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A detailed study of the generalized susceptibility x(q) of Sc metal determined from an accurate
augmented-plane-wave method calculation of its energy-band structure is presented. The calculations
were done by means of a computational scheme for x(q—>) derived as an extension of the work of
Jepsen and Andersen and Lehmann and Taut on the density-of-states problem. The procedure yields
simple analytic expressions for the x(q) integral inside a tetrahedral microzone of the Brillouin zone
which depends only on the volume of the tetrahedron and the diffrences of the energies at its corners.
Constant-matrix-element results have been obtained for Sc which show very good agreement with the
results of Liu, Gupta, and Sinha (but with one less peak) and exhibit a first maximum in x(q) at
(0,0,0.31)27/c [vs (0,0,0.35)27/c obtained by Liu et al.] which relates very well to dilute rare-earth
alloy magnetic ordering at q,, = (0,0, 0.28)27/c and to the kink in the LA-phonon dispersion curve at

©,0,0.27)27/c.

I. INTRODUCTION

The energy-band method has had great success
in providing accurate eigenvalues and hence energy-
related results in reasonable agreement with ex-
periment. However, for many experimental quan-
tities, a theoretical evaluation of phase-space in-
tegrals (i.e., integrations of some observable op-
erator over the k space of a Brillouin zone) is re-
quired to high accuracy. These k-space integrals
range from simple density-of-states functions to
generalized magnetic susceptibilities, dielectric
functions, photoemission energy distributions, etc.
For these reasons, a variety of approaches has
been formulated, all of which are designed to sim-
plify the problem of the calculations of matrix ele-
ments of observable operators over the Brillouin
zone (BZ).!™? Whereas much of the early work
was directed at the problem of accurate determina-
tion of the electronic (and phonon) density of states,
extensive efforts have been directed recently to-
wards problems such as the accurate calculation
of the generalized magnetic susceptibility x(ﬁ)
which (in the approximation of linear-response the-
ory™) gives the response of the magnetization of
the electron gas in a metal to a spatially varying
field of wave vector a Information about structure
in x(q) has been related to the magnetic interaction
energy of a real metal and hence to the possibility
of magnetic ordering with wave vector 6 and to
phonon soft modes and Peierls instabilities.’* Sim-
ilarly, observed magnon dispersion may also be
related (in a constant-matrix-element approxima-
tion) to x(_(i). For real transition or rare-earth
metals, recent efforts have focused on including the
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actual band structure into the calculations and re-
lating maxima in x(q) to certain nesting features in
the Fermi surface. The calculations of Evenson
and Liu,'® Gupta and Sinha,!® and Liu, Gupta, and
Sinha!? have emphasized the need to include ma-
trix elements in addition to the realistic energy
eigenvalues.!®

A basic problem, however, for any of these stud-
ies has been the need for a highly accurate, rapid,
and efficient computational method. The main
schemes which have been proposed towards per-
forming the required %-space integrations include®:
(i) the root-sampling method,!? (ii) the linear dis-
crete methods,!! (iii) the linear analytic method,?
(iv) the QUAD scheme,” and (v) the hybrid method,?
and variations of these procedures.!?:1®

Both the accuracy and efficiency of some of these
schemes have been discussed in detail by Gilat and
Raubenheimer? (GR) and by Mueller ef ¢l.” Central
to all these methods is (a) the division of the irre-
ducible wedge of the BZ into microzones (such as
cubes in cubic crystals), (b) some approximation
to the behavior of the enevgy eigenvalue [say En(ﬁ)
of the nth band] throughout the microzone [e.g., in
the GR method this energy structure is approxi-
mated by a linear function whereas the QUAD scheme
expands E,(k) to full quadratic order in some part
of the irreducible wedge], and finally (c) an infe-
gration procedure (e.g., analytic or Monte Carlo)
to carry out the k-space integration.

A major advance in the accurate calculation of
densities of states was made independently by Jep-
sen and Andersen* and by Lehmann e? al.® with the
introduction of tetrahedrons into the GR method
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(rather than the usual cubes). Just as was done
by Lipton and Jacobs® (for the calculation of the
spin susceptibility) who employed values of E,,(E)
at the corners of the cube, Lehmann et ¢l.® and
Jepsen and Andersen* showed that the coefficients
of the linear-interpolation expression in a tetra-
hedron are determined uniquely by the values of
E,,(E) at the corners of the tetrahedron and that
accurate values of the contribution to the density
of states from a tetrahedron could be determined
analytically.

We present here a detailed study of the gener-
alized susceptibility x(a) of Sc metal determined
from an accurate augmented-plane-wave (APW)
method calculation of its energy-band structure
using a computational scheme derived as an exten-
sion of the work of Jepsen and Andersen* and Leh-
mann ef al.® on the density-of-states problem. Us-
ing tetrahedrons as microzones with which to di-
vide the BZ, a geometrical analysis is made of the
occupied and unoccupied regions of any tetrahedron
which reduces the problem of calculating X(EI) es-
sentially to the problem of performing a volume in-
tegral over a tetrahedron with a linearized energy
denominator. This procedure yields simple ana-
lytic expressions for the BZ integral which depend
only on the volume of the tetrahedron and the dif-
ferences of energies, AE,(k), at its corners. The
result is a computational scheme—not limited to
constant matrix elements—which is highly accurate
and, because of its simplicity, rapid to perform.
For example, our results for Sc given in Sec. IV
show very good agreement with the x(a) values cal-
culated earlier by Liu ef al.!”

The plan of this paper is as follows: Sec. II dis-
cusses the method and presents our analytic ex-
pressions for the x(a) integral inside the micro-
zone. Section III illustrates the method by means
of model calculations on (i) the free-electron-gas
susceptibility (i.e., the Lindhard function) and (ii)
on the susceptibility of a “box” energy surface in-
troduced by Fehlner and Loly.® The first model
calculation tests the agreement’ between an analytic
known result and our numerical predictions; the
second tests the method to see if it can reproduce
the effect of “nesting” on x(a). Results of an abd
initio energy-band calculation of density of states,
Fermi surface, and x(q) for Sc metal are presented
in Sec. 1IV.

II. ANALYTIC TETRAHEDRON LINEAR ENERGY METHOD

The real part of the frequency and wave-vector-
dependent spin susceptibility function in the ran-
dom-phase approximation (RPA) is given by the
well-known expression

Rey(q, w) = -N:Pz: | pmom( (k+q+K,,k)|2
nyn’
%
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when E,,(l?) is the energy of the Bloch electron at
the point k of the BZ and in the band », and M™

is the oscillator-strength matrix element. At T=0,
the Fermi function f (E, (k)) has the value 0 or 1 de-
pending upon whether E,,(E) is above or below the
Fermi energy Er. The reciprocal-lattice vector
K0 keeps the point k+q in the first Brillouin zone.
In what follows we shall drop the frequency depen-
dence from consideration as this can easily be in-
serted at a later point.

For purposes of discussion and a more general
understanding of the problem, we should note that
Eq. (1) is but a specific example of a class of so-
called “spectral” (or Green’s) functions. Consider
for example,® the spectral distribution function in
terms of the energylike variable w:

» @)

F(K)
Glw)= lm;ﬁ T w-wE) - i’ @

which has real and imaginary parts

1 Z F(k)

NT o= w - w(k)

ReG(w)=P— (3)

and

ImG(w)= %Z F&)5(w - w(®)) . (4)
k
In common practice, it is convenient to replace the
summations in Eq. (3) and (4) by their integral
equivalents which make it transparent that ReG(w)
and ImG(w) are the Hilbert transforms of each
other. Clearly, Eq. (4) has the form encountered
in density-of-states calculations, whereas. Eq. (3)
has the form encountered in the calculation of opti-
cal (or spectral) distribution functions, the dielec-
tric constant and of course, as stated (when the (E
dependence is included), the generalized suscepti-
bility expression in Eq. (1). The method described
here is thus far more applicable than to calcula-
tions of x(g). In both Egs. (3) and (4), integrations
over the BZ (or its irreducible part) must be per-
formed. As stated in Sec. I, there are various
ways to proceed. For example, in the original
method of Gilat and Raubenheimer? (GR) the irre-
ducible part of the BZ is divided into cubes, at
each of whose center the energy E(K) and its gradi-
ent with respect to K is found. One makes the as-
sumption that the energy varies linearly inside the
cube in which case the surface of constant energy
is a plane, i.e., assume the simple first term

Taylor-series expansion
E,K)= E,&,) + V; E, ()| -5, - K- K)), (5)

and v, En(l?) is the gradient at the cube center. The
integral for the density of states, Eq. (4), is trans-
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formed into an integral over surfaces of constant
energy

20 das
NE) -G [ o (©

(where Q is the BZ volume) and approximated by a
sum over cubes

- S,(E, k)
V) G L (hy ™

The real advantage of the method lies in the fact
that analytic expressions for the surface area in-
side the cube, S,(E, Ei), are given by GR in terms
of E~- E(E,-) and V;E(E)Iki which allow Eq. (7) to be
used for an accurate determination of N(E).
Jepsen and Andersen?* and Lehmann ef al.? found
that substantial simplifications can be obtained in
the GR method by dividing the cubes (or rectangu-
. lar and triangular prisms for the irreducible BZ
wedges of the hexagonal and tetragonal crystals)
into general tetrahedrons and assuming linearity
for E, (k) inside each tetrahedron. N(E) is still
given by Eq. (7), but with the summation over
tetrahedrons instead of cubes. Since the method
we propose for the calculation of X(a) is so closely
related to theirs for the calculation of N(E), we
recast this procedure in our terms in order to pro-
vide a handy comparison between the analytic ex-

pressions obtained for both the N(E) and x(q) cases.

A. Density of states

The energy E[) is linearly expanded inside the
tetrahedron, and the coefficients of expansion are
determined in terms of the corner energies and
coordinates as was done in the work of Lehmann
and Taut® and Jepsen and Andersen.* For this pur-
pose it is convenient to arrange the energy at the
corners of the tetrahedrons in increasing or de-
creasing order. LetK,(i=1, 2, 3, 4) be the coor-
dinates of the four corners of the tetrahedron. De-
noting E,(k;) by E; for i=1,2, 3,4, we assume

E,<E,=E,<E,. (8)

We further assume a linear expansion for the ener-
gy E(k) inside the tetrahedron:

E®) =E([K,)+b-&-K,), (9)

where
3

B- Z[E(k) E®,)] T, (10)
and

r; k=6,
with

k =k, ~k; j=1,2,3. (11)

Writing

f=KxKy /v Tp=koxk/v; Ti=kixk/v,

12)

where v =K, - (k; xKg) = 6 times the volume of the
tetrahedron, then in this notation [and using Eq.
(7)] the contribution to the density of states from
the 7th tetrahedron corresponding to the »nth band
is given by

29 ds (E)

From considerations of the general geometric
properties of the cross-sectional area of a plane
intersecting a polyhedron, analytical expressions
for dS(E)/ 1P| have been given by Jepsen and An-
dersen and Lehmann and Taut. If we write out
these expressions in terms of our definitions, we
have

fos E,<E<E4
So=Jf1, E3<E<E,
dS(E) = 14
(E) Fa E,<E<E, 14
0, E<E, and E,<E,
where
folBI 1= (E = By
0 2 (E3— EJ)(E, — EJ)(E; - Ey)’
- E - Ey)?
A (E— By 15
fll [ 2 (E3—E4)(E2—E3)(E1—E3)’ ( )
. (E- Ey)?
b 1_ 1 .
51Dl 2 (Ey = EQ(Ey - E3)(Ey - Ey)

As is clear from these simple analytic expressions,
energy gradients do not occur explicitly in this
formalism (as they do in the GR scheme) and so
none of the disadvantages of the gradient schemes
occur here. The method is simple to implement

Epiky

Eqka

£k

FIG. 1. Intersection of the Fermi surface (plane) with
the tetrahedron for the case £,<Ep<E3<E,<E;. The
occupied region of the tetrahedron (denoted by O) is also
a tetrahedron: (k4, Ki, Kz, K3) The unoccupied region
(U) is a sum of three tetrahedrons.
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and results in rapid and accurate computations of
the density of states of real metals.,

B. Generalized susceptibility x(ﬁ)

As in the case of the density-of-states calcula-
tion, our purpose is to develop a suitable analytic
integration scheme for the Brillouin-zone integra-
tion of Eq. (1) taking into account the principal-
value nature of the integral. As in Sec. IIA, the
scheme proceeds by dividing the entire Brillouin
zone (or the irreducible part of it) into nonoverlap-
ping tetrahedra. Although it is not necessary, we
assume that all tetrahedra are of the same size, as
this saves a certain amount of computational effort.
Since we make a linear approximation to the energy
bands inside each tetrahedron, the surfaces of con-
stant energy are again planes. Now, the fractional
volume of a given tetrahedron that contributes to
the susceptibility function is determined by the inter-
section of constant energy surfaces (planes) corre-
sponding to E, (k) and E,(k+q). Inside this fraction-
al volume of the tetrahedron the product of f(E,(K))
%[1 - f(E,(kK+q))] must have the value unity. As
we shall see, this fractional volume is either a
tetrahedron or a sum of (at most, nine) tetrahe-
drons. Thus, after taking care of the Fermi fac-
tors it is then only necessary to be able to perform
a volume integration over a tetrahedron with a
linearized energy denominator. As we shall see
this integral is easily done.

Let us begin by determining the fractional volume
a given tetrahedron that contributes to the integral.
As before, it is convenient to arrange the energy in
the order given by Eq. (8). [We ignore here the
possibility that two or more corner energies may
be identical in order to keep the discussion simple
as these cases can be easily incorporated in the

FIG. 2.

Intersection of the Fermi surface with the
tetrahedronfor the case E,< E3<Ep<E,<E;. Theoccupied
rggioil (O)’ is a sum of three tetrahedrons: (E4, Ea, Ex, ﬁz),
ks, Ky, K3, Kp), &, K;, K;, K;). The unoccupied region
(U) is also a sum of three tetrahedrons.
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FIG. 3.

Intersection of the Fermi surface with the
tetrahedron for the case E,<E;<E,<Ep<E;. The
occupied region of the tetrahedron (Q) is a sum of three
tetrahedrons: (k3, ky, Ky ky), (&4 Ky, Ky, Ky), (&, K,
K;, K3). The unoccupied region is a tetrahedron.

results.] The energy at a point Kk can be deter-
mined in the linear approximation from Eqs. (9)-
(12). To determine the occupied volume of the
tetrahedron corresponding to f(E,(kK))=1 one has to
consider the following cases:

(i) Ep < E4<E3<E,<E; . Inthis case the entire
tetrahedron is unoccupied and this tetrahedron does
not contribute to the integral.

(ii) E,<Ep<E3<E,<E,. The Fermi surface is a
plane inside the tetrahedron and intersects the sides
of the tetrahedron at the points K;, K,, K; (cf. Fig.
1). This plane separates the occupied region (la-
beled O) from the unoccupied region (U). As is
seen the occupied region is another tetrahedron,
The unoccupied portion may be constructed as a
sum of three tetrahedrons.

(iii) E4<E4<Ep<E,<E,. In this case, the
Fermi surface intersects the sides of the tetrahe-
dron at points ﬁl, ﬁz, _ﬁs, k.4 . As shown in Fig.
2 the occupied portion of the tetrahedron (0) is a
sum of three tetrahedrons: (K, ks, K;, K,); (K,
k, K,, Ky); (k;, K, K;, K,). The unoccupied
portion (U) is also a sum of three tetrahedrons
(not shown).

(iv) E4<E3<E,<Ep< E;. The Fermi surface in-
tersects the sides at points ﬁl, ﬁz, ﬁs. As shown
in Fig. 3 the occupied portion of the tetrahedron is
a sum of three tetrahedrons: &, &, k,, Ko (&,
Ky, K, Ky); (K, ﬁz, ﬁa, k,). The unoccupied
portion is a single tetrahedron (Ra, I_fl, Ea, 'ﬁa).

(v) E4<E3<E,<E,;<Ep. The entire tetrahedron
is occupied.

Giy’en the occupied volume corresponding to
f(E,(k)) which is a tetrahedron or a sum of three
tetrahedrons, it is then necessary to determine
from the above volume the region over which
F(E (K+Q)) is unoccupied. As seen from all cases
(i)=(iv), the unoccupied portion of a tetrahedron is
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either a tetrahedron or the sum of three tetrahe-
drons. Thus we see that the fractional volume of
a given tetrahedron which contributes [f(1- f)=1]
to the susceptibility function is either a tetrahedron
or a sum of tetrahedrons. It is now necessary to
perform a volume integral over a tetrahedron with
a linearized energy denominator. It should be men-
tioned that a slightly different and simpler approach
to the determination of the occupied volume of a
given tetrahedron was discussed by Lehmann and
Taut® based on the use of [£(E,(K)) - f(E,.(&+q))]
in Eq. (1) for x(q). This also results in their oc-
cupied and unoccupied volumes being written, in
some cases (e.g., cf. our Fig. 3) as the difference
of two tetrahedrons rather than our sum of three
tetrahedrons. While our choice thus complicates
the geometrical considerations, we prefer the pos-
sible greater numerical accuracy which may result
_from the fact that our integrals are always positive,
unlike the case of Lehmann and Taut.
Assuming the matrix elements to be constant in-
side the tetrahedron, we have tb perform the fol-
lowing integral

Ly @= [

d3k
totra Ep (K+Q) — E,(K) ° (16)

Using a linearized energy denominator we have
(see the Appendix)

v:_ v VE V.| Vi |w.
I ,:39(..1_1 _L‘ —2 1pnl|-2 Z38 3 1
o D, n V. +D2 n v, + D, In AL 17)

where Q is the volume of the tetrahedron,

Dy=(Vy = V) (V, = Vo)V, - V),

Daz(Vs" V4)(V3‘ Va)(V3" Vx) s

Dy=(Vy = V) (V= V)V, - V), (18)

and
Vi=E,.(k;+q) - E,&;); i=1,2,3,4 .

Thus we see that the contribution to the suscepti-
bility from a given tetrahedron is determined sole-
ly from a knowledge of the energy-band eigenvalues
at the corners of the tetrahedron. One does not
have to calculate the gradient of the energy in this
method.

As a final step, one must carefully obtain the
limit of the Eq. (17) for the case when some of the
V,;’s are zero or equal.

(i) Vy=V,= Vo= V,= V#0,
I1=9/Vv.

(When V=0, we neglect the contribution from that
particular tetrahedron.)
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(ii) Vi=V,=V3=V#V,, V+0,

N ivisl V2—2VV4)

(v- V4)s

- vi
I —39(—-—~—3—(V_ A In|— A

(19)
(When V=0, we neglect the contribution from such
a tetrahedron.)

(iii) Vi=Vo=V, Va=V,=V'

B 2vy’ V" V+v' )
1-39((V Ve In + V-VE

(iv) Vi= Vo= V£ Vo2 V,
14
8
n V|

(20)

I :39( Vs 1
(V= VYR(V,- V)

V2
+ _*—'g———(v E( Vs) In{—

Sy
-NVe-v)/°
(21)

At this stage we must consider how to include the
matrix elements in our integration scheme. Al-
though a large number of calculations have been
performed assuming constant matrix elements,®
recent calculations!®:!® have shown that matrix ele-
ments play a very important role in determining
the location and magnitude of structures in X (&, 0).
The inclusion of matrix elements in our scheme is
simply done by calculating the matrix elements at
the center of each tetrahedron and assuming it to
be constant throughout the tetrahedron. This per-
haps is not too bad an approximation if the tetrahe-
drons are small enough. The advantage of using
the tetrahedrons as microzones is clear from our
discussion. By linearly interpolating the energy
denominator with respect to corners of the tetra-
hedrons, as was done in Lehmann and Taut, the
knowledge of energy gradients is not required.

We have demonstrated that the appropriate volume
of the microzone which contributes to the integral
is either a tetrahedron or sum of tetrahedrons.
This conclusion was drawn from the observation
that a constant energy surface can intersect a tetra-
hedron in only three distinct ways. In the present
scheme, the volume integral is performed directly,
which eliminates a lot of tedious considerations
associated with the case when f(E,, (K +q)) - 7(E,(K))
is not constant inside the microzone. In the work
of Lipton and Jacobs,® where cubes were taken as
the microzones (and the integration scheme was
different from ours), the case when f(E,.(k+q))

- f(E,(K)) is not constant inside the cube poses
many computational problems, because one has

to take into consideration the various types of con-
tributions to the susceptibility arising from the
various different ways the Fermi surface can cut

a given cube. The simplicity of the way in
which Fermi factors can be taken into account

in the present scheme and the analytical expres-
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FIG. 4. Comparison of the numerical (®) and analyti-
cal results (solid line) for the free-electron-gas suscepti-
bility (Lindhard function). The calculations were per-
formed for a simple cubic reciprocal lattice with Fermi
radius lattice kr=0.55 with I'-X=1, The mesh size for
the above numerical calculation was 12 divisions along
I'-X.

sions for the volume integral make the computa-
tional aspects especially simple.

III. CALCULATIONS OF x(q) FOR SOME MODEL
SYSTEMS

As with any new method, it is important to de-
termine its computational feasibility and the accu-
racy with which it can predict observable physical

J. FREEMAN 11

quantities. We here apply this method to two se-
vere test cases, namely, model systems for which
the results are known or which have a special phys-
ical feature such as a “nesting” Fermi surface.

In our first model calculation we determine the
static susceptibility function X(E) for a free-elec-
tron gas. The analytical form of x(ﬁ) for a free-
electron gas (known as the Lindhard function) is
well known, and thus we can compare our numeri-
cal results with the analytical result. The recip-
rocal lattice chosen was simple cubic and the re-
sult shown in the diagram corresponds to a mesh
size of 12 divisions along I'-X. The Fermi wave
vector k was chosen to be 0.55 (I'-X=1). As can
be seen from Fig. 4 there is excellent agreement
between the numerical and analytical results. The
numerical results differ from the analytical re-
sults mostly around g~ 2k, where there is a log-
arithmic singularity in the slope of the Lindhard
function. The maximum deviation from the analyt-
ical value was never more than 2.5% and the aver-
age deviation was estimated to be around 1.25%.
The accuracy can be improved substantially by
cheosing a denser mesh than was the case for the
results shown here. The calculation was repeated
with 16 divisions along I'-X to check the conver-
gence property of our numerical procedure. The
maximum deviation, which again occurred around
q=2kr, was less than 1.5%, and the average devia-
tion for the entire curve was around 0.75%. Fur-
thermore, the deviation from the exact value was
systematic in nature rather than random, with all
points calculated lying below the analytic value.

The other model structure for which a suscep-
tibility function was computed was introduced by

2.0F

o 0 © 0 0 0o 45 o )

0 A 1 1 1 1 1 1 1 1

FIG. 5. Results of a
numerical calculation of
the susceptibility function
corresponding to the ener-
gy dispersion given by
Eq. (23) in the text. The
° 7. calculation was performed
4" for a simple cubic lattice,
with parameters k,=0.5
° e and R=8 with I'-X=1,

B and a mesh of 12,

1
04 05 06 07 08 09
q/2kg

02 03
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Fehlner and Lolly.® The energy dispersion in this
case is given by

€(K)=[r?+2R max(| k|, |k, |,2,N] /(L+R), (22)

where R is a certain parameter such that when R
=0, one has the energy dispersion formula for the
free-electron gas problem where the surfaces of
constant energy are spherés. When R - «, the sur-
faces of constant energy are cubes as was first
considered by Evenson and Liu.'® The purpose of
calculating the x('ci) for a “box” energy surface was
to test if the procedure can reproduce the effect of
“nesting” features in x(ﬁ). As has been emphasized
in the literature, flat pieces of Fermi surface
which can be joined by a constant wave vector give
rise to maxima in the susceptibility function. The
susceptibility function x(a) for a cube has a loga-
rithmic singularity at ¢g=2%,, where k; is the max-
imum extension of the Fermi surface in the x di-
rection. The x(q) calculated with the energy dis-
persion formula of Fehlner and Loly (with R=8,
ky=0.5) shows a sharp peak which occurs at a value
of ¢ somewhat less than 2k,. Our results for ¢
along I'- X are shown in Fig. 5.

IV. x(q) for scandium metal

Interest in the electronic structure of Sc metal
is high because of its unusual properties as a light
transition metal and because many of its physical
properties resemble those of the heavy rare-earth
metals which also have the hcp structure. Although
not magnetic like the rare-earths, knowledge about
the x('o]) of Sc can be instructive about the magnetic
structures of its alloys with magnetic rare-earths.
The peaks in y(q) are important because of the role
they play in determining Kohn type anomalies in
the phonon spectra.!’

The electronic energy band structure was deter-
mined using the augmented-plane-wave (APW)
method. The warped muffin-tin crystal potential
was derived in the usual manner?® as a superposi-
tion of Hartree- Fock-Slater neutral atomic charge
densities, but for the configuration 3d2%4s?! of Sc.
Exchange was treated in the Slater p'/3 approxima-
tion with the exchange parameter a=1. TUnlike the
case of earlier calculations,?!?® we used the low-
temperature x-ray values of the lattice constants
determined recently by Mueller,? i.e., a=6.2391
and ¢=9.9316. The computed band structure was
found to be in agreement with the earlier nonrela-
tivistic results of Fleming and Loucks? and the
relativistic results of Das et al.,?? but with some
small differences arising from the different atomic
configuration and/or lattice constants used.

The calculated energy eigenvalues were then
fitted with a Fourier series; the root-mean-square
error in the fitted energy at 60 K points calculated
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by the APW scheme for the first four bands was
less than 3 mRy. The electronic density of states
N(E) and Fermi energy were calculated using the
linear interpolation of energy inside the tetrahe-
drons, as described in Sec. III. Finally, the Fer-
mi surface (FS) was constructed in the usual man-
ner; cross sections are shown in Fig. 6 for some
of the principal planes of the double-Brillouin-zone
representation. As expected, this FS is also very
similar to those found in earlier calculations 2?22
Using the analytic tetrahedron linear energy
method described in Sec. III, we have calculated
x(ﬁ), in the constant matrix element approxima-
tion for g along the T'-A direction (the ¢ direction).
In the actual computations we used 45 distinct
points in the hexagonal plane and 9 such planes to
construct the tetrahedrons—making in all 1536
tetrahedrons in 4 th of the irreducible Brillouin
zone. Only the 3rd and 4th bands were included
in computing x(q) since these two bands, which
intersect the Fermi energy in scandium, determine
the structure in the susceptibility function. The
values of E(K) and E(k +q) for these bands were ob-
tained at corners of the tetrahedrons using the
Fourier series fit program mentioned earlier. If
K lies in some tetrahedron in the irreducible Bril-
louin zone (IBZ), then K+q in the most general
case must be translated through a reciprocal lat-
tice vector and rotated to bring it back to the IBZ.
If the k integration is carried out only over the ir-
reducible part of the BZ, then a sum must be per-
formed over all wave vectors in the star of g in
order to obtain x(q). In the present case the choice

Intersections of the scandium Fermi surface
with the symmetry planes of the Brillouin zone in the

FIG. 6.

double zone representation. Cross-hatched areas are
holes. The magnitude of the indicated wave vector é
corresponds roughly to the position where the first maxi-
ma of x(@) occurs.
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FIG. 7. Susceptibility function X (@) for scandium along
the I'-A-T" direction. The calculation was performed with

1536 tetrahedrons in %th of the Brillouin zone. The two
peaks in the curve occur at positions (0, 0, 0.31)21/c,
(0,0,0.72)27/c. The §—0 limit ofthe function X(J) agrees
to within-1% with % times the density of states at Ep (ob-

tained by an independent calculation).

of a along the c¢ direction made the situation simpler
to handle. Since the integration was carried out in
gﬁ—th of the BZ, the contributions corresponding to
vectors (0, 0, ¢) and (0, 0, — g) were calculated and
added to obtain ().

A plot of x(q) vs q along I'-A is shown in Fig. 7
and is similar to that shown by Liu e# al.}* How-
ever, we find fwo peaks in the curve situated at
a=(0,0,0, 31)27/c and q = (0, 0, 0.72)27/ ¢ rather
than the thveebroad peaks shown by Liu et al.* from
the calculation of Wakabayashi?* at approximately
q=(0,0,0.35)27/c, (0,0,0.57)21/c, and (0,0, 0.77)
x2n/c. We also do not find the structure (oscilla-
tions) shown in the first and (especially) the third
peak of Wakabayashi,?* but these small differences
may be entirely due to the small differences be-
tween our respective Fermi surfaces. It is grati-
fying to note that the first peak in x(a) in Fig. 7
corresponds very closely to the experimental value
of the magnetic wave vector ?1,,, =(0, 0, 0.28)27/c
found for the dilute alloys of Sc with rare
earths.?5-27

What may be said about the phonon dispersion
curves and their relation to x(q)? It is generally
believed that the kinks in the phonon curves arise
from peaks in X(E). The argument for this goes
as follows. The diagonal element of the dielectric
function €(q, q) is related to x(q) through the rela-
tion

€(a, a) =1 +A7)(a))((a) )

where A is a constant and »(q) is the transform of
the electrostatic electron-electron interaction in-
cluding exchange and correlation effects. Since the
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dielectric screening by the conduction electrons
plays an important role in determining the ion-ion
interaction transmitted by the conduction electrons,
one might expect a sharp maximum in x(a) to mani-
fest itself also as an anomaly in the phonon disper-
sion curve. For Sc metal, Wakabayashi et al.?*
have observed a kink in the longitudinal acoustic
(LA) branch at a wave vector ¢ = (0, 0, 0.27)27/c.
This a value is close to the observed magnetic
wave vector q,, and close to our first peak in x(q).
Wakabayashi et al.?* could find no other kinks
which would correspond to the other peaks(s) in

the theoretical x(q) curves.

Finally, as noted by Liu ef aql.,'” although yttri-
um metal has a very similar electronic structure,
and shows similar peaks in the theoretical'” x(q)
to those found for Sc, no phonon anomalies were
found by Sinha et al.?® near the first peak in x(q).
Instead, two sharp dips in the longitudinal optic
(LO) branch at (0, 0, 0.625)27/c and (0, 0, 0.775)27/c
were observed. In view of the similarities in the
electronic structures of Sc and Y, one expected the
Kohn anomalies in both the metals to be observed
roughly at the same positions. Even though the
susceptibility matrix plays a very complex role in
the dynamical matrix for phonon spectra it is pos-
sible that the x(q), including matrix elements, us-
ing accurate solid-state wave functions will help in
resolving this question. Such calculations have be-
come increasingly important since it is now widely
recognized that the matrix elements do play an im-
portant role in determining the peaks and the gener-
al structure. Calculations are now underway?® for
both Sc and Y which utilize the methods developed
here with APW wave functions for the calculation
of matrix elements.
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APPENDIX

The calculation of the volume integral over a
tetrahedron with a linearized energy denominator
is straightforward. The integral to be evaluated is

. ak
I"'"'(Q)zftemm . (A1)

Let the coordinates of the corners of the tetrahe-
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dron be El, Ea, Es, E“ and define

Vi=E.(k;+q) - E, (&) . (A2)
For convenience, let us choose a coordinate sys-
tem such that

-

k,=(0,0,0) , k= (x,,0,0) ,

ky=(%, ¥,,0), Ki=(X, Y5, Z3) (A3)
and expand the energy difference linearly inside
the tetrahedron:

E, (k+q) - E,,(E)=A+BX+ Cy+Dz . (A4)

The coefficients A, B, C, D are determined from
the value of the energy differences at the corners
of the tetrahedron. Thus,

A=V,

A+BX,=V,, A+BX,+CY,=Vj,
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A+BX3+CY3+DZg=V, . (A5)

With this coordinate system the volume integral
over the tetrahedron can be written as

Zg maz+n pzrax+r 1
= dz f f —_—
I fo [wa dx | W A Bx+CyiDz

mizin ' plzrq'xvrt 1
S Y g
J;'z+ﬂ' trz Y A+Bx+Cy+Dz ]’

(A6)
where (a,8, m, n, p, g, 7, ¢) and (&', B, m', n', p', ¢/,
7', t') are related to the coordinates of the corners
of the tetrahedron. The final result of the integra-
tion depends only on V;, V;, V3, ¥; and the volume of
the tetrahedron, as expected.

Note added in proof. We have been informed by
P.A. Lindgdrd that he has independently derived
the same analytic expressions for ,,’,,,(q) given in
this paper.
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