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The amplitude and velocity of second sound near T& have been measured in 'He-"He mixtures with

molar 'He concentrations X = 0.000, 0.096, 0.204, 0,396, and 0.555. The sound was generated and

detected in resonators equipped with superleak transducers with channel sizes d = 0.2 p,m and d = 0.6
ILt,m, The onset temperatures To(X) for supcrAuidity have been determined by observing the vanishing

of the second-sound amplitude at temperatures below Tz(X). The reduced shift, @= 1—
To(X)/Tz(X), of the onset temperature To increases by about a factor of 6 for X = 0 to X =. 0.4.
Thc crltlcal cxponcnts in thc equations 60 ——(d/d ) Rnd I = I 6 al'c lndcpcndcnt of X to within

3% (/ is the onset length for superAuidity). In addition, the quantity I p, /T is found to be

lndcpcndcnt of conccntratlon ln agreement with thcorctlcal predictions. For the supcrfluid fraction,

p, /p = k&~, we find that the exponent g is nearly concentration independent for X = 0.0 to 0.4,
whereas the amplitude k decreases by almost an order of magnitude.

I. INTRODUCTION

The scRllng theol y of ex'itieRl phenomena and
the concept of universality' have recently been
substantially supported by explicit calculations
of critical exponents. ' The resulting theoretical
predictions have been tested experimentally in a
number of systems. The superfluid phase tran-
sition of pure 'He has%ceo used extensively in
these studies through measurements of hydrody-
namic and thermodynamic properties. ' ' This
system is popular because of its extremely high

purity and homogeneity and the high preclslon to
vrhich its temperature and pressure may be reg-
ulated. It has been found that the el ltlcal expon-
ents for the superfiuid fraction p,/p,

' and of the
coherence length t' are universal (unaffected by
pl'essul'8). In Rddltlonq the RppRl'ellt, colltl'Rdlc-
tions to the universality concept by the behavior of
the specific heat C~ as a function of pressure' has
been very recently removed by R detailed study of
the isobaric thermal expansion eoeffieient. 9

Fill'tilernlol'8, the quantity p $ /T ls found to be
constRnt, independent of pressure Rnd temper R-

ture v as expected, from theory M u

Since the concentration X of 'He in ~He is also
an inert variable for the & transition (that is, it
affects neither the dimensionality of the system
Qol the QumbeF of degF668 of freedom of its order
parameter), one may perform the same tests in
mixtux'68 of He lQ He. ' SeverRl 1Rbox'Rtox'i68 hRve

measured the superfiuid fraction p,/p as a func-
tion of temperature and concentration by mea, sur-
lng the veloelty u, of second sound. The data
have been analyzed using Khalatnikov'8 hvo-Quid

equations for rnixtux"es. "' '9 The resulting data.
showed unexpected results; namely, a strongly
concentration-dependent critical exponent g for
the superfiuid fraction (p,/p=ket where e=1- 7/
Tl). In addition to measuring u, we measured the
onset temperature 7'0(X) for superfluidity in 'He-
He mixtures by observing the vanishing of second-

sound signals ln resonators equipped with super-
leak transducers. "" In order fox vibrating filter
membranes to gener'Rte OF detect second 8ouQd,

the onsetlength / for superfluidity. %hen the tem-
the onset length for superfluidity. %hen the tem-
perature is raised the onset length increases and

eventually becomes comparable to the channel
diameter. Then, superfluidity vanishes in. the
channels, and the filter membranes are not suit-
able for the production or detection, of second
8ound. This type Gf measurement gRve tile cx'ltlcRl

exponent X' describing the dependence of the onset
temperature on the channel geometry, e, =(d/
d*) ." The exponent A' is related by a scaling
ax'gument to the correlation length exponent v' via
the relation v' = 1/A. '. In addition, we calculated
the quantity p, l/7 from our data.

Tl16 results pr6sented ln oui Rnnounelng lettel
on this work indicate the confusion that this sub-'

ject was in Rt t:he time of their publication. It was
generally agreed that for the mixtures the super-
fluid exponent ( deduced from the data for the sec-
ond-sound velocity lacked universa, lity"' "and

that its prefacer k changed an exceptionally large
amount with changing concentration. "' 'O' " Hmv-

ever, our measurements of the onset temperature
showed that I' (to which v' and t' are believed to
be related by scaling) was universal. " This
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seemed paradoxical. In addition, combining the
two sets of data to form p, l /T indicated that the
predicted constancy of this quantity, which is ful-
filled so well in 4He, failed when only a few per-
cent of 'He were added. '~

These contradictions led Ahlers to the dis-
covery of a widely propagating error in the
usage of the Khalatnikov theory needed to obtain

p,/p from u, ." This error consisted of using the
entropy S instead of S[1-X/S(SS/SX)»], an
error which first appeared in Wilks's book." Fol-
lowing the discovery of this error we have reana-
lyzed our data using the correct equation'4 to de-
duce p,/p from u, . The reanalyzed results are in
good agreement with scaling and universality, re-
moving all previous apparent contradictions. In
particular we find r and p. l/T to be independent
of concentration for X &0.4.

In this paper we discuss the experimental details
more extensively than was possible in our letter, '
we present the new analysis of our data, and com-
pare the results to theoretical predictions. In Sec.
II of this paper we present the experimental ap-
paratus and techniques used, which largely paral-
lel those of the pure 'He experiment. ' Section QI
details the data acquisition and analysis, including
the various checks performed during the experi-
mental runs and data analysis. The final results
are given and discussed in Sec. IV, including the
Khalatnikov thermodynamic treatment of u, in
terms of p,/p. Our results are compared with the
data of other workers and various theoretical re-
sults.

II. EXPERIMENT

A. Low-temperature apparatus

The experimental low-temperature setup is
shown in Fig. 1. A vacuum can is surrounded by
a pumped liquid-helium bath, which is regulated
at TI,(X) —T-lo mK for each mixture. The copper
sample cell filled mith the mixture is suspended in
the vacuum can and very meakly coupled to the
bath. There are two second-sound resonators
8j and 8, inside the cell. A germanium thermom-
eter" is potted with Apiezon N grease in a hole
drilled into the copper cell. All electrical leads
to the resonators pass out of the cell through
epoxy-filled capillaries soldered into the cell body.
The coaxial leads are heat sunk to the cell, re-
ducing the heat introduced directly into the liquid
mixture to that generated by the sound transducers.

The helium sample (about 1 cm') is filled through
a cold valve, which is thermally anchored at the
sample temperature. The valve consists of a
German silver body with a 1-mm hole in it, into
which a tapered stainless-steel needle fits. The
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FIG. 1. Low-temperature experimental apparatus.
The vacuum can shown sits in a pumped-4He bath.
and && are the two sound resonators.

needle valve is operated from room temperature.
The purpose of the valve is to minimize the volume
of gas above the liquid and to allow the fill line to
be pumped out to reduce the heat leak into the sam-
ple. It therefore reduces variations and uncer-
tainties in the concentration of the mixture in the
sample cell, and assures that the sample is at
the vapor pressure.

With the bath regulated to +0.1 mK at 10 mK be-
low T„(X),the sample could be held at tempera-
tures near T q with a heat input level of about 2-4
p, S'. The heat was put in by a heater mound equally
on the top and bottom of the sample cell.

U, l

LA
iI '.

I

WE/
LX~ li

l O.8cm
yF~~

N F

FILTER PAPER

GOLD PLATING

RESONATOR BODY

BACKING PLATE

EPOXY

ELECTRICAL
CONNECTOR

FIG. 2. Exploded cross-sectional view of sound reso-
nator.

B. Second-sound resonators

Sound was generated in two cylindrical copper
cavities inside the sample cell (Fig. 1). The design
and dimensions of the copper resonators are given
in Fig. 2.' The height of the sample was kept to a
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minimum to avoid gravity effects." Each resona-
tor was terminated at both ends by identical ca-
pacitive superleak transducer s." Their backing
plates, serving as stationary parts of the capaci-
tors, were mounted with electrically insulating
epoxy in the end caps. The surfaces of these plates
were lapped with fine sandpaper. The vibrating
elements of the transducers were commercial
"Nuclepore" filter membranes. " Membranes with
two different channel diameters were used. Com-
plete information on these membranes can be found
in Ref. 7. %e used GE 20 with nominal channel
diameter 0.2 pm for one resonator, and GE 60
with nominal channel diameter 0.6 p, m for the
other resonator. Transmission rnicrographs in-
dicated that the channels are quite straight and of
uniform diameter over their length. Because the
diameters of the "holes" are a factor of 16 and 50
smaller than the thickness of the paper (10 pm) it
is more reasonable to consider them as "channels"
than as "pores" or "holes. " The filter membranes
were plated with gold on one side to give a con-
ducting layer with a thickness of about 300 A.
This conducting layer was electrically grounded
to the resonator body. The helium sample entered
the resonators by flowing through leaks between
the end caps and the resonator body. The two ends
of each resonator body were ground flat and mu-
tually parallel to 0.2%. The lengths of the reso-
nators were measured at room temperature to
+5~10 ' mm and then corrected for thermal con-
traction due to cooling to helium temperatures.
The coaxial leads for the drive signals and for the
pick-up signals were mounted in separate tubes.
Plane-wave modes dominated the spectra of our
resonators. The quality factor Q of the second-
sound resonances, defined as the resonant fre-
quency v divided by the full width hv at half-power,
was 1000-1500 for T«T~. It decreased with in-
creasing temperatures to about 200 near Tq.

C. Sound electronics

The electronic system for the sound measure-
rnents is similar to that shown in Fig. 5 of Ref. 7,
and is described there. The heart of the system
is a wave analyzer': a band-pass filter (3-Hz
bandwidth), whose center frequency is tunable,
followed by an rms-voltmeter, which is used to
detect the signal of the sound receiver. The ana-
lyzer also produces a sinusoidal output signal at
the center frequencey of the band-pass filter for
driving the sound generator. The fr equeney of the
wave analyzer was mechanically swept at a speed
of 3 Hz/sec to record the resonance spectrum of
the second-sound resonators.

Both the sound gerierator and receiver had a bias

voltage of about 240 V applied to them, so that the
sound drive and detection were done at the same
frequency. The generator was driven with a sinu-
soidal voltage of 0.695 V„„,. The electronic cross-
talk between the drive and receiver circuits was
reduced by careful shielding to about 30 nV, ,
However, since signals down to this level were
being measured, it was important to adjust the
phase of the drive to maximize the amplitude of the
particular resonant harmonic used for the data
analysis. The details of this procedure are dis-
cussed in Sec. IIIB of Ref. V.

The signal from the receiving transducer was
amplified by 60 dB before being sent to the ana-
lyzer. The analog output from the analyzer, which
is proportional to the amplitude of the signal, and
the frequency (after digital-to-analog conversion)
were recorded on a strip-chart recorder. The
frequencies and amplitudes of the resonances could
be read from the recorder chart to within 1 Hz and

1% of full scale, respectively.

D. Thermometry and temperature regulation

The primary thermometer was a sealed ger-
manium thermometer mounted in a hole in the
side of the copper sample chamber. For X=0
through X=0.396 a Cryocal CH 2500 L was used,
and for X=0.555 a Cryocal CH 1000 was used. "
The thermometer resistance was determined using
an ac-bridge circuit operated at 280 Hz with a
lock-in amplifier as null detector (see Fig. 4 of
Ref. 7). The bridge ratio between the strongly
temperature-dependent resistance of the ger-
manium thermometer and a very constant metal
film reference resistor (8 =30 kQ) mounted on

the sample cell was determined with a ratio trans-
former. The noise of this bridge circuit was about
100 nV„,(with 3-sec time constant). It was pos-
sible to resolve 0.3 pK with our setup. The off-
balance output from the lock-in detector was am-
plified and applied to a heater wound around the
sample cell (see Fig. 1). This feedback loop kept
the sample temperature constant to better than
1 JLJIK. The power dissipated in the thermometer
was 5~10 9%, and was cheeked to produce no
measurable self-heating effects. The bridge ratio
was calibrated against the 1958 'He vapor-pres-
sure scale, using a capacitive manometer" for
the vapor-pressure measurements. The calcula-
tion of temperatures used a polynomial fit of the
resistance 8 (calculated from the resistance ratio)
against absolute temperature T:

ln T =gA; [InA] '

&=0
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E. Sample preparation

The mixtures used in this experiment were mixed
at room temperature to an accuracy of nX/X= 10 '.
The molar concentrations were nominally X=0.0,
0.100, 0.200, 0.395, and 0.580, where the molar
concentration is defined as

N,

N, +N4

N, and N4 are the number of moles of 'He and 'He,
respectively. The concentration of the mixtures in
the sample chamber was determined from the
measured Tz(XJ and the data of Roberts and
Sydoriak" for Tq(X). These concentrations were
X=0.000, 0.096, 0.204, 0.396, and 0.555.

The method used to fill the sample chamber
avoided large changes in the concentration due to
possible preferential condensation of the 4He at
low temperatures. A dipstick with a volume of 70
cm' was filled with zeolite. The dipstick was
cooled to 4.2 K and about 2 STP 1 of the desired
mixture were condensed into it. The resulting
pressure in the dipstick when warmed to room
temperature was 30 atm. The sample chamber
was then cooled to about 1.1 K. With the sample
chamber cold, the high-pressure sample gas was
condensed into the sample cell and resonators
through the fill capillary and the open cold valve.
This effectively eliminated concentration changes
during filling. After closing the cold valve, the fill
line was evacuated. A small change in the concentra-
tion may have occurred, however, before the cold
valve was closed since the entire fill line was
filled with vapor while equilibrium was being es-
tablished. Since the liquid density increases mono-
tonically from Low temperatures to Tq,"closing
the cold valve with a full sample cell at the lowest
temperature assured that the sample would be at
vapor pressure near T ~.

III. DATA ACQUISITION AND ANALYSIS

A. Experimental procedure

The system was prepared for a run with a mix-
ture of given concentration as described above.
After preliminary X-point determinations were
made, the sample was regulated at a temperature
several milli-Kelvin below Tq. Then the acoustic
system was checked by recording the resonant
spectra of both resonators over a frequency range
from about 100 Hz to 10 kHz. Far from Tq the
amplitudes of the second-sound resonances were,
within a factor of 3, independent of concentration
and transducer membrane. Resonances with high
Q's were always found among the 27th to 30th har-
monics, and these were then used for the data

acquisition.
A careful measurement of the A. temperature was

made by observing the inflection point of the first-
sound velocity in the resonator equipped with the
0.2- p, m membrane (see below). While the system
was near Tq where the second-sound amplitude was
was very weak a phase shifter was carefully ad-
justed to maximize the amplitude of the harmonic
to be studied (for details see Ref. 7). The system
was then cooled to a temperature such that the
harmonic to be studied had a received amplitude of
10-20 p.V„„,, with a drive amplitude of 0.695 V, ,

The data were acquired first in the 0.2- pm chan-
nel resonator by holding the temperature constant,
and sweeping the frequency of the second sound at
3 Hz/sec through five harmonics and recording
this part of the spectrum. This procedure was
repeated as the temperature was increased in steps
of 2-30 pK to Tq(X). The temperatures were es-
tablished by changing the ratio transformer setting
and allowing the feedback system to regulate the sam-
ple temperature. As the sound vanished it was some-
tirnes necessary to readjust the phase of the sound
drive slightly. Thermal equilibrium was always
established before data were taken. This was as-
sured by setting the wave analyzer frequency on the
side of a second-sound peak where any drifts in
temperature had very large effects on the observed
amplitude. Once the signal was stable for 2 min,
the data were recorded. An example of the results
is shown in Fig. 3. The second sound is seen to
vanish into the noise before Tq is reached. For a
given mixture and filter membrane the amplitude
and frequency of one particular harmonic was
chosen for the analysis.

After the second sound had vanished in the 0.2-
p.m channel resonator, the system was switched
to the 0.6- p, m channel resonator. In this resonator
the sound persisted to higher temperatures because
of the larger channel diameter of the membrane. '
Again, starting at a temperature such that the
sound amplitude was about 10 p,V,

„

the same pro-
cedure was repeated. The entire range of e' cov-
ered by both sets of data is given in Table I. Fol-
lowing the disappearance of second sound in the
0.6-p, m channels, the system was switched back
to the 0.2- p, m resonator for a new determination
of Tq using first sound.

B. Determination of the cutoff temperature

The disappearance of the second-sound signal
indicates how far the superfluid transition had
been shifted below T ~ by the restriction of the
geometry for the liquid in the membrane channels.
The frequency and temperature at which the sound
amplitude intercepted the 0.03 p,V, , noise level of
our system were taken as the cutoff where second
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FIG. 3. Strip-chart (time) records of second-sound
spectra. The sound amplitude is shown as a function of
frequency, since the frequency is swept linearly in time.
The spectra show harmonics n =28-30 from the reso-
nator fitted with 0.2-pm membrane and for a mixture
with X=0.204. The temperature has been increased in
four steps going from spectrum a to spectrum c, and is
given as & =1—T/Ty(E). The resonator equipped with
0.6-p m filter membrane and with the same mixture and
drive amplitude showed second-sound resonance ampli-
tudes of 9.7 p V&ms at the temperature of spectrum 8,
106m =161.4.

sound vanished. In Sec. III C the effect of this
somewhat arbitrary choice for the cutoff level will
be discussed. The amplitude data were corrected
by subtracting the value of the background from
the peak values. The frequency of the harmonic
being studied was converted to the second-sound
velocity by dividing by the harmonic number and

multiplying by twice the chamber length. Thus,
we had a complete set of amplitude, velocity, and

temperature data for each concentration and both
channel sizes. The only exception is that for
X=0.555 we only have reliable velocity and tem-
perature data. During this run only the resonator
equipped with d = 0.2- p.m membrane was function-
ing. The character of the resonance spectrum
was such that we could measure the frequency

interval accurately between harmonics, but could
not make an accurate amplitude measurement.
This was due to large overlap and interference of
the harmonics. We thus could not accurately de-
te in To

Plots of second-sound amplitude versus e =1-T/
Tq for each mixture are shown in Figs. 4 and 5
for d=0, 2 and 0.6 gm, respectively. These plots
gave us a set of cutoff temperatures. For most
of the runs (except for the X=0.396 mixture, where
the curvature was too great) it was possible to
represent the amplitude A near cutoff by the equa-
tion

ln(A/A, *)= a, e .

A least-squares fit to the data established A,* and
a, . Putting in the cutoff amplitude Ao for A then
gave e,. Near cutoff, plots of amplitude versus
frequency could also be represented by

ln(A/A, ")=a,v,
where v is the sound frequency. Using A,* and a,
from least-squares fits to the data, and using the
cutoff amplitude gave v, . A graph of v versus e
then gave a second value of c,. In Table II the e,
are an average of the results of the two methods.

C. Checks

The effect of varying the drive voltage applied
to the sound drive transducer was investigated in
mixtures with X=0.0 and X=0.396 for voltages of
0.695, 0.225, and 0.073 V, , It was found that
the second-sound velocity was independent of these
drive voltages. The intrinsic critical velocity of
superfluid helium decreases strongly near the
A. transition or near the temperature where super-
fluidity vanishes in a particular geometry. " If
critical velocities were being reached in the filter-
membrane channels of the transducers, the sound
signal should probably have decreased with in-
creasing drive voltage, owing to the reduced ef-

TABLE I. Second-sound velocity and superfluid density.

0.000
Molar concentration of 3He

0.096 0.204 0.396 0.555

T)„{K)
~~. -~~(~K)
e range (10 4)

S'
u 2 (cm/sec)

k (g free)
0 (~=0.672)

2.171
0.6+ 0.5
0.23-2.91
0.378
4354
0.671
2.562
2.580

2.032
6.6+ 0.5
0.33-2.94
0.397
5141
0.714
2.580
1.745

1.863
4.9 + 2.5
0.53-4.78
0.389
4281
0.692
1.467
1.207

1.518
19.6~ 9.0
1.24-19.2
0.424
3704
0.735
1.048
0.655

1.167

2.78-140
0.409
2187
0.766
0.451
0.253

This value is T~ & . See text for details.
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FIG. 4. Second-sound amplitude as a function of
a=1 —T/Ty(X) fox four mixtures in the xesonator equipped
with 0.2-p m fi.lter membrane. The drive voltage was
0.695 V,m, , and the cutoff level used for determining
the reduced shift &0 of the onset temperature is indi-
cated.

FIG. 5. Second-sound amplitude as a function of
~ =1 —T/Ty(E) for four mixtures in the x esonator equipped
with 0.6-pm filter membrane. The drive voltage was
0.695 V,m„and the cutoff level used for determining
the reduced shift e& of the onset temperature is indi-
cated.

ficiency of the transducers. This would lead to a
larger cutoff value ep with increasing drive voltage
since the received sound signal at a given tem-
perature would be reduced. In fact, as ean be
seen in Fig. 6, the opposite was observed; each
time the drive voltage was increased a factor of 3,
e, decreased by 10%. This is the same result as
found for pure 'He by Ihas and Pobell. ' The cutoff
temperature is thus a weak function of the drive
voltage. All of our conclusions are based on data
for which the sound drive was fixed at 0.695 V, ,
It was also determined that the heat generated by
the transducers with this drive voltage was I.5
x10 ' W. The drive and receiver bias voltages
were constant throughout the measurements.

As mentioned earlier, the cutoff level of 0.03
p.V, , for the second-sound amplitude is somewhat
arbitrary. The absolute cutoff temperatures would
be slightly different for different noise levels. To
check the influence of the cutoff level on our re-

suits we carried through all the analysis concern-
ing Ep for cutoff levels of 0.03 and 0.10 p.V, , The
result of increasing the cutoff level by a factor of
3.3 was to increase the values of ep by about
15-20%. The values of dp, /T (see Sec. IV) were
lllcreased by about 10-15%. Nolle of olll' collclu-
sions regarding the concentration dependence of' ep
or dp, /7 are affected by the cutoff level being
chosen as 0.03 p.V, „orby the drive voltage being
chosen as 0.695 V, ,

0. Measurement of T~

The determination of the A. temperature for each
mixture was done at the beginning and end of each
run in order to cheek for system drifts, thermom-
eter changes, and concentration stability. %ith
the measured Tz we calculated the reduced tem-
peratures, and used Roberts and Sydoriak's" data
for T l(X) to determine the concentration of the
sample.

TABLE II. Finite-size effects.

Molar concentration of He

0.000 O.oe6 0.204 0.396

1o'e 0
(for d& =0.2 pm)
10'e,
(for d2= 0.6 pm)
log«0, ~«0, 2)
~' = 1/A, '
10' dp, /r (g/cm'K)
(for d =0.2 pm)
(for d = 0.6 pm)

91.8+ 0.5

22.5+ 0.1

0.611
(0.672)

0.653
0.763

33.1+ 2.0

0.589
0.697

0.585
0.666

193.5+ 4.0

47.1+2.7

0.614
0.669

0.557
0.628

0.636
0.646

0.700
0.715
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than for the 0.2- p.m channels, hence an accurate
determination of Tq is more important for runs
with this membrane. Therefore, the value of T q

used for the data reduction was the last one taken
since it was obtained immediately after the 0.6-
p, m channel data.
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IV. RESULTS AND DISCUSSION

A. Second-sound velocity

FIG. 6, Second-sound amplitude for various drive
voltages as a function of &=1—T/T~(X) in an X=0.396
mixture using 0.2-p, m filter membrane. The sound
cutoff used for determining co is indicated. The inset
shows the values for the weak dependence of co on the
sound drive voltage.

The resistance of the thermometer at the A. tran-
sition was measured by observing the inflection
point in the velocity of first sound as the apparatus
was allowed to warm slowly (2 p,K/min) through
the X point. "'" The first sound was generated
in these resonators when the temperature was
higher than that at which second sound vanishes. '
The second sound vanished first in the 0.2- p,m

channels, and first sound with a quality factor
Q= 500 was generated in this resonator. Thus,
this resonator was always used to measure Tq.
The system was locked in on the fundamental
plane-wave mode (about 20 kHz) using the auto-
matic frequency control mode of the wave analyzer.
The first-sound frequency versus time-chart re-
cording shows an inflection point when the liquid
at the top of the sample chamber undergoes the A.

transition. '~'" The sharpness of the inflection point
decreases with increasing concentration of 'He. As
Xincreases, the uncertainty in T ~also increases.
Independent checks on the measur ed T q values were
obtained from least-squares fits of u, =u,*e and

p,/p =&& as a function of e with T ~ allowed to
vary. These calculated values T~ „arein excel-
lent agreement with the measured values (see
Table I for all of these data). Owing to the ex-
tremely weak specific-heat anomaly in the
X=0.555 mixture, no inflection point could be
established. We thus relied entirely on a T&,
determined from the u, and p,/p fits for this mix-
ture. For the other mixtures the data analysis
used the measured Tq values. The tendency of the
calculated values to be higher than the measured
ones is probably an artifact brought about by the
narrow temperature interval over which the fits

Second-sound measurements in the mixtures
have been made by Noble and Sandiford, "Terui
and Ikushima, "'"Ahlers and Greywall, "Uehara
et al. ,

"and by ourselves. " At ea, ch concentration,
the results can be fitted to the power law

B. Superfluid density

In this subsection, we will discuss the calcula-
tion of superfluid density p, /p from the measured
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FIG. 7. Effective amplitude u2 of the second-sound
velocity u2 as a function of the molar He concentration.
The solid curve is a fit by Ahlers to all published data
(Ref. 24).

Q2 —Q2 E

Our results for the amplitudes u,* and exponents
S' of second sound are given in Table I and in Figs.
7 and 8, respectively. The values of uf (X) lie
close to the solid line which is a fit by Ahlers" to
the data of Refs. 12 to 14 for X& 0.6. The values
of the second-sound exponent obtained from our
data are shown in Fig. 8 plotted as 2W. They are
seen to scatter along a smooth curve, again a fit
by Ahlers' to the available data. The somewhat
large deviation of our value for lV for X=0.396
is not understood at present. The values of u,*
and 8' are almost independent of the concentration
for values of X~ 0.2.
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Since the available thermodynamic parameters are
in terms of the molar concentration X, it was
necessary to write Eq. (6) in terms of X instead
of in terms of the mass concentration e. The re-
sult of this conversion is

M, p, S2T 84)I', = —', —' +X' — (1+2) ', (10)
M4 p„Cxp &X

with

0.6
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3%+X'
FIG. 8. Effective exponents 2W" of u~2, & of p~/p, and

1/A, ' of eo-—-(d/d*) as a function of the molar concen-
tration of 3He. The solid curves through the data for 28'
and & are fits by Ahlers to all published data (Ref. 24).
The values of 1/A, ' were normalized to 1/A, ' =—/=0, 672 at
X'=0. The dashed line is a constant, 1/iY =0.671, vrhich
is the mean value for our data.

values of the second-sound velocity and various
thermodynamic parameters. '~ Incorrect conclusions
regarding p, /p which were published earlier are
corrected. '

From two-fluid hydrodynamics Khalatnikov"'"
obtained an expression for the second-sound veloc-
ity in mixtures in terms of the superfluid fraction
p, /p and various thermodynamic parameters. He
made the assumption that the isobaric thermal
expansion coefficient may be set equal to zero.
His result for u, is

Ps ~2 ~~ +p 8~P

where p„is the normal fluid density, c is the mass
concentration

N3m3
Nsm~+N4m~ '

where N~ and N4 are the number of 3He and ~He

atoms, and m, and m, the corresponding masses
of the atoms. The entropy per gram of solution
is 8, and F as used ln Eq. (6) ls

By using Eq. 9.5.12 of Wilks's book23 in our earlier
calculations, we mistakenly set 0 =o', as did other
authors 'u'3 "2' Thi.s led to our erroneous con
clusions about p, calculated from u, . The quantity
Z/p is a chemical potential difference g", —p,","
and-

M, =XM3+ (1 —X)M4.

M, and M4 are the molar masses of 'He and 4He.
8 is the entropy per mole of solution, and Cxz is
the specific heat per mole of solution at constant
concentration. The transformation to X makes

Ahlers4'24 has treated in detail the values used for
the various thermodynamic parameters, and has
fitted a closed-form expression for C» to the
published specific heat data of Gasparini and
Moldover, '6 Alvesalo et al. , and Islander and
Zimmerman. " We have used the thermodynamic
parameters given by Ahlers in Ref. 24. Ahlers
has also shown that the assumption of a vanishing
expansion coefficient gives errors in p,/p no
larger than one part in 10'. The errors for p,/p
introduced by errors in the various parameters
of Eq. (10) have also been calculated and discussed
by Ahlers.

The values for p, /p calculated from M2 and ther-
modynamic parameters near Tz were then fit to the
power law

p, /p=k(X)e~tr~.

The values of the effective exponent f(X) are
shown in Fig. 8 as open circles and are given in
Table I. The use of the correct relation between
u, and p, /p reduces the apparent concentration
dependence of f obtained previously. ' Within an
uncertainty of about+0. 02, which is mainly due
to uncertainties in the thermodynamic parameters,
we find from our data that ~ ls independent of I
for X& 0.2. The composite of all available data
shows that f seems to be independent of X for
X& 0.4 and within the experimental error is equal
to the value for pure He. The concentration
independence of g would be in agreement with the
universality concept."However, our data would
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allow a slight concentration dependence of g,
which one also obtains from the specific heat
datal'" via the scaling relation f = 3 (2 —o."). In

this relation, o. ' is the critical exponent for the
heat capacity at constant pressure. It cannot be

decided from the presently available data" "
whether this apparent slight concentration de-
pendence of g is real or is due to the rather large
errors entering the analysis. If real, it may be
removed by using singular higher-order correction
terms in e in Eq. (15). Such terms were necessary
in the analysis of p, /p in 'He under pressure, '
but the mixture data are not accurate enough to
decide this question.

From the same fit, the amplitudes k(X) of

p, /p were obtained, and are plotted in Fig. 9, as
solid circles. In a second analysis the value of
the exponent f was fixed at its best estimate of

g =0.672 for pure ~He. 24 The values of k(X) ob-
tained in this analysis are the open circles in Fig.
9. Both sets of values are given in Table I. The
solid curve in Fig. 9 is a calculation by Ahlers'
also based on a fixed value of f = 0.672 and his
smooth curves for u, . The agreement between
our values of k(X) at each X, and Ahlers's
smooth curve, indicates that f =9.672 is a reason-
able assumption. Again, the concentration de-
pendence of )I|' is appreciably reduced compared to
published values. "'""that were calculated using
the incorrect relation between u, and p, . The
critical exponents and amplitudes of p, /p and of

u, are somewhat high for X =0.1. We attribute
this to the correlation between amplitude and ex-
ponent; the amplitude k is appreciably reduced if
the exponent f is fixed at 0.672.

We do not agree with the claim by Terui and
Ikushima" that replacing S by S in deducing p, /p
from u, has a negligible influence on the effective
exponent P. Their result may partly depend on
the values for S/S calculated by these authors
which disagree with the correct values given in

Ref. 24. In addition, a revised concept of univer-
sality was discussed in Ref, 16, where critical ex-
ponents are normalized by the critical exponent
v' of the coherence length. Such a renormalization
would have no influence on the question of univer-
sality because v' is found to be independent of
concentration X (see Sec. IVC) and of pressure
P.7

C. Finite geometry effects and universality

The data discussed in Sec. III included the mea-
surements of the temperature T,(X) at which sec-
ond sound vanished in our resonators when the
onset length l becomes comparable to the channel
diameter in the filter membranes. From this
onset temperature T,(X), we calculated the re-
duced temperature differences e,(X) = 1 —T,(X)/
Tq(X) for each concentration and channel diameter.
These data are given in Table II and plotted in

Fig. 10. Whereas &„is independent of pressure
to within + 2% for 4He, we find a very strong concen-
tration dependence of c„changing by about a factor
of 6 for 4'=0 to X=0.4. This is consistent with
an even larger value of &, reported in Ref. 13for
temperatures near the tricritical point. It is seen
from Fig. 10 that within the errors, e, (for
d=0.2 pm)=4eo (for d=0.6 pm), where d is the
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FIG. 9. Amplitude k of the superfluid fraction p, /p
=k e~ measured along a path of constant concentration
as a function of the molar concentration of 3He. The
solid circles are from a least-squares fit, where both

k and & were allowed to vary. The open circles are
from a least-squares fit with a fixed &=0.672. The
solid curve is calculated by Ahlers assuming that
&=0.672 (Ref. 24).
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FIG. 10. Reduced shift ep =1 Tp/T&(X) of the onset
temperature Tp as a function of 3He concentration (using
a sound cutoff of 0.03 p V,m, ); left-hand scale: &p mea-
sured in d = 0.2-pm channels; right-hand scale:
measured in d =0.6-p m channels. The line is only a
guide fo". the eye.
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diameter of the membrane channels.
According to scaling' there should be only one

intrinsic length describing the correlation range
of singular quantities near a phase transition.
This should be the bulk coherence length ( defined
in terms of the superfluid density by the rela-
tionlO ~11

O
W

-6
8

C)

-4

$ = m'ksT/4vk'p, = $*e ' . (16)

l*(X) e,(X)
l*(0) co(0)

(17)

These values are an average of the results for
the two-channel diameters d = 0.2ILLm and 0.6.
Because the interatomic distance & changes only
by about 7% between X=O and X=0.4, the quantity
1*/a is not a constant in the mixtures.

The phase coherence length $ given in Eq. (16)
should satisfy the relation $ p, /T =const. If $ and
l are equal to each other except for a universal
multiplicative constant, then lp, /T = const. For
pure 'He this quantity was found to be independent
of temperature and pressure. "" Because d is
proportional to l at the onset temperature, we ex-
pect

Other lengths, such as the healing length for
superfluidity in channels, L=l*& ', should differ
from this length by factors of order unity, but should
have the same critical exponent. "The phenomeno-
logical Ginzburg-Pitaevskii-Mamaladze theory"
predicts that superfluidity should vanish in a
cylindrical channel of diameter d when $(T,)
= 0.207d. The reduced shift E'p is expected" to
vary as e,= (d/d~) (d" = const). Therefore, A.

'

is proportional to log(e, ,/e, ,), where e, ; is the
reduced shift of the onset temperature in a channel
with diameter d, . With this equation and our data
for 6p ' in d, =0.2-p, m and d, =0.6-p. m channels we
calculated the change of ~' with concentration.
Since at the onset temperature the diameter d of
a channel is proportional to the healing length for
superfluidity, v'= I/A. '. Therefore, a change of
bA. '/X' with concentration is identical to the be-
havior of 4v'/v'. We have normalized our rela-
tive values for v' and ~' to the value v'=0. 672 for
X=O to obtain absolute values (using the scaling
relation r = v'). The results are shown in Fig. 8
and given in Table II. Even though e, changes
drastically with concentration, the exponents X'

and v' stay constant to within our resolution of
a 8% for 0 &X & 0.4, in agreement with scaling'
and universality. ' The concentration dependence
of eo and the concentration independence of ~' and
v' imply that the coefficients I,* and d* as well as
the healing length 1 at constant & increase by al-
most a factor of 4 from X=O to 0.4." In Fig. 11
we have plotted the values of

dp( e)/ T, =(const) . (18)

Using Eq. (15) for each mixture and our data for
s„wecalculated p, (e,)/p and then evaluated Eq.
(18). The values of dp, /T at e, are given in Table
II and plotted in Fig. 12. The result that dp, /T
for the membrane with d =0.2 p, m is consistently
smaller than the corresponding values for d=0.6
p, m is identical to the results for pure 'He under

1.0 - 0.20

0.8
g

cn 0.6-

0.4-
Vl

CL

co 0.2-
C3

~ d=02pm
0 d =0.6 pm

0.1 0.2 03
MOLAR CONCENTRATION OF He

0.15
O

0.10

I

- 0.05
Cog

C)

I 0
0.4

FIG. 12. Quantity dp, /T calculated at the onset tem-
perature &0 (using a sound cutoff of 0.03 pV, m, ) for
superfluidity as a function of the molar concentration
of 3He for d =0.2-p m and d =0.6-pm channels. The
squares are the corresponding data of Ihas and Pobell
(Ref. 7) determined at a sound cutoff of 0.1 p V, , The
right-hand scale gives the same quantity with d replaced
by the correlation length l calculated according to the
Ginz6urg-Pitaevskii-Mamaladze (Ref. 38) relation
& =0.207d. The error bars are those calculated by
Ahlers (Ref. 24) for the uncertainty in p~(~0) due to the
uncertainty in the thermodynamic variables of the mix-
tures at T~. The dashed line represents the average of
all our data and has the value dp, /1' =0.66 && 10 g/cm K.
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FIG. 11. Circles are the coefficient l*(X) of the onset
length l =I*a as a function of the molar concentration
of 3He normalized to the coefficients L*(0) for pure 4He.
The ratios l*(+/tt*(0) are calculated from the equation
l*(X)/L*(0) =[co(X)/q(0)l . The squares are the charac-
teristic time 7(Q =I (~/p2(X) normalized to the value
7'(0) for pure 4He.
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pressure. ' This is attributed to the actual values
of d not quite agreeing with the given nominal
values. The error bars in Fig. 12 are calculated
by Ahlers. ' They correspond to the uncertainty
in p, which arises from the uncertainty in the
thermodynamic parameters. As the concentration
increases, the errors get rather large. The
errors in the experimental values of the cutoff
temperatures give rise to an error of 1% to 10%
in the calculated value for p, (e,). Thus, within
the combined uncertainty due to uncertainties in
the value of c, and the values of the various ther-
modynamic parameters we find a universal value

dp, /T = 0.66 && 10 ' g/cm' K . (19)

We thus conclude that the characteristic length
l determined from the onset of superfluidity in
narrow channels is proportional to the phase co-
herence length (."

From our data for u, and l we can calculate the
characteristic time r = l/u2, which is determining
the attenuation of first sound in liquid helium near
'I'z. We have plotted the concentration dependence
of T(X) in Fig. 12. The increase of T with concen-
tration is in agreement with recent results from
measurements of attenuation and dispersion of
first sound in He- He mixtures. ~'

SUMMARY

We have measured the amplitude and velocity
u, of second sound in 'He-'He mixtures at temper-

atures close to their superfluid transitions. The
parameters for the equations u, =u,*e and p, /p
=km~ for X &0.555 have been determined. Within
our errors the effective exponent ( is found to be
independent of the concentration for X& 0.4 in agree-
ment with predictions based on scaling and univerval-
ity.

Measuring the amplitudes of the second-sound
signals we have determined the onset temperature
To(X) for superfluidity in the mixtures. The onset
temperatures were determined in channels of
d =0.2- p.m and 0 =0.6-p, m diameters. The reduced
shift e, = 1 —&,(X)/Tz(X) shows a strong concen-
tration dependence. The exponents for the equa-
tions so= (d/d*) and l = l*e ' are independent
of concentration to within +2% for X &0.4 in

agreement with the universality concept (l is the
superfluid healing length). The quantity Lp, /T
measured at e, is found to be independent of con-
centration. We conclude that the healing length
l in the mixtures is proportional to the phase co-
herence length ".
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