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The dependence of the superconducting transition temperature T, of binary and ternary alloys in the
Tl-Pb-Bi family on the electron-per-atom ratio (p} and on the average phonon frequencies has been

determined using electron tunneling. These alloys exhibit a variation from weak (T, =2.3 K) to strong

(T, =8.95 K) coupling behavior as.p increases from 3 to 4.35. Over a substantial range of this

variation the crystal structure remains fcc and it is found that T, is a monotonic function of p in this

phase. This is attributed to the increase in electron concentration, rather than to the decrease in

phonon frequencies that was inferred from earlier neutron scattering measurements. In fact it is found

that, although the electron-phonon coupling strength changes quite substantially throughout this series

{X from 0.8 to 2.1), the phonon spectrum F(co) does not vary appreciably and the average phonon

energies remain relatively constant. We point out that the "softening" of the lattice observed by
neutron scattering has only a small effect on the total phonon spectrum. Our data serve as a critical
test for the various calculations of the electron-phonon interaction and superconducting parameters.
Good agreement with the extensive free-electron calculations for X is obtained. The McMillan equation

for T, works well throughout this series with the largest deviations occurring at highest X, beyond the

region considered by McMillan. It is found that the product N(0)(8'), which is approximately constant
for the fcc transition elements, is not constant in this case and we question whether this assumption

should be applied indiscriminately. For simple metals McMillan suggested that a better choice of
constant would be X(co')/A~, where A„ is the ionic plasma frequency, and for this alloy series we note
that this appears to be more closely obeyed. Hence we derive an alternative "maximum T, expression"

by assuming that the phonon frequencies are fixed but that the electron density can be increased

indefinitely. This expression agrees particularly well with experiment at smaller values of X. Finally, we

use the data to test the relationships between X and the phonon energy renormalization 0' —co' and it
is found that quite good agreement can be achieved in this case.

INTRODUCTION

That the superconducting transition temperature
of a material depends delicately on the balance be-
tween a number of parameters is by now well
known. Two of these dependences in their simplest
forms are given by the Matthias rule, which links
T, with the average number of valence electrons
per atom 3, andthe observation by McMillan that
T, in some transition metals depends predominantly
on an average phonon frequency. The Matthias
rule has proved remarkably useful in predicting the
variation of T, in certain alloy families and in find-
ing new high-T, superconductors. Alternatively,
in a more limited number of cases, the idea of
using "soft phonons" in metastable materials has
also led to high-T, materials. ' That these two pa-
rameters, the electron-per-atom ratio and phonon
frequencies, are independent is, of course, too sim-
ple apicture. For example, if an increase in b causes
an increase in the number of free electrons, then,
especially in a strong-coupling material, this
should immediately lead to changes in phonon fre-
quencies as electronic screening of the ion-core
changes. This was demonstrated very convincingly
by Smith' in his neutron-scattering studies of hafni-
um carbide and tantalum carbide, where he showed

the appreciable phonon softening in the material
with higher &. He also pointed out that such soften-
ing had been observed' in lead when compared to a
lead thallium alloy. Since Smith's work in 1970,
the dangerous assumption seems to have been made
that the observation of softening, maybe in a dis-
persion curve in only one direction in the lattice,
implies a sufficient softening of the total phonon
spectrum to give a significantly decreased average
phonon frequency and hence an enhanced transition
temperature. To prove or disprove this assump-
tion in any given family of elements or alloys re-
quires considerable experimental information, in-
cluding measurements of specific heat, inelastic
neutron scattering in a sufficient number of crystal
directions to yield a realistic phonon spectrum, and

superconducting tunneling, which gives this spec-
trum weighted by an electron-phonon coupling
strength and hence the electron-phonon coupling
parameter X. There is only one alloy system
where most of this information is available, and

that is the Tl-Pb-Bi family of binary and ternary
alloys. For example, extensive neutron scattering
experiments have been performed and, because of
the nearly free-electron nature of these alloys, the
system has been considered theoretically in some
detail. ' Specific-heat measurements have been
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carried out' in the dilute-alloy regime, and previ-
ous tunneling investigations ' of some of the al-
loys indicate the large variation in coupling with al-
loy concentration. However, a systematic tunnel-
ing study of the whole alloy series was not avail-
able, and we therefore report in this paper the pre-
vious data of Refs. 10 and 11, along with new mea-
surements of seven other alloy concentrations
needed to complete the series. This completes the
information required for the detailed quantitative
theoretical study of superconductivity in this system
which will be reported in the following paper.

As shown in Fig. 1, the phase diagram'3 of these
alloys indicates that the fcc structure persists from
Pb2OT180 to PbsoBl~o a range ln & from 3, 2 to 4, 2,
As will be seen shortly, the e phase appears very
similar, thus extending the range to 4. 35. It is
straightforward to prepare films throughout this
concentration range by evaporation, and thus the

parameter under our experimental control is the
electron-per-atom ratio. It is known~ that T,
varies from 2. 3 to almost 9 K throughout this range
and that the high-T, members of this family, al-
though not the highest-T, superconductors, are
among the strongest coupled, in that X exceeds 2.
Thus, as suggested by McMillan, this family of
alloys offers a rare opportunity to study the ap-
proach to maximum T„which he saw occurring
either because of saturation of T, with X at values
&2 or because instability in the lattice induces a
crystal transformation.

From our tunneling studies of this system, we
obtain the transition temperature T„ the super-
conducting energy gap ho, the phonon density of
states E(&u) weighted by the electron-phonon cou-
pling parameter o. (&u), and Coulomb pseudopoten-
tial p,*. We first compare our measured T, with
that calculated from McMillan's T, equation using
our &, p,*, and average phonon frequency (a). It
is found that, except perhaps in the very-strong-
coupling limit, agreement between measured and

I

calculated values is quite good. In his paper, Mc-
Millan found, rather suprisingly, the empirical
fact that N(0)S for five transition metals is rela-
tively constant [where N(0) is the density of states
at the Fermi surface and 8 an average of the elec-
tron-ion matrix elements ], with a variation of only
50% compared to almost a factor of 10 change in
N(0) and s~. Assuming N(0)S to be constant, he
then predicted a variation of T, with X. In the
Tl-Pb-Bi alloys, we shall show that the average
phonon frequencies vary only slightly, although T,
varies by a factor of almost 4. We find that N(0)S
is not constant, varying by a factor of -2. 5, and
thus the maximum T, expression is not valid in this
case. We suggest instead that the extreme alterna-
tive is to assume that only changes in N(0) affect X,

the phonon frequencies being fixed. Based on this
precept, we find a dependence of T, on X which
agrees more convincingly with the measurements,
especially at small X. Finally, we examine recent
work, "'6 including that described in the subsequent
paper, ' in which attempts are made to relate the
coupling strength & to the interaction-broadened
linewidth of phonons y.

EXPERIMENTAL

The measurements to be described here, both of
the tunneling characteristics and T„were per-
formed on thin-film tunnel junctions evaporated onto
glass substrates. These junctions were of the con-
figuration aluminum-aluminum oxide alloy, of area
typically 0.25 mm, having aluminum and alloy film

0
thicknesses about 2000 A and normal-state resis-
tances between 10 and 500 Q. The films were
evaporated in a vacuum in the 10 — or 10 -Torr
range, and the aluminum film was oxidized by ex-
posure to air. The Pb-Bi alloys were easy to pre-
pare, the premade alloy being evaporated from a
single heated tungsten basket. However, the vapor
pressures of Tl and Pb are sufficiently different
that this method could not be used, and the source
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alloy was therefore cut into many small chips (at
least 100), which were then "flashed" consecutively
from a heated boat. The production and testing
criteria for such junctions, which have been de-
scribed in detail previously, ' '"' ' were applied
in this work. In particular, the single most useful
indication of junction quality appears to be the ratio
of the conductance of the junction at zero voltage in
the normal state to that in the superconducting state
(at-1 K), which was at least 10' in all the junctions
studied here. The reproducibility of the results
obtained from tunneling measurements has been in-
vestigated most thoroughly in Ref. 19, which deals
with a study of superconducting tin. As most of the
alloys discussed here have a T, above that of tin,
the accuracy of the alloy measurements is improved
over that obtained for the tin junctions.

The transition temperature of the alloy film was
determined using the technique described previous-
ly, ' ~ in which the opening of the superconducting
energy gap is signaled by a break in the tempera-
ture dependence of the zero-bias conductance of the
junction. The temperature measurement was made
using a calibrated germanium thermometer. The
sharpness of the break gave an estimate of the
width of the transition, typically 0.05 K. The ab-
sence of any further breaks at lower temperatures
indicated that single-phase alloy films had been
prepared at each concentration, ' while agreement
of the value of T, with previous measurements for
bulk alloys showed that the films had the expected
concentration. At the lowest temperatures (0. 92 K
for the alloys, 0. 8 K for Tl) the energy gaps were
determined using the cusp in the I-V characteristic
to locate &„„y—~„, and using the construction of
Ref. 18 to find &,»„+6„,. Two samples (a total
of ten junctions) were made at each alloy concen-
tration, and the energy gaps were reproducible to
within about 0. 02 mV. The rise in current at A&yyoy

+4» was very abrupt in these alloy junctions, again
indicating that a single-phase film had been
formed. '

The derivative measurements (dI/dV and d I/dV
versus V) were also measured at 0. 92 K for the al-
loys, 0. 3 K for Tl. The second derivative was
measured as the harmonic 1000-Hz signal generated
from a 500-Hz modulation whose amplitude was
-100 p.V. The signal, as a function of voltage, was
recorded on paper tape, and a plot of this data for
each alloy is shown in Figs. 2 and 3. It is immedi-
ately obvious that, although these second-derivative
plots do show interesting changes in the positions
of some critical points as a function of alloying,
the gross structure due to the transverse and longi-
tudinal phonon peaks remains almost fixed in ener-
gy. The first derivative was measured as dV/dI,
with the junctions in both the superconducting (S)
and normal (N) states, the latter being produced by

warming the junction above T, of the alloy. The
critical fields of the alloys were too high to allow
the use of our available magnetic fields to quench
the superconductivity. After recording these two
derivatives for the junction on the paper tape, the
normalized conductance [(dI/dV)~/(dI/dV)~] was ob-
tained. To isolate the density of states of the al-
loy, the contribution of the superconducting alumi-
num on the other side of the junction was removed,
assuming a BCS density of states with an appropri-
ate gap in the aluminum. Particularly in the lower-
T, alloys, the density of states exhibits strong-
coupling effects as only small deviations from a
BCS density of states, and to show these effects in
detail we calculate the ratio of the alloy density of
states to a BCS density with the same gap. As
these ratios vary in strength by roughly 10 from the
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lowest-T, to the highest-T, alloys, the plots are
presented in three separate figures (Figs. 4-6).
These figures rather dramatically illustrate the
increase in coupling strength as one moves across
this alloy series. The McMillan program' was
used to numerically invert the Eliashberg-gap
equations to give the gap parameter &(&u), the re-
normalization functions Z„(ur) and Z, (&u), the spec-
tral function a (e)F(e), and the Coulomb pseudopo-
entia]. p.*.

The concentrations of the alloys studied in this
work, along with some of the parameters derived
from the tunneling experiments, are listed in Table
I. At the lowest 0 of 3, Tl is, of course, not fcc,
and its hcp structure is reflected in the different
shape of o. (~)F(e), as will be shown below. The
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alloy Tl,OPb», which should, according to the phase
diagram of Fig. 1, be stable, was found to be diffi-
cult to make as a single phase, and instead we sub-
stituted TI~OBi„(an equivalent 5 of 3.2), for which
neutron-scattering results are available. Above a
Bi concentration of 20% the Pb-Bi alloys are also
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FIG. 3. Harmonic signal vs voltage for the ternary
and PbBi alloys. This is approximately the second de-
rivative d I/dV of the tunneling characteristic. Zero
signal. for each concentration is marked by the horizontal
lines. To obtain the energy of a critical point in these
plots, 4~&&0„+4&j must be subtracted from the voltage
scale. 6&&,„is given in Table I, Az& = 0. 15 meV.
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not fcc, but the variation of superconducting prop-
erties and phonon spectra seems sufficiently smooth
to warrant inclusion of the Pb~oBi30 and Pb65Bi35 al-
Ioys. Above 40% Bi, both the T, measurements and

tunneling characteristics indicated mixed phase
formation, and so no measurements above 35% Bi
are reported here.
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The measured critical temperatures in this
Tl-Pb-Bi alloy family are shown in Fig. 7 as a
function of the valence-electron concentration.
These measurements are, within experimental er-
rors, in agreement with the results of other inves-
tigators~4 who studied bulk alloys, with the possible
exception of Pb»Bi„, where we observe a T, of
8. 95 K, which is higher than that reported previ-
ously. It is clear from Fig. 7 that there is a strong
increase in T, with increasing & in this alloy se-
ries. This result and the reason for it have been
noted previously' and will be reiterated shortly. It
is apparent that by changing the electron concentra-
tion one can go from a relatively weakly coupled
material with T, = 2. 3 K and 2b /kT, = 3. 58 to a very
strongly coupled system with T, = 8. 95 K and 2b. /kT,
=4. 78. In the hope of extrapolating these results
to higher 5 values, we attempted to form the meta-
stable phases recently observed at the higher Bi
concentration of Pb45Bi55. Attempts to form this
phase by evaporation onto cold substrates at 77 and

4. 2 K always resulted in transitions lower than 8. 5

K and/or mixed phases. The phonon spectra, of
these films resembled those of amorphous lead
evaporated at 4. 2 K or Pba, Bi» evaporated at 77 K.
In view of these low T, values, whether or not one
of these new phases was formed seemed uninterest-
ing in the context of the present experiment. The
mixed phase nature, or the drastic change in the
shape of n2(a)F(w) obtained, justified exclusion of
these data from this series.

TABLE I. Parameters obtained from tunneling measurements.

Alloy

5. 03 6. 08 30.6

(cu) (meV) e (meV) (u) ) (meV )

0. 795

Qp (meV)

0. 366 0. 135 2. 36

Tlp oBip (
Pbo. 4Tlo.6

Pbo. 6Tlo.4

Pbo 8Tlo 2

Pb

4. 77
4. 79
4. 87
4. 84
5.20

5. 87
5. 89
5. 86
5. 75
5. 94

28. 0
28. 2

28. 6
27. 8
30. 8

0„78
1.15
1.38
l. 53
I.55

0. 354
0. 805
1.08
l. 28
1.40

0. 119
0. 113
0.126
0. 122
0. 131

2. 30
4. 60
5. 90
6. 80
7. 20

Pbo. eTlo.o5Bip. o5

Pbo 6Tlp 2Blp 2

Pbo. g Bio
Pbp 8Bip

Pbo. 7»o.3

065 035

5. 00
4. 56
4. 80

4. 48
4. 31

5. 74
5.40
5. 63
5. 36
5. 28
5. 24

28. 7
24. 6
27. 0
23. 8
23. 7
22. 6

1.56
1.81
1.66
1.88
2. 01
2. 13

1.42
1.50
l. 54
l. 61
l. 77
1.84

0. 105 7.20
0. 137 7.26
0. 095 7. 65
0. 111 7. 95
0. 110 8.45
0.111 8. 95
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The most useful parameter obtained from these
superconducting tunneling measurements is the
spectral function o. (u)E(&u), defined in the free
electron approximation by

o.'(ar)F(&u)

where e@ is the phonon dispersion relation for the
n branch, the integration is over a sphere of radius
2kF (maximum Q transfer of an electron to a pho-
non), and f. (Q) is an electron-phonon coupling
kernel defined by

ing of the Pb lattice when compared to the Pb4pT16p
lattice, as observed by neutron scattering along the
[001]direction. ' However, as will be discussed in
more detail in the following paper, this softening
results in very bttle overall change in the phonon
spectrum in these alloys.

Previous comparisons of the various distribu-
tions obtained by tunneling in these alloys have been
made with F(e) calculated using the neutron-scat-
tering measurements and a Born-von Karman
force-constant analysis, '~ '~ and, except where
this analysis is thought to be suspect, ' the agree-
ment between o. '(e)E(v) and E(&u) measured by
these two techniques is quite good. Hence it is now
generally accepted that tunneling measurements
provide a faithful representation of the phonon den-
sity of states; that is, 0.'(&o) is a smoothly varying
function with very little fine structure. The smear-
ing of the van Hove critical points in o. (+)E(ur),
evident in the high-impurity-concentration alloys
and especially in the isoelectronic series
Pb, ,„Bi„T1„,has been noted previously" and as-
cribed to the finite lifetime smearing of the phonons
due to the disordered nature of the alloys.

A quantitative measure of the electron-phonon
coupling strength is given by the parameter X in-
troduced by McMillan as

Here c is the phonon polarization vector and v(Q) is
the electron-ion pseudopotential form factor 4 for
scattering from one point (k) to another (k+Q) on
the Fermi surface, nz is the electron mass, and M
the ion mass. The terri' inside the integral of Eq.
(1) simply describes the scattering strength of the
0.th branch phonon at the point Q. This is then
summed over all available Q and the branches n.
It is clear then that increasing the electron concen-
tration by alloying increases k~ and E~ if no violent
changes in band structure occur, and, if the phonon
spectrum remains relatively unchanged, the in-
crease in available phase space for scattering re-
sults in an increase in 0 (e) and hence in T,. This
expectation is realized experimentally in these
Tl-Pb-Bi alloys, as illustrated in the results of
Fig. 8. Here the measured n'(u&)F(&u) is plotted
for the materials studied in this alloy series. With
increasing carrier concentration, there is an over-
all increase in the strength of the spectral func-
tion. With the possible exception of the hcp Tl, the
shapes of this function throughout the series and
the positions of the longitudinal and transverse pho-
non modes are surprisingly constant. This result
might initially be surprising in view of the soften-
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"n'((u)E(u))d(u

In order to compa, re the relative weightings of the
various alloy spectra it is convenient to define vari-
ous averages over the spectral function, namely,

(Q3) = A {CO)E(63)de)
0

(u = wo ((u)E((u)d
0

na((u)E((u)d(u,
0 /

(4P) = (O(R) = Q3G (Cd)E((d)dQ)
0 J"o"(~)E(~)d„

p (d

The values of these parameters, as well as the
Coulomb pseudopotential p.*, energy gap 40, and
T„are listed in Table I. A plot of (e) and e ver-
sus Z is shown in Fig. 9, where in a more quantita-
tive fashion it is apparent that the phonon spectrum,
or either of the weighted averages over the spec-
trum, is not changing markedly, although the su-
perconducting properties such as T, or ~0 vary ap-
preciably. Upon inspection of Ecis. (1) and (2), this
then implies, as previously asserted, that the
stronger electron-phonon coupling at high p is due
primarily to the increase in the phase space avail. -
able for electron-phonon scattering.

DISCUSSION

As noted in the Introduction, this alloy system,
because of its relative simplicity and the availabili-
ty of extensive experimental data, should serve as
a useful critical test of the theoretical models used
to describe the electron-phonon interaction and
superconductivity. To understand in detail this in-

2.2 — EXPERiMENTAL
REFS. 6 AND 7
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FIG. &0. Values of & as a function of ~ . Solid circles
are experimental values, open circles are those calcu-
lated from Refs. 6 and 7.

teraction in more complicated systems, such as
transition metals, 415 compounds, or transition-
metal carbides, a complete understanding of this
simpler s-P metal system is first necessary. For
several of these alloys n (e)E(v) has previously
been calculateds'7 from Eq. (1) using a. Born —von
Karman force-constant analysis fitted to existing
inelastic-neutron-scattering data and a local form
of the Heine-Abarenkov pseudopotential form factor
v(Q). This was essentially a. first-principles cal-
culation in the free-electron approximation within
the framework of pseudopotential theory. The re-
sultant coupling strengths &, compared with those
obtained from this tunneling work, are shown in
Fig. 10, satisfactory agreement being achieved.
Most of the differences can probably be ascribed to
band-structure effects (deviations from the free-
electron picture). In fact, if we renormalize the
calculation of & for Pb by the ratio of the band-
structure mass to the free-electron mass, the
agreement becomes even better. The measured
and calculated values of Fig. 10 indicate that in this
simple metal system, where pseudopotentia, l and
free-electron theory can be applied and the disper-
sion curves are well known, an adequate descrip-
tion of the electron-phonon interaction is possible.
On the other hand, it is difficult to imagine extend-
ing these calculations to more complicated sys-
tems, the already extensive calculations would be-
come even more demanding for nonspherical Fermi
surfaces, and the treatments of d bands in transi-
tion metals and the electron-ion interaction is a
complex problem.

Realizing that first-principles calculations of the
superconducting properties of transition metals are
far in the future, McMillan took an alternative ap-
proach. Assuming a model n (&u)E(cu) similar to
that of Nb, he made a numerical solution of the
Eliashberg-gap equations at T, and derived an ex-
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has a maximum as a function of &, as an attempt to
increase X by decreasing (uP) will increase the ex-
ponential term in (7) but decrease the prefactor (&u).

By a simple calculation McMillan showed that the
critical temperature was maximized at ~-2, with
further increase of X resulting in a slow decrease
of T, . McMillan derived an expression for the
variation in T, within a given family of materials
which is useful for comparison with our data,

0
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FIG. 11. T, as a function of Z. Solid circles are ex-
perimental values, open circles are those calculated
from the McMillan equation fEq. (7) in text].

pression for T, in terms of (e), &, and p,
* given by

(v) & —1.04(1+ X)

1.20 1— —0. 62&g" ) ' (7)

It was subsequently shown" that this expression
yields T, values in good agreement with those mea-
sured experimentally, even for materials such as
Hg or Sn which have phonon spectra very different
from that of Nb. We compare the T, calculated
from Eq. (7) with our measured values in this al-
loy series as a function of 5 in Fig. 11. Again the
agreement is satisfactory, the maximum deviation
occurring at the highest T„ i.e. , highest coupling
strengths. This deviation, increasing with T, or
&, is possibly due to the fact that for very-strong-
coupling materials the phonon-induced structure in
the energy-dependent gap parameter b, (e) become
comparable to, or larger than, the gap edge value
~

p and the approximations employe d by M cMi lian
could start to break down. It is observed that the
discrepancies are most substantial for values of X

above 1.5, these values being larger than the maxi-
mum values used by McMillan in his solution.
Hence this breakdown of the T, expression at these
high &'s is not too surprising.

McMillan also showed that X could be written

~ =N(0)(S')/m(~'),

where 5 =@ ~ eo v(Q), and the average is over all
scatterings from any point on the Fermi surface to
any other point on the surface. N(0) is the density
of states at the Fermi surface and M is the atomic
mass. Using experimentally measured values for
X, N(0), and (v'), McMillan noticed with some sur-
prise that, although N(0) and S~ varied by an order
of magnitude for the transition metals V, Nb, Ta,
Mo, and W, the product N(0)S was constant to with-
in approximately 50%%up. Applying this observation to
Eq. (7), i.e. , X=c/M(uP), it became clear that T,

l2 I I I I I I I I I I I I I
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FIG. 12. Experimental Tc's as a function of X com-
pared with the maximum T~ expressions. The solid line
is McMillan's expression for maximum T~ assuming
X (co ) is constant. Dashed line is calculated assuming
the phonon frequencies constant and that X varies as Q&~.

By assuming that the T,(max) in the Tl-Pb-Bi alloys
is 8. 95 K, the experimentally measured values of
T, may be compared with this T, expression in Fig.
12 (solid line). The general shape of the T, expres-
sion of Eq. (8) is not confirmed. Specifically, there
appears to be no real indication that T, saturates
to its maximum value with increasing X. On the
other hand, as suggested by McMillan, at these
very high values of X the system does become un-
stable. This can be seen (Fig. 1) by attempting to
increase X further by increasing the Bi concentra-
tion, which results in a system of mixed crystal
phases with reduced T, . The root of the disagree-
ment between Eq. (8) and our data in Fig. 12 can
be traced back to the assumption that X(~ )M is con-
stant. As the average ion mass is approximately
constant in these alloys, we may plot &(uF) vs 5 in
Fig. 13, and we observe that there is a strong
variation of almost 2. 5 throughout this series.
Hence it appears that, even in this simple case, one
cannot assume that N(0)d is constant, and the use
of this relation for other classes of materials
should be limited to those where there is some in-
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FIG. ].3. &(e ) (closed circles) and ~(u )/Q& (open
circles) as a function. of ~ . It is clear that A, (u )/0& is
much more constant throughout this series.

dependent evidence that it is applicable. McMillan
did suggest that in the simple polyvalent metals (a
class in which this series belongs) a. more correct
relation between & and (e ) should be that X =c'((&u )/
Q~) ', where Q~ is the ionic plasma frequency.
Plotting &(uP)/Q~ in Fig. 13, it is seen that the value
of this parameter does indeed remain closer to a
constant than does &(~').

The fact that Fig. 13 shows X(&u )/Q~ is approxi-
mately constant, and the knowledge that (uP) changes
little throughout this alloy series, implies that X is
proportional to Q~. This is a restatement of our
claim that changes in X are determined primarily
by the increase in N(0) or 8 as Q~ =4ttZ e /M per
atomic volume. Hence we come to the following
conclusion: Given that McMillan derived a maxi-
mum T, expression on the assumption that X can be
increased indefinitely by decreasing the average
phonon frequencies, then an alternative maximum

T, expression can be derived by assuming that N(0)
can be increased to infinity. Of course these two
expressions represent the limiting behavior of
X ~ 1/(&u ) or X~ Q&, and we do not expect them to

apply exactly in any family of materials, but it
seems likely that the new expression will be a
closer approximation to the Tl-Pb-Bi T, behavior.
We derive this expression by returning to Eq. (7)
and substituting for X as 0. 0225Q&2/(e ) = &. The
result is

((u) —1.04(1+0. 0225'�/((u ))
1.20 0. 0225Q~/(a ) —tJ, —0. 014p*Qt', /(& )

'

If we now fix (e) at a, value typical of these lead al-
loys, namely, 4. 5 meV, and put p.

* =0. 1, we may
plot T, versus X again on Fig. 12 (dashed line).
Agreement with experiment is particularly good at
low &, where, from Fig. 9, we know (a) is essen-
tially constant. In any given sytem, one would ex-
pect results somewhere between these two extreme
limits.

An interesting consequence of this alternate form
for T, is that we have a new maximum T, as 5-~,

1st &Z

wN(0) huP@„'
(9)

This linewidth is the imaginary part of the phonon
self-energy and is related via a Kramers-Kronig
relation to the real part. The real part, in turn,
is related to the energy shift Q@ —co@ observed
between the "bare" frequencies of the lattice Q@
and the real (measured) values uP@ . Substituting
the relationship between y and Q@ —su@, the final
relation is derived as

1St BZ Q2 2
Qon ~on (10)

where f is a q-space average of the proportionality
term f(Q) relating y and Qo —ufo . The details of
the derivation of this formula and extensive discus-
sions of its implications are given in the following
paper. Because there is no extrinsic reference in
this relationship to the electronic properties, it is
hoped that this formula can be extended to more
complicated materials where pseudopotential calcu-
lations of the type displayed in Fig. 10 are much
more difficult. It is hoped that the electronic prop-
erties, and the electron-phonon interaction
strengths, are "measured" in the difference Q@

co Q and hence a ca reful d etc rmination of the
real phonon frequencies will be sufficient. With
this approach there are problems associated with
the determination of Q@, the "bare" frequencies,
and these problems are discussed in the following
paper. Nevertheless, using this relation, one can,
from inelastic-neutron-scattering data, make esti-
mates of ~, These estimates, for two choices of
f, are shown in Fig. 14, and it is seen that quite
good agreement between the calculations and ex-
periment is achieved. In fact, for an arbitrary
choice of f = const. =0. 023, the agreement is excel-
lent. This approach, however, does not yet exclude
utilization of the electronic properties in the calcu-
lation of Q@, and some work on this problem re-
mains to be done.

CONCLUSIONS

We have performed extensive tunneling measure-
ments on the alloy system Tl-.'?b-Bi, where the

given by

T =((~)/I 2)e-' ~"

where we have again assumed p,
* =0. 1. In these

Pb alloys, this is 14.4 K, but again it is clear that
a crystal phase change occurs before this limit can
be reached.

Recently, attempts have been made' ' to relate
the coupling strength & to the linewidth y of the
phonon as broadened by the electron-phonon inter-
action. It was shown that a rigorous definition of
~ is given by
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FIG. 14. Experimental (closed circles) and calculated
(open circles and triangles) values of X for this series.
The values were calculated from Eq. (10) for two differ-
ent choices of the parameter f. The details of this cal-
culation are described in the following paper.

electron concentration & has been varied from 3 to
4. 35. Over a substantial range of this variation
the crystal structure remains fcc. Via the tunnel-

, ing measurements, we obtain T, and the various
parameters describing the superconducting proper-
ties of these materials. It is found that T, is a
monotonic function of 3 in the fcc phase, and this
is attributable to the increase in electron concen-

tration. In addition, it is found that, although the
electron-phonon coupling strength changes quite
substantially throughout this series, the phonon
spectrum E(&u) does not vary appreciably, and the
average phonon energies (&u) or m remain relatively
constant.

The data obtained from these measurements
serve as a critical test for the various calculations
of the electron-phonon interaction and supercon-
ducting parameters. Good agreement with the ex-
tensive free-electron calculations for X is ob-
tained. ' The McMillan equation for T, works
well throughout this series with the largest devia-
tions occurring at highest &, beyond the region con-
sidered by McMillan. It is found, though, that the
product N(0)(s'), which is approximately constant
for the fcc transition elements, is not constant in
this case and we question whether this assumption
should be applied indiscriminately. For simple
metals, however, McMillan did suggest that a more
favorable relation would be X(co )/Q~ = const. and for
this alloy series we notice that this appears to be
more closely obeyed. Hence we derive an alterna-
tive "maximum-T, expression" by assuming that
the electron density can be increased indefinitely.
This expression agrees particularly well with ex-
periment at smaller values of X. Finally, we use
the data to test the relationships between X and the
phonon energy renormalization 0 —v . It is found
that quite good agreement can be achieved in this
case, and it is hoped that a relationship of this type
can be extended to the transition metals.
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Pbp &Bip &, this gives plots of d I/dV versus V and
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paper, and the InT1 alloys of Ref. 21, is almost com-
plete. The entire collection will be submitted for pub-
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