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The diffusion equation -for hot electrons is derived starting from the Boltzmann equation. It is shown

that only under restricted conditions the equation may be simplified to a form analogous to the
low-field form and a diffusion constant may be defined, The formula for the constant as derived for
these conditions is found to be different from those given earlier. The formula indicates that the
constant may be even negative at high fields in some materials and also that Monte Carlo calculations
do not give its proper value. The hot-electron diffusion equation is also found to have an extra
significant term, which does not occur in the low-field equation. Considering the conditions, required to
be satisfied for the validity of the simplified form of the diffusion current, it is also concluded that the
hot-electron diffusion cannot be analyzed by using. the common phenomenological diffusion equation for
the majority of diffusion experiments and hot-electron devices.

I. INTRODUCTION

The noise behavior' and the space-charge prop-
agation characteristics of hot-electron devices, '
such as Gunn diodes and avalanche diodes, being
intimately related to the diffusion constant, the
phenomenon of hot-electron diffusion is gaining
increasing attention. ~'o The diffusion of holes in
germanium and of electrons in silicon and gallium
arsenide under hot-electron conditions have been
experimentally studied. " ' However, the results
do not show even qualitative agreement. The dif-
fusion constant for holes" in germanium starts
increasing from a field at which the conductivity
does not show any significant hot-electron effect.
In the case of silicon the constant in one experi-
ment is found to decrease with increasing field, '~

whereas in another experiment it does not vary
significantly with the field. Pn the other hand,
in gallium arsenide the diffusion constant at first
increases with the field and, passing through a
maximum, ultimately decreases with increasing
field

Theoretical results on hot-electron diffusion for
germanium and silicon show that the diffusion con-
stant should decrease with increasing field and
passing through a minimum should increase at the
end. ' The nature of the anisotropy in the diffusion
constant as obtained theoretically is found to be
different by different authors. In P-type germanium
the diffusion constant D„, for electrons diffusing
parallel to the field, is found by Persky and Barte-
link' to be larger than the constant D, , for diffu-
sion perpendicular to the field. In silicon they find
just the opposite nature of variation, D, being
larger than D„. Pn the other hand, the formula
derived by Cheung and Hearn indicates that D„
should be always less than D„being related, re-
spectively, to the differential and cord mobility by
the Einstein relation. Also, according to their
results Di, for Ge and si should decrease with field
at all fields. The Monte Carlo calculations' of the

diffusion constant also do not agree well with
experimental results. For silicon, the results of
Monte Carlo calculations are in qualitative agree-
ment with analytical results' and are only in ap-
proximate agreement with experiments. For GaAS,
the Monte Carlo results for D, only show some
agreement, the results for D„being widely at
variance with experiment.

In view of the existing discrepancy between the
various formulas and experimental results, dis-
cussed above, it is worthwhile to reexamine the
problem. In this paper we shall discuss the theory
of hot-electron diffusion based on the Boltzmann
equation, using a simple semiconductor model,
and analyze the assumptions which have led to
conflicting formulas and also to the discrepancy be-
tween theory and experiment.

II. BOLTZMANN EQUATION FOR THE DIFFUSION PROBLEM

We shall consider a nondegenerate semiconductor
having a single valley, parabolic and isotropic band
structure. We shall also assume that the electric
field is uniform and the sample is neutral. The
electron concentration gradient is assumed to be
in the direction of the filed.

The Boltzmann equation for the problem is

ef ak„sf e8 ef" ————+Lf,et m* Bx k Bk„

where f is the distribution function, e, k and m~

are, respectively, the charge, wave vector, and
effective mass of the electron. The electric field
8 is in the x direction. Lf is the collision term.

It is well known' that an analytic solution of the
above equation cannot be obtained unless some
simplifying assumptions are introduced. However,
considering the conflicting results reported in the
literature it would appear that our understanding
of the phenomenon is not clear even for the condi-
tions for which the simpiifying assumptions are
applicable. Therefore, a study of the problem,
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even introducing the necessary simplifying assump-
tions, and a study of the conditions required for
the validity of the assumptions, is of interest.

The concentration of the carriers being nonuni-

form, the distribution function f will vary from
point to point across the sample, But, as the car-
riers drift they get mixed up, and for a general
solution we should consider the whole sample to
constitute one system and attempt a solution of Eq.
(1) with the proper boundary conditions in t and x.
Such a solution is prohibitively difficult and has not
been attempted so far. The problem may be sim-
plified if we assume that at each point of the sam-
ple there is local dynamic equilibrium and we may
define an f independent of the boundary conditions
in x. This assumption will be satisfied if the sam-
ple is sufficiently long and the gain of energy and
momentum by the drifting electrons at any point
from the field, and due to drift, is balanced by the
loss of the same to the lattice at a rate faster than
the rate of displacement of the carriers. With this
assumption, we may seek a solution of Eq. (1), de-
termined by the conditions at each point, and the
initial conditions need not be known. This assump-
tion is basic to all hot-electron diffusion theory,
including the Monte Carlo calculations.

Following the usual procedure, with the above
mentioned assumption we may seek a solution for
f in terms of a spherical-harmonic series. In ma-
terials with predominant optical phonon scattering,
the carriers have a streaming motion under hot
electron conditions, and for an acceptable repre-
sentation the series for f should include at least
two even terms. On the other hand, when ran-
domizing collisions are strong the drifting motion
is weak, and we may consider only the first term
in the even part off. We shall consider this case
for the derivation of the formulas, noting that the
formulas may be generalized to include the other
case simply by inspection. We write for f

no= fo, (E)dk and n, (x, t) =
'~ f+,(E, x, t)dk .

ol

The equilibrium parts satisfy these equations:

each sfo,
18 (6)

The perturbation parts, on the other hand, satisfy
the complete Eqs. (3) and (4) and are functions of
x, t, and E, the variables being not necessarily
separable.

III. DIFFUSION CONSTANT FOR RELAXATION-TIME

APPROXIMATION

To simplify the problem we shall seek solutions
of 'Eqs. (2) and (4) assuming that the collisions are
randomizing. It is mell known that this assumption
mould be valid in elemental semiconductors. In
compound semiconductors, the conditions do not
permit us to make this assumption. However,
deviation of the actual conditions from that as-
sumed is not expected to make the qualitative fea-
tures of the results inapplicable.

With the above assumption we may write

ff» = f» I&-
where v is the momentum relaxation time. Using

Eq. (7) we obtain, from Eq. (4),

- sf,~ 5 sfo~ el' sfo~ ~f
m~ Bx I* BE

+ kf„cos6, representing the f in the absence of
concentration gradient, and a perturbation part

fz, + kf» cos6, introduced by the concentration
gradient. I.et zo be the carrier concentration cor-
responding to fo, and n, be the excess concentration.
Then we have

&f, h ~8f e8$ ~Sf

Bt m* Bx m* 8E
(4)

We shall now assume that the concentration
gradient is small so that we may separate f, and

f, into two parts, i. e. , an equilibrium part fp,

f=fo(P, x, t) Po (cos6)+ kf, (Z, x, t) P, (cos6), (2)

where Po(cos6) and P, (cos6) are, respectively, the

first and the second I.egendre polynomials, 6 is
the angle between k and 8, and E is the energy of
an electron. Substituting expression (2) into Eq.
(1), and using the orthogonal property of Po and

P, , me get

f&)+I.fo ~

6fo 2z sf 2 el
Bt 35 Bx 3 5 BE

hv sfo~ elhi„afo~
m+ sx m' SZ' (9)

Using Eq. (9) we find that the even part of the

We assume that sf»/st«f»/r . This assumption
is satisfied if the frequency of the space-charge
wave associated with the diffusion phenomenon is
much less than I/r„. In a drift experiment, the
condition would be satisfied if the pulse rise-time
is larger than y . Values of v are in the range
10 "-10"' sec for most of the semiconductors. '~
Hence this assumption would be satisfied for the
experimental conditions up to the highest micro-
wave frequencies and for a pulse rise time larger
than 0.01 nsec.

Neglecting Sf»/st in comparison to f»/q. , we
obtain
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perturbation in the distribution function satisfies
the equation fp, E'/ dE . (12)

Bfoo=Lf +2 e 8 E-1/o 8 E3/o 8foo
OP 3 g BE tn

+el E v'Bfog ~~oo

3pn+ Bx eX

.E "'—'(E""V )BE 00

We note that the current density due to the excess
carriers is given by

30 8 n, j/0~X' '~ dE)
3m* Bx ff E" dE

2e 8 n, f(&foe/BE)E / q„dE.
3m* ff E'/'dE

At low fields the above expression for the cur-
rent density gives two terms, one proportional to
Bn, /Bx and the other to n, and the diffusion constant
is phenomenologically defined as the coefficient
of Bn, /Bx. In the hot-electron problem, however,
even for the simplified statement of the problem
we get a more involved expression for 4, It is
evident from Eq. (10) that fop is dependent on Bn, /
ex and also to its higher powers and derivatives.
The expression for J, therefore, would include
terms proportional not only to Bn, /Bx, but also
to its higher powers and derivatives. Further,
contributions to the term containing Bn, /Bx will
arise from the first term on the right hand side of
of Eq. (11) (corresponding to the low-field diffusion
term) as well as from the second term (correspond-
ing to the low-field drift term). In this context we
may note that in the existing analysis of the hot-
electron diffusion, these higher-order terms have
been neglected without analyzing the conditions
which justify this simpliciation. We shall discuss
these conditions later, We discuss first the sim-
plest result that we may derive from Eqs. (10)
and (11).

IV. FORMULA FOR THE DIFFUSION CONSTANT,
NEGLECTING HOT-ELECTRON EFFECTS OF

CONCENTRATION GRADIENT

The above formula is essentially the same as
that derived by Persky and j3artelink. '0 In the
present derivation we have retained only one term
in the even part off. However, following the above
procedure we may easily show that, for the general
case~ fpq in expression (12) would be the complete
even part off and may include a number of terms
depending on the material. The important point to
be remembered is that the formula (12) for D„re-
quires only the knowledge of the distribution func-
tion in the absence of the concentration gradient,
and that D„may be accurately evaluated if this is
known. If the analytic methods are inapplicable
we may use the recently developed numerical
methods' for this purpose, to evaluate D„exactly.

V. FORMULA FOR THE DIFFUSION CONSTANT INCLUDING
THE HOT-ELECTRON EFFECTS OF CONCENTRATION

GRADIENT

The assumption on the basis of which expression
(12) has been obtained may appear justified consid-
ering that Bn, /Bx has been assumed to be small.
However, the additional x-dependent terms ap-
pearing in fo& from the solution of the complete
equation gives a current component proportional to
en, //Bx and to S, through the field term in J. This
term may be comparable to the diffusion term in

We may evaluate this additional term by solving
Eq. (11), taking the detailed expression for Lfo&.
Since fo~ is then a function of t, x, and E, the com-
plete solution is difficult. The method of succes-
sive approximation may be applied and a second-
order approximate result may be obtained by re-
placing f» in the space and time derivatives by

n,fo, /np. However, as the present formulation is
approximate in any case, we shall simplify the
problem by assuming that foe~ as well as fop~ is
Maxwellian and obtain an expression for fop from
Eq. (10) by applying the energy-balance condition
locally, i, e. , by multiplying Eq. (10) by E and in-
tegrating over k space.

%'e may then write

y,.= [n, a '/(2'�~ /, r, )o/'] e-'/ "s'o

In order to evaluate 4 from Eq. (11) we are re-
quired to obtain fo& by solving Eq. (10). As a first
approximation we may neglect the derivatives with
x and assume steady-state conditions, i. e. , 8foo/
Bt = 0. For this assumption we find that fo~ is
defined by the same equation as defining fo„ i. e. ,
Eq. (5). Hence, it will differ from fo, only through
the normalizing constant. Replacing f» in Eq. (10)
by fo„we get for the diffusion constant

fop =[n( /no+ (+j&ohio o)T1 /Tp]fo (14)

where 7'0 is the electron temperature in the absence
of concentration gradient and T, is its change due
to the diffusion current. Note that T, will vary
with x and t.

Replacing fop in Eq. (10) by the function (14),
multiplying by E, and integrating over all of k space
we get
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1 Bn, 1 BT, T, 2ep, , S p~ 2 k&To B pz Bn, 2t|3 Spo BTg

no Bt To Bt To SkaTo P, , 3 e Bx no Bx 2To Bx

ny(py+ po) (2po —pa Spy)T)
kBTO np 2 TO

where

2e " E i"
i

rDoedk

We may eliminate P by using the expression for
the differential mobility. Following the procedure
detailed above we get for the differential mobility

2 " ( &
~=3 kTnp B p B 0

2e p, , h'(2p. , —5p, )

Spko To+ 2eS (po —p i)

Hence, we may write Eq. (15) as

(16)

1 Bn, 1 BT, T, 2ep g 2@2 —5@~ kBTO 8 2p, , Bn, 2@3—3p, 2

Bt Tp Bt Tp 3k To ~1 ~& 3e Bx n0 Bx To

e$2ny(py+ go) (2po —go —Sgg)T| ~

kBTO no Tp
(17)

Applying the energy-balance condition to Eqs.
(5) and (6) we obtain

We may now derive the diffusion equation by in-
tegrating Eq. (10) over all of k space. We obtain

ep, , g =Ska(To T )/2rs, (18)

where Ti is the lattice temperature. vE is the
phenomenologically defined energy relaxation time,
given by

1 Bn| kaTo B pg Bn| (2po —Sp|) BT

np Bt e Bx np Bx 2Tp

ee n, u, , tzt, —5t, )T',
)B To no 2To

(22)

I/rz = t2/Ska(To Ti)] &Lfoed
~

foedk . (19)
Replacing T, /To by expression (21) we get

8 30$ Bn1 306 8

Bt 2 BX 2 BX
Evidently, 7& is dependent on To and Ti . The

first term on the right hand side of Eq. (17) may,
therefore, be replaced by

2ep, SoT, 2tL,o
—5p, T, (To —Ti) 2p, , —5p,

3kBT() p, 1
—I"g Tp 7g p, 1

—p, g

(20)
Considering that the p, „'s are all of the same

order, we may neglect in Eq. (17) the space and

time derivatives of T, if

where

(P g
—Pe)(tl g+ P o) Bn,

BX 1 2P?
—n1 $1$

8 n1 n1 83n1+aSD»+aha(p, ,+ p.,) o abDo—
BX BX BX

P1 Pd k T b
kBT0 2J 2-3I1

2e JL(. 1 5 e 2p, 2
—5 p, 1

1 BT1
T1 BX P 1 STD

1 BT1 1
and —--

T1 Bt 7g

We then get for T,

1 Bn1 Tp
np Bt Tp

(21)

~T rz(p& —pe) I 2k a o V a Bn|
tP1+ P2

To (2p, , 5lu, ) i Se ' no Bx nokaTo

p1kBTp
1 e r

p. 2 kB Tp2-
e

It is evident from Eq. (23) that, in spite of the
simplifying assumptions, hot-electron diffusion is
described by an involved equation. In fact, the
phenomenological equation for the current density
as used at low fields does not apply at high fields.
The equation includes higher-order derivatives of

n, . The analyses of hot-electron diffusion reported
in the literature should, therefore, be considered
approximate. The required condition for the valid-
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ity of the approximations may be obtained by con-
sidering that the p, „'s as well as the D„'s are of the
same order, and a is of the order of p, ~7~. Hence
if Bn, /8 x«n, /g, 87+ we may neglect the higher
derivatives and simplify Eq. (23) to

where

fla =fly [I —(py —pg)(pg+ p2)/2pg] ~ (25)

Thus, we may define a hot-electron diffusion coef-
ficient in agreement with the phenomenological
definition under some restricted conditions, and
the diffusion constant is then given by formula
(25). We should note, however, that we get an
extra term in the diffusion equation involving 8 n, /
Bt8x, which does not occur at low fields.

It may be recalled that B, is the diffusion con-
stant obtained from expression (12) assuming a
Maxwellian distribution function, The extra term
appearing in formula (25) is the correction term
due to the effect of the diffusion current on the
distribution function. The magnitude of this term
depends very much on the energy dependence of ~

If we assume that y varies as E ', we get

The correction may be very significant when p~ /
p, ,«1. In fact, me find that for 8= ~, the fraction-
al correction would be even larger than unity if
p&/p, & 3. This condition would thus give a nega-
tive diffusion constant. However, it should be
pointed out that this negative value may not be ob-
servable in practice due to the effect of the ne-
glected terms and the extra terms on the left-
hand side, which may be significant for the same
condltloQ s.

We should also note in this connection that in
contrast to the conclusion of Cheung and Hearn, 8

we do not obtain a modified Einstein relation for
diffusion along the direction of the electric field,
The assumption of the displaced Maxwellian dis-
tribution essentially would imply that s =0, and for
this conditi. on me find that

D„4p,„ks To/e .
This discrepancy may be due to the equation of the
effect of diffusion current on the distribution by
Cheung and Hearn with that due to a perturbation
in the electric field, which does not appear to be
justified according to the analysis presented here.

m DrscUssrow

The analysis given above indicates that only when
Bn, jsx «n, jp, ha~, we may use, for the analyses
of hot-e1ectron diffusion, and equation analogous to

the low-field phenomenological diffusion equation
but having an extra term, In III-V compounds 7~
is of the same order as 7 and lies in the range
10 "-~0"' see '~'8 The maximum value of p, g
being about 2x 10' m/sec, "we find that (1/n, )
x(sn, /sx) should be less than 0. 5x10' m '. Thus,
n, should not change substantially over a distance
of 2 pm, for the validity of the simplified equation.
In the case of elemental semiconductors vE is
larger by at least one order. Hence, this restric-
tion would be more severe. Considering the con-
ditions of the various experiments it appears that
this restriction was not given any consideration.
The interpretation of the experimental results on
the basis of the low-field phenomenological equa-
tion, therefore, appears to be of doubtful signifi-
cance and the discrepancies between the various
experiments may arise from this source. It would
also appear that the existing analysis of the dif-
fusloQ effects ln hot-electron devleesq bRsed OQ the
low-field phenomenological equation for current
density, should also be considered erroneous as
the required condition is not obeyed in these de-
vices, particularly in the microwave range. The
proper method of analysis for the experimental con-
ditions would be to use Eq. (23) and treat the coef-
ficients of the various derivatives as unknowns to
be determined by studying the frequency depen-
dence of the diffusion current.

We also find that, even when the above-mentioned
restrictive condition is obeyed, the effect on the dif-
fusion constant of change in the distribution func-
tion caused by the concentration gradient is very
significant. The formula of Persky and Bartelink'
mould not, hence, represent the actual diffusion
current. We also do not get a relation like the
Einstein relation, relating the diffusion constant
with the differential mobility.

ln the light of the present discussion it is also
of interest to consider the validity of the Monte
Carlo results on the hot-electron diffusion con-
stRQt. In the cRlculRtlons reported ln the lltex'R-
ture, ' the trajectories of a single electron, under
the influence of the electric field and affected by
collisions, are simulated on the computer. The
diffusion constant is then calculated using the for-
InulR

(27)

where the x, 's are the distances travelled by the
electron in the direction of the field in the sampling
time T and & ) denotes average value.

It may be proved, from statistical considera-
tions, ~ that if the distribution function of the elec-
txons does not deviate appreciably from that cor-
responding to thermal equilibrium, expression (27)
indeed gives the phenomenological diffusion con-
stant. The formula may also be derived from the
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solution of the low-field diffusion equation cor-
responding to a unit impulse input, which would
give the probability of a displacement x in time T
for an excess electron. As is well known, the
distribution of the displacement is Gaussian with
a mean-square deviation of 2DT as indicated by
formula (27).

Under hot-electron conditions, however, the
distribution function is not the thermal equilibrium
function and it is significantly affected by the dif-
fusion current. The diffusion equation is also dif-
ferent from the low-field equation. The validity of
Eq. (27) for the calculation of D„ is, therefore,
questionable. Further, even if it is valid, the
simulated electron trajectories would not represent
actual displacements unless the effect of diffusion
current is included. We may, hence, conclude that
the presently available Monte Carlo results on D),
do not represent the proper theoretical values.
The value obtained from the Monte Carlo calcula-
tions may be equivalent to D„ i. e, , the diffusion
constant obtained by neglecting the effect of the
diffusion current on the distribution function.
Hence, the agreement observed by Persky and
Bartelink' between their results and Monte Carlo

calculations should not be taken as an indication
of the correctness of their formula.

We should note in this connection that although
the Monte Carlo calculations do not give the cor-
rect value of the diffusion constant, the results for
the noise temperature are expected to be valid as
these are related to conditions without the concen-
tration gradient.

It should also be mentioned that the correction
term due to the diffusion current, although signifi-
cant for diffusion along the direction of the field, .

would be of a smaller order for diffusion trans-
verse to the field. The effect of the concentration
gradient on the electron temperature for this case
would be proportional to the square of the concen-
tration gradient, whereas in longitudinal diffusion
it is proportional to the product of the field and the
concentration gradient. Hence, for transverse
diffusion, results obtained by the Monte Carlo
method, ' or from the formula of Persky and
Bartelink, ' should be correct.
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