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Magnetic specific heat of hnear chains with Heisenberg exchange and crystal-field
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Estimates of the specific heat C are presented for the infinite one-dimensional array of spins 8 = 1

with isotropic nearest-neighbor coupling J and an axial zero-field splitting h. The results are obtained
from extrapolation of C for finite chains. For a number of ratio's 6/J (including all sign combinations
of J and 6) curves are presented for all temperatures except for the region near T = 0. Attention is

given to the justification of the extrapolation formula. In the case of ferromagnetic exchange a second
maximum may appear in C for small 8,. Its position and amplitude are strongly dependent on 5/J. For
antiferromagnetic coupling, C is only slightly dependent on the sign and magnitude of 6 «r small ~.

I. INTRODUCTION

The calculation of thermodynamic properties of
an infinite ensemble of magnetically interacting
spins forms a problem which has been a challenge
to many theoreticians over the last decades. Most
of the progress has been made upon the introduc-
tion of model systems. In these systems the na-
ture of the exchange interaction is restricted to a
limited number of simplified forms (Ising, Heisen-
berg, XY). One further simplification can be
found in restricting the dimensionality of the lat-
tice as well as the spin quantum number. It is
clear that due to their relative theoretical sim-
plicity the one-dimensional model systems have
attracted the most attention. However, even for
these systems the exact solution of the Hamilto-
nian in terms of the thermodynamical potentials
induces severe problems.

Until now closed-form expressions for the par-
tition function could only be derived for the S = 2

Ising model, ' the S = 2 XP model, ' and for the clas-
sical limit S-~ with arbitrary spin dimensional-
ity. ' ' In principle, the general spin Ising chain
can also be solved with the use of the transfer-
matrix technique. ' For a number of other Ham-
iltonians, approximate solutions have been pub-
lished. Among these we mention l.ow-temperature
approximations (spin-wave theory), ' high-tempera-
ture-series expansions, '"Green's-function ap-
proaches, "and limited-chain-length calcula-
tions 12 13

The approximate techniques were mostly ap-
plied to the case of isotropic interaction while in
practice this may hardly be expected. Except for
S-state ions such as Mn'+, Fe", and Gd'+ an
anisotropy in the exchange or in the single-ion
properties may be present. For S = —,

' (Mn", Fe")
the Green's-function analysis of the specific heat '
is therefore valuable, while for S = 2 the general

Hamiltonian with anisotropic exchange is reviewed
by Bonner and Fisher. "

Except for S = —,', ~2 all ions with S& 2 will in
practice exhibit a zero-field energy splitting due
to interactions with the surrounding ligands.
Among those the most experimental evidence is
obtained on Ni'+ (S = I) compounds. Since the mag-
nitude of the zero-field splitting (&) is dependent
on the actual surrounding, insight is obtained into
the dependence of the thermal and magnetic be-
havior on one parameter in the Hamiltonian.

The theoretical prediction of a tricritical point
in the related Blume-Emery-Griffiths model'
make these Ni" compounds specialy interesting.
Experimental observations also indicate a com-
plicated magnetic behavior. ' ' In some salts
for instance it is observed that the specific heat
displays two singularities, both of magnetic ori-
gin 2o, 2x Except for some preliminary notes
no quantum-mechanical predictions are available
for the thermal and magnetic behavior of S =1
assemblies with Heisenberg exchange and &10.

In view of this lack of theoretical predictions
we have started an investigation of Hamiltonians
for S =1 with axial zero-field splitting and iso-
tropic exchange. A logical start was found in the
case of a one-dimensional arrangement of spins.
In that case the lattice (a chain or ring) is so sim-
ple that other methods than the series expansion
of a thermodynamic potential are possible. This
paper deals with the specific heat of such linear
systems and applies the methods of extrapolation
from finite clusters of spins.

In an attempt to justify such extrapolation we
derived a relation between the specific heat of
clusters of different size and used this to obtain
an estimate for the infinite chain. Like the ear-
lier notes that deal with the same type of Ham-
iltonian we had to exclude the extreme-low-tem-
perature limit. Attempts resembling those of
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Bonner and Fisher to describe the low-tempera-
ture limit failed in the presence of &.

Section II defines the Hamiltonian and describes
the general theory. The basic formula that justi-
fies the extrapolation procedure is derived on the
basis of a series expansion. In Sec. III the re-
sults for varying & and 8 (in magnitude as well as
in sign) will be presented and discussed.

tI. THEORY

A one-dimensional assembly of N spins 8 = i
with axial zero-field splitting ~ and nearest-
neighbor isotropic exchange J may be represented
by the Hamiltonian

In this form X represents an open chain. For the
description of a ring an additional coupling be-
tween 8, and S„can be assumed. For small N
the eigenvalues and associated eigenstates of X
can be calculated by exact diagonalization of the
corresponding matrix. No solution is known for
the eigenvalues or for the partitionfunction in
the case X

The maximum Ã for which calculations can be
performed is determined by the dimension of the
eigenvalue problem. Therefore, good quantum
numbers are of great help since by their applica-
tion the matrix is divided in blocks, which can be
diagonalized separately.

The z component of total spin T, =QS;, com-
mutes with X and basis functions can be chosen
that are eigenfunctions of T,. The translational
invariance of X in the case of rings make the ir-
reducible representations (IR) of the group D„
(for N spine in the ring) good quantum numbers.
Application of projection operators creates the
appropriate basis functions belonging to a cer-
tain IR. For N&3 some of the IR are two dimen-
sional, resulting in a tmofold degeneracy of the
eigenvatues. This further reduces the eigenvalue
problem. For a chain the only symmetry element
is an inversion center and therefore X transforms
according to D2. Ca1.culations were performed on
a Burroughs 86700 computer and this set a Inaxi-
mum allowable dimension of 300 for the matrix
equations. The application of good quantum num-
bers then enables ring calculation up to% = 8. Due
to the lower symmetry the largest chain for which
X can be solved has seven spins.

Once the eigenvalues E; are known, the specific
heat per spin may be calculated as
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The results of such a calculation for chains with
various N are shown in Fig. 1 for a case with fer-
romagnetic exchange. In order to obtain an esti-
mate for the specific heat of an infinite chain, a
correlation must be found between the results of
the finite clusters of different size. Sometimes a
sufficiently r'eliable result, is obtained from an
interpolation between C„and C„„for various N,
if C„ is approached alternatingly. This behavior
is displayed by antiferromagneti. c rings. " In case
of ferromagnetic coupling however, C„ is ap-
proached monotonically for rings as well as for
chains as is shown in Fig. I. In this case an extra-
polation of the data is required, introducing
severe problems in the estimation of error bounds.
In order to avoid these uncertainties a relation
,of the form C„= f(N, C„) is desirable to establish
a rigid base for the extrapolation formula. Such
a relation may be obtained, at least for the high-
temperature tail, through an expansion of C„in
powers of P {=J/kT),

(3)

and then deriving a relation of the form a&

~g(N, Qp). To do tllls, cP 18 expl'essed ln 'tl'aces
of the Hamiltonian for a chain of X spins. The
traces are correlated with the occurrence of cer-
tain graphs on the lattice, ' through which the de-
pendence of a", on the chain length N is determined.
This procedure will be outlined in mor'e detail
for a4. Ther eafter, general arguments mill be
sufficient to derive the relation for all coeffici-
ents. In the example of a~ we mill restrict our-
selfs to the case ~ =0. However, the results are
valid for the more general Hamiltonian as well.

The relation between a~ and the traces of XN is
given by

a,"= tr(X'„) —3[tr(X'„)]',

where tr(X„) denotes the normalized trace
Tr(X„)/(28+ I)". The only graph that contributes
to tr(X„)' is (8, ~ 8,)', denotedbyd, . InX' the
nonvanishing graphs are

d', =(8, 8,)',
d3~=4(S, 8,)'(8, 84)'

+2(8, ~ 8,)(S, 8,)(8, 8,)(8, 8,),

The traces can now be expressed in the graphs by
counting their' frequency of occurrence on the lat-
tice. For finite as well as for infinite chains the
occurrence numbers are given in Table I. Using
these numbers we arrive at
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FIG, 1. Cz vs T/J for
finite chains for ferro-
magnetic exchange and
4& 0.

a,"~—(15(d,)' —2d,' —d,'+ N[d,'+ d,' ——,
' d,'+ 6(d, )']

+ ~'[-.' d,'- 3(d,)']} (6a)

a4 ~d4+d 4
—

» d4+ 6(d»)

Now a4 may be expressed in a,":
a4 = a~" —[d,'+ 2d'„—15(d, )']/N .

To obtain expressions like Eg. (7) for aH a» it is
observed that in analogy with Eq. (6a), a, can be
expressed in a polynomial in N,

(6)

In the limit N this shouM equal a&", and com-
bining this result with Eg. (6), we obtain the re-
quired general expression between C„, C„, and
N,

Na» Q 5k~»
0~0

where the coefficients bI', are combinations of
graphs d&. Since for large N the result shouM
be finite, all 5» vanish for )t » (as was shown for
a4}. For a& we may thus write

a", =f,'+f,'/N.

ly turns out to be the case for kT»IZ) but for
lower temperatures discrepancies from the lin-
ear relation appear, This can be understood when
the conditions mentioned in Table I are taken into
account, since they affect the validity of Eg. (9}.
In general it can be stated that Eq. (9) is subject
to the condition that N should be large enough so
that the chain contains all graphs in tr(X') at
least once. For high temperatures the series
expansion (8) is limited to one term of appreci-
able importance. Therefore Eq. (10) can be ap-
plied to all chains that contain the graph of tr(X'),
and thus for N ~ 2. For decreasing temperature
more and more terms in (3) are of importance
and consequently a longer chain is required to
contain the largest diagram.

The discrepancies of the linear relation (10)
turn out to be alternating in sign for even and odd
N and therefore it is possible to use the plot of
C„vs I/N even for fairly low temperatures.

TABLE I. Occurrence of diagrams in X and in Z on
an infinite lattice and on finite chains of 1ength N. For
this last case the formulas are subject to the conditions
in the right-moat column.

C„=C„[l—n(T)/N],
Occurrence for Occurrence for

N finite N Conditions

with n(T) independent of ¹ Expression (10) ex-
plains the fact that C»(T) is a monotonic function
of N for ferromagnetic as well as for antiferro-
magnetic chains.

A plot of C„vs I/N should result in a straight
line from which C„may be obtained. This actual-

~3Nyr-3)

R —1

N-1
N-2

-'(N-2) (N-3)

N&2
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FIG. 2. Estimated speci-
fic heat of an infinite chain
with ferromagnetic inter-
action and 6 &Q. The ratio
d/( J~ is indicated. The
curves are drawn only for
temperatures where the
estimated error is less
then 4%. C„ is expressed
in the experimental units
J/mol K.

Apaxt from C„, a least-squares-fitting proce-
dure to the points gives a measure of the lineax-
ity and consequently results in an estimate of the
uncertainty in C„. Independently, me calculated
the high-temperature series up to the thirteenth
coefficient. The details of this calculation vrill
be presented in a subsequent paper dealing with
the general spin Heisenberg chain. The use of
Pade approximants make these series useful for
kT & 2J. Comparison of the results obtained from
the outlined extrapolation method with those of
the series expansions show no differences.

For x'ings a relation between-C& and C„may
also be derived. In that case however, the num-
ber of spins equals the numbex of bonds and it
can be proved that the first term in Eg. (8) van-
ishes. Consequently, Eq. (10) reduces to C„=C„
for all ¹ Here too the formula is subject to the
condition that all graphs contributing appreciably
to the series (3) be present in the ring. Moreover
the ring graphs of order jb ~ N that occur in tr(X )
for a ring of N spins should not contribute. This
last condition probably explains the observed fact
that extrapolation from rings is useful only for

4.0

0
0

3-
fg

0.
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FIG. 3. C„when J &Q and
6 & 0. Otherwise the corn;
ment of Fig. 2 applies.



4406 T. DE NEE F AND W. J. M. DE JONGE

-8.0

FIG. 4. C„when J&0 and
b, &0. The number of dif-
ferent ratios 6/J is limited
for typographical reasons.
Otherwise as Fig. 2.

Pg»J'.
III. RESULTS

Calculations were performed for all four possi-
ble sign combinations of J and ~, with a variety
of values for &/Z. Estimates of the magnetic
specific heat for an infinite chain (C„), resulting
from the extrapolation procedure sketched in
Sec. II, are shown in Fig. 2-5." As we men-
tioned before, the uncertainty in the extrapola-
tion increases with decreasing temperature. The
results displayed in the figures are restricted to

the temperature region where the estimated un-
certainty is less than 4%%uo. At kT/J =1 a typical
value for the possible error is 0.5%.

Discussing the results we will distinguish two
cases: the ferromagnetic (Z&0) and the antiferro-
magnetic chain (8&0). The most interesting be-
havior is observed in the case of ferromagnetic
exchange (Figs. 2 and 3). For small positive &
the curves show a pronounced peak at the l.ow-
temperature side. For small negative ~ the peak
is less pronounced and reduces to a "shoulder. "
For moderate values of & (( &/Z (= 1) the tempera-

4.0

O
E

l

3l5
Q

FIG. 5. C„when J &0 and
6&0. For comments see
Fig. 4.
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FIG. 6. Maxima and shoulder in C„ for ferromagnetic
exchange as a function of 6/J. The behavior of the
shoulder near 6,=0 is uncertain and the dashed part of
the curve is not reliable.

FIG. 7. Temperature for &which C„reaches a maximum
or displays a shoulder as a function of 6/J for J&0. The
region near 6=0 is an extrapolation.

ture dependence of C„ is smooth and for large &

(I~/Jl&4) a Schottky-type anomaly appears in
the high-temperature tail. For convenience in
the use of these results the maxima and "shoulder"
in C„are shown in Figs. 6 and 7 as a function of
b/J. The position of the shoulder is determined
by the extreme of O'C/ST'. Figure 6 shows the
amplitude of the maxima, while Fig. 7 shows
their temperature dependence.

The influence of + ln the case of Rn Rntlferro-
magnetic exchange is far less specific (Figs.
4 and 5). The specific-heat curves remain smooth
and the maximum gradually shifts to higher tem-
peratures with increasing '/J. F» I'I& IJI the
calculated curve hardly depends on &. In a com-
parison with experimental data it will probably
be very difficult to determine even the sign of &
in this case. For large ~ (I'/JI&4) a Schottky-
type anomaly is also observed.

As could be expected, the contribution of the
exchange disappears for large negative 5,, since
the ground state is then a singlet.

The rather different effect of increasing ~ on
the low-temperature specific heat of a ferromag-
netic and an antiferromagnetic chain seems, at

first glance, somewhat surprising. A possible
physical interpretation of this effect may be found
in the different behavior near T=Q of a ferromag-
net and an antiferromagnet. For 4 =0, the speci-
fic heat near T =0 can be written as C ~x T" with
u = ~ for J& 0 and e = 1 for J'& 0, while for in-
creasing & a gradual change to an exponential be-
havior should be observed, irrespective to the
sign of J. From this low-temperature behavior
it can be concluded that the entropy gain near
T =0 is relatively large for a ferromagnet com-
pared with an antiferromagnet when ~ = 0, while
it vanishes in the case of large I'I.

As the totR1 8Qtropy gain between T=0 and T 0

is fixed one may expect an increase in C at higher
temperatures for increasing &. In view of the
above-mentioned argument this increase will be
more significant in the case J'&0.
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