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The perturbation expansion for the electronic structure of a tight-binding model of a liquid metal is

studied by means of a diagram analysis. The previously developed eAective-medium approximation is
shown to correspond to the summation of the same terms as occur in Soven's coherent-potential
approximation for alloys, within the validity of a generalized Kirkwood superposition approximation for

ionic distribution functions. The terms omitted are shown to be of higher order in 1/g, wjtQz
an effective neighbor number. The results are extended. to cover liquid alloys and solid alloys with

short-range order and off-diagonal disorder, the latter results agreeing with work of Blackman et aL

The conclusions apply also to a general model of a liquid metal.

I. INTRODUCTION

Recently we have developed an effective-medium
theory' ' (EMA) for the electronic structure of
liquid metals, based on multiple scattering theo-
ry. ' ' We believe that the EMA is the appropriate
generalization of the coherent-potential approxi-
mation' ' (CPA), which has been so useful for al-
loys, to the liquid-metal case. We have applied
this theory to a tight-binding model' ' which has
been previously studied by Beeby and Edwards, "
and Cyrot-I ackmann, " and more recently by
Ishida and Yonezawa, "whose work was based on
the work of Matsubara and Toyazawa" for the ran-
dom case appropriate to impurity bands. We found
that within the Kirkwood superposition approxima-
tion for particle distribution functions, the first
and second moments of the spectral function, ' '
giving the position and width of the quasipa, rticle
resonance, are given correctly by the EMA, and
furthermore that it reduces to the CPA in the al-
loy case.

The above work' ' indicated that the present the-
ory is an improvement over several previous at-
tempts' '2' '~ to extend the CPA to correlated liquid
Ineta, ls. For the random liquid metal this and the
other theories reduce to the result obtained by
Faulkner's and Klauder" for the general multiple
scattering case and by Matsubara and Toyazawa"
for the tight-binding model. However, it seemed
desirable to study further the relationship of the
EMA to the CPA and to other theories.

In this paper we shall analyze the EMA for the
tight-binding model in greater detail. We shall
develop a diagramatic representation" for the lo-
cator expansion for the one-particle continuum
Green's function. This will show clearly which
terms are included in the EMA and which are not.
In fact we shall find that the structure of the ex-
pansion is exactly the same to all orders as that

for the CPA. We can also use the diagrams to de-
termine which moments of the density of states
are conserved by the theory, and to compare with

other results.
The CPA was shown by Sehwartz and Siggia, "to

correspond in some sense to an expansion in I/z,
where z is the number of neighbors in a nearest-
neighbor tight-binding model. We sha, ll define an
analogous quantity Z for the liquid-metal case, and
shall show that such an expansion applies here al-
so. That is, for certain energies the omitted
terms in the self-energy are of order I/Z' while
those kept are of order 1 and I/Z.

The present formulation and diagram expansion
can be used to generalize the CPA to include
short-range-order effects. We also formulate the
liquid-alloy problem including "off-diagonal dis-
order, " using the ideas of Blaekman, Esterling,
and Beck" and Movaghar, Miller, and Benne-
mann, "and show that it reduces to the result of
Blackman et a/. for the random-alloy ease.

In Sec. II we develop the diagram expansion and
obtain the EMA. In Sec. III we study several prop-
erties of the result; moments, the identification
with the alloy case, and the I/r expansion. In
Sec. IV we discuss the generalization to include
short-range order and off-diagonal disorder in
solid and liquid alloys. Finally we discuss the im-
plications of our findings in Sec. V.

We have performed numerical calculations for
the EMA for several pair distribution functions.
These will be reported in a subsequent paper, in
which the EMA will be compared primarily with
the simpler Ishida- Yonazawa theory.

11. DIAGRAM APPROACH TO TIGHT-BINDING MODEL

We examine here the tight-binding model which
we have developed in previous work. ' ' The
Green's function Q, is assumed to be expandable
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in terms of atomic orbitals, one for each site:

G, (r, r') = Q P(r -8;)G;,(t)(r' —8,),

and G, &
is assumed to obey the equation

(~ —H, )G,, —gH'(8, , )G„=5...

(2 1)

H '(8;,.) = H (8;,.) —{dS(8;,),
with II a transfer integral and 8 an overlap inte-
gral between the atomic functions. For most of
what follows we take H, =O and, for iHI j, S(R;,)=0;
i.e. , we consider the case of orthogonal orbitals.
We have already discussed some effects of non-
orthogonality' and we shall examine it further in
a subsequent paper.

We consider now the continuum Green'8 func-
tion:

G(8 —8') = g p;(8)
i

+ —, g p, (R)p, (R') e(8-8')

+ — p Rp 8 p, H
tel

( — ") ( " ') "+ ~

(2.4)

Here the prime indicates that neighboring indices
are never equal.

For density correlation functions in which no

two pax'tlcles ax'e the same we write

G(8, 8')= EB;(8)G;;B,(B')), (B.I)
5j

where p;(8) = 5(8 —8;) is the density of the ith ion
at A, and the average is over all configurations of
the system. G has the expansion

tially those introduced by Cyrot-Lackmann" and
Ishida and Yonezawa. " They are illustrated in
Figs. 1(a) and 1(b). Each of P distinct ions is rep-
resented by a point, and each of m hopping inte-
grals by a directed line, which follows a continu-
ous sequence from the first point (R) to the last
point (R'). We can think of the sequence of hops
as being numbered. Some diagrams are closed—
these have a factor 5(8 —8'). The point 8 is indi-
cated by an open circle in these graphs to avoid
confusion. Each diagram has a factor n8/(II™+I.
There are PDF'8 connecting each pair of points
and we represent these by dashed lines. Some of
the PDF's occur with a hopping integral. These
chain correlations are indicated by using a dashed
line along with a solid line to represent H (8)
=g(H)H(H) [Fig. 1(c)]. The remaining PDF's rep-
resent out of chain correlations. The diagrams in
Fig. 1(a}represent the series

—5(8 —8') + —,H (8 —8')

52
+ —5(8 -8')

J~
H (8 - 8")H (B"-8)dH"

(d

n3
+ —,H(B —8')J H(8 —8").H(8" —8')dB"

+ "—{){8—8 ) JH(8 —8")H(8"—8 ")
~4

x H (8"' —R) dB"dH"'.
(2.6)

Notice that in the third term we need only one
PDF, so we have one II and one H. We next de-
compose the out-of-chain correlation by letting
g(B) = 1+h(8), with h represented by a dotted line.
This is illustrated in Figs. 1(d) and 1(e). The cor-
relation between a pair of points is neglected in
the first term on the right-hand side, and the h
line in the second term puts in the correlation.

0 ~ 0

p;, (8,) "p, (8,) =n'g(8„. . . , 8,),
(2.5}

where g is a P-particle distribution function. The
most familiar example is the pair distribution
function (PDF) g(8, 8') =g(8 —8'). In this article
we shall make the assumption that the P-body dis-
tribution function can be decomposed into

P(P —1)/2 PDF's; i.e., we shall use a generalized
Kirkwood superposition approximation, This ap-
proximation has been discussed at length in terms
of the three-body distx"ibution function. " It has the
happy feature that hard-core exclusions are treat-
ed properly. We can represent the various terms
in Eq. (2.5), and in particular the various equali-
ties aIQong lndlces by diagrams which ale essen- FIG. 1. Diagrams in expansion of G(H, H') (see text).



ANALYSIS OF EFFECTIVE-MEDIUM. . .

Thus Fig. 1(d) represents
3

H (8 - 8"}H(R" -8') d8"
(d

n3
h(R ))')f-H(R-R")))(R"-R')dfl".

(d

The h line corresponds to the multiple-occupancy
corrections in the CPA. From now on we regard
this decomposition as having been made. How-

ever, sometimes we use dashed lines as a short-
hand way of drawing several diagrams at once.

We can now make several exact reductions of
the diagrams. Consider first the closed diagrams
such as appear in Fig. 2(a). Some of these dia-
grams fall into two or more parts upon removing
the point R. Let us call these unlinked, and those
which do not fall apart we shall call linked. Note
that the presence of an h line can make a diagram
linked. Then we call the sum of the linked parts
Z» '.

Z„= — H (R —8')H (R' —8)dH + ~ ~ ~

(d
(2 7)

We omit a factor (n/(d2)5(R —8'), symbolized by
omitting the open circle. [Note, however, that
there can be internal loeators associated with the
point R, as in the fourth diagram in Fig. 2(b).]
The whole series of closed diagrams can be gen-
erated by a geometric series in powers of Z», as
indicated in Fig. 2(c). The diagonal part of
G(R, R') is then nG~5(8 —R'), where

G. =(~-~.) '. (2.8)

Consider now the nondiagonal part of 6—the open
diagrams. Let us call a diagram reducible if
there are attached to a point in the diagram any
closed parts which are not connected to any other
part of the diagram, even by an h line. Otherwise

the diagram is irreducible. For example, the
first diagram of Fig. 1(e}is reducible and the sec-
ond irreducible. In reducible diagrams, the closed
parts attached at just one point can be factored
off. We can add up a series of diagrams with all
possible closed loops attached to, say, the begin-
ning of a diagram, and the sum is the same as the
sum of all closed diagrams. This just renormal-
izes the locator 1/e, i.e., replaces it by Gz

=((d —Z~)
' [Fig. 2(a) or 2(c)]. Consider an irre-

ducible diagram. In addition to the initia, l I/(()
factor, it acquires a factor I/(() whenever a line
goes into an internal point, as in Fig. 2(d), or the
end point. Before the line leaves an internal point
for other parts, we can add in all closed parts and
renormalize this locator. If another line comes
into the same point it contributes another factor
I/(() which can also be renormalized [see Fig. 2(e)].
Similarly, final locators can be renormalized, and
as indicated above, the initial one. Thus we re-
place the original perturbation sum by a sum over
only irreducible diagrams, and we renormalize
all locators. This is indicated by putting circles
around all points of an irreducible diagram. In
the same manner, in the summation for Z„, we
include only irreducible Z parts, and we renor-
malize all internal locators [the la.st diagram in
Fig. 2(b) is reducible].

Looking again at the open diagrams, we define
a node as a point such that when it is removed the
diagram falls into two parts, and the sequence of
hoppings is broken only once. Thus on the right-
hand side of Fig. 1(d) the first diagram has a node
while the second does not. Figure 3(a) is ambigu-
ous unless we actually number the hopping se-.
quence, in which case the first diagram has a
node and the second does not. We can then write
t" in a geometric series in terms of a renormalized
interaction part M(R —8'), which has no nodes.

Qo — ~ + ~ + A~ + I +

ih M~E
l

+ + )I)

cl L~

QI = ~

FIG. 2. Henormalization
of locators.
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This is indicated by a heavy line, and the series
for G is shown in Fig. 3(b). If we Fourier trans-
form G, we clearly have

G„=n(&u —Z —nM „) '. (2.9)

Z„= jl Hk Gk M p dk/8w'. (2.10)

This is illustrated in Fig. 3(c).
What remains now is to examine Mk. Figure

3(e}gives the first two orders of contribution of
M k. The first-order term is simply

The actual diagrams in Mk will be considered
shortly. First let us obtain an exact expression
for Z» in terms of Gk and Mk. For after going
from site i to site j—the first point —the perturba-
tion sequence back to i is exactly the same as that
in the open diagrams of G. Therefore we have ex-
actly, upon Fourier-transforming the convolution
product,

Gp =n(~ —Z~ —nMp) ',
Mk =nag+Z

(2.14)

(2.15)

Z»= HkGkMk dk 8n'~ (2.16a)

(1/n)Z, p corresponds to all Mp diagrams other
than Hk which have no nodes even on cutting an h
line between R and R'. Figure 2(g) gives the con-
tributions to Z, k in third order, there being none
in the first and second orders. We see that the
first term involves repeating scatterings between
two sites, and the remainder are analogous but
with equality of sites being replaced by correla-
tions between ions. In Sec. III C we shall define an
effective number of neighbors Z, i.e., the number
of ions interacted with, and show that this type of
term is smaller than Hp by 1/Z'. At any rate, to
obtain the EMA we neglect Z, . We then have the
set of equations

Hp = g(R)H (H)e' "dR . (2.11) =(ce -Zg) ' "nHk(H, +M', G~)dk/8w',

The second order is interesting in that it has a
similar structure to a contribution to Z„. In fact
we can add a whole sequence of terms to this, as
shown in Fig. 3(f). Let us call this (1/n)Zg:

—Z k
= h k-k' Mk ~ Qk~dk' 8myk (2.12)

1 1M- =0-+ —Z -+ —Z -.k k lk 2k ' (2.13)

Z g consists of all interaction diagrams w ith an
h line which when it is removed have at least one
node. The attachments here have essentially the
same structure of those for Z» —the only differ-
ence being in counting because Z„ is closed. The
remainder of Mp we designate Z» /n, so that

(2.16b)

Z, k =n h k-k' Mk Qk dk' 8r'. (2.17)

If we identify Z» with Z„ this is exactly our pre-
vious result. '' The second form of Eg. (2.16) is
illustrated in Fig. 3(g}.

III. ANALYSIS OF EFFECTIVE-MEDIUM-APPROXIMATION

RESULT

A. Terms which are inc1uded in the EMA; moments

With the diagram construction we can now readily
expand the EMA Green's function in powers of the
hopping integral and compare with the exact ex-

=-hI

~5 6

Oe = Oi + C=O + C==-= +

A
FIG. 3. Renormalization

of interactors and locators.
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G ~ ~(+) /~tl+ 1 (3.1)

G~= "„„=— lim Gg.
UP Pl

(3.2)

This applies in particular to the case of orthogonal
orbitals. For nonorthogonal orbitals there is no
simple expression for the moments.

We summarize the first two orders in Hq in Fig.
4(a). As noted previously our theory is exact to
this order, to within the Kirkwood approximation.
The third-order terms which are kept are shown
in Fig. 4(b), while those which are not are given
in Fig. 4(c). The latter are just the first contribu-
tion to Z, [Fig. 3(f)] and correspond to repeated
seatterings between two sites, or h lines which
cross, or, for the middle two, correlations be-
tween different parts of a diagram tied together at
a point. These processes are not single-site pro-
cesses and are not included. The terms which are
kept have a basic chain structure (or for diagonal
elements, ring structure) with renormalized points
RQd renormRllzed intel"RetloQ llQes.

In fourth order we have considered only the
closed diagrams corresponding to the moments
of the density of states. The first three moments
of the density of states are given exactly,

pansion. As noted in our previous work, the coef-
ficient of (u

'"'" is the nth moment ~p of the spec-{ff)

tral function (-1/v) fmGk, which for general k is a
quasiparticle resonance. The coefficients in the
1/&o expansion for the diagonal matrix element G~
are the moments of the density of states per ion.
Thus

Before discussing this further let us consider
the alloy and lattice liquid cases.

B. Relation to coherent-potential approximation for the aHoy

In our previous article' we showed that the sin-
gle-site arguments leading to the effective-medi-
um approximation also give rise to the CPA when
applied to the alloy problem. The proof was actu-
ally for the T-matrix expansion. For the locator
case the proof is virtually identical Rnd corre-
sponds to Shiba's" treatment of the CPA.

Here we will show that our equations go directly
over lQto the CPA for the lRttlce eRse Rnd thRt' the
diagram expansion is the same as the CPA. Let us
first examine the lattice liquid, in which we as-
sume that the iona occupy a fraction x of the sites
of a lattice. This corresponds to the split-band
limit' of the alloy problem Rnd is R simple model
of an impurity band. We replace the continuous .

variable 8 by a discrete variable B, and this
means that we restrict the A integral to one Bril-
louin zone, The density n becomes the fraction x
of occupied sites. The energy function is simply
the band energy for the pure solid,

&a=&f =&X= Z &

R&0

where 8 goes over lattice sites, Rnd, assuming
that the alloy is random, the pair distribution
function g&&

= I —
5&& merely excludes multiple oc-

cupancy of sites. The superposition approxima-
tion is actually exact for the lattice, so that the
diagram expansion applies exactly. We have in
the EMA

~{o)

a-„e-„du 8~',

(3 3)

(3.4)

(3.5)

u&i'~ =n'
Jt H-'„dk/Bv', (3.6)

while approximations begin in the fourth moment,
in which the terms in Fig. 4(d) are kepi: and those
in 4(e) are omitted. Again we see a ring structure
with renormalized vertices Rnd interaction lines,
Rnd with h, lines which do not cross. The last dia-
gram in Fig. 4(d) is unlinked and is a contribution
to Z&. The omitted diagrams have a structure
similar to those omitted in the third-order open
diagl'Rms —arising from the sRDle four dlagl'Rms
of Z„namely, diagrams with repeated scatter-
ings between two sites, correlations between parts
of a diagram tied together by a point Rnd 6 lines
which el oss.

FIG. 4. Dlagx'am. expaI18106 of G 8hwvlllg Vvhat is 1Il
eluded in EMA [(a), {b), and (d)J.
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G„=x(&u —Z —xMk) ', (3.8) Z = x»„+(1 —x)»e —(~„—Z)(»e —Z)E, (3.19)

Z~=N 'Q ekG»Mk,
k

Mk ~k +Zi/x (3.10)

~» Q»Z „2
k k'x

k

We have written the k integral as a sum, which is
the usual notation.

We notice that Z, is a constant /or the lattice
liquid. If we sum Eq. (3.10) over k, the e» term
cancels from Eq. (3.7), and combining this with

Eq. (3.11) we have

(3.11)

—Q Mg(1+M»Gk)=0.

Substituting for M-„ from Eq. (3.8) we find

(3.12)

x
G =—I'

kV —Zq
k

Thus the renormalized locator, weighted by the
fractional occupation of sites, is the diagonal Iua-
trix element of 6 in a site representation.

To evaluate Z„we have from Eqs. (3.9)-(3.11)

(3.13)

(3.14)

Gk =(& '-Gk+Za) ' {3.15)

%'1th Zg detel mined seU-consistently from Eq.
{3.13).

To make the result look more familiar we re-
place I' '+Z~ by ~ —Z, and we have

G» = (~ - Z - &») ',
Z = -(1 —x)/I",

(3.16)

(3.17)

which is the split-band limit of the CPA. ' For
x = 1, Z vanishes —this is the pure-solid case.

To show that the result is also the CPA for the
random-alloy case, we now can take x=1, but we

must perform an average over components. We

restore the diagonal energies and repla, ce Eq.
(3.13) by

F=(G,) = +--
~A ~& (d ~B ~d

(3.18)

assuming a fraction x of the sites to be occupied
by the A atoms and 1 —x by B atoms. Equation
(3.15) still holds for Gk. The more usual form is
again obtained by replacing E '+ Z„by (d —Z, in
which case

1 J—'+Z„=E ' —'Mkgk =O.
x x

k

The last equality results from Eqs. (3.8) and

(3.13), because MkGk =E '(Gk E) is pro-portional
to the off-diagonal part of Q in a site representa-
tion. Thus the Green's function can be expressed
RS

C. 1/z argument

Schwartz and Siggia" showed by means of their
diagram technique that the CPA represents in
some sense an expansion in 1/s, where z is the
number of nearest neighbors. We find it possible
to give a similar argument for the liquid metal in
the tight-binding model. Actually Matsuba. ra Rnd

Toyazawa" give an argument to show that their
result is a high-density approximation.

We must first define a neighbor number Z. VVe

wish to regard the system as though the hopping
integral were a constant II, and the number of
neighbors were Z, If this were the case, then
summing H and 0' over neighbors would give

HZ= ngHH H dH, (3.20)

0 Z= ngHII H dH. (3.21)

which is the CPA result. '
In dlagramIQRtlc derivations of the CPS, Yone-

zawa" and Leath" have emphasized the importance
of multiple-occupancy corrections. The present
diagram representation" is actuRQy a compact and
convenient one for the locator expansion in the al-
loy problem —or for that matter the entirely anal-
ogous T-matrix expansion. In the present scheme
the multiple-occupancy corrections are given by
the h lines in the dia, grams Rnd what we have
found is that these multiple-occupancy corrections
can be included by renormalizing the interaction
lines. There is a, similarity between our approach
and that of Blackman, Esterling, and Beck,"who
use a locator expansion and a functional technique
for summing the single-site terms.

The importance of the present section for the
liquid-metal case is that we have shown that to
all orders the terms in the perturbation expansion
included in the EMA are exactly the same as those
included for the alloy. Before going on to discuss
these results further, we would like to raise one
point in interpreting the diagram expa, nsion of the
alloy case. We can, as stated earlier, use the
same diagram expansion for the alloy as the liquid
or lattice liquid. If we go beyond the single-site
approximation we have to notice that in Z, k there
is a dependence on which type of site is at the be-
ginning and end, because internal locators can oc-
cur at those sites. We are not allowed to average
out this dependence. Z, therefore is really Z,",
using the notation of Sec. IV; i.e., it is a 2 x2 ma-
trix for the binary alloy, solid or liquid, In Sec.
Pf we include R species dependence of Hk Rnd so
the machinery for including this dependence in Z,
is ava, ilable.
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%bile these relations are exact only for an actual
nearest-neighbor model, we can use the two equa-
tions to define an effective H and Z. HZ gives, in-
cidentally, an estimate of the bandwidth.

Consider now the perturbation expansion. %e
can compare the 1/7 dependence of the terms in

Q ': H„, Z„, Z„and Z, . Let us do this for
small k. Then nfI„, =ZH by definition. The first
term in the expansion for Z~ is

and Siggia" gave evidence that the CPA has an ex-
pansion parameter 1/z. The above analysis offers
another derivation of this, but also implies that
for energies within an impurity band the CPA is
inaccurate for low densities of impurities.

An interesting point is that the 1/Z argument ap-
pears to hold even if we include deviations from
the Kirkwood approximation. For example, the
three-particle distribution function can be written
as

HP gg dB= {3.22) g(r, r', r")= [1+h (r, r')][1+h (r, r")]

It is unrealistic to discuss the expansion for arbi-
trarily small &u (in fact, we can only hope that it
converges). We therefore assume u&-zH, i.e., of
the order of the bandwidth. Then this contribution
to Z„ is of order H. Similarly other contributions
with a ring structure will contain additional factors
of H/v, but as many additional integrals over R,
and hence they will be of the same order in 1/Z.

The leading te rm ln Z I ] ls

x[1+h(r', r")][1+h,(r, r', r")],
(3.25)

where the three-particle correlation function h,
corrects for the use of the Kirkwood approxima-
tion. The factor h„however, restricts the range
of the three arguments, keeping them close to-
gether, and increa. sing the order in 1/Z.

D. Comparisons with other approaches
n2 e'" 'h(i)H(i -5')H{i')did di'. (3.23)

Here nh{B) is finite only near 8 =0, and its inte-
gral over H is of order 1. Therefore, the 8 inte-
gral contributes 1 rather than Z. This is then of
the same order as Z„. The same goes fox' terms
with a chain structure. Z,„, on the other hand,
has for the first term in Fig. 2(g)

H(R)H '(R)e' " ' "dR- (3.24)

which is of order (1/7)' with respect to nH~, and
similarly for the other third-order contributions
to Z„ from the localization of nh(It).

If we made the unsafe that these are the orders
in 1/Z of Z~, Z„and Z„ then G, =1/(&u —Z~) is of
order 1/HZ and nMk of order HZ i.e , the r—enor-.
malization does not change the leading order. Then
the order in 1/Z holds for all terms in the expan-
sion of Zg alld Z~ by vll tue of their exact expres-
sions in terms of M], and Z„. Then the lack of
nodes in the expression of Z„even upon cutting
an h line, means that all contributions to Z, are
of order (1/z)' or higher.

Then we see that for frequencies of the order of
the bandwidth, the EMA includes all terms of or-
der 1/Z in comparison with the bandwidth, and ne-
glects those of higher order. Thus it is a high-
density theory.

The same considerations apply to the lattice liq-
uid, and we should emphasize here that Z is not
the number of nearest neighbors z on the lattice
but is weighted by the fraction of occupied sites,
i.e., for the lattice the expansion parameter is
1/7=1/xz. For the alloy, in general, Schwartz

%e have already discussed' ' a comparison of
our results with the theories of Gyorffy, as modi-
fied by Korringa and Mills (GKM), "of Schwartz
and Ehrenreich [self-consistent approximation
(SCA}]' and of lshida and Yonezawa (1Y)." The
present representation, however, gives a greater
insight into the relationship among the several re-
sults. All of the results can be put in the form of
Eqs. (2.14}and (2.15) with different expressions
for Za = Za+ Z,„:

Zq = [1+nh(k -k')]H
q ~ Gq dk Bv', (3.26)

Z~ =
~ [1+nh(k —k')]HgiMgiGp dk Bv

I' nHk (H~ —H~ )
(d —Z

+ BgQk d

(3.27)

(3.28)

g(r, r', r")=[1+h(r, r')][1+h(r, r")+h(r', r")]

(3.29)

The SCA result shown here is equivalent to but
much simpler than our previous result. ' ' In the
above equations the part depending explicitly on
h (k -k') is Z „and the remainder is Z„.

In the SCA, one of theM], 's in the EMA result
for Z, is replaced by H]„a bare hopping integral.
Let us regard this as being the one on the right as
shown in Fig. 5(b). Schwartz and Ehrenreich' dis-
cuss the approximation to the three-body distr ibu-
tion function
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In Fig. 5(a} is shown the off-diagonal terms in sec-
ond order using Eq. (3.27). We see that a term in
which two 8 lines go into the right point from the
left is missing (in counting h lines here we include
those along the chain). The generalization of Eq.
(3.29) to n-body distribution functions discussed
by Schwartz and Ehrenreich' corresponds to omit-
ting all diagrams with more than one h line going
into any point from the left. This clearly leads to
Fig. 5(b). Figure 5(c) for Z~ is the same as the
first form of the EMA result, Eq. (2.16a).

Thus the SCA has the same structure as the
EMA, but with the generalized Kirkwood approxi-
mation replaced by the generalization of Eq. (3.29).
As pointed out earlier, the SCA goes over into the
CPA for the lattice liquid and also for the alloy.
This is consistent with the present result because
Eq. (3.29) is equivalent to the Kirkwood approxi-
mation for the lattice liquid or random alloy.
Thus we can regard the SCA as a coherent-poten-
tial approximation but with respect to the
Schwartz-Ehrenreieh decomposition of the distri-
bution function rather than the Kirkwood. Actually
we found this decomposition unphysical for hard
spheres, because it changed sign and did not van-
ish within the excluded volume. As we remarked
earlier, the SCA omits some correlation along the
chain of scatterings' ' and so the result depends
on H(H) inside an excluded volume.

The GEM result omits more chain correlations
than the SCA, and seems to be a CPA with respect
to a, decomposition of higher-order distribution
functions allowing only one 8 line going into a
point from either direction, which is clearly in-
adequate. The GEM result does not reduce to CPA
for the lattice.

The Ishida-Yonezawa theory on the other hand

was designed to include all the chain correlations.
Their theory is obtained from ours by omitting
Z„when Z„ is expressed by Eq. (2.16b), which

explicitly includes the chain correlation. This
corlesponds ln the diagl am expansion to omlttlng
all out-of-chain k lines, i.e., out-of-chain corre-
lations. In the alloy case this corresponds to omit-
ting the multiple-occupancy corrections, so that
the IY theory is not a CPA. This is a serious
omission in the alloy, but we shall find that in the
liquid-metal case the omission while important
does not lead to drastic errors, at not too high
densities. This will be discussed further in Sec.
V, and shown through numerical results in a sub-
sequent paper.

In regard to the moment expansion for the den-
sity of states, the GEM result has an error in
second order in H(H) while the SCA is correct
through second order, and has an error in the
third-order term. Both the EMA and IY theories

are correct through third order, the EMA includ-
ing more terms in fourth order than does the IY
result.

IV. GENERALIZATIONS
A. Impurity band with short-range order

In discussing the lattice liquid we assumed that

g,, =1-5;, , i.e. , that there is no correlation be-
tween occupation of neighboring sites. It is now

very easy to generalize this result to include
short-range order by means of a, pair distribution
function g~ =1+@„.Equations (3.8) and (3.9) are
now replaced by

~ ~3k ~ R~
k -~ R~

Mk =&RS R+& '~&R

(4.1)

(4 2)

We now discuss the generalization of our results
to the liquid-aQoy ease. We shalt, use the 2 &2-
matrix method developed by Blackman, Esterling
and Beck,"and ideas of Movaghar, Miller, and

Benne mann. '0

+ a
7

FIG. 5. Diagrams for SCA.

X 'Z, R =SR — e' "M~kok

k

One immediate consequence of this analysis is
that the second moment of the density of states is
given correctly by

~"' = x g g~H'-„. (4.4}
k

Recently Schwartz" has considered a lattice model
of a liquid with short-range order, and using an
analysis based on the T-matrix version of the the-
ory, showed that none of the previous results
[@CA (quasicrystalline approximation), QKM, or
SCA) gave this moment correctly. The present
theory does.

The lattice liquid with short-range order, in
fact, goes over into the liquid-metal tight-binding
model if we let the size of the unit cell go to zero,
while the range of the interaction and the ionic
correlation remain finite. Yonezawa and %'atabe"
show in detail how this correspondence comes
about. In the same limit the random-lattice liquid
goes into the random liquid.

8. Liquid aHoys
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In anA-8 alloy we expect that H, i =e, will be dif-
ferent for the two components. Also it appears to
be unrealistic to assume that the transfer integral
H;, is independent of species.

Consider the locator expansion for the Qreen's
function:

pi R =nx, (4.14)

Z" p';(R)p , (R''))=5'x. x. p,. (R —R'),
ij

(4.15)

Gff = 5ff L; +(1 —5e)LfH() Lf
/

+ LiHir L,, Hr jLj+ (4.6}
) f(R)Pf (R')pf (R"))

ijl
=n'x, x, &, g„,x(R, R', R"), (4.16}

where

L; =((d —e;) '. (4 6)

5is L, (4.7)

If we also let

If we let s go over the species, which could actual-
ly be more than 2, we can write

etc. , where x, is the fractional concentration of
species and the double prime means no two in-
dices are equal. This gives a species-dependent
n-body distribution function. To obtain the EMA
in this ease, we introduce a Kirkwood factorization
of the n-body distribution function for n&2:

g„, (R, R', R")=g„x (R —R')g„(R —R")
1

H5, -H'5', ——HRR (Rf -Rf), (4.8) xgR. Rxx
(R' —R").

SSG'j G'j
SS

where

(4.9)

then i and l refer only to the positions of atoms.
%e can then write

(4.17)

Then we can follow virtually the same procedure
as before to obtain the generalization of Eqs.
(2.14)-(2.17):

(4.10)

Then to form the continuum Green's function we
introduce partial density functions

P f(R) = 5fR 5(R —R, ) (4.11}
and we obtain the result

I I
Gff' =5;q 5(R5RR LR+(1 —5(~)5f, L,HRfq L, , 5f, ~

SS" S"S'+ 5;, L,Hi) &i, L, H, j L ~5j ~+ ~ ~ .
iS"

SS +
S

L XR((5) RCR Z(f )

Z'„= (H), GfIf, )RR dk/8r

Hg I Hk + M gG)M k ss dk 8n'

HP = IH„(R)g„(B)e' "dB,

(4.18)

(4.19)

(4.20)

(4.21)

G(R, R') = Q G„(R,R'),
SS

(4.'12) ~ps H gs + n-1gss
ik ' (4.22)

G„(R,R')= (Z p';G;; pf )if
= 5(R —R')G, 5„(Q p f (R))
+g (pf(R)p,' (R')&L,H.. (H-I~ )L,

if

+ p';8 pj R" p',
s" ijl

x LRHRR (R —R")L, 5

xH, , (R" -B')I.,'dR+ ~ ~ ~ (4.13)

We note that considered as a matrix H„.(R —R') is
independent of the species at R and R'. This is
what enabled Blackman et aL."to obtain the CPA
for alloys with off-diagonal disorder.

%e now examine the correlation functions

Mg ~ Gp Mg „dk' 8m

(4.23)

Here we have used matrix multiplication in Eqs.
(4.20} and (4.23).

These equations include, in addition to diagonal
and off-diagonal disorder in the Hamiltonian ma-
trix elements, differences in pair distribution
functions for different species which have been
found to be important in considering conductivity
in liquid alloys. "

C. Off-diagonal disorder in alloys

%e wish to show now that these results reduce
to the Blackman et al."theory for the random-al-
loy case. Actually E(ls. (4.18)-(4.23) apply direct-
ly to an alloy with short-range order, if we make
the k integral go over one Brillouin zone, let n =1,
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and change the 8 integral in Eq. (4.21) to a sum.
So, what we have is a generalization of the CPA
to include short-range order and off-diagonal dis-
order.

Specializing to the random-alloy case, we have
h" (k —k') =-1, and by an argument analogous to
that leading to Eqs. (3.13) and (3.14), we have

N'~G' =5 ~ ISS (4.24)

and

g~S ASSI (4.25)

Lq = x~ ((d —s ~ + Z i ) (4.27)

Then the three independent components of Z, can
be determined from Eqs. (4,24), (4.26), and (4.27).
Finally G& =L, GP is the total Green's function.
This is precisely the result of Blackman et aL. ,"
which was shown by Bass and Leath" to give the
cor rect low-density limit.

To recover the diagonally disordered alloy re-
sult, for which 0&k' is independent of s and s', we
assume that Z", is also independent of s and s'.
Then we can show by summing Eq. (4.18) over s
and s

I.S
S

(4.28)

which with Eq. (4.19) and Z, =-Z~ is the same as
Eqs. (3.15) and (3.18).

V. DISCUSSION

In this article we have demonstrated a close
correspondence between the effective-medium ap-
proximation for the liquid metal and the coherent-
potential approximation for a lattice model of a
liquid, and also for the alloy. We have used a sim-
ilar technique to obtain formal results for liquid

We have thus a 2 &2 matrix Z, to determine, We
I

can write the inverse of G&' as

(4.26)

with

alloys and for alloys with off-diagonal disorder
and short-range order.

It is important to emphasize that while the pres-
ent formalism was developed for the tight-binding
model the conclusions apply equally well to the
general multiple scattering version of the EMA
and other approximations.

We have found that the result of extending the
CPA to structurally disordered materials is in-
timately connected with how the higher-order dis-
tribution functions are approximated, so that dif-
ferent CPA extensions can be constructed corre-
sponding to different decompositions of the distri-
bution functions. The Kirkwood approximation ap-
pears to be reasonable for liquid metals. A ques-
tion arises as to whether a CPA-like theory can
be constructed which would include three-body
correlations, such as are important in tetrahedral-
ly coordinated systems. Our remarks at the end
of Sec. III ' suggest that such correlations are of
higher order in 1/z than CPA-like terms. How-

ever, in insisting upon keeping chain correlations
we are already including certain higher-order
terms in 1/Z. So the question as to whether such
a CPA-like theory can be derived, or whether
some kind of cluster approximation would be nec-
essary for such a system, seems to be an open
one at the moment.

In a subsequent paper of this work we shall de-
scribe calculations based on the present results
for several pair distribution functions and for the
most part compare our results with those of Ishida
and Yonezawa. Preliminary results have already
been published. ' We find that for z not too large,
the two results are not drastically different. This
is encouraging in that calculations for more real-
istic systems are more feasible with the IY theory.
Further interesting properties and the analytic be-
havior of the solutions will be described in the
above-mentioned paper.

ACKNOWLEDGMENTS

The author has benefitted from discussions with
Dr. H. L. Frisch and Dr. F. Yonezawa.

~L. M. Both, Phys. Rev. 8 9, 2476 (1974).
2L. M. Both, J. Phys. (Paris) C 4, 317 (1974).
3M. Lax, Phys. Rev. 85, 621 (1952).
48. F. Edwards, Philos. Mag. 6, 617 (1961); Proc. R.

Soc. A 267, 518 (1962).
~L. Schwartz and H. Ehrenreich, Ann. Phys. (N.Y.) 64,

100 (1971).
6P. Soven, Phys. Rev. 156, 809 (1967); 178, 1136

(1969); D. W. Taylor, Phys. Rev. 156, 1017 (1967),
78. Velicky, S. Kirkpatrick, and H. Ehrenreich, Phys.

Rev. 175, 747 (1968).
L. M. Both, Phys. Rev. Lett. 28, 1570 (1972); 29, 142

(1972) .
9L. M. Roth, Phys. Rev. 3 7, 4321 (1973).
J. L. Beeby and S. F. Edwards, Proc. R. Soc. A 274,
395 (1963).

~~F. Cyrot-Lackman, J. Phys. (Paris) 27, 627 (1966).
~2Y. Ishida and F. Yonezawa, Prog. Theor. Phys. 49,

731 (1973).
T. Matsubara and Toyazawa, Prog. Theor. Phys. 26,
739 (1961).

~4B. L. Gyorffy, Phys. Bev. B 1, 3290 {1970); J. Kor-
ringa and R. L. Mills, Phys. Rev. B 5; 1654 (1972).
J. S. Faulkner, Phys. Rev. 8 1, 934 (1970).

~6J. B. Klauder, Ann. Phys. (N.Y.) 14, 43 (1961). .



11 ANALYSIS OF EFFECTIVE-MEDIUM. . .

~~%atabe and Yonezawa have developed essentially the
same diagram scheme and reach the same conclusions
as we. This work will be reported in a forthcoming
article and in a short joint communication with this
author.
I . Schwartz and E. Siggia, Phys. Rev. 8 5, 383 (1972).

9J. A. Blackmann, D. M. Esterling, and W. F. Beck,
Phys. Hev. B 4, 2412 (1971).

208. Movaghar, D. E, Miller, and K. H, Bennemann,
Phys. Lett. 45, 291 (1973); J. Phys. (Paris) C 4, 325
(a974).

2~8. A. Rice and P. Qrey, 7.'ke Qatistiea/ Mechanics Of
Simple Liquids (Wiley, New York, 1965), p. 72.

2 H. Shiba, Prog. Theor. Phys. 46, 77 (1971).
23F. Yonezawa, Prog, Theor. Phys. 40, 734 (1968).
24P. Leath, Phys. Bev. 171, 725 (1968).

L. Schwartz, Phys. Bev. 8 7, 4425 (1973).
26T. E. Faber and J. M. Ziman, Philos. Mag. 11, 153

(1965); N. W. Ashcroft and D. C. Langreth, Phys. Bev.
159, 500 (1967) ~

27B. Bass and P. L. Leath (unpublished).


