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The energy spectrum of elementary excitations in liquid “He is studied using the Brillouin-Wigner
(BW) perturbation formalism in conjunction with the method of correlated basis functions. Phonon
functions and interaction matrix elements associated with three- and four-phonon vertices are derived.
Iteration of the BW energy series is carried out by including: (i) two one-ring types of second-order
energy corrections evaluated with the inclusion of the leading correction to the convolution
approximation for the three-particle distribution function, and (i) six two-ring types of second-, third-,
and fourth-order perturbation energies obtained with the use of the convolution approximations for the
three- and four-particle distribution functions. The entire formulation is developed in terms of the
liquid-structure function generated by the optimum Bijl-Dingle-Jastrow type of trial wave function. The
resulting energy spectrum is found to agree with experimental results more closely than many earlier

theoretical calculations.
I. INTRODUCTION

Considerable progress has been made recently
in the theoretical study of elementary excitations
in liquid *He. In particular, the excitation-energy
spectrum has been derived by many authors using
a wide variety of approximation methods including
variational and perturbation approaches. One of
the useful procedures which yield the spectrum in
semiquantitative agreement with experimental mea-
surements is the Brillouin-Wigner (BW) perturba-
tion procedure employed by Jackson and Feenberg!
(JF) in conjunction with the method of correlated
basis functions.? Some novel points of this ap-
proach are (i) the unperturbed solution is not based
on the approximation of the Hamiltonian operator,
but rather on an appropriate variational choice of
the wave function with the complete Hamiltonian,
(ii) the two-body interaction potential, whose sin-
gular behavior near the origin often presents diffi-
culties, does not appear explicitly, (iii) the entire
formulation is given in terms of the liquid-struc-
ture function, which has no singularities yet con-
tains nearly all of the correlation effects of the
system, and (iv) addition of the two one-ring types
of (second-order) perturbation corrections to the
Bijl-Feynman (BF) excitation energy brings the
computed spectrum considerably closer to the ex-
perimental results, indicating that the energy se-
ries probably converges rather rapidly.

The exact liquid-structure function (which is
generated by the exact ground-state eigenfunction)
is needed in the JF procedure, but such a liquid-
structure function is quite difficult to obtain ac-
curately. An attempt to overcome this difficulty
has recently been made in Ref. 3, where the JF
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formalism is slightly modified through the use of
the optimum liquid-structure function, which is
generated by the optimum Bijl-Dingle~Jastrow
(BDJ) type of ground-state wave function. An ac-
tual numerical calculation of the optimum liquid-
structure function was carried out by Campbell and
Feenberg! using the paired-phonon analysis. An-
other advantage of using the optimum liquid-struc-
ture function is found in connection with the need
for a formula expressing the three-particle dis-
tribution function as an explicit functional in the
liquid-structure function or the radial distribution
function. All available such formulas are derived
with the assumption that the ground state is de-
scribed by a BDJ-type wave function; very little
study has been made for the case when the exact
wave function is involved.® A useful formula for
the three-particle distribution function employed
in many recent studies of quantum fluids is the
convolution approximation introduced by Jackson
and Feenberg.! Improvement of this approxima-
tion has also been considered, ¢~ but its applica-
tion to the calculation of the excitation spectrum
has been made only in the limit of small wave vec-
tors.®

In this paper the work of Ref. 3 is improved in
two ways: (i) the leading correction to the convo-
lution approximation for the three-particle distri-
bution function is included in the evaluation of the
two one-ring types of second-order perturbation
energies considered in Ref. 3, and (ii) iteration
of the BW energy series is carried out by including
six important two-ring types of second-, third-,
and fourth-order terms in addition to the two one-
ring second-order terms (See Fig. 1). Our selec-
tion of the two-ring perturbation energy correc-

4318



11 BRILLOUIN-WIGNER PERTURBATION PROCEDURE FOR ... 4319

Eza €2b E2c €3a €3b

tions are based on the observation that contribu-
tions from the matmx element representing a zero-
to-three (or three-to-zero) phonon process are
much smaller than those arising from other types
of matrix elements. Consideration of the interac-
tion matrix elements is limited to those represent-
ing three- and four-phonon vertices.

II. BASIC RELATIONS

The system under consideration consists of N
bosons interacting in a box of volume § through a
two-body potential v(#), its Hamiltonian being

N N
S ‘
:-—-—EV%+Zv(1’”). (1)
2m 3 i<j
Unless stated otherwise, it will henceforth be as-
sumed that the ground state is described by the
optimum BDJ-type wave function of the form

N
%= |0 =all explucr,), @)
where
N . -1/2
A=(JI<I expu(rm,,)drl,zm_,,,> . 3)
msn

The following basic quantities are useful in the
study of low-lying states of the system: the col-
lective coordinate

N
pi=2 &FF @
=1
the liquid-structure function
S(k)=N-%0|pzp;| 0y, k=0,
s(0)=0, (5)

FIG. 1. Energy dia-
grams included in the cal-
culation of €(&).

the radial distribution function
PR f e
g(r)=1+ &% [S(r) - 1] ¥ gk

=1+n(7), (6)

the n-particle distribution function
@,2,...,n

=N(N=1)eos (N=n+ 1)f\1/%,dfm',,*znmﬁ, , (M
and the BF formula for the excitation energy

€o(k) = 2R2/2mS(k) . (8)
In Eq. (6) p=N/Q is the particle number density.

A useful form of the three-particle distribution
function is the convolution approximation

90, 2,3)=p* (14 hlrig) +hzg) 4 o)
+ (710 (Vo) + B(733)R(731) + (731 ) (715)
w0 h(m)h(rznh(m)dﬁ) : (9)
which has extensively been used in a number of
studies of quantum fluids. An improved approxi-
mation was considered in a recent investigation®
of a long-wavelength~phonon spectrum in liquid
*He; the formula is given by

P21, 2,3)=p8(1, 2, 3) + 5p2(1, 2,3), (10)

where

61)5.3)(1, 2,3)=p° (h(”’1z)h(7’za)h(7’31) +p[A(ry2) + 7(753) + 1(73y)] J'h(7’14)h(7’24)h(7’34) ar,

+p? JJ dty ATsh( 7y (v 1) R(7ag (735 (755 ) + BTy V(71 V(i) P 735) + 7724 r(v34 )1 735)(745) ]

vot [ [ [ ar,ar, dfsh(ru)h(rzs)h(rss)h(ns)h('rse)h(rM)) (11)
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is the leading correction to the convolution approx-
imation, 10

The contributions from 6p{*’(1, 2, 3) usually enter
into the formalism through the quantity®®

Ak, B B

3 » e o » - -
E.I‘\)f— Jdfi,z.3h(”'12)h(7’23)k(7’31) g Tk ergekery)

- “—T(znl) ) fdﬁ[sw— 1[S@+K) -11[s@ -k") -1],

in which (12)

kK+k'+k'7=0, RR'E'"#0. (13)

III. PHONON FUNCTIONS

The unperturbed normalized wave function
| k) =[ NS(R)]"%p;] 0) (14)

describes the state with a single phonon whose en-
ergy is given by the BF formula (8). The leading
perturbation corrections to the BF energy are one-
ring diagrams, which involve only three-phonon
vertices. To evaluate matrix elements of such
three-phonon vertices, one needs two orthonormal
phonon functions | —k’, —k'’) and |k, k', k") as well
as IE). It will be noted that because of the con-
straints of Eq. (13) | —=k’, —k’’) does not contain
the (orthonormal) paired-phonon components,
which is given by

|8, B =[NS(B) {pz0_; - NS(p)]|0) . (15)
The two normalized functions

I - E/, _En) =[N23(k' )S(k")]-llzp_g, P_pre

0) (16)
and
|k, &, k') =[ N3S(R)S(R))S(E') " 20z pguge | O)  (17)

can be orthogonalized through the Gram-Schmidt
method. An important quantity in this procedure
is

8(3)(k, K R = %,—J‘P(S)(l, 2,3) ol (BeFpaktf sTpeitt 1+ 73) dfl,z,s
(18)
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which can be evaluated in terms of S(k) if p**(1,2,3)
is given as an explicit functional in g(#). In Ap-
pendix A we use the approximation of Eq. (10) for
(1,2, 3) to derive

SOk, B, k) =[1 1+ AR, B, B'T)IS(E)S(R)S(R'T)
- S(k) - S(k') - S(R'")+2 . (19)

It is rather straightforward to obtain

-

<i;i "E[’ —E,,)"_(Oli;’E”E”):d;’ -k[E,E',E") (20)
=[ N"1S(R)S(R)S(R')] V2 [1+ AR, K, B,  (21)

in which use has been made of Eq. (19) and the re-
lation

p];pl? piu ing N(N— 1)(N— 2) ei(i';1+i";z+ﬁ“-;3)

+ N(N=1)(e*EF1z 4 o1z | of " Fra2) L v,

(22)
where the arrow indicates equivalence in integrat-
ing over the variables ¥,,%,, ... ,Fy. Although the
equality relations of the three matrix elements ex-
pressed by Eq. (20) are expected as in the second-
quantization formalism, we have actually shown
this to be the case by evaluating each matrix ele-
ment separately. The calculation of (k, —k|k, K/,
k’’) is somewhat lengthy and involves p®’(1,2,3,4,5)
in such a way that one can use the approximation

%1, 2,8,4,5)=p2(1, 2)p(3, 4, 5)

+ (distinct symmetric terms),
(23)
with the consequence that the resulting error is
smaller at least by a factor of O(N™).
Equations (20) and (21) finally yield
| _1"('1’ _En>
o] R, -E) - B E| -, -E)
=[N2S(&")S&' )2 p_g p_zer = [1 + AR, B, B')]
X S(k")S(E' oz} 0), (24)

KR k=K R, R -k -B &, -k|k &, B - |k, -R)E, -k E,E)

-

- |Eu’ _En) <En’ _EII !E, kl’ k) - I 0) <0|E’ Er’ Eu)
[ N3S(R)S(E)S(R )2 p2pg, Pz = (L + Ak, B, BN [SR)S(H Doy p_g + SRIS(E' Yoy P
+ S(R)S(E'Yo33.0_g00 — 2NS(VS(R)S(R )]} 0 . (25)

It can be shown that these orthogonalized functions
are still normalized in the sense that

(=&, -K"| -k, -K'"y=1+0(N") (26)
b ’

& & &K K,k =1+0(N"1) . (27)

Other phonon functions necessary to evaluate
two-ring types of perturbation energy corrections
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FIG. 2. Some of the third- and fourth-order energy
diagrams neglected in the calculation of €(2). Each dia-
gram has at least one zero-to-three or three-to-zero
phonon vertex, which is generally far smaller than one-
to-two or two-to-one phonon vertex.

can be derived in a similar way. Nevertheless,
the derivation is somewhat tedious, partly owing
to the fact that p'*(1, 2, 3, 4) as well as p¥(1, 2, 3)
is needed. The algebra can, however, be simpli-
fied by the use of the convolution approximations!!
for both p'*’(1, 2, 3) and p4’(1, 2, 3,4). We surmise
that these approximations for the two-ring diagrams
considered in the present study introduce errors no
greater than those arising from the use of the ap-
proximation (10) for the one-ring diagrams and/or
the neglected terms [such as the neglected two-ring
diagrams (some are shown in Fig. 2) and three-
ring diagrams (all of which are neglected)].

Unless specified otherwise, the wave vectors Kl,

4 4 4
> > o 1 - -
S0, B B, B =(TL (e )1 - 20 Foe - 32 P E))-

4
U F(B)F (k) + F () F (k)] + 20 [F(k)+F (k)IF (& +K,)F (B)F (k).

t,dymyn

where

F(k)=1-5(k). (34)
The primes on summation signs in Eq. (33) mean
(i) no two or more indices are equal, (ii) the lower
limit of each index is 1 unless specified otherwise,
and (iii) summations are to be carried out such as
to include all distinct terms. In the remainder,
primes on summation signs are to be used with the
same meanings. Equation (32) is simply the re-
sult of putfing A(k, #/, '’)=0 in Eq. (19). The der-
ivation of Eq. (33) is presented in Appendix B. It
may be pointed out that the second term on the
rlght-hand side of Eq. (33) is a symmetric func-
tion of k;, k,, ks, and k, because of the momentum
conversation of Eq. (28).

Using Egs. (32) and (33) and relations similar
to Eq. (22), we find, after some algebra, the fol-
lowing results:
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Ky, Kj, and k, are to be used in the rest of this pa-
per under the assumption that they satisfy

4
2 k=0, E#0#k+K (55-1,2,3,4). (28)
i=1
Let us now introduce the normalized functions
|E1’ kZ’ E3)

=[N2S(k)S(Rz)S(ks) 1%, i, P, O) (29)

Ikl’ k2’ E3’ E4)
= (VA S(-1)S(k2)S(Rs)S(,) [ %03, o7, P, 7,1 0) . (30)

The orthogonalization procedure of these functions
involves

S“)(Ely EZ’ ES: E4)
4
1 S .
- % [pw1,2,3, 4)exp<z ; ;- r,) a5 5,4(31)

as well as S®(k, 2/, '") defined by Eq. (18). Con-
volution apprommatlons for p®(1, 2, 3) and p¥'(1,
2, 3,4) lead to

Sés)(k, k’, kll)

=S(R)S(F')S(R"") - S(k) = S(F') — S(B'*) + 2 , (32)
3 !
Z [F(k,+k,)+F (&, +k,)]
lymyn
(33)
I
(—Ky| Ky, Ky Ky)
=(0| &y, ko, K5, k) =&y, | Ky, Ko, Ky, Ky (35)
1/2
(N'2 Hs(ki > [S(k, +k,) + S, + k)
+ S(k1 +k4) -2], (36)
<E1 +E2, E3 l El; Ez: Es)
= <E1 + Ea, Ea, E4 , i;l, Ez, i;s, E4) (37)
=[ N"1S(k,)S(k2)S(K, +Kp)]1/2 . (38)

Again, Eqs. (35) and (37) are expected relations,
which we have obtained through actual evaluation
of each matrix element. It may be noted that, with
A(k, k', R'')=0in Eq. (21), results for the matrix
elements in Eqgs. (21) and (37) are identical.

Finally the orthogonalized three- and four-pho-
non functions associated with four-phonon vertices
become
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|Ky, Ky, Ky = |kx,kz,k3)—z |K; + Koy K, Ky + K, Ky | Ky, Ko, Kg) = | =Ky (=K, | Ky, K, K)

lymyn

[NSS(kl)S(kz)S(ks)]-llz[pklszpk3+zs(kl)s(kz)s(ka)P - - Z S(em)S(Ra)og, pwkn]lm , (39)

lymyn

IE)., kz; Eﬁl, E4> = I El: EZ’ E3; E4) - ; ’ Ei’ Ej’ - Ei - Ej) <Ei9 Ej, - Ei - Ej I Ely EZ, Es, E4)
<

I
i

4

—§|E“ _Ei><izi9 —EllEI,EZ’E37E4)_ ]0><0,E1’ Ez’ ES’ E})

4
-1/2
(I sk} ™ o7, o3, 2,05, - > st X )

i=1 iyjamen

-(ﬁl steo) (5 30 s+ - 2)(>i‘ py,05,/ St =) | [0y, (40)

i<j i=1

where
X(5, k') = p2pz, pzer = SUVS(E 0,100, — SRS Ipgp_g = S(E™)S()pgs g + ENS(RIS(R)S(H) (a1)
f
with En = E - EI_ As in the case of Egs. (26) and IV. INTERACTION MATRIX ELEMENTS
(27), one can show that the orthogonalization pro- We can now proceed to the evaluation of the ma-

cedure has altered the normalization relations only  trixelements of the perturbation operator definedby
by O(N1):

0H=H- (k| H|K) . (44)
- > e > > " The algebraic procedures are rather lengthy. Ap-
(&, K, K| Ky, Ky Kg) =1+ O(NY) (42) pendix C gives details of the derivation of the fol-
o o e e > o - lowing expressions for the matrix elements needed
(ky, K, Ky, Ky| Ky, Ko, Kg, Kp) =1+ O(N™) . (43) for one- and two-ring diagrams:

> o

&, &', K" | 6H | 0) = (2%/am)[ NS(R)S(R")S(R' )12 {[1 + AR, ', B'")]
X[ =3 (R2+ 2+ B"2)S(R)S(R')S(R'") + EES(R')S(R'") + R'2S(R'")S(R) + ' "2S(R)S(R')]
+(®. RS(E) + K- K')S(R) + (K" « K)S(R') +5S(R)S(E")S(E'" )T (B, K, k') } (45)
(=K', =K"|6H|K) = (n2/am) NS(R)S(R")S(R') IV {[1 + A(R, k', £'")]
X[ = 3(R2+ B2+ B'"2)S(R)S(R')S(K'") + R'2S(R'")S(R) + R'*2S(R)S(R") - K*S(R')S(R'")]

(- E)S(E) - (R BNSGY) = (B « B7)S(R) 43 SU)S() S )T (B, 1, 1)} (46)
D ¥, B = G | dBL0°+ B+ 8P+ G -KPIF (DF G+RIFG-K), (a7
172
(ku k2| oH | - ka, - k4> = <H S(k; )) [(k1 +k3)zF(k1 +k3) + (kx +k4)2F(k1 +k4) + (k1 +kz)
i e Bll+F(R)] ~ = K, K K. k
=3P+ R+ P )] 21 Sty )5 ST Sy~ SChy) su:o)
2 4
_ KK
‘Z"f ;; S(E; +K,) S )S(k,)_J (48)

2 /T 172 - . e . 1
(Ky, Ky, Kg| 0H | ~Kp) = (Hs(ki)) [ki+iz<j(k,--k,)S(ki+k,)(—Sm—_1)
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23: BEE)  BEE 23:

L_ R4k <i i i 1> i'_&] 49

+le - PRI\ Tgm+ "5y )+ & st (49)

<i;1, Ez, Es: 124| OH l 0)=0. (50)
V. PERTURBATION PROCEDURE

In Ref. 3, the energy spectrum was evaluated by
adding two one-ring diagrams (e;, and €;, in Fig. 1)
to the BF energy formula (8). Both of these cor-
rection terms are second-order perturbation ener-
gies involving integrals of the form [f(k, k")dk’
Since there are no more nonvanishing one-ring dia-
grams, the next plausible step of improving the en-
ergy spectrum would be to include two-ring dia-
grams. However, there is an extremely large
number of two-ring diagrams and the task of calcu-
lating all of them seems quite formidable, particu-
larly because of the fact that they all contain inte-
grals of the form [[g(k, &, , k,)dk, dk, that can be
reduced (analytically) only to five-fold integrals.

In an attempt to simplify the evaluation of the
contribution from the two-ring diagrams, we first
observe in the second order that €,,(k) is generally
far smaller in magnitude than €,,(%). In Fig. 3 are
plotted ¢;,(k) (dashed line) and €,;(k) (solid line),
which were obtained from the iteration of the trun-
cated BW energy series

e(k)= Eo(k) + €z¢(k) + Ezb(k) (51)

by using the convolution approximation for p(s’(l, 2,
3), as was done in Ref. 3. It is true that one can
show the ratio €,,(k)/€,,(k) approaches unity in the
limit of small wave vector (as indicated in Fig. 3),
but in the small-k region the BF spectrum is ex-
pected to be fairly accurate and thus the perturba-
tion corrections are not significant anyway. On the
other hand, in the roton region, which is a most
important part, €,,(k) is only about 1% of €,,(%).
The overall smallness of the ratio €,,(k)/€,, (k) is
mainly due to the fact that the matrix element rep-
resenting the zero-to-three-phonon process is gen-
erally considerably smaller than that representing

To demonstrate
" k"'lsHI0)

the one-to-two-phonon process.
this numerxcally we have plotted (k
and (- k', -k”I5HIK) in Fig. 4 for the spec1a1 con-
flguratlon of equilateral triangle k=%"=%"". We ob-
tained the results of Fig. 4 from Eqgs. (45) and (46)
with A(k, &', £’')=0=D(k, k', k'), which corresponds
to the use of the convolution approximation of Eq.
(9) in the evaluation of the matrix elements. Ex-
cept for small 2 values, we find

]<-> -b, -b,,

k”|sH|0)| < |-k’ - K"

(52)

This observation may be used in finding a useful
approximation to estimate the contribution from
two-ring diagrams. In particular, we note that a
great number of two-ring diagrams such as those
shown in Fig. 2 contain zero-to-three and/or
three-to-zero phonon processes, and only six two-
ring diagrams shown in Fig. 1 do not contain such
processes. In the present study, therefore, we
extend the work of Ref. 3 by adding only these six
perturbation corrections to the BW energy series
(51). We believe that the other two-ring diagrams
would make smaller contributions for the reason
mentioned above.

Thus our entire perturbation consists of the eight
energy terms shown in Fig. 1, and the energy series
to be solved is'?

€(r) = €o(k) + €z¢(k) + €zb(k) + €gc(k)
+ €3a(k) + €3b(k) + €3c(k) + €4¢(k) + €4b(k) . (53)

As discussed in Ref. 3, use of the Rayleigh-Schro-
dinger perturbation formalism often presents diffi-
culties associated with the vanishing of energy de-
nominators, whereas no such singularities are en-
countered in the BW formalism. We therefore
evaluate €(k) by iterating the BW energy series of
Eq. (53). The explicit expressions of the perturba-
tion energy corrections are

) =55y, J e(,LglE'ffE”E%%”-{j(f') ’ -
€2y (k) = 2(2 J dx €(k)|E02]::(Ikl)E ii’(;e'ﬁi :Eogl?lil? o
) =5z | | aFiafe )'ﬁ'jg'.ﬁgf’ei‘if}-)z(kz)’ °
€34(k) = €5,(R) = 2(—2717)6—;)2 jjdﬁl dk, [éél)a_Heliﬁ_ _Ell?; )E 1>§§Zi§]ﬂ (il)ziﬁeizlg—ﬁiliE?(’kiz)l—ﬁzlge;] ’ o
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1 -
€Sc(k) = W Jj dk, dk,

1

[€(k) - €o(i€— E1) - €o(k1)][€(k) - EO(E_ Ea) - €o(kz)] ’

KKISHIK - Ky, Ky 2K, 16 HIK,,, Ky ) 12

(58)

€4, (k) =—2(Z_1T)6P2j Jakiak, [€(k) — €l — &y) = €oUe)PLe(R) — ol - Ry) - €qlra) — €olka)] ’

(59)

(RIsHIK - &, Ky (K, 16HRyp, Ke XK = Ky, Kia | 6HIK - K, XK - K, Ky |6 HIK)

_ 1 - -
€4b(k) - (27T)8P2 dekl dks [E(k) - €0(1-2- E1) - Eo(k1)] [€(k) - €o(k‘— El) - €olkyz) - io(kz)] [E(k) - €0(E— Ez) - €o(k2)] ’

VI. NUMERICAL EVALUATION

The matrix elements in the expressions for the
perturbation energy corrections (54)—(60) are given
by Eqgs. (45)-(49). These results are derived under
the assumption that the ground state is described by
the optimum BDJ-type wave function. It is quite
obvious that if the exact wave function is involved,
one would obtain different results for the matrix
elements—for example, (k,k’, kK" |6HI0)=0. We
must therefore use the liquid-structure function
generated by the optimum BDJ-type wave function.
The form of such a liquid-structure function to be
used in the iteration of Eq. (53) is the Campbell-
Feenberg result? obtained with the use of the hyper-
netted chain approximation, as it appears to be the
best available.

The two-ring diagrams in Fig. 1 involve, with the
exception of €,,(k), one-to-two and/or two-to-one
phonon processes given by Eq. (46), and thus their
integrals are more difficult to evaluate than those
of other diagrams. However, within our desired
accuracy, the two-ring diagrams may be evaluated
using

(-K&', -k"|sH|K),
= (1%/4m)[NS(k)S(&)S(e" )1/
X[- LB+ B2+ £"2)S(R)S(R)S(R"") + B2S(R"")S(k)
+£'"28(k)S(R") - B2S(R")S(R')] , (61)

which is obtained with the convolution approximation
for p(a’ 1,2, 3). Infact, as mentioned earlier, the
same convolution approximation is used in the deri-
vation of Eqs. (48)-(50).

We thus carry out the numerical iteration of the
BW energy series (53) by using Eqs. (45) and (46)
for the one-ring diagrams and Eqs. (48), (49), and
(61) for the two-ring diagrams. The iteration pro-
cess for each value of & begins with the starting
¢(k) taken from the Cowley-Woods experimental
measurements’® and continues until two successive
values differ by less than 0.8%. The number of
iterations required for this accuracy does not ex-
ceed 4 for £ <2.56 A\, the wave vector domain for
which €(k) is computed in the present study. In
most cases, three iterations were found to be suf-
ficient. The obtained numerical results are pre-

(60)

sented in Table I and in Fig. 5. Our numerical cal-
culations for several values of & show that the same
results for €(k) can be obtained by starting with the
BF spectrum €4(k), but in this case two or three
more iterations are necessary. Nevertheless,
iterations of the integral equation (53) generally
converge rather rapidly in a stable fashion. In the
numerical iteration processes, we have observed
no singular behaviors that could indicate the possi-
bility that the solution is not unique. Thus there is
no particular reason to suspect that our numerical
results for €(k) do not represent the true solution.
In Table I, Ae,,, means the total energy shift of
one-ring diagrams brought about by the addition of
the leading correction 5p%¥ (1, 2, 3) to the convolu-
tion approximation pf:‘”(l, 2, 3), and eéﬁ%zeza + €y
— A€y, is the contribution from both of the two one-
ring diagrams evaluated with the convolution ap-
proximation for p*¥(1, 2, 3). Examination of the
results for Ae,,, and €5} shows that addition of
5p§3’ (1,2, 3) to ps¥(1, 2, 3) changes the total one-ring
perturbation correction by less than 6% in the range
£ <2.28 A and by about 8% near £=2.56 A™. This
may mean that the convolution approximation
p;”(l, 2, 3) is a reasonable form that can be used in
the study of quantum fluids, or that 5p5¥(1, 2, 3) is
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FIG. 3. Comparison of €y,(2) (dashed line) and €,;(k)
(solid line) obtained from the iteration of the BW energy
series (51).
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only a small part of the total correction to p{®(1, 2,
3). Use of the better-known Kirkwood superposition
approximation p% (1, 2, 3) = p*g(r12)g(r25)g(rs) would
lead to much more complicated expressions for the
phonon functions, matrix elements, and conse-
quently the perturbation energy corrections. The
importance of 5pS¥ (1, 2, 3) may also be estimated by
comparing Ak, &', ¢'') with unity, since addition of
5682 (1, 2, 3) results in replacement of unity by
1+A(R, k', k") in many expressions. In Table II are
listed the numerical values of A(g, &', &'’) for the
equilateral configuration k= k' =r".

In Fig. 5, curve A represents the BF excitation
spectrum (8) and curve B (taken from Ref. 3) re-
sults from the BW energy series of Eq. (51). Curve
C is the result of the present calculation obtained
from the BW series (53). Curve D represents the
experimental result obtained by Cowley and Woods!?
at 1.1 °K from inelastic neutron scattering. It may
be pointed out that another experimental result by
Henshaw and Woods'* is nearly the same as curve
D. The solid circles correspond to the theoretical
values determined by Feynman and Cohen!® in a
variational calculation based on the backflow argu-
ment.

We find that our computed result for €(g) is in
relatively good agreement with the experimental
measurements. The minimum roton energy of this
computed spectrum is 9. 87 °K at k=1.99 A"
whereas the experimental value is about 8.7 °K at
k=1.9 A™l. Thus, it is seen that the addition of the
six two-ring diagrams and the use of the better ap-
proximation for p'¥ (1, 2, 3) in one-ring diagrams
bring a considerable improvement over the result

(°K)

-5

k (R")

FIG. 4. Comparison of (ﬁ, 1-;’,1;" | 6H | 0) (solid line)
and (=k’, =k’ |6H|k) (dashed line) obtained, respec-
tively, from Eqgs. (27) and (28) for the configuration of
equilateral triangle 2=k’ =k"’.
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FIG. 5. Theoretical and experimental results for the
energy spectrum of elementary excitations. CurveA rep-
resents the BF spectrum €,(2). Curve B (taken from
Ref. 3) results from the BW energy series of Eq. (51),
and Curve C is the result of the present calculation com~
puted from the BW series of Eq. (563). Curve D repre-
sents the experimental values obtained by Cowley and
Woods (Ref. 13). The solid circles are the variational
results evaluated by Feynman and Cohen (Ref, 15).

obtained in Ref. 3. In particular, we note that all
the corrections increase sharply beyond £=2.28
A", Further improvements are expected to be
made by including more perturbation energy cor-
rections and by using still better approximations
for p(1,2,...,n) (n=3,4,...), but the computa-
tional procedure would become extremely compli-
cated as the degree of accuracy is increased. Also,
use of an optimum liquid-structure function evalu-
ated more accurately could yield an improved ex-
citation spectrum.

As a final remark concerning our numerical re-
sults for the energy corrections listed in Table I,
we point out that the ratio of the fourth-order ¢,
= €4, + €4, to the third-order correction €g=€g, + €,
+€g, is larger than unity (except for k< 0.37 A1),
Although higher-order terms in a converging per-
turbation series are normally smaller in magnitude
than lower order terms, our case here is somewhat
different in that the magnitude of a perturbation-
energy term generally depends on the degree of
complexity of the term, or more specifically, on
the number of rings contained in the energy diagram
as in many formal perturbation series. This
means that €5 and ¢, are to be treated as correc-
tions of the same order, since both involve two-
ring diagrams. The same argument can be gener-
alized to €,,.; and €,,, both of which contain n-ring
diagrams. Two additional remarks must be made
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TABLE I. Computed numerical values of the perturbation energy corrections. Wave vectors and
energies are given in units of A-! and °K, respectively.
k € €3 Aty €2¢ €34T €35 €3¢ €la € €
0.37 7.31 -0.50 —0.02 —0.46 —-0.01 -0.07 -0.03 -0.00 6.21
0.65 14.22 —-1.64 —-0.05 -0.56 ~0.03 -0.20 -0.23 —-0.06 11.45
0.77 16.95 -2.36 -0.09 -0.60 —0.03 —0.22 -0.39 -0.11 13.15
0.85 18.55 —-2.87 -0.12 —0.62 —0.04 -0.21 —-0.51 -0.15 14.03
0.98 22.57 -3.63 -0.16 - 0.65 -0.08 —-0.16 —0.68 —0.22 14.99
1.10 22,00 -4,30 -0.21 —0.68 -0.14 -0.11 -0.80 -0.27 15.48
1.22 22.80 —-4.84 -0.27 —-0.73 —0.22 —0.05 —0.88 -0.31 15.50
1.34 22,96 -5.20 -0.31 - 0.80 -0.30 0.02 —-0.94 —0.36 15,08
1.46 22.53 —-5,42 -0.33 —-0.90 -0.34 0.07 -1.00 —0.41 14,21
1.59 21.68 -5.54 -0.31 —-1.04 —0.35 0.09 -1.01 —0.45 13.08
1.71 20. 64 —-5.T4 -0.24 -1.21 —-0.35 0.06 -1.00 - 0.46 11.69
1.83 19.77 -6.00 —-0.16 —1.41 -0.32 - 0,01 -0.94 —0.46 10.47
1.91 19.56 -6.33 -0.09 -1.55 -0.28 —-0.07 -0.90 —-0.47 9.86
1.95 19.62 —6.51 —0.06 —-1.61 -0.26 -0.11 —-0.89 —0.48 9.71
1.99 19.81 -6.69 -0.03 —1.66 —-0.23 -0.15 -0.89 -0.49 9.67
2.03 20.14 -6.91 0.00 -1.70 -0.20 —-0.20 —-0.90 -0.50 9.72
2.07 20.61 -7.14 0.04 -1.74 —0.18 —-0.25 -0.92 —-0.53 9.89
2.11 21.24 -17.38 0.07 -1.77 -0.15 —0.30 -0.94 —-0.56 10.21
2.16 22,02 -17.65 0.11 -1.78 -0.12 —0.36 —-0.99 —-0.60 10.64
2,28 25.26 —8.58 0.26 -1.79 -0.07 —-0.59 -1.22 —-0.76 12.51
2.56 36.36 —11.86 0. 87 -1.75 —-0.16 —1.44 —-2.57 —1.44 18.02
here. First, because of the inequality of Eq. (52), so that
there are many exceptions to the above general oo
rule. For example, the one-ring diagram ¢,, is al- Ak, k' k) =Y {Rrp)hlrzghlra)} (42)
most always smaller in magnitude than most of the SOk, k', R =pY{p'P(1, 2, 3)} . (A3)

two-ring diagrams shown in Fig. 1 (see Fig. 3 and
Table I). The second point has to do with the fact
that energy dominators are negative definite (since
they do not vanish for a convergent term) and hence
whether or not the integrand of a perturbation-ener-
gy correction term changes the sign as integration
variables vary depends on the form of the product
of the interaction matrix elements. Therefore,
among the energy corrections with the same num-
ber of rings, perturbation terms with the entire
product of the matrix elements in the form of a
square of an absolute value would be larger in mag-
nitude than other types of perturbation terms. This
is consistent with our numerical results given in
Table I, since €,, and €,, are larger in magnitude
than all the other two-ring diagrams in Fig. 1 (ex-
cept for small values of ). This second remark
suggests that |€,,/€s,.1] is generally larger than
unity, since the product of 2z — 1 matrix elements
in €,,.; cannot be put as a square of an absolute val-
ue. Our numerical values of €3 and €, are also con-
sistent with this observation.

APPENDIX A: EVALUATION OF S®)(k,k',k'")

It is convenient to define a linear transform op-
erator Y as

Y{f(r,, s, Ts)}

_ a3 g T (R T  Pork Ty
—prdrl,z,sf(rl,rz,r:;)e‘ R (A1)

Evaluation of Eq. (A3) with the use of approximation
formula (10) is rather straightforward, although it
involves somewhat lengthy algebra.

The following results are obtained through re-
peated applications of the Fourier-integral theorem.

Y{l} = Y{h(’}’xz)} =0, (A4)
Y{n(ri3)hirs)} = F(R)F(R') , (A5)

Numerical values of A(k,k’,k") for the
Wave vectors are

TABLE II.
equilateral configuration 2 =k’ =k"’.
given in units of AL,

k Ak R R k A,k E)
0.08 —0.669 1.46 -0.155
0.16 —0.664 1.59 —-0.110
0.24 —0.655 1.71 —0.0735
0.33 —0.641 1.83 — 0. 0449
0.37 —0.633 1.91 —0.0302
0.65 —0.544 1.95 —0.0242
0.67 - 0.536 1.99 —0.0188
0.77 —0.491 2.03 —0.0143
0.79 —0.481 2.07 —0.0104
0.85 —0.452 2.11 -0,00717
0.98 —-0.390 2.61 —0.00455
1.10 —0.327 2.28 +0. 000129
1.22 —0.265 2.56 -0.00121
1.34 -0.207
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Y j h(m)h(m)h(m)da}=—F(k)F(k’)F(k"), (A6)

Y Ph("'lz)_[h an h(1'24)h(1’34)dr4}

=—F(" Ak, k', k"), (A7)

=F(R)F(eak, k' k"), (A8)

Y {pzj' (@)@ s h(ves)hly 55) (7 s)d ;4d ;5}
Y {p j R(r1a )25 (7 s)h(ras) (s h(res)d Tod Fsdi’a}

- F(R)FF&'" AR B B,  (A9)

where F(k) is defined by Eq. (34). Substitution of
the above relations into Eq. (A3) yields an expres-
sion, which can finally be simplified as given by
Eq. (19).

Another useful quantity closely related to $¥ (g,

(1

+Z W)+ Z h(r;,n)h(rm)w

i2fsm

p1,2,3,4)=
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kl k”) isls
No|pzpzpz|0)
=[1+A(k &', B")]SR)S(E")S(E") , (a10)

which follows immediately from Eqs. (22) and (19).

APPENDIX B: EVALUATION OF S®(K,,K,,K;,K,)

The convenient definition of the linear-transform
operator used in this appendix is given by

Z{f(;l ’ ;2’ ;3) ;4)}
4
=N-lpljd;1.z,3,4f(;1 , Ty, Ty, r4)eXP(izl: Ej o 13) .
j-
(B1)
Thus Eq. (31) becomes
S“) (El H Ez; ES) Ed) =p-4Z{1>“) (1, Z, 3’ 4)} ’

which is to be evaluated here with the use of the

convolution approximation!”-!®

(B2)

J’h(’ris)h(?‘!s)h(rms)d r5

i9fom

4 4
+ Z h(r)h(r,,) + Z R )Ry ) () + Z h(r,,,)h(r,,,)h(rm)+pj Hh(ns)d?s

vj,m," iaf9myn

+p

isfamen

We need the following formulas of the Z trans-
form, which can be derived without much difficulty:

Z{l} = Z{h(ﬁa)} = Z{h(?’m)h("’zs)}

3
=Z{h(7’12)h(1’34)} =Z {p j H h(‘i’gs)d;s} =0, (B4)

Z{nri)h(rze)hlrse)} = — Flky) Fky) F iy +i,) (B5)
3 3
z % g h('r,-,;)} == H Flk,), (B6)

S (M Myt 3

i3 smon

Jh(r‘5)h('rj5)h(rm6)h(1‘n6)h(1’56)d ;5 d;s) . (B3)

iy§ymyn

4 3
z {ph(’}’m)‘[ gh(ﬁs)di?s} = F(El +iz4) "I;l[ F(kj) ’ (BV)

‘ 4 4
Z{pj gh(’rﬁ)d;5}= HF(kj) ) (BB)
zZ {pz J’ R y5)h(rog)h(vss)h(vag) h(rse)d ;5 d;e}
4
= - P&, +K,) H F(k,) . (B9)
i=

Using Egs. (B3)-(B9), it is easy to show that Eq.
(B2) reduces to the result given by Eq. (33).

APPENDIX C: EVALUATION OF INTERACTION MATRIX ELEMENTS

The results given by Eqs. (45)-(50) can be derived by extending the procedure first developed by Davison

and Feenberg!®
are useful:

W(B) = exp [B Z (v('ri,) - Z \% u('i’;,))]
1(8)=0] W(B)|0> ,

S(k; 8)= [NI®]™ Mo | W(B)pzp2|0),

in their study of the ground state of liquid *He.

The following basic definitions and relations

(c1)
(C2)

(c3)
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o, n°E
<dBS(k,B)>B_ =T [1-s(#)], (C4)
INCR I 3)5(72;1)—35jd§[S(p; B) - 1][S@ +k; B) - 1][sG - &' 8) - 1], (C5)
Db, 1) =5 (ste, K75 8) (ce)

Nﬁz -
(EF\IIOIGHIS\I’0>=WJ\I’§[(VJ*)° (V19)—%Vf(g*g)]drlﬂ....m <dﬁ 1(8)

It may be remarked that the result for I'(k, &', "') given by Eq. (47) follows directly from Eqgs. (C6) and (C4).
The interaction matrix elements are evaluated with suitable choices for functions F§ and § in the formula of
Eq. (C7).
To simplify lengthy algebraic expressions in the remainder of this Appendix, we let
S=8(r), §'=S(k'), S,=S(k,) ,
a=Ak k', k"), T=T(E, 2", (C8)
S(B)=S(k; 8), S'(B)=S(k';8), A@)=Ak,E,L";8).

"I "II

75 ¥l We) lgq:u)) ) ()

Evaluation of (k k' |58H10) begins with our choice of the functions § and § as

F =(N3SS S”)'llz[pkp pe—(L+A)S'S  pzp g +85"ppep e+ SS'pgrep g - 2N8S'S")], (C9)
g=1. (C10)
We thus have
(V%) - (v,6)=0, (c11)
VHF*G) =~ 2(N®SS'S" YV~ (B + k"% + k" Dpgpgppgr — (K oK Vpzog - KK ppp g - B K pgerppre
+(1+8)[ES'S"(pgpg - M +k"SS" (ppp g - N+ £'28S (pgrep g =N}, (C12)

and consequently

2
i’ij\pg[(vls*) e (V1) - 1VAE*G)dTr s, 0

i ) "II X4

=%(NSS'S")"/2[—- LA+a) R +R"2+1"%)88'S" + (K. KNS + (K - K')S+ (K" - K)S”
+(1+A)RES'S" + 28 'S+ £'"28S")] (C13)
in which Eq. (A10) is used. Using Egs. (C1)-(C6), we also find
(T, | W(B)|§%o) = (NSS'S") V2 1(B){[1 + A(B)IS(B)S"(B)S™ (B) - (1 +4)[S"S"'s(B)
+8''ss"(B) +88’s"(8) - 288"}, (C14)

Ss's'"\/2
<dﬁ 15 Tl V)5 % >,,=0 8m< 5T (C15)
Substitution of Eqs. (C13) and (C15) into Eq. (C7) leads to the result given by Eq. (45).
Next, to evaluate (-k’, -K"'IsHIK), we let
F=(N28'S")12[p gep e — (1 +A)S'S"p2], (C16)
§ = (NS . (c17)
The relations
(V3F%) » (V18) = — (N®SS"S" "y 2[(K « K Ypgeepgrr + (K K Npgep e + NL+ )RS 'S"'] (c18)
V3HE*G) = 2(N3SS'S" )V - (B2 + k"2 + k' pz ooz — (K- K )pgrp oo - (K"K pgp.
~&" - Kppog +(1+2)S'S" (pgpz - N (C19)

can be used to obtain
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2
yz—jf_" V[(V,F%) - (9,8) - ViF*G)dT ...,

2
=£—n—(Nss's")"/2[§(1 +A) B2 +E"2-k))SS'S" - (1 +A)RPS'S” + (K -K')S- K- K')S” - (K-K")S'].

(C20)
It is rather straightforward to show
T | WB)[SE,) = (NSS'S" )2 1B {~ (1+4)S(8)S"S"”" +[1+A(B)]SB)S’ (B)S” (B)} , (c21)
__f_i_z_ 1 1 ratt rort ’ 172 aal 7
(dﬁ ) (F¥, | WRB)|S ¥, >s=o—4m WSs'S)TE {3rss’s”+ (@ +a)[R'2S" s(1 - 8")+""288" (1 - 8"")]} . (c22)

Combining Eqs. (C21) and (C23) we ohtain Eq. (46).

The procedure of evaluating other matrix elements (which represents four-phonon vertices) involves
somewhat lengthy algebra, but the method is basically the same. Therefore for each case we present only
results for the two terms on the right-hand side of Eq. (C7). The convolution approximations are used for
p¥(1,2,3) and p*(1, 2, 3, 4).

For matrix element (K,, K,16H|- kg, —K,), we have

F= (Nas1sz)'1/2(Pil Piy— S1S2P2420) 5 (C23)

§ = (N*5350)/%(p.zyp -z, — S3S10-24-2,) » (C24)

4
JW%[(VIS’*) * (Vi) - %Vf(g*g)]d;l,z.....zv =- %N-z(slszsa&;)l/z [% [F(EI + Ea) +F(E1 +E4)] 2 kzi

+(E1+E)ﬁ+li?=—§§——— (k, +K,)? + S(k +k)k‘—"- ,
e\, 1+Ky i

S 32 S3 i=1 j=3
(C25)
B2 (515858 \ 2 [ oy my  ma e -
(dB I(B) <$‘P0| W(B)I S\I’Q ) o :Z;;; (—1_1‘2],5&‘4‘) <(kl +k3)aF(k1 +k3) + (kl +k4)2F(k1 +k4)
4.2
— [F(f, + ) + F(E +R)] D k—gFi) . (C26)
=1 9
Equations (C25) and (C26) readily lead to Eq. (48).
In the case of (El, 1'52, E,,!GHI - E;), the function & is defined by Eq. (39) and
IEI:EZ:E:;):fF'G) . (c2m7)
The other function § is given by ,
§=[NS,J"V%p 3, . (c28)

After some algebra, one obtains

4 2
- 1 k F k k ksF
Jw3[(v1$*) ° (Vlg)— %Vf(&-*g)]drl,g’""]v =2N2 (31828384)1,2 [Zl ( ‘isi isi 4) 2 S44

+Z(k, k)s(k,+k)( )] , (C29)

iKj
(d (5% W) S¥)) _ h‘ " KF, KF
(dﬁ 1) )‘M' S28:51) i:F(kf k)< s, —-‘S-;‘) (C30)

and consequentls_r._ Eq. (43) Ls obtained.
Finally, for {k,,k,, k;,k,|6H]0), we determine the function § from Eq. (40) such that

lﬁuﬁaygsy E4)=$!O) . (C31)
Also,
S=1. (C32)

These functions lead to the results
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- - 4 4
J\Ifﬁ[(vls*) * (v48) - $VAE*S)d T ... 1 =§I;,1—z (S152S550)" 2( ;[F(E1 +K,) + 1] + K, - ; k%) ,

dB I(ﬁ) =0 B 8mN

Equation (C7) then becomes

2 4
(i (5%, W(B) 9%, >> -k (S18:5580)/2 3 Fk, + ) (K, + K7
8 il§

P . Y ;fz - 4 ->
Ky, ks, kg, k 0)=——Kk, o
( 1y 525 B3y 4|6H! ) 2me1 1 kl ’
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(C33)

(C34)

(C35)

which reduces to Eq. (50) because of the momentum conservation expressed by Eq. (28).
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