
3¢y, we note that 63Cy/ds;(X) is a linear operator
on s;(¥) which we denote by O;

z>0

5u(B, 0) = Ksi(B, 1) = 38, L s1(5+ 5, 0) + (5=, 0, 2=0
]
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= 681 (E). (Al )
Now, consider the effect of O on ¥3(%),
(I-KZ: cosﬁ.S)zP;(i), z2>0
0Y3(0) = ’ (a2)
[(1 -K(1+4y) Z cosp 5, - Kcosk) - Ksink cotqo] ¥g(p,0), 2=0.
Gy
[
Hence =3[@n)* '@ -q') - (2m)*o4(q - vd")] , (AT
Oug(®) = @ ®) (A3)

for all X where

€@ =1-K2 cosd+ b= (1 - 2dK)+ Kq?+ 0(g"),
:

_ (a9)
provided
<1 -K(1+ AS)Z cosp - Sn
oy
— Kcosk —Ksinkcot<p> =€(q), (A5)

Equation (A5) is satisfied if
tang = sinl\/(cosk - ASZ cosp » 3..') . (A6)
[

We must now show that the functions ¥3(X) form a
complete orthonormal set on the semi-infinite lat-
tice for —m<g;=m, j=1,2, ..., d.

1. Orthogonality

The orthogonality condition is

2 PR

which follows from

Z el (B-B)eF _ (@m)t188L (S - B) (A8)

-

»

and

Z 2sin(kz + @) sin(k’z+ @’)=10(k - k') - 10(k+ k'),

2=0

(A9)

where ¢ =¢(k, B) and ¢’ = ¢(%’, ) are defined
through Eq. (A6). Equation (A8) is a standard re-
sult and we will not demonstrate it here. Equation
(A9) requires some work so we will prove it:

Z 2 sin(kz + @) sin(k' z+ @)

2=0

=Z{cos[(k—k’)z+qo -¢']=cos[(E+F)z+@+¢']}.

2=0

© L
i1 1 syl inat
3 cos(az+6)=limReZ loe gif _lim <cosB sinas(L +1) cosas L _ sing s1na2(L+1)sma2L)

2=0 L= 2=0 Le»

2sinz o 2

Lw®

If a+#0, the limit of Eq. (All)is

J(@,B)=2( cosp - sinB cotza) . (A12)
If =0, the limitis
n8(a)cosB . (A13)

Substituting these results in Eq. (A10) gives
E 2sin(kz + @)sin(k' z+ ¢')=7nd(k - #')
2=0

-8k + K+ H(E, '),  (Al4)

= lim[cosﬁ<s—ip-ﬂrt5—) +l) + sinﬁ(

(A10)
Now
1
sinza sinza
cosa(L+3) cosia >]
2 sinza 2sinza/]” (a11)

I

where we have used the fact that ¢ =¢’ when 2=k’
and ¢ =— ¢’ when k=-k’ and where H(k,?')=J(%
-F,p-9¢")=JE+E', @+¢'), Itis not difficult to
show using Eq. (A6) that H vanishes.

2. Completeness

The completeness relation we must prove is

[ vamwi @) =035, (A15)

where X and X’ are points on the semifinite lattice,
Since
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f; eﬁ-(p-ﬁ") =6;;' . (AIG)
it remains to show that
"dk ., . . R
o 2 sin(kz + @) sin(kz’ + 9)=5,,. . A17)
-t
Now
Tdk . .
J o 2 sin(kz + @) sin(kz2’ + @)
wr &7
" dk , ,
= E{[cosk(z —2'Y—cos(k(z+2') +2¢)]
=0, —Rel, (A18)
_ ’ _fd_k ik(z+2’) 210
I= Lr o7 ¢ e’ (A19)
From Eq. (A6), we have
et 2
eziw [ f(ﬁ)] (AZO)

“1-27@)cosk+/2®) ’

where f({)=A;33cosp+ 6. If we now introduce the
change of variables £=¢'* we find

__1_ -d_g-z-l-z’ g"f(ﬁ)
f@) S 2mi” £-1/7()’

where the contour is the unit circle in the complex
¢ plane. Thus, we see that I vanishes provided
@) <1 for all §. Since |f(P)l =24,(d -1), we
have I=0 if 2A,(d-1)<1. Thus for A,<[2(d-1)]"?
we obtain Eq. (A15).

Hence, we can expand §(X) in terms of ¥3(X),

I= (A21)

s(=6 | 5@V - (a22)
q
Inserting this into 3C,;, we obtain
K0=G* | @@+ 5~ 1) - (a23)

q

If we now choose G =K™/?, we obtain Egs. (2.9)
and (2.10).

APPENDIX B: EVALUATION OF R(d,d;.d3.44)

To obtain Eq. (2.13), we express 3(X) in terms
of ¥z(X) in 3¢, = @Y1 8(F) 14,

%= Lo [5@)- 5@ 5@ 5@ @nr

X 6(51 '*’52 +53 +§4)S(ﬁ1, az, qs, 54) ’ (B1)
where
4
S=4Z H sin(k;2 + @;)
220 j=1

4
=4E H (sink;z cos@; +cosk;zsing;) ,  (B2)
220 j=1

where ¢; is given by Eq. (A6). Equation (B2) can

be expanded term by term and evaluated. Terms
involving an even number of factors of sink;z are
all proportional to 3(3, j=ﬂ<,-k,-) with the exception
of 43 ,>0]] 5.1 cosk;z sing; which has an additional
contribution, 211;sing;. Terms involving an odd
number of factors of sink;z can all be reduced to
sums involving

L
Z sinaz=lim Imz i

220 L~ 2=0

=lim(é~ cotsa _%___1_1__ cota(L +§)>

Le® sinz o
{0, a=0,

= ! B3
tcotsa, a#0, (B3)

where a =3, j=*1<jkj. Following the above prescrip-
tion, we obtain after much tedious algebra

S:% 2. <1sze3<46(2 e,k,)cos(Z ejqo,>
€j=%1 i i
+ Q(al, 62: 639 54) ) (B4)
where @=@, + @ and

@,=2sing; sing, sing, sing,, (B5a)

Zl €1€2€5€, cot(% Ej: eikj) sin(zj: €j¢j) .

€j=*

1
Qz-*g

(B5b)
Plugging Eq. (B4) into Eq. (Bl), we obtain Eq.
(2.13) with

R(d;, Gz, 43, G4) = (27)"10(5; + By + D + Da)

X Q(dy, Gz, A3, da) - (B6)

If A;=0 (x=1), we have ¢;=k;. We can then
easily evaluate @, using cot3 6 =(1 +cos8)/siné:

-I—Z €,1€,€3€, cot-lz—(z e,k,) sin Z €;k;
8 € J i
=%Zelezese4 cos(zejk,> =2H sing; .  (BT)
€f i

J
Therefore, @ =0 when A,=0 in agreement with the
treatment in Ref. 20. If A #0, we need to deter-
mine whether or not @ can lead to any relevant po-
tentials. From Eq. (A6), we have

sinkj
(1 -2cosk; f; +f3)H?

sing, = (B8)

where f; =AY, cosp - 8. If A<, we expand @ for
kA< 1 and p<«< 1, Equation (B8) yields

0=k 1 =2RE(1 = 30+203) = A, pP2] . (B9)
Using this in Eq. (B5), we obtain
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Q =fcky kokegky(1 — 1002 + OX*) *51
Ej'

This reduces to zero when x=1 as required. The
second term has a singularity at }€;#; =0. Itis,
however, integrable and less singular than a 6
function. Let W; and W, be the potentials arising,
respectively, from the first and second term of

Eq. (B10). Then under renormalization, we have
Wi~ b4ttt = b W,
1’ (B11)
WI ~ b-4d§4 bd-l b-z bld Wl .

Thus both W, and W, are irrelevant and can be ig-
nored. When A=w, f,=1-A_pZ+0(p}) and

sing; = (k;/| & | 1+ 0(¢®)] . (B12)
Then we have
Q, =2k koksky/ | Rykskesky| . (B13)

2 €1€2€3€4<E €¢k‘[ka(1 M+ 27@) +6KASP¢ + O(q4) /Z E‘k{> (Blo)

@5 is much more complicated. It is possible to
show after much tedious algebra that @, contains
terms of the form of Eq. (B13) and singular terms

~ 4 Jakksk B, &, &, )
%" ATk gyt *% bk G ek * B

where B is of order ¢°. There are no terms of the
form |k, kykgk, |~ (3i€ k) p%k,. Therefore, all
terms in @, and @, are of order unity and the po-
tential W, resulting from @, is irrelevant above
three dimensions

W~ bttt w=0w ., (B15)

This result will be useful in the third paper in this
series.

APPENDIX C: EVALUATION OF DIAGRAM 1(b)

In this appendix, we will evaluate the contribution to diagram 1(b) to the recursion relation for 174 In

particular, we will show that X’ is irrelevant.

Vy(&y, Gz, A5, 4,) = — 4(n + 8)0® J J‘ —2—71_

where

(qu QZ, ds, qs) 51( VQS: - Vqs, qs, qL) ’ (Cl)

6*(dy, G, ds, G6)0%( — 185, — v, da, Ga) = (2m)*L6%1(B, + By + B + D) 0% ( = Bs = D + Ds + Do) ARy, Bo, Bs, Bg)

XA(kﬁs ks, ka, k4)

and

(Cc2)

2
Az = A(kl, kz, ks, ks, )A(k5’ ke, ks, k4) =(%) Z €1€2€5€6€§€'6€3€45(€1k1 + €2k2 + €5k5 + €6k6)5(€§k5 + Eéka + €3k3 + €4k4) 3

(C3)
where as usual, we have taken |2/ A< 1. This sum can be decomposed into four parts:
(1) es=-¢5; €g=-¢q, (i) €5=€5; €5=¢5, (i) f==~¢5; €5=¢, (V) €f=¢5; €4=—¢;. (c4)
Hence,
Aa = (‘Z‘) Z €1€z€3<45(€1k1 + €zkz + €3k3 + €4k4)6(€5k5 + €6k6 €3k3 €4k4)
T 2
"(Z) Z €1€2€3€46(€1k1 + €2kz + Eaks + €4k4 + 2€6k6)6( - €5k5 + €6k6+ €3k3 + €4k4)
T 22
- Z) €1€3€3€45(€1k1+€2k2+€3k3+€4k4+2€6k6)6(€5k5 “Eek5+€3k3+€4k4) . (C5)

The first term comes from parts (i) and (ii) and the last two from (iii) and (iv). In the limit that By, Ry, kg
and %, become much smaller than k5 and %,, this becomes

2
A% = ARy, oy, by, kQ%Z O(esks + €gkg) —<%) Z €1€2€3€, 5(2€4%6)0( — €55 + €gkg) + 20(€5ks)0(€5ks — €4k4)] - (ce)

The last term is zero since Je €;€3¢, =0, Combining Egs. (C1), (C2) and (C6) we find
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ViZ)((h: o, ds, dy) = — 4(n + 8)%6%(d,, 45, 45, 4,) I (q T 'r) + Xia)(qh a5, d5,d,) - cn

This is the result quoted in Eq. (3.16) in the text.

X{¥ can be divided into two parts. The first part is preceded by a 6 function in the %’s [coming from
the first term in Eq. (C5)]; the second term has no & function in the #’s [coming from the second and

third terms of Eq. (C5)]:

X @, Gz, T3y gy ) = (@) 101Dy + Dy + s +ﬁ4)2 €1€2€3€,0(€1 g + €akp + €5k + €, )y P ({1, Ty, G5, 4)
+ (Zﬂ)d-15d-1(§1 +§2 +§s +§4)Z(2)@1, <:-iz, as, 54) . (cs)

vy (d,,d, 4, d4) is proportional to a linear combination of ¢%, g%, ¢2, and g2 with coefficients that depend

on k/p, ete., for small §’s. Hence

(2) ~ =80 447,22, (2) & FE=2,,(2)
Yia ~ L0y ~ 50,

(C9)

where [ refers to the number of renormalization iterations. Thus @’ is an irrelevant variable. Z®(J,,
45, d3,44),is odd under k- —k; for all i=1,2,3,4. Furthermore, it is analytic in &, for small k. Hence

Z® ~ b bykok,

(C10)

and is irrelevant just as W,, Eq. (B11), in Appendix B is irrelevant,

APPENDIX D

In this appendix, we evaluate I'f(%, ¥').
Eq. (3.33),

From

ri& %)= [ [ @05 G T EHE),
q q
(D1)
where ¥3(X) is defined in Eq. (2.7), and the inte-
grals are over D,. Substituting in the expression
for v¥(d,q’) from Eq. (3.34) gives

n+2 Ags ap
ni8e o (2m)°

i po(P=p’)

& %)=~
Xf g_]i A g ( 1 1
A 21 Jop ARl A
x#'(k, k')2 sink(z + \) sink’ (2’ + 7\)> . (D2)

Using Eq. (3.29) for #*) and exploiting the symme-
try in 2 and &', we obtain after performing the an-
gular integrations over P,

1 n+2 1

& X)=2 5

& neg < Tp-p A% F),  (B3)

where
1 A A A
AR %)= —ZI dp f dk j dk'p sinpp, 2 sinkz,
21 Jy -A A
1 1 2A
’ ’ -1
X sink lew(k+k)ta k 7

T

(D4)
where py= 15 -p’| and 2z, =2+). We now extend
the upper limits of integration to « and obtain

- -y

Ax x)-4 ZImJ dp p et

r
° 1 1
X Ldk Ldk PE+EE PP+ B

X (k+k")tan™

2A
P k,Z sinkz, sink zl) . (D5)
The p integration can be done by closing the contour
in the upper half-plane

> >y,

A(xx)———pf dkj dk, E+E . . 2A

klata Bk

- . . 1 7
e *P1)2 sinkz, sink'zy

1 J kR
_4Tr<PJ’ dk dk - k"

x(e‘"k'“’l_

a 2A Ly . .
xtan™ pyald 18191 2 sinkz, sink 2y + (2, = z{)) .
(D6)
Using the integral representation for tan™
a4 2A J’ dx
1 s
tan P (k+ &) %2+ (B+R")° ©7)

and transforming the B integral to go from 0 to =,
we obtain

2A © R
Ax, x") 1 U dx f dr' e™® *1 singz,
0 0

T
X Bk, x, 2,) + (21~ z{)) R D8)
where
E+k’ .
B(k X, Z]_) PJ‘ dk b k, (k+k,)2+xgsmkz1
1 ~ik'zqex2] ..~..2__k_.l_.. ik'n)
nRe(zx 2k’ ¢ Tap 2 :

(D9)
Hence, after some rearrangement, we obtain
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- >y

AR, ") =4J.(py +iley +21), 21)

=T py +ilzy = 2), 21) + il py +i(2y +21), 21)
= Julpy — ilzy - 21), 21) = Ju(p = i(2, +21), 0)
+J(p—ilz; +21), 0)], (D10)
where
’ e'k n
J, (1, z)=Ref dx f dr' e+ xi2ik'
Eiziij; dxe-x(z*ﬂlZi)El(ig) , (Dll)

where E; is the exponential integral.?® The integral
in Eq. (D11) has been evaluated®®

-ZA(x*n/Zi)

i"'l
J.(n, 2)= n¥F Zzz [ln Zzz

X E, (i: %—Z—) - E1(2Az)] . (D12)

We are interested in the limit |X~X |=c. In this
case |nlA>1 for all n’s appearing in Eq. (D10),
and we have

J,(n, z)~ El(ZAz)\) (D13)

11*212 <1né—z_

Therefore, from Egs. (D3), (D10), and (D13), we
have

THE X)

4545

IX - vX' +228, |2

4(z +2)(z"+2)

Ling [t (n
47 2 n T8 JE

- E[2A(z+))] - Ey[2A(2" + 7\)]>

1 (1 IX-x'|2
TIE-vE +208, 12\ 4z +2)(2'+N)

- Ey[2A(z +))] - Ey[2A(2" + A)]>] . (D14)
We have kept the cutoff dependence coming from
tan"[2A/(k +&')] because it leads to cutoff-dependent
corrections for small z and z’ but large IE— 5'] as
discussed in Sec. IV. There are other cutoff-de-
pendent terms arising from the finite upper limit to
the integrals in Eq. (D4). These corrections oscil-
late at large IX-x'l and presumably become unim-
portant as A|X-X'| become large. We have not
verified this point in detail. We note however that
troubles arise even in the Gaussian problem if A is
allowed to have a value other than 7. If A=, the
correct asymptotic form for the spin correlation
length is obtained. For A< g, however, there are
terms which behave like

G—_—lﬁcosA(z -z - (——r—-—COSA(z +z'+22)

Z+2 +2)0)?

as |X - 5(.'| tends to infinity perpendicular to these
surfaces. These terms die off less rapidly than the
correct solution and are clearly unphysical.
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