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The technique of inelastic neutron scattering has been used to determine translational and librational
lattice modes in a single crystal of solid nitrogen in the cubic a-phase at 15 K. The measurements
were concentrated at the high-symmetry points I, R, and I, where the degeneracies ease the task of
symmetry assignments to the observed modes. The assignment was made on the basis of the correlation
of the observed structure-factor variation with force-model predictions. The calculations were based on a
general potential function which includes Lennard-Jones or six-exponential-type interactions as well as
electric quadrupole forces. Good agreement was found between both the observed frequencies and the
observed intensities and their calculated counterparts. The temperature dependence of selected modes
has been established and it is compared to a recent self-consistent phonon calculation.

I. INTRODUCTION

During the past several years, a considerable
number of experimental and theoretical studies have
been made of molecular motions and intermolecular
potentials in simple molecular materials with linear
molecules, such as solid nitrogen. Much of this
work has involved the measurement of the frequen-
cies of the optically active intermolecular modes
by means of far-infrared ' and Raman '4 spectros-
copy, and the establishment of various theoretical
force models to describe the experimental re-
sults. Raman scattering measurements have also
been made ' of the temperature and pressure
dependence of certain modes in the various solid
phases of N&. The application of the techniques
of thermal-neutron coherent inelastic scattering
to these molecular-dynamics problems is a recent
development: Such experiments have been per-
formed on solid hydrogen 3 and carbon dioxide.
The advantage of the neutron scattering method, at
least in principle, is that normal modes of any wave
vector q throughout the Brillouin zone may be studied,
whereas optical techniques are restricted to a lim-
ited number of modes of essentially zero wave vec-
tor.

In this paper we describe neutron inelastic scat-
tering experiments made on single-crystal speci-
mens of solid nitrogen, with the aid of triple- axis
crystal spectrometers at the Brookhaven High
Flux Beam Reactor. Solid N& at ordinary pressure
exists in two phases: a low-temperature cubic
e-phase which is the stable form below 35. 6 K, and
a hexagonal P-phase which exists between 35.6 K
and the melting point at 63. 2 K. There is also a
tetragonal y-phase at high pressure. ' The space
group of &-Ne is believed to be P2&3(T ), although
the centers of the four N& molecules within each

unit cell lie very closely on an fcc lattice, corre-
sponding to the structure Pa3(T„). Furthermore,
the bulk of the spectroscopic evidence (e. g. , se-
lection rules) favors the latter space group; there
are only slight indications of coincidences between
Raman and infrared lines. It therefore seems
reasonable to assume the more symmetric struc-
ture in the interpretation of the neutron scattering
results. In any event, in the &-phase, the four
molecules are aligned along four different [ill]
directions, as indicated in Fig. 1. The n-P phase
change at 35.6 K involves a shift of the molecular
centers from the face-centered-cubic arrangement
to a hexagonal-close-packed one; the molecular
orientation is no longer well defined; the molecules
are probably switching rapidly between a number
of possible orientations, '" in contrast to the rel-
atively small oscillations about fixed equilibrium
orientations characteristic of the n-phase.

The format of the paper is the following: In Sec.
II we describe the specimen preparation, the ex-
perimental conditions, and the types of measure-
ments made; the results for the o.'-phase, including
the temperature dependence of certain normal
modes in the vicinity of the transition, are given
in Sec. III. At temperatures well below the transi-
tion, the results indicate the existence of well-de-
fined translational and librational (or mixed) modes
qualitatively similar to those observed in solid
carbon dioxide. ' There is excellent agreement
between the present measurements at the point I'
(wave vector q= 0) and those previously obtained by
optical techniques. ' ' The implications of
these results for theoretical models of the inter-
molecular forces are discussed in Sec. IV. Calcu-
lations are presented of normal modes in the &-
phase, based on (a) empirical interatomic poten-
tials of the Lennard- Jones and Buckingham analytic
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forms, and (b) a point-charge model for the elec-
trostatic forces between the quadrupolar distribu-
tion of electrons in the nitrogen molecule. Finally,
in Sec. V we discuss our results in the context of
related work.

The results obtained for the hexagonal P-phase
are in marked contrast to those for the &-phase.
Broad energy distributions of scattered neutrons
are observed at relatively high momentum transfer,
where scattering from librational modes would be
expected theoretically. Peaks corresponding to
translational motions of the Nz molecules are seen
at low momentum transfers: These are reminis-
cent of the results for phonons in solid hydrogen'
or in hexagonal-close-packed metals. In view of
these differences from the &-phase, the results
for the P-phase, and their interpretation, will be
presented in a separate paper„

II. EXPERIMENTAL

A. Single-crystal specimens

A crystal of P-N2 was grown by slow cooling of
liquid nitrogen contained in a cylindrical cell
mounted in a Cryogenics Associates liquid-helium
cryostat. The cell, 1 cm diameter and 4 cm long,
was made from a transparent plastic material (Kap-
ton), and could be viewed optically through variable
slits in the metal radiation shields of the cryostat.
This particular sample-cell design has previously
been used at Brookhaven for the study of rare-gas

FIG. l. Illustration of the Pa3 structure of the G.'-phase
of solid N2. The four molecules in the cubic unit c'ell

occupy the face-centered position and the molecular axes
point along the four body diagonals.

solids. ~0 Care was taken, during the growth and
subsequent slow cooling of the crystal to 36 K, to
maintain a temperature gradient, about 1 K/cm,
along its length. This appeared to reduce the
chance of cracking the solid. The mosaic spread
full width at half-maximum (FWHM) of the single
crystal, initially & 0. 2, increased steadily to - 1
during cooling. The crystal was maintained at a
uniform temperature of 36 K for several days mhile
experiments on the P-phase were carried out. Fi-
nally, the crystal was very slowly cooled, over a
period of 3 to 4 h, through the phase transition at
35. 6 K. Certain Bragg reflections of the hexagonal
phase and of the expected cubic phase were checked
every few minutes during this time to follow the
progress of the transition. Hexagonal reflections
such as (0002), which have an analogous reflection
with the same d spacing in the cubic phase, showed
a steady decrease in intensity, eventually reaching
a level about half their original strength. At the
same time, other reflections, such as (1010), de-
creased to zero intensity. When all the material
had transformed into the n-phase, it was found by
means of Bragg-reflection photographs to consist
of one single crystal, about 1.5 cm in volume,
i.e. , one half of the total, surrounded by many
small disoriented fragments. The orientation of
the large crystal corresponded with that of the ini-
tial P-phase crystal: the [111]and [011) cube axes
being parallel to the initial [0002] and [1120] hex-
agonal axes. The mosaic spread was about 1
(FWHM). In the subsequent o.'-phase experiments
the neutron beams were stopped down so that scat-
tering predominantly occurred in the large crystal.

8. Spectrometer arrangement and types of scan

Experiments were performed with three different
spectrometer configurations: (i) incident neutron
energy fixed at 13.5 meV, scattered neutron energy
variable within the range 15.0-5. 0 meV; (ii) inci-
dent neutron energy fixed at 30 m. V, scattered
neutron energy variable, 30-20 meV; and (iii) scat-
tered neutron energy fixed at 13.5 meV, incident
neutron energy variable, 12-25 meV. In all cases,
the (0002) planes of a curved pyrolitic graphite
crystal were used as monochromator, with a flat
pyrolitic graphite crystal as analyzer. The "con-
stant-Q mode of operation was used throughout.
Most of the experiments were performed with 20'
and 40' Soller slit collimators both before and after
the monochromator and analyzer crystals, respec-
tively. Configuration (i) was used to measure the
low-energy excitations, mostly in the range 0 to 5
meV, with an over-all energy resolution of about
0. 4 meV, while configuration (ii) allowed observa-
tion of the higher-energy modes with good intensity
but relatively poor resolution (about 2. 0 meV). For
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FIG. 2. Examples of inelastic scans at the R point
{g, g, g) in various zones at 15 K. All the scans were
made under identical experimnetal conditions, with a
counting time of 5 min per point. The full curves are
the calculated responses for all five normal modes taking
into account instrumental corrections and estimated in-
trinsic widths as explained in the text.

scans over the whole energy range of interest, ai
the points I', R, and ~ of high symmetry in the
Brillouin zone, the most satisfactory configuration
was found to be (iii), since this automatically allows
the resolution to decrease, and hence the scattered
intensity to increase, to compensate for the reduced
cross section for the higher-energy modes. Figure
2 shows several constant-Q scans taken in this way,
at 15 K, for neutron-momentum-transfer vectors Q
corresponding to the 8 point (0. 5, 0. 5, 0. 5). A typ-
ical counting time for one such scan was 5 min per

point. The observed widths of those peaks which
are reasonably well separated from each other are
in the range 0. 8 to 1.5 meV; this is somewhat
larger than the widths to be expected from the en-
ergy resolution alone. The broadening is partly
due to the intrinsic lifetime of the observed excita-
tions and partly due to the dispersion at small wave
vectors away from the R points which is sensed via
the finite wave-vector resolution.

At a general wave vector q within the Brillouin
zone, the experimental situation is quite complex,
since as many as 20 distinct modes may contribute
to the spectrum of scattered neutrons, and the res-
olution of the neutron spectrometer is inadequate
to distinguish all these contributions. However, at
the high-symmetry points I", R, and M, and also
for acoustic modes propagating in various direc-
tions, where only a few distinct modes are ex-
pected, it is possible to measure the frequencies
of these modes. Even then the problem may be
complicated by the occurrence of near degeneracies
as illustrated by Fig. 2. There we show the ob-
served intensities at the R point in various zones.
There are five distinct R-point frequencies but the
data never show more than three peaks. Close ex-
amination reveals that the two lower-frequency
peaks are shifted slightly in going from one zone
to the other, indicating that they are composed of
two overlapping lines. The identification and as-
signment of the modes can be accomplished by com-
paring the observed intensities of the various peaks
with those calculated from normal-mode eigenvec-
tors derived from a suitable intermolecular force
model. In fact, this is a kind of iterative process,
in which one first establishes a force model having
a number of adjustable parameters, and then ad-
justs these parameters until both the mode frequen-
cies and the intensities in various zones, calculated
from the model, are in agreement with experiment.
Vfe shall discuss this problem in more detail in
Sec. IV.

TABLE I. Lattice-mode frequencies in O.'-N2 at 15 K (meV).

observed
Calculated

A„/I'(

5. 8+0, 2

5. 72

z„/r»
6.7+0.3
6.11

6.0+ 0. 1;8.6+ 0.2
5.65;8. 24

4. 0+0.1
3.76

Tg/1 4

4. 5 + 0. 1;7.4 + 0. 2

4.84;7.53

Observed
Calculated

Rg

4. 2 + 0. 1
3.96

4.3+0.1
4. 16

8.5+0.2

8. 11
5.4+ 0.2
5.15

R23

5.' 85+ 0.2
5. 83

All M~& modes

3.45+0. 15
3.76

4. 70+ 0.2
5. 03

5.8+ 0.2

5.65
Observed
Calculated~

'Calculations based on model I; see Sec. IV and Table III.

6. 8+0.2

6.41
7. 75+ 0.2

7. 01
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TABLE II. Elastic constants of m-N2 at 15 K (10
dyn- cm ).

Cg)

C44

g = (C&& +2C f2)/3 2. 3 + 0.2
B(obs. „Ref. 21)

2. 90+ 0. 05
2. 00+ 0.10
l.35 + 0. 05

III. EXPERIMENTAL RESULTS

Scattered neutron energy distributions, similar
to those shown in Fig. 2, were measured at 15 K at
the high-symmetry points I', R, and M, in many
different zones. From these we have deduced val-
ues for the frequencies of the 17 distinct modes
corresponding to these wave vectors, as shown in
Table I. We have also measured, at 15 K, the dis-
persion curves for certain acoustic modes propa-
gating along the three principal symmetry directions

Z, and A. From the initial slopes of these
curves, after small corrections for resolution ef-
fects, we can deduce the three elastic constants
for n-N2. These are given in Table II, and com-
pared with the independently measured compress-
ibility.

Certain scans, showing well-defined peaks cor-
responding to selected normal modes, were mea-
sured at three higher temperatures (24, 30, and
34. 5 K), in an attempt to correlate the a-P phase
transition at 35. 6 K with the temperature depen-
dence of the modes. Two examples, namely, the
results for the E~ and T~ zone-center modes, are

shown in Fig. 3. In almost all cases, the neutron
groups, initially mell defined at 15 K, decreased
slowly in frequency and showed appreciable broad-
ening; the results for the E~ mode seenat the (4, 0, 0)
reciprocal-lattice point, Fig. 3, is typical. Of
the modes studied to date in this may, only the lomer
T~ mode displayed any more striking behavior,
Fig. 3. The broadening is so marked in this case
that at 34. 5 K the peak has almost disappeared,
leaving a broad spectrum of intensity extending to
quite low energies. The observed peak positions
are plotted against temperature in Fig. 4 and again
it is the lower T, mode that shows the most dra-
matic change.

IV. FORCE MODELS

A. Introduction

The several existing theoretical models for
the intermolecular forces in n-N& have all been
compared with, and in some cases fitted to, the
frequencies of the optically active modes at I'.
Some of the models ' have dealt only with the li-
brational modes, by considering the molecular
centers to be rigidly fixed at the face-centered cubic
positions. Others' have attempted to calculate
all the normal-mode frequencies on the basis of
eithe~ a Lennard- Jones type of atom-atom potential
o~ a quadrupole-quadrupole potential (but not both
together), while a third approach has been to em-
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FIG. 3. Temperature dependence of the inelastic neu-
tron scattering at two I' points where the E~ and the lower

T~ modes are seen well isolated. The lines through the
measured points are merely guides to the eye.

FIG. 4. Observed peak positions of the scans shown in
Fig. 3. The line near the E~ mode is the result of a self-
consistent phonon calculation by Haich ep al. (Ref. 33)
which has been normalized to the observed frequencies at
low temperature.
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ploy the quadrupole potential in conjunction with
and "effective" Lennard- Jones potential between
molecular centers. None of these approaches has
proved to be entirely satisfactory, and it is appar-
ent' that any improved model must include, at the
very least, both repulsive and attractive "disper-
sive" potentials V„, V, between atoms on different
molecules, and also the electrostatic interaction
V, between the molecular quadrupole moments. A
rather simple model potential satisfying these min-
imum requirements-a model which does not appear
to have been tried as yet for solid N&-can thus be
written

this is believed to be quite satisfactory for the
translational modes, though much less so for the
librational modes. However, if a qualitatively
satisfactory harmonic model, including all the
above-mentioned terms in a physically realistic
manner, can first be established, it will then be
appropriate to consider such refinements as higher-
order terms in the potential [e.g. , C W 0 in Eq. (2)]
and anharmonic effects. Furthermore, a relatively
simple but realistic model of this kind is most valu-
able, perhaps even essential, for the correct anal-
ysis and interpretation of the neutron inelastic scat-
tering results, as mentioned in Sec. II B.

V= V, + V„+ Vq,

where
8

V, =-A~ ~+C~ + ~ ~ ~

and

(2)

V„=+Be (3)

or

V„=+De ",
where n is usually taken to be 12 (Lennard- Jones)
although there is evidence that smaller values,
as low as 9, maybe more satisfactory from some
points of view in the case of a-N2. We have cal-
culated the normal-mode frequencies of o.-N3 for
several variants of the above model, with V„rep-
resented either by (3) or (4), and 8, D, and to a
limited extent & and ~, being considered as adjust-
able parameters. In all our calculations we have
assumed, in Eg. (2), that C = 0 along with all high-
er-order terms, and that the quadrupolar distri-
bution of electrons in one molecule can be repre-
sented by a charge Ze at each atom site and a
charge -2Ze at the center of the molecule. The
resulting electrostatic energy and electrical inter-
molecular forces turn out to be similar to those
which one would obtain from a point-quadrupole
model. For example, the electrostatic force be-
tween a nearest-neighbor pair of N& molecules,
regarded as extended charge distributions, is 6. 3%
less than if the molecules are represented by point
quadrupoles with the same quadrupole moment.
The electrostatic contributions to the various force
constants, and hence to the librational-mode fre-
quencies, show larger differences, however, as
would be expected since these depend on higher
derivatives of the potential. In this connection, we

believe it may be more realistic to represent the
electronic distribution around the molecule by a
linear array of point charges than by a point quadru-
pole at the molecular center.

It should be emphasized that our calculations have
so far been confined to the harmonic approximation;

B. Method of calculation

The electrostatic forces between the arrays of
point charges mentioned in Sec. IV A are expressed
in terms of the so-called Coulomb coefficients,
which may be computed to high accuracy by means
of the Ewald 8 transformation. The only adjustable
parameter in the calculation of V, is thus the charge
z. The dispersive forces are expressed in terms
of the first and second derivatives of the potentials
V, , V„, evaluated at the appropriate distances be-
tween the equilibrium positions of the nitrogen
atoms on different molecules. All atom- atom bonds
up to 7 A in length were included in order to ensure
substantially better than 1% accuracy in the calcu-
lated mode frequencies. The necessity of including
these rather long "bonds" arises because of the long
range of the van der Waals term V, . Many previous
calculatipns pf interatomic forces in mplecular
crystals have been carried out with the Buckingham-
type potential (3). From a consideration of this
work, it would appear that the value of & for nitro-
gen-nitrogen forces lies in the range 3. 58-3.64
A . Within this range, we find that n and 8 are
very closely correlated, an increase in e being
almost precisely compensated by an appropriate
increase in B. The potential is thus represented,
in effect, by only one parameter, as is the Lennard-
Jones potential (4) when n is fixed at 12.

The distance d between the nitrogen atoms in one
molecule has been quoted variously as 1.055, ~

1.098, and 1.104 A. The second value, deter-
mined from Raman scattering measurements of
the rotational band, appears to be the most precise,
so we have used it in our force-model calculations.

The strong covalent N-N bond is formed by the
sharing of electrons between the atoms, so that
the electronic distribution extends over the whole
length of the molecule rather than being concen-
trated only around the atom sites. In our simple
model we represent the forces as acting between
specific points (normally the nuclear positions),
but since these forces arise from the electron
clouds, it would be physically plausible to assume
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that they act at points displaced along the bond in
the direction of the center of the molecule. (The
model of Anderson et al. assumes a single point
of interaction in the center. ) We might thus speak
of an "effective" bond length, being the separation
of the two points at which the interatomic forces
are supposed to act, which is rather less than the
actual atomic separation. Another physical prop-
erty which may be taken into account by such an
effective bond length is the large molecular libra-
tion amplitude. This has been estimated to be as
high as 20 and, from the viewpoint of the sur-
rounding molecules, could give rise to an. apparent
reduction in bond length. (We should emphasize
that in our effective-bond-length calculations of
normal-mode frequencies, we ensure that the mo-
ment of inertia of the N& molecule is left un-
changed. ) A different method of taking these bond-
reduction effects into account in our model might
be to "soften" the repulsive potential (8) or (4) by
reducing n or n, respectively. Whichever method
is employed, it is easy to see that the major effect
on the calculated phonon frequencies will be to lower
the librational modes with respect to the transla-
tional modes. {If the effective bond length were
reduced to zero while maintaining the correct
molecular mass and moment of inertia, then the
librational-mode frequencies would tend to zero. )
We shall see, howevel, that the most effective
method of achieving a good fit to all the modes is
by a reduction of the bond length rather than by
reducing B or Q.

In most of our model calculations, two constraints
were applied in the form of additional "experi-
mental data points" which the models were required
to fit as closely as possible. There were (a) that
the total potential energy of the crystal should be
equal to the measured sublimation energy, after
correction for the effect of zero-point energy of
vibration and libration for the molecules, and (b)
that the derivative of the total potential energy with
respect to the lattice parameter should, in the ab-
sence of any externally applied pressure, be given
by the thermal pressure. The latter constraint
ensures that the crystal will have minimum energy
at the observed lattice parameter (a = 5. 644 A).

The subli. mation energy (the value 1.652 kcal/.
mole has been quoted by Kohin ) is derived from
the observed total heat required to sublime 1 mole
of solid N&, initially at absolute zero, by subtract-
ing the energy of the nitrogen gas (VAT/2) at VV. 8 K.
(The contribution of the internal energy of each
molecule is of course neglected, and a small cor-
rection ior non-ide'al-gas behavior is also applied. )
The contributions to the zero-point energy of the
solid, arising from the librational and translational
modes have been estimated to be 0. 123 and 0. 213,
or 0. 126 and 0. 184 kcal/mole, respectively. From

these values we finally deduce that the total poten-
tial energy should be —1.990 a 0. 05 kcal/mole.

The second constraint, that of zero external
stress at the observed lattice parameter, is dif-
ficult to calculate exactly, since it requires a
knowledge of the variation with crystal volume of
all the normal-mode frequencies, that is to say,
the microscopic Qruneisen y values. We have as-
sumed an average y value l. 81 for &-Nz, this is
the weighted average of the y values for the E, and

T~ modes measured by Medina and Daniels.

p., [v', (c ale) —v';(oh s)]'
X =

i=1
(5)

where p, = (2 v; h,), v; + h; is the phonon frequency
and its experimental error, and v, p are the num-
bers of observations and adjustable parameters,
respectively. We were able to find only one mini-
mum value of y' within the parameter space, to
which the fitting program returned no matter what
starting parameter values were used. This mini-
mum value was quite sharply defined in all cases.
The results for the Lennard-Zones (L-Z) and two
of the Buckingham-type potentials are shown as
models II, IV, and V in Table III. The most serious
defect of all these models is that the frequencies
of the modes at I" (q = 0) are relatively poorly fit-
ted. In particular, the upper T~ and upper T„modes
are calculated to be in reverse order. The same
remark applies to the lower T~ and lower T„modes.
Thus, according to model II, these modes have
calculated frequencies 7.77, 7. 71 and 5. 35, 5. 28
meV, respectively, as compared with the observed

C. Results of calculations

The initial calculations were carried out in a
straightforward manner, with the effective molec-
ular bond length assumed to be equal to the true
bond length (1.098 A). The charge Z on any nitro-
gen atom, the van der Waals parameter A, and
either 8 or D (with n = 12) were varied by the method
of least squares so as to produce the best fit to 17
selected normal-mode frequencies at 15 K (V at I,
5 at 8, and 5 at M) and also to the measured quad-
rupole moment. ' Three different n values were
used in turn, 3. 58, 3. 61, and 3. 64, in fitting Buck-
ingham potential (8) to the results. It was found
that very similar fits were obtained for all three
& values when the value of B was adjusted appro-
priately, with the lower & values providing some-
what better results. These fits were also very
similar to those obtained with the Lennard- Jones
potential (4), and it became clear that there was
little to choose, from an experimental point of
view, between these two repulsive potentials. To
be more specific, let us define a (weighted) sum
of squares
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TABI.E III. A selection of intermolecular force models
for c-N, at15 K. U

.ts: A, 10'kcal/moleA (Ref. 6); a
(models IV, V), 10 kcal/mole; B (models I, II), 102

kcal/moleA (Ref. 12); D {model III), 104 kcal/mo]. eA
(P.ef. 10).

Mod e1: characteristic s

I: L-J, ~ =12
II: L-J, yg, =12
III: L-J, yg =10
IV: G-exp, 0. =3.58
V: 6-exp, n =6.64

Z&&) ~ a or D

0.544
0.353
0.353
0.371
0.352

3.983
3.575
4. 745
3.192
3.464

5.970
4. 544
5.738
3.827
3,537

X

2. 08
4. 41.
4.41

4. 38

I'he effective bond length" for model I was chosen to
be 0. 023 A. For all other models, the true bond length,
1.098 A, w'as u.sed.

values '7. 4, 8. 6 and 4. 5, 6. 0 meV. The values
for A„, E„, and Z, are also considerably in error
(5. 37, 5. 85, and 4. 36 meV, respectively). Even
when very high weights were given to the modes,
it proved impossible to achieve the correct order-
ing of the T„and T~ frequencies. The same diffi-
culty remained if the two constraints concerning
the total energy and zero external stress were
completely relRxed or if the quadrupole moment
was omitted from the fitting process. One sig-
nificant effect of relaxing the constraints was no-
ticedq however; Zhe minimum of g ln the paraQl-
eter space becomes extremely shallow, so that a
large number of almost equivalent (i.e. , equally
unsatisfactory) fits to the measured frequencies
could be obtained over a wide range of values of
A, B or A, D. It is clear that the phonon. frequen-
cies depend, through the potential derivatives, upon

R certain function of the cBfferences A-B or A-D,
rather than on the individual parameters. The
application of the two additional constraints, par-
ticularly that concerning the total energy, has the
beneficial result of fixing the individual values of
A andB orofA anda.

Since it appeared unlikely that an improved fit
could be achieved with any reasonable value of n,
the effect of varying n. , in Eq. (4), was tried. The
result for n= 10 is shown as model III in Table III.
The over-Rll quality of the fit i.s much the same as
for model II, I = 12. Finally, a calculation was
made based on the picture described in Sec. IVB,
in whi. ch the effective center of force acting on one
end of a molecule is located somewhat closer to the
molecular center than the true nuclear position.
The effective bond length is a basic input to the
calculation, which cannot easily be treated as a
variable parameter in a least- squares fit. We
therefore chose an arbitrary effective bond length,
0. 923 A, 16% less than the true bond length, 1.098
A. Care was taken in these calculations to maintain
the correct molecular moment of inertia. The re-
sult of the fitting calculation is given as model I,

Table III. The considerable improvement in the
quality of fit was achieved mainly by the now correct
ordering of the optically active modes at I', see
Table I, although improvements were also noted
in the ease with which this model obeyed the two
constraints. Detailed study of the calculated values
indicates that an effective bond length about 20%
less than 3..098 A would probably provide the best
possible fit to all the results, with a y value rather
less than 2. It is very likely that equally satis-
factory fits could also be achieved with the Buck-
inghaln-type interatomic potential in conjunction
with a similar reduction in effective bond length.

The parameters of model I were also used to
calculate the dispersion curves in the high-sym-
metry di.rections. The calculations were done in
two steps in order to incorporate the concept of
the effective bond length. First the dynamical ma-
trix was diagonalized for a short-bond model with
the forces acting at the atomic centers. The fre-
quencies were then normalized corresponding to
the amount of librational character, as determined
from the eigenvectors, so that they corresponded
to the correct moment of inertia. At the high-sym-
metry points where the actual comparison with ex-
periments is made the separation in librational and
translational character is complete and this calcu-
lation procedure introduces no error. Indeed, this
approximation is numerically satisfactory except
in regions of complicated multiple "crossings and
anticrossings, " for example, halfway along the
6 direction, near 5 meV. The peculiar shapes of
the curves here should not be taken too literally.
In any event there is little hope of verifying these
curves experimentally because of their complexity.
All the calculated curves are shown in Fig. 5, to-
gether with observed frequencies along these di-
rections, mainly belonging to the acoustic branches.
Furthermore, the expected neutron scattering at
the I', 8, and M points in various zones was cal-
culated on the basis of the model eigenvalues and
eigenvectors. The comparison with the actual ob-
servations at a series of R points is shown in Fig.
2. The full curves are the calculated response
taking into account resolution, monitor sensitivity,
background, and estimated intrinsic widths. The
same scale factor, temperature factor, and back-
ground were used for all scans.

V. DISCUSSION

It is apparent from the comparison between the
experimental observations and the model calcula-
tions, as illustrated by Figs. 2 and 5, and Table
III, model I, that the lattice modes in the n-phase
of solid nitrogen at 15 K are very well described
by a potential function of the form given in Eqs. (1)-
(4), provided that a reduced "effective" bond length
is chosen about 15-20% shorter than the true molec-
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ular bond length.
Other possible variations of the potential func-

tion, such as reduction of the Lennard- Jones param-
eter n from 12 to 10, or small changes in the ex-
ponent o'. , Eg. (3), seem to be much less effective
than a reduction of the bond length, as far as fitting
the observed normal-mode frequencies is con-
cerned. VVe note that all the models indicate a
somewhat lower electric quadrupole moment QM
(- 1.1 x 10 28 esu cma) for the nitrogen molecule
than the experimental value [(l.4+ 0. 1)x10 ~~

esucm')j. "'" In fact, we should regard QM as a
basic parameter instead of the point charge z, since
the latter. simply increases, as we reduce the bond
length, so as to keep QM fairly constant. This is
seen in Table IV, which compares two of thepresent
Lennard- Jones models with four previous models
taken from the literature. The value QM= 1. 52 of
QM refers to an earlier determination, "now be-
lieved to be too high. (The sign of QM is' actually
negative, corresponding to a net negative charge
on the axis of the molecule, at or near each nitro-
gen atom. The phonon frequencies and total energy
depend on Z, however. ) It is interesting to note
that in the present model the electrostatic inter-
actions are comparable to bui rather less impor-

TABLE IV. Comparison of various Lennard-Jones
models for n-N2. Units: Q, 10 esu; A, 10 kcal/mole
A (Ref. 6); D, 10 kcal/mole A CRef. 12).

Ref. Author Q A D

5

6
32

Schnepp and Ron
Anderson et al.
Goodings and Henkelman
Ttaioh et al.
InodeI I, this paper
IllodeI II, this paper

0
l.26
l. 52
l.4/l. 52
l.112
l. 022

G. 360
5. 029
4. 91.1
4. 829
3.983
3.GVG

V. 658
ll. 563
6. 034

12.349
5. 9VO

4.544

tant than the shorter-range terms in the crystal
potential. This result may appear to contradict
the findings of Jacobi and Schnepp, whose quan-
tum-mechanical calculations of the Raman-active
modes based on electric quadrupole interactions
gave an excellent fit to the three observed frequen-
cies. However, since these calculations were for
10 nearest-neighbor shells of point quadrupoles,
with the observed moment 1.4~10 esucm, as
compared with our complete summation over ex-
tended point-charge distributions having a 20% lower
moment, it is difficult to make quantitative com-
parisons. In any case, it is quite possible that a
limited selection of the data (e. g. , the gerade
modes only) may be satisfactorily described by
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several very different models, many of which could
be rejected simply by testing them against a/l the
available data.

Our calculation is quasiharmonic and, in prin-
ciple, we could determine the effective potential,
i. e. , the parameters A, B, and QM, at various
temperatures. A more satisfactory approach to
the analysis of the temperature dependence has
been outlined by Raich et al. They have performed
a self-consistent phonon calculation on the basis of
a model similar to ours but which does not include
the electric quadrupole interactions. Accordingly
their calculated frequencies are only in fair agree-
ment with our observations. However, the relative
temperature dependences are quite well predicted
by their approach. This is illustrated in Fig. 4,
where the curve represents their calculated be-
havior of the E, mode normalized to the observed
frequency at 8 K. On the other hand, the singular
behavior of the T, mode does not follow from the
self- consistent calculations. An additional source
of broadening and renormalization could be an in-
creased molecular disorder in the n-phase as the
temperature is raised. Reynolds' has estimated
such effects for molecular crystals of the halo-
benzenes and he concludes that in cases where two

or more molecular-ordered structures have com-
parable free energies and at temperatures where
the vacancy concentration is appreciable (-10 )
large fluctuations in the local order are to be ex-
pected. The existence of the three phases of solid
nitrogen suggests that similar considerations may
apply here.

Preliminary analysis of our measurements in the
P-phase indicates that the potential parameters we
have derived from the present work give the right
over-all strength of interaction in the hexagonal
phase. Thus the potential function may be well
suited as the ba, sis for the more detailed model cal-
culations needed to elucidate the microscopic mech-
anism of the various phase transitions in solid ni-
trogen. To that end more work is needed both
theoretically and experimentally, especially the
pressure dependence of the normal modes.
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