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Analysis of galvanomagnetic measurements in intrinsic tellurium
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Measurements of electrical conductivity (o.), Hall coefficient (R H) and transverse magnetoresistance

(hp/po) have been made on intrinsic single-crystal tellurium samples from room temperature to about
600 K. No difference in RH or Ap/po was found between the orientations with current parallel or
perpendicular to the c axis and no anisotropic shift of the anomalous Hall reversal temperature was
observed. The results, as a function of temperature, were analyzed on a double-conduction-band model
and a double-valence-band model. With the assumption of temperature-independent mobility ratios,
ranges of possible values were determined. Using a computer program with certain rejection conditions,
it was possible to narrow down further the mobility ratios for the double-conduction-band model and
obtain an estimate of the energy separation between the two conduction bands. The double-valence-band
model was found inapplicable in the intrinsic region, since it gave too steep a mobility decrease with

temperature and too large a deviation from the extrapolated intrinsic carrier concentration.

I. INTRODUCTION

The anomalous sign reversal of the Hall coeffi-
cient in intrinsic tellurium, which takes place at
about 514 K, was first reported by Wold' in 1916,
but it is still not explained to the satisfaction of
many workers. However, at least one of the ear-
lier theories, ' that of thermally generated accep-
tors arising from imperfections, has now been
effectively ruled out by the fast-heating experi-
ments across the transition temperature of Link
and Lutsch. ' The anomaly is now generally ac-
cepted to be a consequence of band structure. Two
models have been proposed which qualitatively ex-
plain the two reversals, normal and anomalous, of
Hall coefficient. These are (a) a double-conduc-
tion-band model with a higher band of lower mo-
bility than the normal conduction band or (b) a
double-valence-band model with a lower band of
higher mobility than the normal valence band.

From an analysis of measured conductivity, Hall
coefficient, and Seebeck coefficient, Rigaux'
showed that a double-valence-band model could
not explain the variation of Seebeck coefficient,
which also shows an anomalous sign reversal,
but at about 450K. This was confirmed in a de-
tailed analysis of similar data by Link. ' He con-
cluded that, with a double-conduction-band model,
the mobility in the upper band should be essentially
zero.

These conclusions appear to be in contradiction
to the fact that a two-band structure is now well
established for the valence band in tellurium. The
two bands are separated by about 0.1eV and give
rise to the absorption band near 11 p, m. In fact,
this structure was considered by McKay and
Gravelle' and by Grosse' to be the cause of the
anomalous Hall-coefficient inversion.

In view of these conflicting conclusions, the
present studies were undertaken to obtain further
experimental evidence to support one or other of
the two band models. The conduction band is not
as easily studied experimentally as the valence
band, since extrinsic n-type tellurium has never
been prepared. Hence the studies of transport
properties for this purpose must be obtained in the
intrinsic range. Electrical conductivity, Hall co-
efficient, and transverse magnetoresistance mea-
surements were therefore made on intrinsic single-
crystal tellurium samples from room temperature
to about 600 K, and the results were analyzed on
the basis of the two band models. With certain
simplifying assumptions and conditions, the model
giving the more realistic conduction properties
was then refined.

The zone-refined tellurium used had a "normal"
Hall reversal temperature below 200 K, and by
this criterion the purity of the samples used was
higher than that in previous measurements of this
kind. (Fukuroi et al. ': 230-280 K; Rigaux'. 345
K. ) Furthermore, the transverse magnetoresis-
tance measurements were the first set of such
data taken on unequivocally single-crystal samples
over the temperature range involved. In addition,
the well-known sensitivity of transport properties
to imperfections in tellurium arising from cutting
and handling was not a problem in this work, be-
cause the samples were fully intrinsic over the
whole range of measurement.

II. MEASUREMENTS

A. Experimental details

The transport measurements were carried out
on nine samples of approximate dimensions 15
&2 &&1 mm cut from a single crystal grown from
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high-purity zone -refined tellurium. The long
dimension (current axis) was cut parallel to the
c direction in seven of the samples and perpen-
dicular to it for the other two. The samples were
etched for 2-3 min in a solution of composition
Cr03 .'HC l:H,O in the ratio of 1:1:2 by weight to
remove the surface layer.

The potential readings for the transport coeffi-
cients were taken from two pairs of wire probes on
either side of the sample. Figure l(a) shows the
orientation of the magnetic field with respect to the
crystal axes for the c-axis samples, and Fig 1(b. )
shows that for the a-axis samples. A holder con-
taining the sample was located between the poles
of a conventional electromagnet, and the tempera-
ture of the sample was controlled by an electrical. -
ly heated oil bath.

8. Experimental results
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Initial experiments at room temperature showed
the Hall voltage to be a linear function and the
transverse magnetoresistance a quadratic function
of magnetic induction B, at least up to 20 kG.
However, most of the measurements were carried
out at 10 kG. Figures 2-4 show the measured
values of electrical resistivity, Hall coefficient,
and transverse magnetoresistance as a function of
temperature. The resistivity shows roughly a I
to 2 ratio between samples with current parallel
and perpendicular to the c axis, but no anisotropy
is apparent in Hall coefficient and magnetoresis-
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tance. In particular, there is no detectable shift
in the anomalous Hall-inversion temperature be-
tween the two orientations. Often magnetoresis-
tance shows a maximum when the Hall effect
vanishes, but in Fig. 4 no discernible maximum
is apparent at the anomalous inversion tempera-
ture.

III. TRANSPORT FORMULAS

A. Double-conduction-band (DCB) model

For an isotropic parabolic system of two con-
duction bands and one valence band [Fig. 5(a)],
having mobilities p.„,, p,„, and p~ and carrier
concentrations n„n„and P, respectively, the
electrical conductivity 0, Hall coefficient A„, and
transverse magnetoresistance b,plpo in weak mag-
netic fields (i.e., p.„B«1, etc. ) are given by

RECIPROCAL TEMPERATURE, l/T 001 K )
FIG. 2. Electrical resistivity of intrinsic tellurium

samples plotted against reciprocal absolute temperature.
The anomalous sign reversal of Hall coefficient takes
place at temperature TQ ~ The line through the points
for I parallel to c was calculated from the computed
mobilities and carrier concentrations for the DCB model
with b i 2.4 and

a=e(n, p„,+n2V., +PA&)

ylaa~ tlO~O)

2 2 2~l p +].I n +2~n2

e(n, p„+n,p,,+Pp~)' '

FIG. 1. Sample configurations used inthe measure-
ments. (a) Current parallel to c axis. (1}Current
perpendicular to c axis.
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FIG. 3. Magnitude of the Hall coefficient in intrinsic
tellurium samples plotted against reciprocal absolute
temperature. The anomalous sign reversal is that shown.
The line was calculated for the DCB model with b~ =2.4
and b2 =0.05.

In the intrinsic range, we also have

P 8] + Pl2 ~ (4)

FIG. 5. Energy diagram of the two tri-band models
used in the analysis of the experimental results.
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With nondegenerate carrier concentra ions, the
coefficients x and m are given by

3w'"(2s+-,')!
4[(s y ~)t]2

, (3s+-,')!(s+-,')!
[(2s+-,')!]'

pn, ~Wy=bi ~

IJn, ~Py =b2
~

( I)

(8)

Eels. (1)—(4) can be solved to give

AHO b, +b2 —l
PP= 2F b, +b,

'
bb

The parameter s is defined for a relaxation time
assumed proportional to e, wwhere ~ is the carrier
energy. If mobility ratios are defined as
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FIG. 4. Transverse magnetoresistancance of intrinsic
tellurium samp es p o e1 lotted against absolute temperature.
The anomalous-sign-rever sa. .e p1 tern erature is in &ca e
at To. The line was calculated for the DCB model with

5& =2.4 and b& =0.05.
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o R„o/rp~+b, +b,
e p~ (1+b, )(1+b, )

o 1 b, —R-„o/r p.~
e p,~ (b, b,-)(1+b,)

(12)

b, & 1 R„o/r p.~—& b, . (13)

B. Double-valence-band (DVB) model

For an isotropic parabolic system of one con-
duction band and two valence bands [Fig. 5(b)],
having mobilities p„, p~„and p~ and carrier
concentrations n, P„and P„respectively, the
conductivity, Hall coefficient, and magnetoresis-
tance are also given by Eqs. (1)-(4), if R» is
changed to -R» n to p, ni to ~j~ n, to p„p.„ to
p~, , etc. With these changes, solutions (9)-(12)
also apply, while the mobility ratios are now de-
fined by

To find the mobilities and carrier concentrations
with Eqs. (9)-(12), values of b, and b, must be
specified. To obtain a double reversal of Hall co-
efficient in the DCB model it is required that
p, „,& p.~ & p, „,or b, & 1 & b, . However, all such
values of b, and b, are not acceptable, since some
give negative carrier concentrations, which have
no physical meaning. Equations (10) and (12) show,
in fact, that n, and n, are negative, unless

A. Double-conduction -band model-First analysis

Numbers Representing Rejected Solutions for IX:8 Model

1.0 2.0 3.0 4.0

A computer program was first set up to calcu-
late the carrier concentrations and mobilities for
the DCB model using Eqs. (9)-(12)for specific
pairs of values of.b, and b, . The program was
then arranged to test the computed results against
four rejection conditions, wherein the numerals
1, 2, 3, or 4 were printed out in a table of 5, and
b, values (Fig. 6) if at any measured temperature
(1) n, was negative, (2) n, was negative, (3) p
decreased with increasing temperature, or (4) n,
decreased with temperature. It is shown in the
appendix that P and n, must increase with tempera-
ture for the DCB model of Fig. 5(a). The sequence
1, 2, 3, 4, and blank was arranged to be in de-
creasing order of priority. For instance, a "1"
excludes the higher numbers, so that conditions 2,
3, and 4 would not be tested. A "2" means "1"did
not apply, "2"applied, but "3"and "4"were not
examined. Blank spaces mean conditions 1, 2, 3,
and 4 did not apply, so the b„b, values are ac-
ceptable. Ignoring for the moment the higher num-
bers in the computer printout of Fig. 6, it is seen

pp
1 r ( Ia)

p, p
2'

Pn
(Sa)

To obtain a double reversal of Hall coefficient
with the DVB model, it is required that g~ & p.„

or b, & 1 & b,. To avoid meaningless negative
1

values of P, and P„ it is also required that

b, & I +R„o/rp„& b, . (13a)

IV. ANALYSIS OF RESULTS

An average set of a, R„, and Ap/p, values were
obtained from the experimental results, and this
was analyzed using the equations of Sec. III, as-
suming the mobility ratios b, and b, to be constant.
parameters over the whole measured range of
temperature. The analysis was done with an IBM
360/75 computer. The coefficients r and m of
Eqs. (5) and (6) were assigned the values 1.16 and
1.77, corresponding to acoustic lattice scattering
(s = ——,), but, apart from this, no assumption of a
specific scattering mechanism was assumed else-
where in the analysis.
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FIG. 6. Computer-generated table of numbers for the
double-conduction-band model indicating where the
following rejection conditions have been encountered.
1:n~ is negative; 2:n2 is negative; 3:p decreases with
T; 4:n2 decreases with T; 5: slope of 1np vs lnT is
positive; 6: conditions 7 and 8 together; 7: slope in@ vs
lnT less than -4; 8: calculated n; differs from extra-
polated n; by more than 25%, 9:n2 is greater than n~
at room temperature. Priority decreases with increas-
ing number.
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that the 1's and 2's confine the mobility ratios to
the values by &1.8, b, &0.75. These arise from in-
equality (13).

B. Double-valence-band model-First analysis

A similar computer program was set up for the
DVB model with the following rejection conditions:
print 1 or 2, respectively, if P, or P, are negative,
and print 3 or 4, respectively, if n or P, decreases
with temperature. Ignoring the other numbers in
Fig. 7, it is seen that the 1's and 2's restrict the
mobility ratios to b, &0.56 and b, &1.35. These
arise from inequality (13a).

C. Further rejection conditions

Since the first analysis restricted the range of
b„b, values but did not indicate a preference for
one model over the other, five extra rejection con-
ditions were added to the computer program. For
the DCB model these were

(5) If the smoothed-out p~ value increases with
temperature, print the numeral 5 for that particu-
lar pair of b„b, values. This rejection condition
was included because some form of lattice scat-
tering is expected in the intrinsic temperature
range of measurement which should cause mobility
to decrease with temperature.

(8) If conditions (7) and (8) both apply, print a,

6. Since, this is a stronger ground for rejection
than either (7) or (8) alone, it has a higher priority
and hence a lower number.

(7) If, at any temperature, the smoothed-out
curve of p~ vs Tdecreases faster than T '[i.e. ,
if (T/gp)(b, p~/aT) & —4], print a 7.

(8) If the intrinsic carrier concentration
n;=VPn, [see Appendix, Eq. (A9)] differs from
n;, by more than 25/o at any temperature, print
an 8. Here, n;, represents an intrinsic concentra-
tion extrapolated from room temperature and was
specifically defined in the computer program as

T /' 0 32 1 1
298 P 2P T 298

with Tin'KandkineV/'K
(9) If n, exceeds n, at room temperature, print

a 9.
The computer print-out result in Fig. 6 shows

that conditions (5), (8), and (9) eliminate many

5] &2 values, leaving a fairly small area of allowed
values with the approximate ranges 1.8 & b, & 2.8
and 1.0 —0.3b, &5, &0.75 —0.3b, .

Corresponding rejection conditions w'ere also
added to the DVB-model computer program. The
result in Fig. 7 shows that in this case all 5y 52

Numbers Representing Rejected Solutions for Dye fidel

0.00 0.20 0.40 0.60 0.80 1.00

1.00 "

I .20

I .40

1.60

1.80

2.00

1111111'j111111111111111111
11111111111111111111'I11111
11111111111111111111111111
11111111111111111111111111
11111111111111111111111111
11111111111111111111111111
11111111111111111111111111
e6666666666666622222222222
66666666666666622222222222
66666666666666622222222222
66666666666666622222222222
66666666666666622222222222
66766666666666622222222222
66666666666666622222222222
66666666666666622222222222
66666666666666622222222222
66666666666666622222222222
66666666666666622222222222
66666666666666622222222222
66666666666666622222222222
66666666666666622222222222

values were rejected, with the rectangular area
bordered by 1's and 2's now filled almost entirely
with 6's, showing that, for the most part, both
conditions 7 and 8 applied.

The difference in the two models, as far as
mobility-temperature dependence is concerned,
is illustrated in Figs. 8 and 9, where the logarithm
of the mobility is plotted against In'. For the DVB
case, the tangent to the steepest part of the curve
corresponds to a dependence of the form T", with
n less than -4.5 for all of the b„b, values ex-
amined (of course the complete range of b„b,
values was examined by condition 7). This de-
pendence is too steep to be accounted for by either
acoustic or optical lattice scattering. According-
ly, because of this and the deviation from n;„ the
DVB model must be ruled out as physically in-
applicable. The DCB model, on the other hand,
(Fig. 9) gives mobility-temperature dependencies
with n between —2.2 and —2.5, which is more con-
sistent with what is found in other semiconductors.
Hence the DCB scheme is the more acceptable

I"IG. 7. Computer-generated table of numbers for the
double-valence-band model indicating where the following
rejection conditions have been encountered. j.:p& is
negative; 2: p2 is negative; 3:n decreases with T;
4:p2 decreases with T; 5: slope of in@ vs lnT is positive;
6: conditions 7 and 8 together; 7: slope in@ vs lnT less
than -4; 8: calculated n~ differs from extrapolated n;
by Inore than 25%,. 9: p& is greater than p& at room
temperature. Priority decreases with increasing number.
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model for explaining the observed intrinsic gal-
vanomagnetic results.

D. Parameters for DCB model

It is shown in the Appendix [Eq. (A8)] that for the
DCB model n, /n, = (m, /m, )'"e '~' . Thus in Fig.
10 a plot is made of ln(n, /n, ) against 1/T for three
pairs of b„b, values. The nearly horizontal por-
tion of the curves near room temperature is due
to the insensitivity of the results to the smaller
electron population in the upper band at lower
temperatures. The slopes of the straight lines
drawn through the points at higher temperatures
yield the E, values given in the inset of Fig. 10.
With b, =2.4 and b, =0.05, for instance, E, is
0.36 eV and m, /m, is 600.

V. DISCUSSION
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FIG. 8. Log-log plot of electron mobility against ab-
solute temperature, calculated for the DVB model with
the values of b& and b2 shown.

The present analysis thus supports the conclu-
sion of Rigaux' and Link' that the double-conduc-
tion-band model is more consistent with the mea
sured transport properties than the double-va-
lence-band model. Hence it appears that the known
split-off II, valence band, situated approximately
0.13 eV' below the H4 valence band, does not play
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FIG. 9. Log-log plot of hole mobility against absolute
temperature, calculated for the DCB model with the
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FIG. 10. Plot against reciprocal absolute temperature
of the logarithm of the ratio of the electron concentration
in the upper band |,'n&) to that in the normal conduction
band {n&) calculated for the DCB model with the values of
b& and b& shown.
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a decisive role in the intrinsic region. It will of
course make some contribution, but this cannot
be assessed in the present method of analysis,
since the inclusion of a fourth band introduces
extra parameters. However, the effect of the H,
valence band might be estimated by a synthesis in
which the transport coefficients are calculated
with and without the extra band and then compared,
making reasonable assumptions for the band pa-
rameters and their dependencies on temperature.

Taking b, =2.4 from Ref. 10, the present analysis
gives 0&b, &0.3. With b, =0.05 for instance, we
obtain E,= 0.36 eV and m, /m, = 600. These values
may be compared with b

y 1 75 b2: 0 73 &2 0 36
eV, and m, /m, = 630 of Rigaux' and also with b,
= 2.0 and b, = 0 of Link. ' Taking m, /m, = 600 with

m, /m, =0.04,"we get the effective mass ratio of
m, /mo=24 for the upper band. High as this value
is, it is not the infinite value which corresponds to
Link's' postulated zero mobility for this band.
While a level of localized centers arising from
lattice defects might act like a nonconducting elec-
tron band, such a level was not confirmed by the
fast-heating experiments of Link and Lutsch. '
Thus the concept of a very flat upper conduction
band remains. An effective mass ratio of 0.75
from cyclotron resonance was reported by Radoff
and Dexter, "which they attributed to a higher con-
duction band. This mass ratio is much larger
than the average value of 0.04" for the lower con-
duction band, but not high enough to fit the present
results.

The presence of a conduction band some 0.36 eV
above the normal conduction band would be expect-
ed to have some effect on reflectance spectra of
tellurium. Tutihasi, Roberts, Keezer, and
Drews" reported a small maximum in the imag-
inary dielectric constant at 0.7 eV from reflec-
tance studies at 10K. Further, Herwig, Stuke,
and Weiser" found an electroreflectance peak at
the same energy at 10K. This they interpreted as
a transition from a deeper lying valence band
(H, ) to the normal conduction band (H,). However,
the energy could also be explained by a transition
from the upper valence band (H, ) to the postulated
upper conduction band, since EG +0.36 is approxi-
mately 0.7 eV, if ~|-. is taken as 0.335 eV.

While the normal conduction band minimum is
situated at the II point of the Brillouin zone, the
location of the upper conduction band is less cer-
tain. Inspection of the results of the band-struc-
ture calculations of Treusch and Sandrock" or
Kramer and Thomas" suggests that the minima
might be located at the Z or I' points.

Some of the other limitations and assumptions
in the analysis are now briefly discussed.

To simplify the analysis, anisotropy in the mo-

bilities was not taken into account. A partial
justification for this is the isotropy of the mea-
sured Hall coefficient and transverse magnetore-
sistance values in the intrinsic range.

The analysis was done with x =1.18 and m= 1.77,
corresponding to acoustic lattice scattering. These
may not be the most appropriate values, since
there are indications that polar optical scattering"
may be important in tellurium. However, this is
not yet established, particularly in view of the
T '4 mobility dependence shown in Fig. 9. In any
case, the computer program is easily carried
through for any value of x or m. With r =m=1,
corresponding to an energy-independent relaxation
time (s= 0), it was found that the allowable range
of b„b, values was not changed significantly.

It would seem that further refinement of b„b,
values could be obtained by requiring a closer
agreement than 25% of n; to n„. However, this
was not considered appropriate because of the ef-
fect of experimental errors on n& and because the
expression used for n&, did not take into account
variation of energy gap and effective masses with
temperature. These dependencies are not known
with any certainty in the intrinsic recon.

A word of explanation is also needed for the ap-
parently arbitrary assumption that n, is negligible
in comparison with n, at room temperature. This
is justified by the fact that the variation of A„cr
with temperature in the range 250-350K, for
samples cut from tellurium of similar purity, can
be satisfactorily explained with a simple two-band
model. " Even when n, is equal to n„ the contri-
bution from the upper conduction band to terms

+2~ ~ 2
a d +2~ 2

in the transport co-
efficients is small, since p, „,«p.„,, p.~.

One of the most important assumptions in the
analysis is that the mobility ratios are taken to be
independent of temperature in the intrinsic range.
This implies that the same lattice scattering
mechanism holds for all three sets of carriers,
which seems to be a reasonable assumption. It
also implies that any variation of the effective
masses with temperature for the three bands has
the same functional form, but there appears to be
no published evidence to support or deny this. In
any case, some assumption of mobility ratio de-
pendence on temperature must be made for the
type of analysis given in this paper, and, in the
absence of further information, constancy of val-
ues was the simplest assumption to make.
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APPENDIX

For the double-conduction-band model [Fig.
5(a)], the carrier concentrations expressed in
terms of the Fermi level &~, are given by

Elimination of E~ from the above equations
gives:

n /n =N /N e aal» =(m /m )'i'8-&2l»

(A8)

(A1)

(A2)

Pn =N N e G'~~~=a'. (A9)

p —(N N )&&2e s6/&&r[ 1 + (N /N ) e @2/~r-] &/2

c2-~p~l»
g2 —I YC 7

P gg + Pl/

N„= 2(2mm~k T/h')'",

N„= 2 (2w m, k T/h')'",

N„= 2(2w mP T/h')'",

(A8)

(A4)

(A5)

(A6)

(A7)

cz V(N N )~&28 so&»r-

[1+(N„/N„)e s2~' ]'"
(N /N )1/2 e(E2 aG)/20 T-

[1+(N„/N, )ea2lar]u2

(N N 11/2 e -(E2+EG)/2k T
g2 V)

[1+(N /N )e~2/ar]~&2 '

(A10)

(A11)

(A12)

and m~, m„and m, are the effective masses in the

valence, first conduction, and second conduction

bands, respectively.

As T increases, Eqs. (A10) and (A],2) show that
p and &, »ways increase, but Eq. (A11) shows
that n, increases only if E&&E,.
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