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Formation of solute atmospheres around dislocations*
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Solute atoms form long-range atmospheres around dislocations when in thermal equilibrium. These
atmospheres scatter phonons and can be studied through their effect on the thermal conductivity.
Previous studies indicate that solute atmsopheres are formed after plastic deformation at room
temperature in Cu-Al but not in Cu-Ge. Ordinary diffusion at room temperature is too slow to permit
atmospheres to form, but excess vacancies produced by plastic deformation can enhance diffusion. One
can define a net time-integrated diffusion due to excess vacancies until the excess is exhausted in terms
of R', where R is the range over which the atmosphere attains equilibrium. It depends on the excess
concentration and vacancy lifetime. The lifetime of the vacancies is calculated, assuming that the
dislocations act as vacancy sinks. The resulting R is independent of the vacancy jump rate, and

depends only on the initial vacancy concentration and on the dislocation density. The values of R thus
calculated are much smaller than observed. However, the tendency for the vacancies to be associated
with the solute atoms, and the possibility of dislocations not acting as perfect sinks of vacancies, may
enhance the effectiveness of a vacancy in promoting solute diffusion and bring the value of R closer to
the observed magnitude, Estimates of R are given for Cu-Al and Cu-Ge. The case of Al-Mg is also
discussed.

I. INTRODUCTION

In substitutional alloys there is an interaction be-
tween the solute atoms and the strain field of a dis-
location. There is, thus, a tendency for the con-
centration of solute atoms to be modulated by the
strain field and for solute atmospheres to be
formed around each dislocation. If solute and sol-
vent atoms differ in size, the free energy is low-
ered by a modulation in the concentration. The lo-
cal concentration c(r), in equilibrium at a tempera-
ture To becomes

c(r) =coexp[- 6(r)K5V/kTO]

where co is the average solute concentration, b.(r)
is the local value of the dilatation due to the dislo-
cation, K is the bulk modulus, 6V is the difference
in volume between solute and solvent atom, and k
is the Boltzmann constant.

The presence of solute atoms changes the local
value of the phonon velocity, so that solute atmo-
spheres scatter phonons. Their contribution to the
scattering amplitude is additional to that due to the
inhomogeneous strain field of the dislocation itself.
The solute atmospheres thus enhance phonon scat-
tering by a dislocation relative to the value due to
a "bare" dislocation, and thus cause a further de-
crease in the lattice thermal conductivity. '

In order for solute atmospheres to occur it is not
only necessary that they are favored configurations
at thermal equilibrium, but it is also necessary
that the atmospheres have an opportunity to attain
their equilibrium distribution. The formation of
solute atmospheres involves a diffusive motion of
solute atoms around a dislocation, as discussed by
Cottrell and Jawson. ' The time required for the

diffusion is roughly of the order of the value of B~/
D, where R is the range of the atmosphere and D
the diffusion coefficient. The "range" of the atmo-
sphere, though not a well-defined quantity, may be
understood as follows: The scattering of a phonon
by a dislocation and by its associated atmosphere
involves the properties of the solid to a distance of
the order of a, phonon wavelength from the disloca-
tion core. Since the wavelength of the phonons
which dominate the thermal conduction process at
temperature T varies inversely as T, the range R
also depends inversely on the temperature at which
the lattice thermal conductivity is measured. In
the measurements of Mitchell et al. and of Pried-
man et a$. of the lattice thermal conductivity of
deformed Cu-Al alloys the important range of mea-
surements was 1 to 4 'K. The corresponding range
R over which atmospheres were studied was thus
of the order 100-400 A. In these studies it was as-
sumed that, after plastic deformation at room
temperature, the atmospheres attained an equilib-
rium value according to (1) with TO=300 'K. Sub-
sequent annealing to higher temperatures was as-
sumed to reduce the strengths of the atmospheres
a,ccording to (1), when To is now replaced by the
annealing temperature.

However, the diffusion coefficient D decreases
rapidly with decreasing temperature, so that no
appreciable diffusion can take place over the range
of interest in the time available. In fact, the ex-
periments mentioned ' were based on the assump-
tion that no diffusion took place at room tempera-
ture after the strength of the atmospheres wa. s re-
duced by annealing, so that the equilibrium appro-
priate to the annealing temperature was frozen in.
Yet it was also assumed that room-temperature
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equilibrium was established after the initial plastic
deformation. This inconsistency can only be re-
solved if one assumes that diffusion was much
more rapid immediately after severe plastic de-
formation.

Since plastic deformation creates an excess of
vacancies which in turn promote excess diffusion,
this assumption is not unreasonable. It is the pur-
pose of this paper to investigate whether the ex-
cess vacancies can promote enough diffusion of
solute atoms to allow atmosphere formation to the
degree observed.

II. MODEL

We have to consider two diffusion problems:
the diffusion of the vacancies to the sinks, and the
diffusion of the solute atoms around the disloca-
tions. The vacancy concentration, determined in
the first problem, governs the diffusion coefficient
in the second problem, since the diffusion coeffi-
cient is given by

D= na~ vC„,
where e is a factor which includes correlation
factor, a is the lattice parameter, v is the vacancy
jump frequency, and C„ is the vacancy concentra-
tion (fraction per atomic site). The vacancy con-
centration is composed of C,„, the thermal-equi-
librium concentration, and C,„, the excess vacancy
concentration due to plastic deformation. We shall
assume that C,„»Co„, so that

C„=C,„
We shall assume that C,„has a uniform value

initially, that is, immediately after the cessation
of plastic deformation, and that the disloca, tions
act as vacancy sinks. As the vacancies diffuse
towards the dislocations, C,„decreases with time.
We shall make a simplifying assumption that C,„
is independent of position, and only a function of
time. This cannot be strictly true, as will be dis-
cussed below, and the vacancy concentration must
be less in the immediate vicinity of the dislocation
core. This makes the solute diffusion coefficient
a function of position, and complicates the solute
diffusion problem. However, this will mainly af-
fect the time development of the solute atmosphere
c(r) in the immediate vicinity of the dislocation
line.

The excess vacancy concentration depends on the
applied plastic strain &, according to the empirical
rclat. ion

C,„=B& (4)

Theoretical estimates ' and resistivity measure-
ments0 give m= 1 to 1. 5 and (for m = 1)8 = 10
Thus, for 10% plastic strain,

C,„=10 x (0.1)' = 10 ' per atomic site .

d
—,c.„=c,„/r

and that, after plastic deformation ceases,

c,„(f)=c,„(0)e-" . (~)

The decay constant ~ depends on the rate at which
vacancies diffuse to the sinks. The sinks are the
dislocations, so that ~ depends on the diffusivity
of the vacancies and on the dislocation density.

III. VACANCY MOTION

Assuming that the excess vacancy concentration
is uniform and has an initial value C,„(0), and that
the dislocations act as sinks, one can calculate the
lifetime 7 by following the solution of the vacancy
diffusion equation of Seidman and Balluffi. " It is
assumed that the dislocation network can be ap-
proximated by a. regular a.rray of parallel disloca-
tions. Each dislocation then dominates the diffu-
sion in the cylindrical region of outer radius Rp,
where

R0 = (0P) 'i'

p being the dislocation density. The assumption of
a regular array is an idealization. Ham, '~ how-
ever, has shown that a regular and a random array
behave similarly (to within 10%) when the disloca-
tions act as sinks. In any case, the dislocation
arrangement may well be nonrandom.

To obtain the flux of vacancies into the core,
Seidman and Balluffi" solved the vacancy diffusion
equation

—C,„=V ~ (D„V C,„)
8

where D„ is the diffusion coefficient for vacancy
motion. The boundary conditions are that the va-
cancy flux vanishes at x=Rp, and that the concen-
tration vanishes at z = gp, where yp is a capture
radius for the capture of va, caneies by the disloca-
tion core.

The solution is given in terms of complicated
Bessel functions'

C,„(r& f) ~ m Q J,(R0 ct„)
n~1

x&0(r0Q. ) YO(r~ ) ~0(r~ ) 1'0(r0~
&o(r0n„) Z', (R0n„)—

x exp(- D &e'„))„ (lo)

A theoretical treatment given by Nabarro' justifies
(4) by considering the formation energy of a vacancy
'and the work done during plastic deformation.

The value of C,„given by (4) and (5) is the initial
vacancy concentration C,„(0) after plastic deforma-
tion ceases. It is now assumed that the vacancy
concentration decays with time, according to
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where n„are the roots of

Yo(roo' ) ~1(Ro o' ) ~o(ro n„) Y1(Ro & )

The notation of the Bessel functions is that of
Jahnke and Emde. '

The average vacancy concentration (C,„) can be
expressed in terms of its initial value by integrat-
ing C,„(r, t) over the volume of the cylinder, which

gives

(C,„) 4 g J', (Rpo.„)exp(- n'„D„t)
c (0) R r e [cTp(r, u„) —J1(Rpn )l

(12)

(C,„(t))/C,„(0)= exp(- a', D„t)

where

Harn' has shown that the largest fraction of the
concentration decays according to the first term in
the eigenfunction expansion.

The fraction of total vacancies contributed by the
nth term in Eq. (12) is given by

4J1(Rn„') (»)
(Ro ro) & P'o ('ron'n) ~1(Ro o' n) l.

which yields a value of above 0.99 for the lowest
order component e„according to Ham. '~ Penning"
has also calculated, for various dislocation densi-
ties, the ratios of contributions from the first and
the second terms of the eigenfunction expansion.
According to these calculations, no more than 10/p

of the total contribution of vacancies can be as-
cribed to second- and higher-order terms. It
is within this approximation, that we have consid-
ered C,„ independent of position. Hence Eq. (12)
can be written

r =In(Ro/ro)/(2p pD„) . (16)

After severe plastic deformation, the dislocation
density is typically 10' -10" lines/cm, so that Rp
=600 A and ln(Rp/rp) is between 5 and 6. The va-
cancy diffusion rate in copper at room temperature
is of the order of 10 'o cmo/sec; the diffusion actu-
ally takes place as divacancies. Thus 7. is typi-
cally of the order of 10 sec if all dislocations act
as sinks, 2@10 sec if only 5% of all dislocations
act as sinks. Since the storage time of specimens
between plastic deformation and thermal conduc-
tivity measurements is typically an order of mag-
nitude larger, it seems justified to regard excess
vacancies as exhausted and the atmospheres as
fully formed as they will ever be before measure-
ments are made.

IV. SOLUTE ATOM MOTION

If the solute concentration departs from its equi-
librium value c(r) of Eq. (1) by an amount n(r),
then solute diffusion will tend to decrease n(r) ac-
cording to

—n(r) = V ~ [DVn(r)]

where the solute diffusion coefficient D, given by
(2), is proportional to C,„and is thus a function of
time (7). If n(r) is expressed as a linear superpo-
sition of Fourier components, i.e. ,

less than the time that has typically elapsed be-
tween plastic deformation and the low-temperature
thermal conductivity measurements, which indicate
the presence or absence of solute atmospheres.

From (7) and (16)

Q1 = 2(Ro ro) ln(Rp/rp o )

%e are particularly interested in the case when

Rp && ro. Since R, is related to the dislocation den-
s1ty by (6), Eq. (15) can then be written

n(r) ~Qn(q)e"',

each component satisfies the equation

(2o)

(c,„(t)& —2~p D„t
C,„(O)

'
in(R, /r, )

(16)

It will be seen in Sec. IV that the degree of atmo-
sphere formation is essentially independent of D„.
The solute diffusion coefficient, owing to (2) and

(16), will be a function of time, but the range of
the atmosphere formation over a long time will not
depend on D„, since it will depend on the time in-
tegral of the diffusion coefficient

—n(q) +D(t) q'n(q) =0 (21)

The advantage of treating n(r) in terms of Fourier
components is that each component n(q) governs the
scattering of phonons through a wave vector q, so
that the time dependence of phonon scattering is
governed by a simple equation'

n(q, t) =n(q, 0) e 't '"' (22)

where

Dt dt= Dt (17)
r(q) =(Dq') ' (23)

which will be independent of D„.
This, however, assumes that the atmosphere

formation can proceed without interruption until
all excess vacancies are exhausted. It is thus
necessary to estimate r of (7) and to verify that is

Since 7 (q) increases with decreasing q, and since
the high-q components of n describe mainly the
solute atmosphere at small distances from the dis-
location core, the range R over which the atmo-
sphere is essentially complete in a time to is given
by
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ft =(Df )'" (24)

and the wave vectox thxough which phonons are
scattered by essentially equilibriated atmospheres
is given by

qo = (Dto) —I/R (25)

For a typical dislocation density of 10 cm" and
an initial vacancy concentration of 10 ~, the range
of atmosphere formation 8 would be of the order
of 3&&10 cm. Note that B depends only on the dis-
location density and tbe initial vacancy concentx'a-
tion. It does not depend on v or B„:the ultimate de-
gree of atmosphere formation does not depend on
the rate at which vacancies move but only on the
number of steps R vacancy moves before reaching
a sink and of course on the initial number of vacan-
cies. This is why (30) contains, apart from C,„(0),
only geometrical factors relating to sink density.

Our result [Eq. (30)] that the time required for

These considerations apply strictly only to the
ease of a constant diffusion coeffici.ent D. .

If the diffusion coefficient varies with position
(due to a possible strain dependence}, Eqs. (19)
and (21) become complicated and can only be solved
ln Rn approximate manner, IQ the pl'esent case~
ho%'every %'8 Rx'8 concex'Qed with the time depen-
dence of the solute diffusion coefficient. In this
case, Eqs. (22) and (23) must be generalized to

n(tt, t) =n(t(, D)azp(-p' J tt(t)ttt)

and because of (1V) and (16), and using (2},

n(t(, t) =n(t(, D) azp(- na na' a C„(p) 2n.p D,
(av)

Now, D„, the vacancy diffusion coefficient, al-
though a strong function of temperature, is related
to v, the vacancy jump frequency„by

By=AC P (28)

so that (2V} simplifies to

n(t(, t)=n(t(, D)azp(-tt*C, (O)
' ') . (Zp)2'p

No distinction has been made so far between the
motion of solute and solvent atoms, so that cv is
the same in (2) and (28). The necessary general-
ization will be discussed in Sec. V.

Atmosphere formation will be essentially com-
plete for those Foux'ier components of the solute
distribution for which terms in lax'ge parentheses
in Eq. (29) are of the order unity. This implies
that the range of the formed 3tmosphere R is given

by

Z' = C.„(0)In(R, /r, )/ave

the formation is essentially independent of the va-
cancy diffusion x'ate D„, is a consequence of our
slmpllfylng assumptions Firstly y %8 have Rs-
sumed that C,„»C „, hence our theory would only
bold at low temperatures. Secondly, we have as-
sumed a unique vacancy diffusion coefficient D„.
In actual fact, there are single vacancies, divacan-
eies and trivacaneies, each with its own diffusion
coefficient. The ratio of these species will initially
differ from its mutual equilibrium value, and grad-
ually attain mutua]. equilibrium. This makes the
effective D„ time dependent. For an initial con-
centration of 10, it takes 10 steps for a vacancy
to reach a dlslocatlon lt also takes 10' steps for a
vacancy to reach another vacancy. Thus, for our
dislocation density, our estimate of 83 may mell be
in error by a numerical factor of the order of unity,
but not likely to be in error by an ordex' of magni-
tude.

A range of 3x10 ' cm, as derived from Eq. (30),
is not sufficient to account for the formation of any
solute atmosphere, and certainly Qot fox the atmo-
sphere formation found in deformed Cu-Al alloys
by means of low-frequency phonons. ' The low-
temperature thermal-conductivity studies extended
down to temperatures of 1.5 'K. Since the dominant
phonons in thermal conduction have wave numbers
Rl'ound

q = (r/e) (6v')'i'a ' (31)

whexe a3 is the atomic volume and 8 the Debye
temperature, these experiments indicate that atmo-
spheres are essentially complete for q = I/8,
where R is at least about IVOX 10 8 cm (taking 6
= 330'K and a = 3x IO 8 cm). The value of R~ re-
quired to account fox the thermal conductivity mea-
surements thus exceed the order given by Eq. (30)
by a factor of about 3000.

It is quite likely that the present considerations
underestimated the solute diffusion and hence the
value of A . The diffusion. rate of the solute
atoms differs from the self-diffusion rate, partly
because there is a tendency for vacancies to be
associated with solute atoms and partly because
the jump frequency of the solute atoms may be dif-
ferent.

However, Manning'~ has shown that the correla-
tion factor which enters as a factor in c( of Eq. (2)
can be strongly temperature dependent when two
interdiffusing species have substantially different
jump rates. This result can also be understood to
reflect the requirement that the sum of the fluxes
must vanish. His txentment does not consider as-
sociation between one species and the vacancy,
and this association can lead to a large difference
between the effective diffusion rate of the solute
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E =D, /D, , (32)

where D, is the interdiffusion coefficient of the sol-
ute and D, is the self-diffusion coefficient of the
parent metal„This is because the diffusion of sol-
ute atoms around the dislocation is an interdiffu-
sion process, and the measured values of D, in-
clude changes in jump frequency, association ef-
fects, and correlation effects. On the other hand

Do is related to the diffusivity of disassociated va-
cancies through Egs. (2) and (28).

The enhancement ratio E is the ratio of the dif-
fusivities at room temperature, while D, and Do
are measured at higher temperatures, and must
be extrapolated to room temperature. This extrap-
olation introduces some uncertainty.

From the interdiffusion data for Al in Cu by
Rhines and Mehl and da Silva and Mehl quoted by
Smithells, ' and the copper self-diffusion data
quoted by Peterson, a the room-temperature value
of E is 3.2x10 . This enhancement factor would
make the value of Ba agree with the thermal con-
ductivity data. For p =10'o cm 3, and C,„(0)=10 5

atomic fraction, 8 would be increased to 170x10 '
cm, which, as discussed earlier, is just the value
needed to account for thermal resistance down to
1.6 'K.

However, if the recent data of Qikawa et al. ' is
used in conjunction with the same self-diffusion
data, 3~ one obtains an extrapolated value of E =-3.4
x 103.

Hence it is probable that the diffusion enhance-
ment factor does not fully account for the observed
atmosphere formation in Cu-Al. There is yet an-

and the self-diffusion rate of the parent metal.
It may be argued that if there is a strong associ-

ation between vacancies and solute atoms, enhanc-
ing the diffusion of solute atoms, the same factor
would also reduce the vacancy lifetime and be elim-
inated in (30), which is independent of the diffusion
rate. However, the motion of vacancies to the
sinks must be, in the aggregate, the motion of dis-
associated vacancies, otherwise the motion would
increase the solute concentration at the vacancy
sinks.

Thus the vacancy diffusivity D„ in Sec. III must
be understood to be the diffusivity of disassociated
vacancies. In dilute alloys this would be related
to the self-diffusion coefficient of the parent metal
by Eqs. (2) and (28).

The enhancement in the diffusion rate of the sol-
ute can be obtained from the ratio

other factor which may modify the estimate of R'.
We have assumed that all the dislocations act as
perfect sinks for vacancies. If only a fraction q
of all dislocations capture vacancies, or alterna-
tively if the dislocations capture vacancies within
a radius xo with an efficiency g, then the estimates
of R~ of (30) must be increased by a factor 1/q, and

R increased by a factor of (1/q)'~ .
Unfortunately, we do not have an independent

measure of this factor g. Mitchell et al. ~~ studied
the motion of dislocations in deformed Cu-Al, and
found that during plastic deformation, the majority
of dislocations seemed unable to climb. Since a
dislocation which cannot climb cannot accept va-
cancies, it may well be that q, the fraction of dis-
locations acting as vacancy sinks, is well below
unity in this material. Whether it is low enough
to account for the missing factor 10, is of course
impossible to say at present.

The possible formation of solute atmospheres
was studied by thermal conductivity also in the
case of Cu+7-at. % Ge by Friedman. a~ In this case
no evidence for atmosphere formation was found

up to 4. 2 'K. This means that in this system A
must be less than 65 x10 cm. Using diffusion
data by Heincke and Dahlstrom~4 on dilute Cu-Ge,
and assuming that the activation energy varies with
solute concentration similarly to Cu-Al, E is
about 130, so that B would be 36x10 cm. Itwould
thus appear that atmospheres should visibly affect the
thermal resistivity of Cu-Ge only at and above
10 K. It would thus be of interest to extend lattice
thermal conductivity studies of Cu-Ge alloys to
higher temperatures.

Another system of interest is aluminum-rich
Al-Mg. The association energy between a solute
atom and a vacancy, as measured by an equilibrium
methoda is only about 0.08 eV. However, the ap-
parent association energy as deduced from the in-
terference of Mg on the motion of Cu is about 0.20
eV. ' Unfortunately no reliable data on the inter-
diffusion is known to us at the present time. It
would thus be of interest to see whether the Al-Mg
system shows atmosphere formation in its temper-
ature thermal conductivity.
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