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The mass fluctuations in a quantum-crystal alloy lead to a long-range interaction between the particles.
For low *He concentrations in “He, this interaction requires a modification of the simple picture of
mass-fluctuation waves. We determine the effect of this interaction on the motion of a *He particle
through “He and give an alternate explanation of the data that is assumed to show the existence of
these excitations. We set a limit at x ; € 10™° for the onset of mass-fluctuation-wave behavior.

I. INTRODUCTION

“Mass-fluctuation waves” (MFW) were invented
independently by Andreev and Lifshitz! and Guyer
and Zane.? These excitations describe the coherent
motion of an impurity atom through a crystal. Fur-
ther theoretical discussion of them is found in Refs.
3-6. The early survey experiments by Myoshi,
Cotts, Greenberg, and Richardson’ on solid *He-*He
mixtures suggested that dilute *He-in-*He solid
mixtures are a suitable system in which to seek
evidence for these excitations.® Subsequently
Greenberg, Thomlinson, and Richardson®® reported
T, and T, measurements that showed compelling
evidence for *He tunneling in *He. Richards ef
al, %11 haye undertaken an extensive set of mea-
surements on dilute *He-in-*He mixtures designed
to find evidence for the coherent motion of the im-
purity, i.e., for the existence of 3He MFW.

These measurements include diffusion data in addi-
tion to T, and T, data. Richards et al. have argued
that only a diffusion measurement gives a clear
signature for coherent motion. Recently Grigor’ev
and co-workers*?™* have verified and extended the
diffusion measurements of Richards et al.

Many aspects of the data of Richards et al. are
consistent with the qualitative features expected
using the MFW description of the *He motion. But
there are two serious difficulties in the quantifica-
tion of such a description: (i) The rate of *He-*He
tunneling must be taken to be about two orders of
magnitude below what is regarded as a plausible
valuels; (ii) the interaction between *He impurities
must be taken to be about three orders of magnitude
below what is regarded as a plausible value, "'1¢

This paper provides an explanation of the mea-
surements of Richard et al. and Grigor’ev and co-
workers in terms of 3He tunneling in the presence
of a strong *He-°He interaction. This explanation
in terms of an inlevaction model is offered as an
alternative to the MFW model. It employs plausi-
ble magnitudes for the basic parameters describing
the system. The interaction model yields a ®He
concentration limit below which MFW behavior

should be seen in a diffusion experiment. The ex-
periments of Richards et al, and Grigor’ev and co-
workers reach down to this limit, x;< 1073,

In Sec. II we derive the Hamiltonian that we use
to describe a 3He-*He mixture. We employ a sin-
gle-particle representation of the particle motions
using a few of the low-lying states of an average
crystal, a crystal with an average mass at each
lattice site. The real crystal has mass fluctuations
that cause its Hamiltonian to depart from the aver-
age crystal Hamiltonian. These mass fluctuations
lead to a mass-fluctuation-mass-fluctuation inter-
action which is important to the description of *He
motion at low 3He concentrations. We assess the
magnitude and range of the mass-fluctuation-mass-
fluctuation interaction in Sec. III. We find it to be
of strength 102 K and to fall off as ™. In Sec. IV
we examine the effect of the mass-fluctuation—
mass-fluctuation interaction on the behavior of a
He MFW. We find that in the concentration range
107%< x,= 10 a ®He particle moves incoherently
because of the mass-fluctuation—-mass-fluctuation
interaction. The diffusion constant and T, that we
calculate for this concentration range are in good
qualitative and quantitative agreement with the data
of Richards ef al. and Grigor’ev and co-workers.
We show that a rate of *He-*He tunneling similar to
the rate of *He-3He tunneling is consistent with the
data. We expect coherent *He motion, i.e., a %He
MFW, at x%,<<107. Section V contains a brief sum-
mary of our results and conclusions. The details
of many of the calculations that are required to
support the arguments in the main body of the paper
are contained in Appendices A-E. These include
a reformulation of the small-polaron problem in
Appendix D that may be of some interest.

II. THEORY OF THE HAMILTONIAN

In this section we derive the equation for the
ground-state energy that leads to phase separation
and to the interaction between impurity atoms. We
formulate the theory, in second-quantized form,
using the single-particle states of the average sin-
gle crystal (average crystal), i.e., the single-par-
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ticle states generated by the solution to the problem
= 2 1 .
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where
<_}_>=x3_!'_. +(1 - xa)_l.. - _1_. +x3<_1.. _L) (2)
m ™y my My my My
and x3=N,;/N is the *He concentration. A solid *He-
*He mixture is described by
2 _ 2
s =3 2L 4 23 (i) =T + 2 Lh(mit = (mY).
i Zm,- 2 ij i 2
(3)
We assume that the Einstein-oscillator ground-
state problem associated with 3¢ is solved with the
results
_‘170 = Eo(xs)—‘l}‘o , (4)

i
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where
%, =115, Il ze 17D (5)
i J

Here ¢{* is a single-particle wave function {per-
haps of the form ¢{® =A exp[-30%(r; - R;’]} and g
is the part of the pair wave function that, with v,

yields the # matrix,
(%, Ti) =8(%, Ty J0(T)). (8)

The details of the solution of the ground-state prob-
lem with 3¢ are described by Takemori and Guyer.!”
We assume that in addition to the ground-state sin-
gle-particle wave functions ¢‘®’ and the ground-
state t-matrix elements, 7gg, o, We also have a
knowledge of the low-lying excited states and cor-
responding {-matrix elements (see, for example,
Appendix C). Using these we can write %€ in sec-
ond-quantized form,

1= ; [K(R),n(R); + K(R)yon(R)y + K(R)ggn(R)o] + -;- RZ [HRR'),y,1;0(R)n(R"); + HRR )5 pon(R),m(R "),

+H(RR ")g, ot(R)gn(R")o] + Z [HRR")gp, 11(R)g(R")y + HRR )0, 52 (R)(R "), + HRR )1y, 1on(R)n(R "), ]

RR'*

+ 2 [HRR )go, o(R)g + HRR )y, on(R); + HRR ), 00(R) )L+ + b
RR’

+§ [HRR Vg, 02(R)g + HRR' )y, 057(R); + HRR' )5, on(R), (@, + ) +% :4: HRR')gy,01(b], +bg )0k +bg.)

R’

1 :
+5 2 HRR )og, (A} +dg)(d b +d.) +I§ HRR" Yoy, oa(DY, +bg)(d o +dg2) +ZRJ[AK(R)00n(R)0

RR’

+AK(R); 1(R); + AK(R)pon(R), + AK(R) (A, +d5)],

where ¢, creates a particle in state v at lattice

site R, n(R),=ck,cg,, bk =chicro, and d} =ckscro.
For the states 1 and 2 we employ the approximate
states

S = A 0z exp[- 3a3(T - RY] (8)
and
62 = A,[1 - 30%(r —-R)?]exp[- 32 (F- R)?] . (9)

The 15 potential energy terms in Eq. (7) are shown
in Fig. 1. We understand b}, to create a displace-
ment fluctuation and d%, to create a width fluctua-
tion (see Fig. 2). The displacement-displacement

J

"
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coupling constant, #RR')y,, o, is the random-phase-
approximation (RPA) phonon coupling. The displace-.
ment-width coupling constant, #RR')y,q,, is the
RPA cubic anharmonic phonon coupling, etc. (see
Appendix C). There are lots of terms in Eq. (7).
Most of them describe properties of a perfect sin-
gle crystal. The last four terms describe effects
due to the mass fluctuations away from the average
crystal. If we systematically go through Eq. (7)
we can understand the physics in most of the terms
and achieve an enormous simplification of the equa~
tion. To this end we use #(R)y+n(R);+n(R),=1 to
rewrite Eq. (7) (with rearrangement) in the form

5 =;I—((R)Oo +% RZ HRR)go, 00 +§R:AT{(R)OO +'§ [€(R); - €(R)oIn(R); +3 1; HRR)gq,01(b%, +b5)(b%s +Dgs)

R’

R

s [€R), - €(R)I(RY, +2 - HRRYop, a(@hy +dp)d b +dgs) + O HRR o, 02(bh +b)(d e +dge)
2 RR’ RR’

+ gaj {HRR g0, 01 + [HRR") 11, 61 = HRR)gg, 01 0(R); + [HRR )53, 01 = HRR "Ygp, 61 JU(R) } (Do + b )
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+ :L;, {E(R)gq + HRR )9, 05 + [HBR " )gq, g In(R), + [HRR )35, 2 — HRR")gg, g In(R), }d k0 + )
1 /
*3 & [HRR" 9,00 + HRR')13,11 — 2HRR )9, 11 IM(R)n(R"),
15 alar HRR' HRR' ’ '
+3 = ( )oo, 00 + & 11,22 = HRR)gq, 13 = HRR )oo,zz]”(R)1"(R )e
1 , , _
32 [HRR" o0, 00 + HRR Y35, 52 = 2HRR"}g0,00 (R)pn(R "), + 2 AR(R)p(d + 1),
’ R
I
where oscillator ground state. We note that??
«(R)=K(R HRR' AK(R),, .
SR =R(R), +2, HRR ) 0 + AR (R),y R:/;)t(RR,)W'm: 0 (16)
(i) The first term in this equation is the Ein- and
stein-oscillator ground-state energy. This con- _ ,
tribution to the energy yields the phase separation K(R)qp + Rg(:m t(RR 3,00 = 0, 7

curve to good approximation. !’ We define
= 1
Eg() = 2 KR+ 2 HRE 0.

(ii) The second term in Eq. (10) is the fluctua-
tion in the kinetic energy from the average crystal.
This contribution to the energy is zero:

§AI?(R>E<<AT<(R»> -0.

(11)

(12)

(iii) The third term in Eq. (10) yields the RPA
displacement fluctuations (phonons). We define

5, = ER: [¢(R), - €(R), Jn(R), +% g; HRRYog, 01

X (b%, +05)(bhs +bg.) . (13)

These phonons are discussed in this form by Guy-
er.!® They are essentially the phonons of Nosanow
and Werthamer, *°

(iv) The fourth term in Eq. (10) yields the RPA
width fluctuation. We define

3<3W=;[<(R)2 ~ €(R)ln(R), +-;- 2 HRR )2, 02

RR’

X (A} +dg)(dh +dg.). (14)

This Hamiltonian will be discussed in some detail
below, 2021

(v) The fifth term in Eq. (10) is the cubic an-
harmonic coupling of displacement fluctuations and
width fluctuations, i.e., a part of the three-phonon
process. We define

3 py = Z t(RR')m.oz(b}e + bR)(d}e' +dR,) . (15)
RR!*

When the displacement fluctuation and width fluctua-
tion are regarded as independent entities ¥Cp, cou-
ples them.

(vi) The sixth and seventh terms in Eq. (10) are
the displacement and width fluctuation at R’ due to
deviations of the particle at R from the Einstein-

using the orthogonality of the $ Both the sixth
and seventh terms are of order 4® or b%d. We drop
them.

(vii) The eighth, ninth, and tenth terms in Eq.

o -

i | i

] ' )

FIG. 1. Effect of the potential energy on the low-lying
single-particle states. The various terms in the second
quantized Hamiltonian, Eq. (7), are illustrated by what
they do to the single-particle states.
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FIG. 2. Single-particle states. (a) Addition of the
first excited state to the ground state causes the wave
function to be displaced to the right or left. This type of
admixture is called a displacement fluctuation. (b) Addi-
tion of the second excited state to the ground state causes
the width of the wave function to change, without chang-
ing the position of the peak. This type of admixture is
called a width fluctuation.

(10) are high-order fluctuations in the potential en-
ergy. They are proportional to #%; we drop these
terms.

(viii) The eleventh term in Eq. (10) is the tran-
sition 0— 2 induced by the fluctuation in inverse
mass at R away from (m™Y), This is the major
term in Eq. (10) that results from the fluctuation
in mass.

With the definitions in Eqs. (11)-(17) we may
write the Hamiltonian in the form

3C(x3) = Eo(%3) +3Cp +3Cy +FCpy
+ 2 ARR)p(d +dy). (18)
R

The terms %C,, %C,, and ¥, describe the propaga-
tion and interaction of the displacement fluctuations
(DF’s) and the width fluctuations (WF’s). Such
terms are present in the description of perfect sin-
gle crystal. The last term in this equation brings
about the effects due to the mass fluctuations.

For the DF Hamiltonian we have

1Cp= 2 [€x(R) - R)In(R), +3 2 HRR Yoy
R RR’

X (% +bR)(bh. +bg.) . (19)

We take €,(R) =Ky, + AK(R) +5p HRR")yy, 00 = (€, (R))
and €,(R)=Kgy+AK(R)gg+2ge HRR")g9,00={{€y)). Both
{&,(R))) and {{€,(R))) are numbers independent of
R. Further, we write n(R), =b%b, (this is strictly
correct if only the 0 and 1 states are involved, #n,
+n,=1), Thus Eq. (19) takes the form

1
Hp =2 Aeygblbe + 5 2y HRR Yoy 01
R RR'
X (bY, +bg)(bL. +Dg.) . (20)
It is straightforward to diagonalize this Hamiltonian

employing a Bloch transformation and a Bogoliubov
transformation, with the result (see Appendix A)
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€= Jiw (q)(blh,+3), (21)
q
where
iw 5(q) =z [A€d; + 28€,9m 5(q) 112,
mp(q) = Z eia'ﬁ'R't(RR ')01.01,
R’#(R)
and Ae, = (€y)) - (e
For the WF Hamiltonian we have
1 ) ,
3 =2 [€aR) ~ €1 ®)]a(R) + 5 2 HRR N,
RR’
X@L +dp)d b +dg ). (22)

As in the case of the DF’s, we take €,(R)={((¢,(R)))
and we assume that the WF’s and DF’s do not inter-
fere with one another; i.e., we use ny+n,=1 and
write

1
JCW:Z A€20d;2dR +§ Z t(RR,)og,gz
R RR!

X ([dh+dg) (@Y +dg), (23)

where Aey ={(€y) — (€. Then, following the
same steps as are employed in dealing with Eq.
(20), we find

Wy =2 HwyE)dld,+%), (24)
k

where

Tiwy (B) = 3[ A2y + 28 €,9my (R)] 12,
my (k) = Z elk-R-RYy (RR,)oz,oz .
# F(R)

The excitation created by d} is a width fluctuation.
It propagates with energy Zwy (k) =3[A€,
+2A¢€,9my(k)]'/2, For the DF we know lim,.ow(q)
—~¢; for the WF we do not know its %2 - 0 behavior.

For the moment we drop the DF-WF interaction
and consider the treatment of the mass-fluctuation
term. We look at 3¢, + 3¢’ = iC,,

Ky = Z Acgyd jdy +% Z HRR )gs, 2
R RR'
X (@} +dg) (@Y% +dg) + 2, ARR)e(dh +dy).
E (25)
We may eliminate the linear term in the WF opera-
tors dy, by introducing o, +@,, where @z is a num-
ber.?® We find

; [Aexdpp + 2t(RR')oz,02] e == AI—{(R)DZ;
(26)

Wy = g [A€a0dpp Afage +5HRR )y, p0(af +ape)]

+ ;:' AI—{ (R)oguw(RR ,)AI?(R ,)02 ’

where Dy(RR') is defined by
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Z Dy(RR"")[A€yydpiege +2t (R"'R )y, 001 = = Ogpe -
Rll
(27)

We may solve Eq.(27) employing the WF disper-
sion relation. Since

[ﬁ ww(‘])]z = %[Af 50 +2A€zomw(CI)] (28)

and the Fourier transform of Eq. (27) is

(4/Aez) DW(CI)["’[U-’W(CI)]Zz—l, (29)
we have
Dylq) = —ﬁw . (30)
Thus
gidrR-R’
Dy(RR"") =+ =2 4;72N Z ~ "-’W @ (31)

This latter formula is to be compared to the cor-
responding formula for the inverse of the phonon
dynamical matrix (see below). Thus we can write

3y =36, +3C 11 (32)
where
50 =Y AR (R)yoDy(RR)AKR )y, (33)
RR!

is a direct interaction between the mass fluctuation
at R and the mass fluctuation at R’ communicated
by the width fluctuation. For the Hamiltonian de-
scribing the system we take (we continue to ignore
Cpw)

3C(xs) = Eolas) +5Cp +3€y +3€ 1 | (34)

where Eq(x;), ¥p, 3¢, and 3¢{¥ are given by Egs.
(11), (21), (24), and (33), respectively.

In order to estimate the consequences of 5(3“’ in
Eq. (32) we need to know the strength of this inter-
action and its range. We discuss this question in
Sec. IIl. From that discussion we learn that 5"
is relatively weak and short ranged.

In addition to the direct interaction embodied in
eV there is a long-range interaction between mass
fluctuations brought about by the displacement of
the neighbors of a mass fluctuation. The term JCpy
in the Hamiltonian couples the width fluctuation at
R due to AK(R)o, to the displacement fluctuatlon at
R'. Then, the displacement fluctuation at R’ is
communicated across the crystal by the phonons to
interact with a similar displacement fluctuation at
S’ due to a width fluctuation at S. This process
mixes b and d operators; it is most easily de-
scribed in perturbation theory. We return to Eq.
(18). The last term in Eq. (18) gives rise in sec-
ond-order perturbation theory to a displacement
fluctuation at R’ described by
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. 1 _
.}Cli: Z t(RR,)01,02 T AK(R’)gg(bL*FbR) .
RR' 20
(35)
When 3¢'’ is introduced into the Hamiltonian along
with 3¢, we have 3¢y+3¢"" =3Cp,

— 1 ‘
¥p= E A€1p0ppr b}‘zbn t3 Z HRR ,)01,01

RR' RR

X (b} +bg) (0 +bgs) + D AR)BE +05),  (36)
R

where

AR)= Z £ (RR)oy,0 = T oK K (R")os - (37)

We follow the same procedure in treating this
Hamiltonian as we followed in treating Eq. (25).
The result is

Hp=10p+ 2, ARDpRR")AR'), (38)
RR!
where
2 Dp(RR')[A€100g0 150+ 2t R 'R Vo1, 01] = = Oge -
Rl'
(39)
We have
” A€1 ’lq R Ru
Dy(RR") = T 3 Tt (40)
and
ﬁZwD(q)z=£[A€f0+2A€mmD(q)] . (41)

We write Eq. (38) in the form

Kp=30,+52, (42)

where

e =2 ARDH(RRAR').
RR! (43)
We see that both the divect width fluctuation cou-
pling of AK (R)y, to AK (R")y, given by Eq. (33) and
the indivect displacement fluctuation coupling given
by Eq. (43) are of the same form. We write the
total Hamiltonian as

30(x5) = Eqlx) +3Cp +3¢y +3C , (44)
where
=1 +3e . (45)

This is the total Hamiltonian we use in this paper.
The two excitation terms 3¢, and ¥y correct the
Einstein-oscillator ground-state energy slightly
and describe the thermal excitations. As we are
at low temperature, we drop these terms and con-
centrate in the remainder of this paper on the
mass-fluctuation—-mass-fluctuation interaction
given by Eq. (45).
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III. MASS-FLUCTUATION-MASS-FLUCTUATION
INTERACTION

In this section we discuss the quautative effects
of the MF-MF interaction and estimate its order
of magnitude.

The MF-MF interaction is given by Egs. (45),
(43), and (33), where Dp(RR'’") and Dy(RR’) are
given by Eqgs. (40) and (31), respectively, and

= ne 1 1
AK(R)p=— ‘i‘(vz)cm(m_(R_) - <7;>> . (46)
If there is a ®He atom at R we have
AK(R)g = AK(1 = x5)ny(R) , (47)

where AK = — 12(V3)g,[(1/m;) — (1/m,)]. If there is
a *He at R we have

AK(R)g = = AK x3m,(R) .

Thus we may write

P =3 AK? Dy(RR")ny(R) - x5][ns(R") - x4]

RR'

(48)
where we have used n4(R) +7,(R)=1. Similarly,
we have
%P = Y. A(RR')- DyR'S") K(S'S)[n5(R) - x,]

RR'’SS’
X [125(8) = %] ,

where A(RR')= AK(1/A&)t (RR')gs,0,. For a ran-
dom distribution of 3He in *He (n3(R)) = x; and these
interactions lead to the energy

(3ep = (E AK?Dy(RR) + E ARR"-D Dp(R’s"

RR's’

. K(s'R)) ol = %) (49)

which makes a small additional contribution to the
phase separation temperature calculated using
Eqy(x5) only.

As a consequence of the interaction described
by 3¢;, different arrangements of the particles in
an isotopic mixture lead to different energy levels
for the system. In principle these energy levels
make themselves known in a variety of ways. For
example, because of the quantum-mechanical
tunneling of the particles in a mixture, various
particle arrangements are accessible to take up
the energy available from a thermal reservoir;
Jc; should be seen in thermodynamic mea-
surements.?'?® Further, at nondilute concen-
trations, an interaction between pairs of particles
requires that one modify the simple picture of
quantum tunneling to account for the effects of the
interaction. At the very least the presence of an
interaction sets a concentration threshold for the
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onset of MFW behavior. To quantify this discus-
sion we require an estimate of the order of mag-
nitude of the MF-MF interaction.

To estimate the order of magnitude of the MF-
MF interaction we need to know Dy(RR’) and
Dp(RR'). From Egs. (31) and (40) we see that this
in turn requires knowledge of wy (%) and wp(%).
is easy to learn as much as is necessary about
wp(k); it is not easy to learn about wy(%k). Thus we
begin by discussing D,(RR’). From Eq. (40) we
have

rQr 1q°(§’-§')
By(r'S")= 2mN Z —w (q)2
d -
;s‘)DD(RS) )

d -
d}’) exp (As's
(51)

where AR: =R’ -R. Here in writing Eq. (50) we
use the full three-branch generalization of the one
branch B, that we employed in developing the
model Hamiltonian.?® We write Eq. (51) in place
of Eq. (50) to reference the point of the interac-
tion on the location of the mass fluctuation. Using
Eq. (51) in combination with Eq. (41) leads to

(50)

or

BD(R 's")= eXp(KR’R

1P == 3 S AR 'R)(ZR,R . ;%):xs(ss')
RR' SS’ aB
(B %) BR(ES)mlR) - 2] brals) -]

(52)
where we have expanded the exponentials in Eq.
(51) and taken the first nonzero term, the dipole-
dipole term. The sum on R’ and S’ has been iso-
lated (it no longer involves D) and can be done with
the result (see Appendix B)

52 = 8 zAzz< = . )DD(RR')[ng(R) %]

RR’

X ["3(R ) =xs] ,

where €= AKy,(1/A¢0)H{RR")g,,0; measures the
strength of the coupling of a width fluctuation at R
to a displacement fluctuation at R’. (This result
is achieved using the plausible assumption D=1
that is verified by detailed calculation of D using
the continuum approximation.) If D,(RR’) is iso-
tropic V2Dp is zero and 32’ is zero.? But from
the continuum approximation of Dederich and Leib-
fried®® we know that D(RR’) is anisotropic and
V2D, nonzero. Using their results as described
in Appendix B, we obtain

@fl 1
5T 7% Cyy’

(53)

v ZDD(F) = (54)

where a2 measures the width of the single-parti-
cle wave function [see Eq. (8)] and Cy; is the elas-
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tic constant. We use Eq. (54) in Eq. (53) and the
numerical estimates of €, o®A% and C;; and Ap-
pendix B to achieve

xP = - Voz <I—I!T-?_R__'I>3 [25(R) = x5] [15(R") = %] ,

RR!

(55)
where Vy~ 102 K. Thus the indirect MF-MF inter-
action communicated by the phonons is long range,
773, and relatively weak. There is some uncer-
tainty in the estimate of Vj that is not easily (or
usefully) removed (see Appendix B).

The direct part of the MF-MF interaction is
carried by the width fluctuations. We have made
a study of this interaction employing a number of
reasonable assumptions about the behavior of
wylk). We find the interaction to be weak, of or-
der AK?/A€y~107ky@,, and short ranged. If we
had wy(k) -0 as k-0 this conclusion would be in-
validated. But we have no reason to believe
wylk)~0 as k-0, Thus we expect 3§ to con-
tribute only to the short-range part of the inter-
action., The short-range part of 3¢;, due to 50}1)
and the g - g, part of 3¢/, is inadequately treated
here. We believe it is not important to the physics
we want to discuss. Thus we rewrite Eq. (45), us-
ing Eq. (55) in the form

3
5 (x5) = Eolxs) = Vo (Iﬁ_éﬁ—'l) [125(R) = 5]

x [”3(R') —x3] s (56)

where Ey(x); is Ey(x;) corrected for the zero-point
contributions from Iy and ¥, and for the diagonal
parts of 3¢/ and %%, as in Eq. (49). We drop
3y and JCp, as they now contain only thermal ex-
citations.

IV. EFFECTS OF 3(;

The interaction discussed in Sec. III arises from
deviations of the mass at a lattice site from the
mass of the average crystal. This interaction is
present over the entire concentration range for
dilute “He in 3He, for 50% mixtures, for dilute
®He in *He, etc. In this sectionwe will discuss the
probable effect of the interaction at low concentra-
tions of *He in “He on the diffusion constant, 7, and
T,. We will attempt to determine criteria for the
validity of the MFW picture in this concentration
limit,

In a discussion of the magnetic properties of
3He-*He mixtures there are two extreme limiting
cases that can be discussed. These are x3=1.0,
the pure-*He case, and x;~0, the MFW case. In
this latter case the *He atoms are essentially iso-
lated. They move by quantum-mechanical tunnel-
ing through their ‘He neighbors. Departures from
either of these extremes lead to departures from

the corresponding simple pictures. For example,
as small concentrations of *He are added to pure
He a *He MFW enters the discussion. But this
MFW is nonpropagating (it diffuses) by virtue of
the fact that it moves in a spin-disordered medi-
um,%* The dominant mechanism for the motion
of the magnetic moments continues to be the He-
®He exchange process that occurs at x;=1. But

a new mechanism enters the discussion of 7}
data.? As the concentration of *He is further
increased, the interaction between “He impurities
described by 3C; increases in importance and ar-
rests the quantum tunneling motion that occurs in
the MFW limit. For a ®He at R and a *He at R’
the potential energy given by ¥C; is

S#RR'

'<|_‘§7Af§>3 xs] [n5 (S) = %3] . (57)

Upon exchange the potential energy of this pair is

V(RR) =V, 2 [(FR%S')s X = (m»,A—_gl>3 (l—xs)]

S#RR’
x[ng () = x5]. (58)

Thus the interchange leads to a change in potential
energy of

'(@A__gl) 3] (5 (S) = x).  (59)

It is the comparison of this change in potential
energy (essentially the gradient of 3¢;) with the
tunneling energy J;, that provides a measure of the
ease with which the tunneling process can occur.
Since J;, is expected to be of order Jys, Jss/ kg
~5x10°K, and Vy/ks~10%K, we are dealing with
a system in which the kinetic energy is much less
than the potential energy. As a consequence the
new T; mechanism above is modified upon increas-
ing the concentration.?*?® As the concentration of
*He is further increased to x3~ 0. 50 the interaction
comes to play a more important role; *He-'He in-
terchange is relatively slower than in the x%;~1
case so that He-°He exchange continues as the im-
portant motion. Further increases of the ‘He con-
centration lead to a region of hindered *He motion
through a ‘He medium (below 1% *He in *He) and
finally to MFW behavior in very dilute *He mix-
tures (see Fig. 3).
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0 Hatton [Phys. Rev. Lett.

. ) , , , , , . , 18, 1106 (1967)]; (i) Ref.

07 107 10°2 0! 50%-50% 107 102 10-3 1074 1075 24; (iii) Refs. 10 and 11;

(iv) Refs. 10-12; (v)
Refs. 7-9.
Xz | X

A. Diffusion

Let us begin with a discussion of the very dilute
%He in *He, the MFW range, of Fig. 3. In this
concentration range, the *He are typically very far
apart; we may assume that they form Bloch waves
which propagate with dispersion relation (simple-
cubic geometry)

(60)

where Jy, is the rate of *He-*He tunneling. The
interaction between two MFW’s, + Vo (A/IR-R'1),
leads to a cross section for MFW-MFW scatter-
ing,

€ (q) =23, (cosg, A +cosg, A +cosq, A),

1/2
72 = 1A? (%-> , (61)
I3y
where we define 7 by
- = A\3
Jag = [(A- V)V, (m) B (62)
r=r

The physical idea here is that when two MFW’s are
closer than 7 from one another, they cannot con-
tinue to move by quantum-mechanical tunneling be-
cause the energy difference due to the motion of
one relative to the other is greater than J;,. For
two MFW’s closer together than 7 relative motion
can be energy conserving only upon absorption or
emission of phonons. These phonon-assisted

processes are incoherent (see Fig. 4). The MFW-
MFW mean free path is
1A [J 1/2
A== (SR
m X3 (3 Vo) (63)

and the diffusion constant in the MFW region is

given by
- L e du (Ju) '
Dr=Adyg A=1 4 % (3V0 ’ (64)

Predictions for D; based on our analysis of diffu-

sion data in the dilute region (region II of Fig. 3)
are shown in Fig. 7. A crude upper limit to the
MFW region of Fig. 3 is given by requiring that
the average distance between the *He particles be
greater than 7; i.e., A/x}/3>7 or

A3 J. 3/4
x3 <<—7.—§— = (—3-%) .

For Jy,/3V,y~ 107 this is x3<«< 6 %103, This esti-
mate should be compared with that made below.

At concentrations greater than ¥, which defines
the transition from the MFW region to the dilute
region, we have a situation in which a typical *He
particle is continually strongly interacting with its
neighbors. Thus the appropriate starting point is
not Bloch waves, but states which have the 3He lo-
calized on lattice sites, i.e., the eigenstates of
the potential energy. The diffusion constant is ob-
tained by treating the tunneling between these states
in perturbation theory. Following the steps de-
scribed in detail in Appendix E we find?®

(65)

FIG. 4. MFW motion. When an *He moving through
the lattice comes within a distance 7 of another 3He, it
is scattered because of the large interaction between the
two particles.
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FIG. 5. Elements of the calculation of D. In (a) and (b) we show the spectra of AV(RR’) from Eq. (57) for x3=0.0016
and x3=0.0083, respectively. These results are achieved by generating 2000 random configurations of particles at each
concentration., In each figure we show the width of the spectrum that follows from a second-moment calculation. From
spectra of this kind we can calculate P(0) for various values of the ratio J34/Vy. In (c) we show the results of such a
calculation in the concentration range 10'4sx3s 1072 for 1072 =Jdg/Vy= 1078, In (d) we show the results of the generaliza-
tion of the basic idea of the “one-step” process to include 2,3, ..., steps. The quantities nP,(0) are plotted for »=1,2, 3.
and 4 as well as },,#P,(0) for 1=r2=10, We also show P(0), the “one-step”-only probability from (c), for comparison.
All of these calculations are for the particular value of the ratio Jy/V,=2.5x10"3, We note that at x3~6xX10™x1xP,
“2n=2 nP,(0), so that in P(0) at this concentration half of the configurations that permit one step also permit more than
one step. At x3=~2.5 %1073 at most 25% of the configurations that permit one step also permit more than one step. The
diffusion results shown in Fig. 6 use P(0) and Y, ,nP,(0) from this figure.

=+ 202 Wy (xg), (66) Wp (x5) =1 (J34/ %) P(0), (67)
where W, (x3) is the average rate of exchange of where J;, is the *He-*He tunneling rate and P(0) is
a *He-*He pair in a mixture at concentration x. the probability that the energy difference between

Further, W (x;) is given by the initial configuration (RR’) and the final config-
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uration (R'R) is of order J;, (see Appendix D). The
rate Wy (x3) is the product of an attempt frequency
Js,/ 7 and the probability that the process is ener-
getically possible. The result in Eq. (66) is the
perturbation-theory result for D. It is derived

in Appendix E from a Kubo formula for D so that
one can see how to remove the specialization that
produced it .and to make improvements on it.

To calculate P(0) we need to know the average
number of AV (RR') states at zero energy. A mo-
ment calculation in which p (0), the average den-
sity of AV(RR’) states at zero energy, is approxi-
mated by the second moment of AV(RR') yields
p(0)=(1/V,) [5/27 x4 (1 = x3)*2, The calculation
of higher moments contains little additional in-
formation about p (0) even after substantial compu-
tational effort. The use of this second-moment
p(0) yields poor results for P(0). We have under-
taken Monte Carlo studies of the spectrum of
AV(RR') and P(0) for several values of Jy,/V; as
a function of concentration.® In Fig. 5(a) we show
the spectrum AV (RR’) for two concentrations, x3
=0,0083 and x; =0, 0016. The striking thing about
these spectraisthe relatively large central peak at
zero energy. On eachspectrawe show the widthgiv-
en by a second-moment calculation. Itisclear that
such acalculation completely misses the essential
feature of the spectrum for calculating P(0). The
central peak in the spectrum comes from configura-
tions with particles near the plane perpendicular
to the tunneling pair and bisecting their path. The
edges of the spectrum are due to configurations
having particles that neighbor the tunneling pair
along the line joining their path. It is these con-
figurations that dominate the second moment and
lead to its inadequacy as a judge of p (0). In Fig.
5(c) we show P(0) as a function of x5 for various
choices of J;,/V,. We find that for Jy,/V; in the
range 102-10" P(0) approaches 1 at x; about
10, For all of the values of Jy,/V, studied P (0)
is 1 at x; well below 10, Thus we see that for
Jsa/ Vo =107 more than half of the configurations
are within the energy interval 2J;, centered at zero
for x3<7x10™, For x;>7x10™ more than half of
the configurations are beyond the energy interval
2J;, and P(0) is less than . At x;=107 only 2%
of the configurations are in the energy interval
2Jy, P(0)~0.02. We choose as a criterion for
MFW behavior the condition that most configura-
tions be in the energy interval 2J;,. Thus for
Jss/ V3 =10 we expect MFW behavior at x4
<«<7x10™, We have used the results of the cal-
culations shown in Figs. 5(a) and 5(b) to fit the
diffusion data of Richards ef al. and Grigor’ev
and co-workers at 21.0 cm?/mole using Egs. (66)
and (67). We obtain the results shown in Fig. 6
using V/kp =102K and Jy,/ks =2.5x10° K, i.e.,
Jas/ Vo =2.5%1073, In Fig. 6 we also show D; as
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a function of x, calculated from Eq. (64) using
Jas/ Vo=2.5x103, For J3,/Vy=2.5x%10" we expect
MFW behavior at x3<<1.3x1073,

We have attempted to improve on the “one-step”
expression for D given by Eqs. (66) and (67) by
writing

D:z—ﬂ A—J&-ZnAP,,(O),
6 7 <

where Ady,/7 is the velocity of the particle and
P,(0) is the probability that particle is in a config-
uration that permits it to move distance zA. Equa-
tions (66) and (67) are the »=1 approximation to
this equation. We calculate P, (0) by finding the
fraction of the configurations that permit a particle
to make # steps (in one direction) before encounter-
ing a potential-energy barrier greater than 2dJy,/7.
The results for »P, (0) are shown in Fig. 5(d) for
Jas/ Vy=2.5%10, The sum of the nP, (0) is also
shown in this figure and the resulting calculation

of D is shown in Fig. 6. It is clear that this gen-
eralization extends the concentration range over
which the theory is valid to somewhat lower con-
centration, but certainly a static-configuration
theory of the kind we have here must fail when sub-

1076 T T LI N IR R B B N N MR
L o Richards et al ]

i ®Grigor'ev et al. 7
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107 -
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FIG. 6. Diffusion constant, Data of Richards et al.

and Grigor’ev and co-workers are shown along with the
results of the theory for two cases. The curve labeled
P(0) is the result using the one-step approximation that
we believe to be valid at higher concentrations. The
curve labeled ,,»P, is calculated with the many-step
generalization of P(0). In both cases we have fit the the-
ory curve to the data at x3=2.5x%107%, Since P(0) =

% nnP,(0) at this concentration, wehave ignored the differ-
ence in J3,/V, that would result in using ¥ ,7P,(0) or P(0).
The value J3,/V(=2.5x10"® comes from fitting the theory
with P(0) to the data at x3=2.5%1073,
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stantial particle motion occurs. We expect this
failure to occur at x;< 1073, The fit to the diffu-
sion data in the range 107 <x, <102 is quite good—
but we chose J;, to make it good. The theory of D
embodied in Eqgs. (66) and (67) is valid only in this
restricted concentration range. It appears that
the high-concentration data, x5 210, approach
the theoretical D; curve at low concentration, The
virtue of our explanation of the diffusion data in the
range 107 = x,=10" is that we accomplish it using
plausible values of the basic parameters. We em-
ployed the theoretical value of V; and found

J3s®% | Jasl. A serious test of this explanation of
the He motion is made in attempting also to under-
stand the 7, data.

The result we have obtained for D is quite similar
to that of Landesman and Winter.*® Using a pseudo-
spin-formulation of the diffusion problem Landes-
man and Winter achieve a formula similar to our
equation (D4) with A (¢) given essentially by the
first cumulant approximation of Eq. (D12). Un-
fortunately, the generalization of their computa-
tional procedure to handle the 7, calculation was
not carried through.

Before going on to this we note that W, (x5) has
relatively strong volume dependence. We have

Wy (x3) =2J§4P (05 x3), (68)

where p(0;x;) goes as V3! . Thus the volume de-
pendence of Wp(x;) is

WD(x3)06J§4/V0 . (69)

This volume dependence is substantially greater
than that of J,; alone and in qualitative agreement
with the observations of Richardson et al.® and
Grigor’ev et al. ¥

B. T,

The transverse relaxation time T, at zero Lar-
mour frequency is given by®

L =M2(1)x3[ Z

T,(0) RYH(R)

A

(Eﬁﬂ)s fom dt (4R, 0)

' /2 (o)
Xn:;(R 3 O)na(R;t)n.'S(\R ’t)>> RIE(R) IR_R’!
(70)

where M,(1) is the second moment of a perfect
single crystal of volume V at concentration x3= 1.
The effect of dilution of the *He on the second mo-
ment is in the factor x5. The important point il-
lustrated in this formula is that a T, measurement
senses two °He particles that must be very close
to one another by virtue of the weighting factor
78, Thus in a T, and T, measurement we see the
behavior of pairs of particles well within the inter-
action range 7. It is therefore not possible to see
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MFW behavior in Ty and T, data. In contrast to
T, and T, which see nearby pairs of particles, a
diffusion measurement sees single particles. To
calculate T, we make the approximation that the
particles at R and R’ move separately, i.e.,

{(ns(R, 0)ns(R, Oms(R, t)ng(R, £)))
=((ng(R, O)ng(R, M e (s R, O)ng(R, £, (T1)

where ((3(R, 0)ns(R, £)))g+ is the correlation func-
tion for the number operator at R, given that there
is a spectator ®He at R’. We further approximate
this correlation function by

(R, O (R, t))ge = exp[ = tW 5 (x35)pze | (72)

where W,(x3)zze is the rate of transition of a 3He at
R to a neighboring site R" by interchange with a
*He while a spectator *He is at R, We write

Wylts)rpe = RZ; Wos; RR  po (73)

We show examples of some of the geometries that
are important to this calculation in Fig, 7. We
assume that any step to R’ from R thata particle
can take changes the local dipolar field at R’ and

contributes to the narrowing process. Thus we
have
Wz(xs)xa' = );Wz(xsi RR U)R' ’ (74)

where W,(xs; RR'" )z is the configuration average
of the transition rate from R to R with a specta-
tor at R'. Using Eqs. (72) and (74) in Eq. (70)
leads to

oy ss RZ;(R)( ) -4

Zolww) ) w

Now, carrying out a calculation of the W,(xs; RR)pr
following a procedure exactly analogous to that de-
scribed in Appendix D for Wp(x;) leads to

Wy0s; RR")ge = (J34/h) Prger Qg (76)
where Pgpes (0)ze is the probability that the poten-

FIG. 7. Geometries. We show the three near-geom-
etries that would be most important in a motional narrow-
ing calculation of Ty. The spectator at R’ watches the
particle at R go to any of the near-neighbor sites R”
marked by an X.
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tial-energy difference due to the exchange

RR'' ~R''R is in the energy interval 2J,, centered
at zero energy, given that a spectator %He particle
isatR’. In Fig. 8(a) we show the spectrum of
AV(RR'")ge for x4=0.0033. In Fig. 8(b) we show
Prre(0)gs for the geometry shown in the inset of
this figure for several values of J3,/V, as a func-
tion of x,. In Fig. 8(c) we show the rates W(x3)ppe
calculated from Eq. (73) for the value of the ratio
J 34/ Vo obtained from the fit to the diffusion data
above. In this figure we show the rate W,(x3)zpe
for pairs of particles in the near-geometries shown
in Fig. 7. We also show in Fig. 8(c) the rigid-lat-
tice dipolar rate of motion of each of these pairs
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FIG. 8. Elements of the calculation of Ty, In (a) we
show the spectrum of AV(RR”) for a spectator particle
at R’ for the (0,1, 0) geometry of Fig. 7. We note that
because the spectator is fixed nearby the spectrum peaks
at a nonzero value. In (b) we show Pgg:.(0)z. for the
same geometry as (a) as a function of x5 for two choices
of the ratio Jy/Vy. In (c) we show Wy(xg)ggs for R and
R’ near neighbors. For the other geometries of Fig. 7,
Wo(x3)grge is slightly larger, and thus they will have a
small contribution to Ty. In the figure we also show the
dipolar frequency of a near-neighbor pair, 5x%103 rad/
sec’l. 1tis therefore clear that a motional-narrowing
picture is appropriate. The weak dependence of Wy (x3)ggs
on x3 can be understood in the following manner. In
order for the ®He at R’ to move, two things must occur:
A third *He must come nearby to balance the potential of
the 3He at R, and the other 3He’s in the system must re-
main far away. The first event occurs with a probability
proportional to x3, while the second occurs with a prob-
ability proportional to approximately 1/x5 (as indicated
by the calculation of the diffusion constant). The proba-
bility that both events occur together is thus essentially
independent of x3.

of particles. For the rigid-lattice rate we use

wq(RR I)= I_R——YII%’F ~ 5x10% rad/sec,

where y = 2, 04X10* rad/sec G, u=10"% erg/G, and
IR-R'l=3.5A. We note that the frequency of
particle motion given by W,(x3)gz is substantially
greater than the frequency of motion due to the di-
polar field. Thus we are justified in using the mo-
tional narrowing formalism implied by the basic
equation we are employing to calculate T;, Eq.
(70). Using Eq. (76) for W,(x3)zg. and taking only
the near-neighbor contribution to the R’ sum in
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Eq. (75) leads to

1 1
— M -
T,0) “M W gy (77)

For M,(1) we have
M,(1)~ 3. Buwy(RR')? ,
so that Eq. (74) yields

1 3.6 9aBR 5

T, Wyl 3)rre
Using the results for W,(x;)zz. shown in Fig. 8(c)
we obtain the results for T, shown in Fig. 9. From
Fig. 9 we see that the order of magnitude and con-
centration dependence of the theory are in good
agreement with the experimental results in the con-
centration range where we believe this theory to
have validity.

In this paper we will not attempt to make a theory
of T,. But we note that in the dilute-concentration
range on which we have focused attention there are
two intrinsic frequencies J;, and J;3; and a host of
lower frequencies W,(x3)zgs that characterize the
fundamental motions of the particles. A T, experi-
ment will be sensitive to all of these motions and
asa consequence its interpretation willbe complex.

V. CONCLUSION

Using a single-particle picture of the particle
motions we describe a 3He - *He mixture using a
Hamiltonian that contains an average single-crys-
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FIG. 9. T, as a function of concentration. The smooth
curve is 7, calculated from Eq. (77) using the results
for W,(xy) g from Fig. 8(c). The circles are the data
of Richards et al. No attempt has been made to adjust
either V; or Jy, to improve the fit to the data. We ex-
pect that the magnitude of T, will depend on the crystal
structure, and the strength of the He-3He interaction
for near pairs. This strength will in general be different
from the V| that appears in the diffusion constant, where
only widely separated pairs are important. These con-
siderations should not change the concentration depen-
dence of Tj.
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tal Hamiltonian (with an average mass at each
lattice site) and a perturbation due to deviations of
the mass at each site from the average mass, The
mass-fluctuation perturbation is shown to lead to
a mass-fluctuation-mass-fluctuation interaction.
For dilute *He in *He this is essentially a *He-He
interaction, This interaction is long ranged, »"3,
and relatively weak; its strength is about 1072 K,
But this energy is large compared to the energy
associated with the quantum-mechanical tunneling
of pairs of particles, e.g., J3u/kg~ 10" K. Thus
a description of the motions of He particles through
the *He medium must view the 3He system as a
strongly interacting system. We have explored
some of the consequences of the long-range
SHe-*He interaction on the propagation of a ’He
impurity., We find that the dilute concentration
range x; 510”2 is broken up into two ranges:

10"« x3.510"2) in which the interaction prevents
coherent motion of a *He particle over a reasonable
distance, and x;< 1073, in which MFW behavior is
observed. We are able to give a qualitative and
quantitative description of the D and T, data of
Richards et al. and Grigor’ev and co-workers in
the concentration range 1073 <x,< 102, We con-
clude that data in this concentration range do not
demonstrate the existence of MFN. They do pro-
vide numbers that permit a reasonable estimate
of the concentration range in which MFW behavior
should be seen, We estimate MFW behavior to
appear in diffusion data at x;<< 107% ,

The calculations that we describe in this paper
contain numerous approximations. Nonetheless,
we believe that the essential features of the physics
are described correctly. Unquestionably there is
room for quantitative improvement of many aspects
of the theory,

We have made a theory applicable to the dilute
region 10 <x; <102, For the MFW region,

%3 107, we have only been able to make a theory
of the diffusion constant. It remains then for a
theory of T'; and T, in the MFW region to be de-
veloped.
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APPENDIX A: DIAGONALIZATION OF 3¢, AND 3¢,

In this Appendix we diagonalize the Hamiltonians
in Egs. (21) and (24). These Hamiltonians are of
the form

3= §, 2A(RRNakag: + §) B(RR') (a%a’+agag ) ,

(A1)
where for the displacement fluctuations we have
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Ap(RR")=7% (€, - €9) b pr++7 HRR oy, 01 » (A2)

Bp(RR") =3 t(RR)gy,01 , (A3)
and for the width fluctuations we have

Ay(RR')=7 (€~ €0)Srp:+3 t(RR Vog,00,  (A4)

By(RR")=3 t(RR")gz,02 - (A5)

We employ a Bloch transformation to write

= Zh: A(k) (a{ak + atka-,,) + zk: B(k) (a;atk + aka-k) ,

(A8)

and transform to the «, defined by

af = upal - V8 (A7)

Qp=Uply — Vs , (A8)
where [a,, a}]=1. Thus we obtain

sc:Ekj 2<(k)a;a,,+zkj le(r) -AR)], (A9)
where

€(k)?= A()? - B(r)? . (A10)
For the displacement fluctuations we have

AD(k)=%A€1o+%mD(k) s (A11)

By(k)=3mp (k) , (A12)
and

p (k)= [A€ +2a€ymp (k)] . (A13)
For the width fluctuations we have

Ay (R)=7 Degg+3 my (k) , (A14)

By (k) =2 my (k) , (A15)
and

&y (k)= [ack+ 28650 my (k)] - (A16)

In a displacement-fluctuation approximation to
the ground-state energy of the average crystal we
have

se=Eo(x) + 2 [eo () = Ap ()], (A17)
where Ey(x)=Neg; thus
<JC>T=0=; [eo+€n(R) —Ap(R)] . (A18)

Since we must have €,(k)= 0 and =0 we can write
mp (k)= —3 A€y S(k), where S(k)~1as k~0. We
also have €g=uy 3 € and €, —€;=¢€; thus

(50) o= Eol)+ 5 L {[1 - SCI2 ~[1 - 5(RI]}
(A19)

The second term in this expression is the correc-
tion to the Einstein-oscillator ground-state energy
due to improving that approximation to include the
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phonons. In the discussion of phase separation we
do not include this correction. ¥

APPENDIX B: DETERMINATION OF THE MAGNITUDE
OF 3¢,

The *He-*He interaction is given by 3¢, =52 and

W2 = 2, ARG ORR) n(B) - x)[ms(R") - 5],

(B1)
where AKgp = - 3 13(V?)go[(1/mg) - (1/my)]
, - 1
D(RR')= g;'t(Rs)oa.m A
XH(S'R Vo1, 00 » ®2)

and D (SS’) is the inverse of the dynamical matrix,
i.e.,

> D DLs(SS") B, 4(S"S")= — 6T (B3)
aB S*
We use the definition of € from Eq. (C18) to write

3=, 2. &RS).D(sS). ES'R)
RR'SS’

X[n3(R) = %3] [n3(R") — %3] ; (B4)
here €(RS) and €(R’S’) are nonzero [see Eq. (C13)]

for S and S’ near neighbors of R and R, To eval-
uate Eq. (B4) we need D(SS’), given by

=can.  3a? eqeq 355

B(ss’)= ~ o oG (B5)
in the form

D(sS")=e*srPr % s> PR D(RR’) , (B6)

where Agr=S-Rand Dy=d/dR. If we expand
D(SS’) about D(RR’) the first nonzero contribution
to 3¢; comes from the A% term,

D(sS")= - (Kﬂs .-%)(ZR,S, . a%)B(RR Y, B7)

since d/dR= - d/dR’. Using Eq. (B7) in Eq. (B4)
leads to

0= = 0 3 3 €a(RS)(Bas - 250) ex(R'S"

RR’ SS''aB
X<KR’S’ °§%>DaB(RR ) [ns(R) —x:;] ["3(R') - %) .
(B8)

The sum on S for fixed R is zero except for E(RS)
parallel to Agg thus we have

s0,= -5 3 (S ) DER") [ny(R) - ]

X[nz(R’) = x3] (B9)

where g#= YR (eRR‘)z, emz' is the z component of the
unit vector from R to R’, and we have assumed



3388 WHITTAK HUANG, H. A, GOLDBERG, AND R. A. GUYER 11

DRR')=TD(RR').

To evaluate V2D(RR’) we use the continuum ap-
proximation of Dederich and Leibfried.?® Thus we
have

D(r)= - (3d%/817) g@) ,

where g() is a function on the unit sphere. A fac-
tor 3 3o appears in this formula and in Eq. (B5)
due to the difference in dimensions in the dynami-
cal matrix in a single-particle picture and in a
phonon picture; see Eq. (C16). For bec *He we
have to good approximation

2(Q)=(1/Cyy) (2.5 - 0.5 cos46) . (B11)

We get Eq. (B11) from (a) noting that the ratio of
the elastic constants for bee *He is the same as for
copper, (b) using an analytic approximation for the
result for copper displayed in Fig. 6 of Leibfried
and Dederich, and (c) ignoring the off-diagonal
components of g, g(Q)=g11(R)=g2(R) = g33(R). Now

(B10)

2
VD (¥)= -(;%g)g—sg'«e) ,

where g”(6) = 16 cos*6 +4 sin*§(cosf/sinf). We re-
place g”() in Eq. (B12) by its angular average.

Then
1’3 11

Using Eq. (B13) in Eq. (B9) leads to
1 2eta’al

A 3
51 Cyya’ RR:(W) [15(R) - 5]
X [ns(R") —xa] . (B14)

We have g3, €2=% QZAZX 10-4A€ED7 CllAsz A€10’
and A€ = kBGD. Thus

(B12)

v2D(T) = (B13)

3= —

3
K==V, %;' (ﬁr) [75(R) - %3] [n5(R") - %3] ,
(B15)

where V,~107 K.

In this paper we are dealing with a displacement-
displacement interaction in an hcp material. The
calculation above is for a bcc material. But the
order of magnitude of the effect we are describing
is not strongly sensitive to this difference. Thus
we use Eq. (B15) to characterize the *He-*He in-
teraction in hcp helium, We expect ¥V, to be of or-
der 102 K in this material and mildly volume de-
pendent,

APPENDIX C: CALCULATION OF #(RR ")o;,07 , #RR "Yo1,02,
HRR ')o1,01, AND up

We employ the single-particle states (we drop
the bar on a?)

P = Ay exp[- 302& - R)?), (cy)

&) = Ay (x, - R,) exp| - 302X - R)?], (C2)
and
B8 =41 - 5P @ - R’ exp[- 3*&-R)?].  (C3)

The general /-matrix element #(RR’) g, .5 is given
by

HRR') g, = | K [ d G505
XHE-X)PR X )PL ). (C4)
The matrix element #(RR’)y,, oz is given by
HRR Jo,05= [ d [ a5 ()39 @1 - 7)

X Pp? (&) 7 &'). (C5)

In order to calculate this matrix element it is use-
ful to note that

dxu — (3R =~ Af20%(x* - R*) exp[- *(X - R)?] (CB)
and
W((p‘“)) =A%20%20%(x* - R*)? - 1]
xexp[- ¢*X - R)?]. (€
Thus
VA3 = AjB a3t - R)* - 1]
x exp| - o®(X - R)?] (c8)
and
FOFR - __:;_EAz V(EO). (C9)

We use this latter result to write
’ AS ~ > w2/ % (0
H(RR')yz,02 “36A%a" J’dx jdxv (@2

X (VAR HE-X).

Now integration by parts and V=~ V’ implies

(C10)

t(RR )02,02 m defdx’ ¢}20)(§)|2

X | o &) |2V E - %) (C11)

or

HRR g, 00 =53t (V) H(E - ),

Before discussing this term in detail we calculate

t(RR')y1,02 using a similar procedure. We have
HRR Do 00= [ d [ a3
XtE-X)Pp NP2, (C12)

Using Eq. (C6) we have



Al
A 2a

We combine Eq. (C13) with Eq. (C9) to write Eq.
(C12) in the form

POFUm - g (GO, (C13)

1 1 A/A —
HRR oy, 00= 35 o1 47 | % [ % V@Y

XtHE =XV (G5 (C14)

Using integration by parts and V = -V’ leads to
1 1 - - —

HRR )o1,02= T jdx J &' |6y’ |2

X |2 |2V, VA (E - X') (C15)

or
1 o~ -
HRR o1, 00 = T3 58 (Vu Vi E = X)) .

Similarly to calculate #(RR')y;,01 We use Eq. (C13)
twice with the result

1 A( o e =
tH(RR)o1,01 =H§X§ jdx J’dxl V. (@)?

XtE =XV (P52, (C16)
! 2. 1 (z (21302
HRR )01,01=—§°a§ dx |ax' |o®|
x| R [2V, V& -X), (c17)
or
7 2 - -)'
t(RR )01,01="§&'2<Vuv,,t(x—x .

Order-of-magnitude estimates of these matrix ele-
ments can be accomplished using phenomenological
arguments. The spring constant that yields the
phonons is ¥~ z(v%). Thus we have

(V2)=330% t(RR")gy,01=7/2
or
HRR)o1,01~ (3/20%)(v/2).
We also have
HRR")o1,02~ ¥p(1/aB)(RR )o1,01 ,

where yp is the phonon Griineisen constant.,
ly, for #(RR’')yz,02 We would guess

Final-

|t(RR")| 02,02~ [¥3/(aA)?] l f(RR')m,ml .
For y,=3 and aA~6 (*He at 20 cm®/mole)
| £(RR )o1,01| = 2| H(RR" oy, 02| = 4| RR )oz,02] -

All of these matrix elements are rapidly converg-
ing functions of |IR-R’| for |R~R’| large;
#(RR)o1,00~ |[R=R'1"%, #(RR)yy,0o~ IR -=R'|-%, and
#HRR)yz,02~ |R=R' |10,

For the displacement at R’ a neighbor of R (there
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is a mass fluctuation at R) we have

2%1F,  (C18)
A€y

1
Ugr = 2%y 5o A t(R R)oy, 02 8e AKoz-

where we define

€= AKozA f(RR' Joz,01 - (C19)
We write Eq. (C18) in the form

-+ A

e:uR.—zié%. (C20)

Using x; = 1//2a and ug. ~ 10°2A from the numerical
studies of Mullin®® and Glyde®* we have

le] =28 (c21)

=75 100 A€

We use €, a measure of the mass-fluctuation—-dis-
placement-coupling, to determine 3C;. See Appen-
dix B and Eq. (53) of the text.

APPENDIX D: TRANSITION RATE

In this appendix we calculate the rate of tunnel-
ing of a *He-"He pair that sits in the potential-
energy field of their neighbors. We take the states
of the system to be defined by the location of the
pair of particles we study (they start at RR’ and go
to R'R) and the location of the background particles
(denoted by a Greek index). The states we are con-
cerned with are these “particle-configuration”
states denoted by (RR"; u), (R'R; v), etc. The rate
of transition from (RR’; u) to (R'R; v) is given by

27
W= > P,|tRR"),, |*6(E4p —E%g), (D1)
uwy

where P, is the probability that the background is
in state pu, #(RR"),, is the matrix element for the
transition RR'~R’R as the background goes from

i to v, and E % is the energy in the configuration
(RR'; ). We assume that the matrix element for
the trans1t10ns (RR'; u), (RR'; v) factor in the form

tRR"),, =t(RR') (& %er | 8%z, (D2)

where #(RR’) describes the motion of the pair from
RR'to R'R (it is |J3, |) and (&, |®,) is the overlap

integral for the background wave functions. Thus
we have
27 v
sz‘z |#RR") |2 Z P,|{3%e | @55 |20 (E% e
(1214
-E%pg). (D3)

Following the standard procedures for exponentiat-
ing the 0 function and using the completeness of
the &%z for description of the background we have

=21£ lt(RR')]z%J:oth(t), (D4)

where
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A(f) =(RR' |e"1*rRRt gi%R'RE | RR")) (D5)

and | RR’) denote the complete set of background
states based on the RR’ configuration for the initial
pair. Here we have

3
A
Hrpe = -V [(-’ -’) -
rre =3 Os;m') R-S| @ =x5)

‘(l_ﬁ'—f_érl)ax“] [n5(8) -=x]  (D8)

and
Hrep =3 =V,
S#(RR’)
A 3 A 3
xE‘(IR—S‘I) x3+ (lRI'—Sl) (1 —X3)][7l3(s)—x],

(D7)
where iy represents the configuration-independent
part of the Hamiltonian. If we write ¥Czp =36
+Vgre and 5Creg=3C; + Vpr p We have 3 g = g
+Vgig = Vrre = Kgpe +AVgp . Now we use a mixed
representation to write Eq. (D5); i.e., we write

A(t) - <<RR’ I e"”cRR’t e’lJCR:Rt I RR’>>
=((RR'| Te***® |RR"Y), (D8)

where
1t P
A= fo AVp (£, dt . (D9)

In this equation AVyg. is given by

A 3
s s T ()
RE s#%t;za') 0 IR-SI

- (Tﬁ'—fé‘fﬂ[na(s) -x5] (D10)

and the subscript one on AVgg (), means that the
time evolution of AVzg. is due to Izp . We can
make an analytic approximation by employing a
cumulant expansion of Eq. (D8), keeping the first
few terms

((TeiA (t))) =eic1(t) e-(1/21)cz(t). ., '(Dll)
where
1 b '
cl(t):—;%«Tf0 At AVgp (¢ )1>> s (D12)

t t
C,(#) =;12— <<T j ar' f at'"’ AVgp ()1 A Vg (t")1>> ,

0 0

(D13)

etc. To get an idea of the content of this low-order
approximation consider the short-time behavior of
(Tet4®Y) so that we can deal with Eqs. (D12) and
(D13) quite simply. If we define AV(RR';S) by

AVgp = ;AV(RR '+ 8) [15(S) —x4], (D14)

we have
¢, :37;_ ;AV(RR'; s) f dt'[{ns(S; ')y = x4] =0
and for short times

Ca(ﬂ:éiz ? AV(RR'; S)Zs; AV(RR'; S")

x (( [n3(S) —xs] [na(sl) "xs]» .

We can rearrange the sum SS’ in the form

(D15)

2
C,(?) :}%(g V(RR', S)2x4(1 = x3)

’
+2. AVRR'; S)AVRR'S")[{(n5(Sny(S"))) —x§]>.
ss?
If we assume 7,(S) is independent of #4(S’), the sec-
ond term is zero. If there is correlation between
n3(S) and n5(S") we can write ((14(S)n,(S"))) =2
+%,2(SS’) and obtain

2
Cy(t)=+ #(Z AV(RR'; S)x,(1 —x,)
3

+ 2 AV(RR';S)AV(RR'; s’)xgg(ss')> .
ss* (D16)

We drop the second term in this equation and write
Co(t) = t3(1 /¥ W x5(1 = x;), where

(W2 =ZS:AV(RR'; S)2. (D17)
It is not necessary to make these approximations.
Using Eqs. (D12)-(D17) we write Eq. (D11) in

the form

A() = exp{=1%/[2 (W?) x4(1 - x3)/ 2]}

We use this expression to do the time integral in
Eq. (D4), with the result

~ [t(RR)| [#(RR") |
W=vam 7 [rs(l = x5) (W2

We understand this result in terms of [#(RR)|/%
being the attempt frequency for *He-*He exchange
and [#@RR")|/[x;(1 = x;) (W?)] }/2 being the probabil-
ity that this energy difference between the two par-
ticle arrangements is of order [#(RR')l, i.e., that
the transition RR'~R'R is energy conserving.

The numerical work we have done on the spec-
trum of AV(RR’) suggests that the result in Eq.
(D19) is qualitatively correct but quantitatively
quite inaccurate, With the hindsight provided by
Monte Carlo analysis we might proceed as follows.
The average called for in Eq. (D8) or in the cumu-
lants is an average over configurations. We divide
the configurations into two groups, the “near” con-
figurations and the “far” configurations. The con-
figurations that belong to these two groups are de-
termined from the Monte Carlo analysis discussed
above. The near configurations involve particles

(D18)

(D19)
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near the trajectory of the tunneling pair that con-
tribute to the background states in Fig. 5(a). The
far configurations are those that contribute to the
central peak., We break up {(RR’[+++||RR’)) thus

L) cee

RR'))y
RR))r,

RR"Y=(RR’
+<<RR'I. .o

{RR’

(D20)

where the subscripts N and F mean that the aver-

ages called for are over near and far configurations.

The near configurations span a large region of
AV(RR') and dominate the second-moment approxi-
mation to the spectrum above, Eq. (D17). The

far configurations are swamped in a second-mo-
ment calculation but they are precisely the con-
figurations of importance in determining W. A
cumulant expansion of (D20) carried to second order
leads to

A(f)=Pyexp (-%Z(W3V>>+PF exp(—iﬁ—: <W%>) ,

(D21)
where
2\ _ ’,
(W3 ‘<<s¢(RR') AV(RR'; s)z>>N (D22)
and
w2y=(( X AVRR' s)2>> (D23)

S#(RR’)

Here Py +P; =1, Pyis the weight of the back-
ground states in Fig. 5(a), and Py is the weight
of the central peak. As the concentration is low-
ered Py~ 0 and P~ 1, Equation (D21) is a far
more satisfactory representation of A(#) than Eq.
(D18).

Regardless of the analytic approximations that
are possible to represent the spectrum of AV,
we can always write (as a lowest-order approxi-
mation)

w=n[|HRR")|/%]P0) , (D24)

where P(0) is the number of states in energy inter-
val 2|#(RR’)| centered at energy zero. We can de-
termine P(0) analytically or by a Monte Carlo cal-
culation. It is Eq. (D24) that we use in Sec. IV

in conjunction with a Monte Carlo analysis of the
spectrum of A(f). In writing Eq. (D24) we are
simply interpreting the basic perturbation-theory
formula

w=2n[|{(RR")|%/%]p(0) ,

where p(0) is the density of states. Our interpre-
tation makes sense only so long as p(E) changes
slowly over interval 2|#(RR’)| near E=0. From
what we :now about the spectrum of AV(RR’) we
know p(E) is flat near E=0 until fewer than half of
the AV(RR’) are outside of the interval 2[¢(RR’)|.
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But if fewer than half of the states are outside
2/t(RR’)| our picture of hindered tunneling is not
valid. Equation (D24) is valid in the concentration
range in which we use the perturbation-theory
formula. Note that the discussion here is inde-
pendent of the specific character of the averaging
procedure employed. Thus the entire discussion
can be carried through for an averaging procedure
carried out with a spectator particle, as is re-
quired for T, calculations.

APPENDIX E: DIFFUSION CONSTANT
The basic formula for the conductivity is given
by
0,.(0)= f dt f d)\(hm —) 1 Tr[ pol, (- A\ I*()] .
Vesw V, 1)
Employing a sequence of manipulations similar to

those illustrated by Brinkman and Rice® leads to

B (T g e L ’
0“(0)_+1TV [n dw'e ZTr[I,(O)ImG(w)

x I*(0) ImG(w )] , (E2)
where
ne 1 P AN S
Glw)= w' =30’ ImG(w )_Z(w'—ﬁ(ﬂie
1
- —-——w,_m_ie) . (®3)

The current operator is given by (we use a ficiti-
tious charge e)

L(O)= i3 2 Z HRR") (R, - Rl)cYcr: . (E4)

Using Eq. (E4) in Eq. (E5) leads to

2
o_B e ' ’ (el
ol ”V?E;SZSZIARR J#(sS) (R, =R!) (S~ S,)

+ o

1
-Z—Tr[cszlcRImG(w Nele s ImG(w')] .

-

(E5)

We assume (a) that the current operator does not
change the background state (see Appendix D) and
(b) that the site diagonal component of G(w’) is ad-
equate; i.e.,

Trlcher ImG(w')ches ImG(w”)]

=0gs Or s TrIMGRe(w') IMGR(w”), (E6)
where
1
Grrw)= P T (E7)

Here 355 is given below Eq. (D7). Using
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ImGgpe(w)= - %fdt e Hw-KXppet (E8)
we can obtain

2 1 400
crzz(O)=1r% %52 HRR'R, —R,')zé—n- f dtA(t) ,
RR’ -

(£9)
where A(f) is given by Eq. (D5). If we combine
Eq. (E9) with Eq. (D4) we obtain

0 (0)=§e—zZ(R —RI?W (E10)
t14 2V 4 z2 ’

RR’

where Wis given by Eq. (D4). Using the Einstein

relation, D,,=(kyzT/e*(V/N)o,(0), leads to
1

Dzz(0)=§§(Rz "Rzl)zw . (Ell)

For z near neighbors at A we have (approximately)

D,(0)=§z AW . (E12)
Using Eq. (D24) for W leads to
| #(RR’
D,,(0) =%A2 —(—ﬁJ P(0) . (E13)
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