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The ' F and "Mn nuclear spin-lattice relaxation (NSLR} rates in MnF2 have been used to study the
A

effects of an external magnetic field H, ~~ c on the magnetic excitations of a uniaxial antiferromagnet at
temperatures T & T„.In the region 0 & Ho g H», the "spin-flop" field, a striking variation of both
rates is observed. Except in the immediate vicinity of Hs„,quantitative agreement between experiment
and theory is obtained for the two-magnon-induced ' F NSLR and three-magnon (exchange enhanced)
"Mn NSLR. The importance of pair correlation to the Raman scattering in the ' F NSLR is clearly
demonstrated. Both the ' F and 'Mn NSLR rates exhibit a criticallike divergent behavior as Ho
approaches H» which is not explained by lower-order spin-wave scattering theory. In particular the
"Mn NSLR rate diverges as {H»—Ho} '" in the immediate vicinity of H». This property of the
NSLR rate is consistent with the theory of a direct process in which the magnons are assumed to have
a finite lifetime I g' and from which a value I'k = 1.8 &( 10 sec ' is obtained, at T =- 4.2'K and
H = Hsr. An effective-field theory of y, vs Ho~

~

c is developed and predicts an (Hs„—Ho)
divergence to both y, and rf-field enhancements of the NMR in an antiferromagnet. A satisfactory
comparison between the observed enhancements and this theory is obtained.

I. INTRODUCTION

During the past two decades there have been
numerous studies of the excitations of magnetical-
ly ordered spin systems. Using data obtained
from a variety of both microscopic and macro-
scopic experimental techniques, detailed com-
p3risons have been made with the predictions of
spin-wave theories of varying degrees of sophis-
tication. In a few simpler systems, where the
spin interactions may be accurately character-
ized, considerable success was achieved with re-
gard to the determination of the excitation spectra
and the extent to which spin-wave interactions
affect various thermodynamic properties. A sum-
mary of spin-wave theory and its application to
the thermodynamics of magnetic systems has been
given by Keffer. '

The uniaxial antiferromagnet MnF, is one such
spin lattice. Precise measurements have been
obtained of the spin-wave dispersion, the magni-
tude and temperature dependence of the parallel'4
and perpendicular' susceptibilities, the sublattice
magnetization, "the magnetic specific 'heat, 4'
and the anti. ferromagnetic resonance frequency'
and linewidths. ' The magnetic phase diagram has
been studied using ultrasonic thechiques. '

Of particular interest are the properties that
relate to the existence of a sizable gap in the
antiferromagnetic magnon spectrum at k = G. For
MnF,, this corresponds to a temperature T»
= 12.5 K at zero field. Perhaps the most dramatic
consequence of the gap's presence is manifest in
the temperature dependence of the nuclear spin-

lattice relaxation (NSLR) rate 1/T, of the
"F NMR at zero field. " There a variation of six
orders of magnitude in "(1/T,) was found in the
temperature range 3.2-26'K. It was this sensi-
tivity which provided the initial motivation to use
the nuclear relaxation as a tool for a detailed in-
vestigation of the field dependence of the excitation
spectra, particularly close to the "spin-flop"
transition H~, : (H»i =93kOe), where the energy of
one of the two magnon branches at k =0 vanishes
as H, approaches H»-. .

We report here on a combined experimental and
theoretical study of the field dependence of both
the "F and "Mn NSLR at 4.2 K, where T «T„
(T„=67.3 'K). The results obtained provide a
quantitative confirmation of the predictions of spin-
wave theory at all fields exeePt in the immediate
vicinity of B„-:where there is evidence for anomal-
ous "criticallike" behavior, particularly for the
"Mn NMR where a (Hs,: H, )

s~s diverg-ence in
1/T, is found.

In Sec. II, the electronic and nuclear magnetic
interactions in MnF, are used to construct ap-
propriate exchange and hyperfine Hamiltonians.
Section III describes the experimental apparatus
and procedure and Sec. IV the results of NSLR
measurements as a function of field, for both ' F
nuclei and Mn nuclei ln pure MQF2, In Sec. Vq

after a brief review of the necessary spin wave
theory, a theoretical interpretation is given of the
observed "F NSLR in terms of the Raman scatter-
ing of spin waves and the "Mn NSLR as results
fro m thr ee- magnon exchange-enhanc ed scat te ring.
The anomalous behavior of the NSLR in the vicinity
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of H s& is shown to be consistent with a direct
process involving damped magnons. An effective-
field theory is developed that predicts a (Hs, : -Ho) '
dependence to y~ and the rf-field enhancements,
with H, I f.'. Appendix A contains a comparison of
the small-k and spherical-model calculation of
the density of states with one that is relatively
exact for MnF, . The importance of this to the
temperature dependence of NSLR rates is demon-
strated. A "thermally weighted density of states"
procedure is used to show which regions of the
Brillouin zone dominate the NSLR for various
temperature and fields. Finally in Appendix B
we report on related experimental and theoretical
work on the NSLR rates of ' F nuclei adjacent to
nonmagnetic impurities in MnF, : Zn and show this
to be consistent with, and lend support to, the
interpretation given for the pure-crystal experi-
ments.

II. ELECTRONIC AND NUCLEAR MAGNETIC
PROPERTIES OF N|nF2

MnF, crystalizes in the body-centered tetragonal
rutile structure with c/a =0.68. Mn" ions are
located at (0, 0, 0) and (-, , —,, ;) and the F ions at
+(u, u, 0), (-,'+u, —,'wu, —,) in the unit cell, and
u = 0.31+. Below the Neel temperature
(T„=67.3 K) and for magnetic fields applied par-
allel to the c axis which are less than the "spin-
flop" field, the Mn" electronic spins order as an
easy-axis two-sublattice antiferromagnet (i.e.,
the moments at the body-center and corner-site
positions are oppositely directed along the crystal-
line c axis, as shown in Fig. 1). The size of the
chemical and magnetic unit cells are identical.

A. Electronic interactions

The exchange, anisotropy, and Zeeman inter-
actions for MnF, may be represented by the Ham-
iltonian

R, =28, Q H, 8; +24, QS; S, —— Q (8) + Q (S') —gg H (Qsf+ QSf),
nn nnn j

(2.1)

where the isotropic exchange interaction extends
to the z, = 2 nearest neighbors (nn) and z, = 8 next
nearest neighbors (nnn). The exchange between
third nn is negligible. It is an approximation to
represent the anisotropy in single-ion form, as
above, since in fact, it is mainly dipolar in char-
acter. However, K is a phenomenological con-
stant accurately determined from perpendicular
susceptibility, ' antiferromagnetic resonance, '
and neutron-scattering' experiments and the wave-
vector (k) dependence of single-ion and dipolar
anisotropy differ little at those relatively small
values of k which dominate the thermodynamic
properties at T «T„.Thus the approximation of
replacing the dipolar anisotropy by the simpler
single-ion form is most satisfactory for our pur-
poses. Values of the exchange and anisotropy
parameters are given in Table I. To remove any
ambiguity as to the origins of the values chosen,
the equations from which they are derived, both
with and without zero-point spin-wave corrections,
are given in the caption for Table I. It is some-
times useful to represent 4 and K as effective
fields, to wit, H~ =2J2Z2S/gp~, H„=KS/gp~. Val-
ues of all these parameters as well as the field
JI»: where spin flop occurs are also contained in

'

the table. The fact that
~ Z,J, ~

»
~ Z,Z, ~

and J, &0
combined with K&0 results in MnF, being an al-
most ideal two-sublat tice easy-axis antiferromag-
net.

Regarding the spin-flop transition some subtlety
exists as to precisely the field at which it takes
place. Because of its importance as to the maxi-
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FIG. 1. Magnetic structure of antiferromagnetic
MnF2. (a) The direction of Mn+ spin ordering is shown
together with an illustration of the exchange couplings
4& and 42. I,

'b) The local 9F nuclear site symmetry is
shown. The small coordinate axes define the principle
axes of the ~~F hyperfine tensors with respect to the
type-I and -II Mn++ spins. Type-III'and -IV Mn++ sites
are exhibited as examples of electronic sites which can
give significant contributions to ei'1/T ~) via the Mn — I'
dipole interaction.
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mum H, at which NMR can be studied in the anti-
ferromagnetic state we briefly give some details.
Zero-point effects are omitted from the following
considerations. With H, exactly parallel to the c
axis it is observed" that macroscopic samples
develop a domain structure of alternating anti-
ferromagnetic; and spin-flop character at a field
HD defined by

HD = 2HsH„-H„—s mM~„, (2.2)

where M, is the sublattice magnetization and the
last term is the Lorentz field connection. This
transition to the mixed state is almost 1 kOe lomex
than the so-called spin-flop field H», defined by

H'„:= 2HsH„+H'„+(N~ - ', w )2M,—H„. (2.3)

Here N~ is the demagnetizing factor perpendicular
to the c-axis direction and we have assumed that
T «T~ so that y ~~

is negligible. Both the theoreti-
cal predictions for the NSLR and the divergence of
y, are developed with respect to G»,- although, in
fact, the transition to the mixed state at HD pre-
cludes the possibility of making comparisons be-
tween experiment and theory beyond HD.

For antiferromagnetically ordered systems, with
the directions of quantization for the electrons
and nuclear moments collinear along the z direc-
tion, the resonance frequencies in a field H, ~~

z
are

h v, =A„(S,)r „,+ yH, , (2.5)

where (S,)r H is the thermal average of the spin
magnetization at T and Ho and y is the nuclear
gyromagnetic ratio. The transverse components
of K„—the terms involving I„andI„—would be re-
sponsible for inducing transitions between nuclear
states M, =+ & and are therefore instrumental in
the NSLR process.

The generalization of the above remarks to the
specific cases of the "F and "Mn NMR in MnF,
have been given" '" and we abstract only those
details which are necessary to understanding the
resonance frequencies and the relaxation process-
es.

B. ' F and Mn hyperfine interactions

In the conceptually simplest case of an I = —,
'

nucleus interacting only with the spin moment of
its own atomic electrons the hfs interaction in a
sol.id has the form

(2.4)

3 N

3C= PA' + gD' )I S's yll I
t= 1 f= 4

3

+ P A„+g B„)I„S,'

i=z )=4

3

+ P (4„'„I„S„'+A,„I~S.'
) . (2.6)

1=1

Reference should be made to Fig. 1 where the
local Mn" coordination about a F is shown. The
largest part of the hfs arises from the transferred
hyperfine interaction with the three nn to a given
F ion; hence the partitioning of these seen above. .

The term 4,', appears because the hfs tensor is
nondiagonal in the chosen set of axes.

The various components of the D,'„represent the
dipolar interactions with a spin S', at position r'
with respect to the "F nucleus, other than the
three nearest Mn" neighbors. All terms D,'„,with
l c y, k t z, have been deliberately omitted since
they neither contribute to determining the reso-
nance frequency nor significantly affect the relaxa-
tion. The (a) in the Zeeman contribution shows
that H, either adds or subtracts from the local
field produced by the hfs interaction and corre-
sponds to there being two magnetically inequivalent
F sites with H, I c. The generalization of Eq.
(2.5) results in the following expression for the
two "F NMR frequencies:

Pv))= 2A.,', —A.,", + D,', S, ~ „+"yH
4=4

(2 7)

where the f(k) corresponds to the branch which
initially increases (decreases) with H, Numerica. l

TABLE I. Values of the exchange and anisotropy pa-
rameters appropriate to MnF& and the Hamiltonian giv-
en in Eq. (2.1). J2 and E are derived from experimental
measurements of the antiferromagnetic-resonance fre-
quency (Ref. 7) and y~ (Ref. 3) extrapolated to T =O'K,
using the zero-point corrected relations (Ref. 1) for
those quantities: (gp&HS&:) = (hvo) =ES (4ZJ+K )

&&(1.0292' and y~=Ng ps(4ZJ+K) ~(0.9617). J& was de-
termined from neutron-scattering studies (Ref. 2).
From these relations one derives the quantities H& and

HE shown as (a). The classical values shown as (b) are
obtained by neglecting the zero-point corrections con-
tained in the curly brackets. (See complete discussion
in Ref. 1.) The values shown in the table differ slightly
from others used in the literature because of errors
previously made in applying zero-point corrections.

1. '9Fhfs
HE H~ H„:

The hfs Hamiltonian for the "F (I = —,)NMR in a
dc field H, ~~

s may be expressed as follows:
, K 0.32 —1.78 0.415 (a) 528 7.73 93.3

(b) 550 7.87 93.3
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Because the "F nuclear hyperfine-coupling con-
stants are positive, the hyperfine field at any "F
site points Parallel to the direction of the electron-
ic moments at the two neighboring type-I electron-
ic sites. Therefore the "F nuclear resonance
which initially increases ("upgoing") in frequency
with increasing magnetic field is associated with
two type-I Mn" moments which are oriented par-
ellel and one type-II Mn" moment which is orient-
ed antiparallel to 'the external field. By way of
contrast, because the "Mn hyperfine-coupling
constants are negative, the "upgoing" "Mn nu-
clear-resonance branch is associated with an
electronic moment which is oriented antiparallel
with the external field. The association of the
"downgoing" nuclear-resonance branches with
magnetic-moment orientations is obtained from
the "upgoing" NMR branches by simply inverting
all of the electronic moments. (We belabor this
point because it is essential in the interpretation
of the nuclear-relaxation data, as the magnitude
of the fluctuations associated with electronic mo-
ments ordered parallel to the external field are
different in magnitude from those of the antipar-
allel moments. )

III. EXPERIMENTAL PROCEDURE

Nuclear -spin-lattice-relaxation measurements
have been performed as a function of magnetic
field H, from H, =O up to fields close to HD. At
4.2 'K, and for this range of Ho applied parallel
to the crystalline c axis, the "Mn NMR occurs in
the range 570-770 MHz and the "F NMR lies be-
tween zero and 530 MHz.

Most of the "F NMR data were taken using high-
power incoherent spin-echo techniques. The spec-
trometer itself is similar to one described before"
except that a high-quality field-effect transistor
(FET) input communications receiver was used,
and 90 hybrid couplers and a limiter were used
for receiver isolation and protection. In addition,
tuning stubs and adjustable lines were used as a
convenient means of impedance matching over the
large range of "F NMR frequencies investigated.

All of the NSLR measurements were made using
saturation-recovery techniques. The relaxation
was always well fit by an exponential relaxation
rate with a characteristic relaxation rate T„

M(t)=M(~)(1 —e '~r~).

In the spin-echo measurements, the nuclear
magnetization was saturated by a "comb" of rf
pulses. At a time I later the nuclear magnetiza-
tion M(t) was measured by observing the amplitude
of the echo following a two-pulse sequence. Rep-
etition of these measurements for various values

of t and t »T, (i.e., t =~) gives a value for T,
At frequencies higher than about 350 MHz less
than half of the rf power from the 90'hybrid was
coupled properly into the sample coil due to losses
or leakage in the tuning stubs network. This prob-
lem led in some measurements to inadequate nu-
clear saturation and poorer data. Hence data
were retaken using the cw technique, described
below, which was generally found to give more
repeatable and therefore more reliable results at
the higher frequencies. Each data point that is
shown for the "F relaxation at a given Ho involves
an average over several sequential measurements.
The quoted error of + 20/q is a liberal estimate of
the maximum scatter in the individual measure-
ments.

All of the measurements associated with the
"Mn NMR were made using cw NMR techniques.
The cw spectrometer is of the rf bridge type,
using rf phase-sensitive (homodyne) detection and
low-noise broadband rf amplification. 180'hybrid
junctions are used both for the bridge element and
for isolation between reference and signal arms.
A double-balanced mixer serves as the phase-
sensitive detector. All components are broadband
(10-1000 MHz) and matched to 50-0 impedance.

To observe the weak "Mn NMR at low fields
where the enhancement is low, it was necessary
to use a high-Q (700) resonator with both frequen-
cy and coupling adjustment capacitors in the
Dewar, close to the sample, remotely tunable
from above. With this arrangement both large h,
for saturation and good sensitivity were available.
Closer to spin flop (H, &70 kOe) the enhancements
become so large that the signal seriously loaded
the resonant circuit. Here it was possible to use
a sample coil with inductance L and distributed
capacitance C adjusted to give a transmission-
line response with characteristic impedance
Z, = (L/C)'" equal to the rf system impedance.
When this coil is terminated in Z„good bridge
balance is possible from 0 to 1 GHz. The time
delay v =(L/C)'" determines the maximum operat-
ing frequency. Although the effective Q of this
system is of the order of 1 it gives adequate sig-
nals in the region where large enhancements are
observed.

The cw T, measurements were made by saturat-
ing the nuclear magnetization at maximum rf
power level, then monitoring continuously its re-
covery with low rf power. When T, was long
enough (T, & 1 sec) the switching from high to low
rf power was done manually. Field modulation
and lock-in detection was used, with derivative
signals displayed on a chart recorder. For Ty s
shorter than 1sec, the switching was done with
a PIN diode modulator driven by a square wave,
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and the dc mixer output was displayed on an oscil-
loscope. Signal averaging was used to improve
signal to noise ratios.

In the frequency-pulling region (see Sec. IV), the
NMR lines shifted by more than their width upon
saturation. Extremely nonexponential recoveries
resulted from monitoring the peak of the lines.
Reasonable results were obtained by monitoring
the most linear region of the side of the line,
which converts the shift to an amplitude change.
Since only one time constant T, is involved, this
procedure gives correct values for +y.

For two reasons, it was necessary to align the
c axis of the sample very precisely parallel with
the applied field. First, for misalignments of the
order of 2'or more the electronic spins monoton-
ically tip from the antiferromagnetic to the spin-
flop orientation and the sample does not exhibit
the sharp transition near HD which is of interest
here. Second, misalignment of the electronic
spins with the c axis below spin-flop allows an
otherwise forbidden "F relaxation" process. Data
analysis for the "F NSLR is more straightforward
if this extra source of relaxation is made negligi-
ble by maintaining good sample alignment. Sample
alignment was obtained with the sample in position
in the magnet and while observing the "FNMR
within a few kilogauss of HD. Because of the highly
anisotropie "F hyperfine field, and because the
direction of electronic spin alignment is a very
strong function of sample misalignment for Hp
near HD, it was possible to align the crystalline
c axis parallel to JIO, by adjusting the sample
alignment until the downgoing "F branch occurred
at the lowest possible frequency for a fixed field,
or at the highest possible field for a fixed frequen-
cy. Using this technique it was possible to align
the sample c axis parallel to Ho to within about
0.1' or better.

NSLR measurements at fields less that 25 kOe
were made at 4.2 'K in a standard research Dewar
mounted in an iron electromagnet. All of the
higher-field measurements were made in a super-
conducting solenoid. The Dewar associated with
the solenoid was fitted with a thin-wall stainless-
steel tube which provided access to the magnet
core while excluding the liquid helium. For mea-
surernents at 4.2 'K an atmosphere of helium gas
in the tube provided excellent thermal contact
with the liquid-helium bath. It was possible to
obtain higher sample temperatures by putting the
sample in thermal contact with a resistance heater
while reducing the thermal conductance to the
helium bath by evacuating the access tube. Tem-
perature control was obtained by using a mag-
netic-field-independent capacitance thermometer
in an ac bridge circuit and using voltages from

the bridge imbalance to control the power de-
livered to the heater. Although temperature con-
trol was adequate (+0.1 'K), the actual sample
temperature was somewhat lower than that at the
thermometer. Temperatures higher than 4.2 'K
were thus estimated by extrapolating the theoret-
ical H, dependence of "(1jT,) to H, =O and com-
paring with measurements' there. In the super-
conducting solenoid coarse magnetic-field mea-
surement was obtained from a copper magnetore-
sistance coil in the body of the magnet. Accurate
field measurement was made using the "F NMR
in Teflon in a small untuned sample coil similar
to that used in the cw NMR experiments as de-
scribed above. In the "F experiments the NMR
magnetometer was mounted radially outwards in
the solenoid 8 mm away from the MnF, sample
which corresponded to a field higher than that
at the sample by 0.04% (36 Oe at 90 kOe). It was
necessary to take this correction into account to
obtain the field at the sample itself.
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FIG. 3. Nuclear spin-lattice relaxation rate for the
9F NMR in MnF2 at 4.2 'K as a function of Ho~~ c. The

dots are the experimental observations and the solid
lines are the predictions of the detailed two-magnon
theory.

IV. EXPERIMENTAL RESULTS

A. NSLR

The NSLR rate I/T, was measured as a function
of field from H, =0 to HD at 4.2 K for both branch-
es of the "F and "Mn NMH. These data are shown

in Figs. 3 and 4 and are seen to exhibit certain
qualitatively similar features. The relaxation
rates of the two NMR branches for both nuclei
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I I I I I I I I I
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showed a marked increase as H, was increased
significantly above zero. Again for both the "Mn
and "F nuclei, the branch with the faster of the
two relaxation rates corresponds to those nuclei
associated with the magnetic sublattice whose
electronic moments point oPPosite to the direction
of the magnetic field.

As H, approaches HD, quite striking behavior
is observed in the relaxation rates. For both
"Mn NMR branches a very sharp increase in the
relaxation rates is observed with 1/T, rising by
more than an order of magnitude within an interval
of 3 kOe of H~. Throughout the high-field region
the ratio of the relaxation rates of the two branches
remains about 2.5. The peak in 1/T, in the "F
data near HD shows significantly different behav-
ior. Whereas the relaxation rate on the downgoing
"F branch increases by almost an order of mag-
nitude within an interval of about 3 kOe near HD,
1/T, on the upgoing "F branch shows little or no
such increase. This disparity in"the relative mag-

nitudes of the relaxation close to HD on the two
"F resonance branches will be discussed in de-
tail in Sec. V.

As will be shown, the sharp increase in the re-
laxation rate near HD for both "F and "Mn nuclei
is not explained by spin-wave-theory calculations
for two- and three-magnon relaxation processes
as discussed in Sec. V, and hence the behaviors
in this region are referred to as "anomalous" in
both cases.

Additional experiments were performed on the
anomalous peak in the "F relaxation on the down-
going branch in order to elucidate its qualitative
behavior. Measurements were made at two higher
temperatures T =5.8 and 7.8 K with the purpose
of obtaining information on the temperature de-
pendence of 1/T, near spin-flop relative to the
relaxation rate at lower fields. These data are
shown in Fig. 5. One feature of the data is im-
mediately apparent from the figure; namely, the
relative decrease in the magnitude of the anoma-
lous contribution as the temperature is inc~eased.
Since the relaxation at higher temperatures be-
comes increasingly dominated by excitations with
larger k (see Appendix A) it is clear that the anom-
alous behavior observed must be associated with
relatively small-k excitations of the spin system.

B. Mn NMR

I
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At fields below -50 kOe a symmetrical spectrum
of five quadrupole lines was observed, with widths
and relative amplitudes in agreement with the
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FIG. 4. Nuclear spin-lattice relaxation rates for the
5~Mn NMR in MnFt at 4.2 'K as a function of H, I c. The
circles represent the experimental observations; the
solid lines are the predictions of the three-magnon
theory of Freyne and Pincus normalized to agree with
the experimental results in the region 40—80 kOe.

FIG. 5. Nuclear spin-lattice relaxation rate for the
F NMH ( v& branch) in MnF2 at 5.8 and 7.8 K in the

range of external fields 70-92 kOe. The dots are the
experimental observations and the solid curves are the
detailed predictions of the two-magnon theory.
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Suhl-Nakamura"'" theory and previous experi-
ments. " At higher fields, a field scan gives an
unsymmetrical quadrupole spectrum due to the
field dependence of the enhancement across the
spectrum. Close to H~, the divergent susceptibil-
ity )t, detunes the NMR coil, while losses associ-
ated with y, appear as a huge nonresonant deriva-
tive signal centered about HD. When NMR is done
in this region, the nonresonant signal overlaps
the NMR, and tuning of the NMR system is quite
awkward.

In addition a series of unexplained effects was
observed, which we tentatively identify with tive

field dependence of the Suhl-Nakamura interaction.
(i) Above 50 kOe the center line of the quadrupole
spectrum broadens and disappears from the deriv-
ative spectrum. (ii) Above 85 kOe the lower-fre-
quency quadrupole component grows in amplitude
relative to the others until it entirely dominates
the spectrum. (iii) For H~ —H, (1 kOe, frequen-
cy-pulling effects" are observed upon saturation
of the NMR. The above effects are more pro-
nounced, and occur at lower fields, on the 55v~

NMR branch. The fields quoted above apply to
the "v~ branch.

C. Enhancements

In both the "F and "Mn NMR experiments an
enhancement of the applied rf field was observed
which increased with increasing field. A rough
measure of the "F enhancements was obtained by
observing the requisite widths of a pair of pulses
selected so as to optimize the nuclear spin-echo
signal. In the "Mn case the enhancements were
estimated on the basis of the relative size and
saturation of the NMR signal, assuming the en-
hancement to be virtually zero when H, =O. De-
fining the enhancement g, such that H„ff H t-

&(1+q), we find the values that are shown in
Table III. These are compared with the predic-
tions obtained from the theory developed in Sec.
VC.

V. THEORY AND DISCUSSION

A. Spin-wave theory

0
0 0.5

k/k

1.0

S;= (2S —ata;)'"+ S = b, (2S —b~b;)'",

S,. = a, (2S a,. a, )'",S&
—(2S b& b,.)'"b&,

S; =(S a,.. a, ), S;.= S+b~bj,

(5.1)

where a, , b,. (a, , b, ) create (destroy) spin devia-
tions on specific sites on each of the two sublat-
tices. Linear spin-wave theory is generated by
expressing the Hamiltonian in terms of the
Fourier-transformed spin-wave operators
ak ak, bk bk where, for example,

FIG. 6. Variations of the transformation coefficients
u~ and v~+ in MnF& as a function of k in the [100] di-
rection [after R. Loudon, Adv. Phys. 17, 243 {1968)].

71

Since uk =~[2J&zS(1+$p) +k~k]/8~k and &k
= ~[2J&sS(l+(())—h~k ]/8~k, one finds for the small-0
region, u =u() = —'[(Hz/2H&) + 1] and e
=-,'[E,'H,/»~)
is well known. "" We briefly outline only those
aspects of the theory that are essential to the
discussion of the nulcear relaxation in MnF, .

Starting with the Hamiltonian Eq. (2.1), spin-
deviation operators are defined in the Holstein-
Primakoff representation" as follows:

The spin-wave theory appropriate to describing
the thermodynamic properties of antif e rro magnets N N

(5.2)

TABLE III. Approximate values of rf enhancements, g =Hcff/H, f —1, as a function of ap-
plied field Hp for the '~F and Mn NMR in MnF&. Values are obtained from Ref. 14.

Hp (kOB)

Theor

(85 89—90 (92.4

)5
8.5

H p (kOe)

E~t
Theor

5.0-60 87

50

(92.4

»103

320
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and retaining only linear and quadratic terms in
these operators. This intermediate Hamiltonian
is not diagonal but may be made so through the
following Canonical transformation to new opera-
tors n-„,nk, P„-,and Pk

n-=(2SN) "'
k

X ~ 8 sk «'S +V ~ ~ik'rg$-
k ~ x f k

j

P- =(2SN)-'"
k

(5.7)

x u- ~ e 'k ' '$++ v- ~ e'" '~S+

From these equations and Fig. 6 it is clear that
the creation of a magnon on either branch will
involve almost equal excitations of spins on both.

sublattices near k =0, while at k =k, where

a- =u-n —v-P- 5- =-v-n-+u-P-. (5.3)
k k k k k' k k k k k'

The new Bose operators n-„,p-„, (n-„,pk) create
(destroy) normal-mode spin-wave excitations in
the antiferromagnetic system.

The transformation coefficients u& and vk are
determined by imposing Bose commutation rela-
tions and by requiring that the off-diagonal com-
ponents of the transformed Hamiltonian vanish.
The transformation Eq. (5.3) is chosen so that uk
and vk are both real and positive; the k dependence
of uk and of vk is shown in Fig. 6. The energies
of the two resulting modes, neglecting zero-point
effects, is

8+-„=2SZ,J,[(l+$k)' —yk]'"+gpeH, , (5.4)

where

$-„=K/2ZQ, —(2Z,J,/Z, Z, ) sin' —,'ck„(5.5)

yk = cos &ok„eos&&0, eos 2ck, , (5.6)

and the 4(0) corresponds to modes of a given k
whose energy increases (decreases) with field.

The explicit relation between magnon operators
and the individual spin operators may be obtained
from Eqs. (5.1)-(5.3). For example, the opera-
tors that create excitations of a particular k with
either &S,=+1 for the whole spin system are

u =1 and v- =0, the zone-boundary magnons will2=
k k

propagate only on sublattice i(j) if nk (Pk) is in-
volved. Of course a continuous range of behavior
exists between these simple extremes. We em-
phasize these points because the qualitative fea-
tures of the field dependence of the "F nuclear-
relaxation rate may be immediately inferred from
this subtle property of the k dependence of ~- and

2 k

Vk

The operator which defines the number of mag-
nons with energy (dk at temperature T is given in
terms of the Bose factor as

q--=(n„-n-„)=(e" k~'r —1) '.
B. Nuclear relaxation via magnon scattering

(5.8)

The NSLR process is the one by which an en-
semble of nuclear spin moments reach thermal
equilibrium with a "lattice" (in our case the mag-
non system) at temperature T. The standard pro-
cedure for calculating the rate (1/T, ) for this
process is to regard the transverse part of 3C„as
the perturbation Hamiltonian $C„' and calculate the
transition probability 8' according to the Golden
Rule,

W= — X„' z '5Z, Z
f

with

(5 9)

1 2W

here (f ~ (~i)) and Zz (E;) represent final- (initial. -)
state wave functions and energies, respectively,
of the combined nuclear- and electron-spin sys-
tem. Energy conservation in the process is ex-
pressed in the & function 5(E& —E;).

The normal modes of the electronic system are
magnons and hence the perturbation $C„' must be
expressed in terms of the magnon operators. Do-
ing this naturally leads to a classification of the
magnon-scattering processes that contribute to
(1/T, ). In the low-magnon-density limit the ex-
pansion of the square roots in the Holstein-
Primakoff representation, Eq. (5.1), yields, for
the i spin sublattice,

2$1/2 p e"'"(uknk-vkpl ) —(4SN) ' g e"" ""(uknk -vkpk)(uk nk -vk pk)(uk nk--vk-pk )
'=

N
k

+ ~ a ~ (5.1Oa)

1/2—
S, = — g e'" ' (uknk —vk'P'k) —(4SN) ' g e" "(uknk —vkPk)(uk n» —vk P-„.)

k

X (ukii n~ii —VknPkii) + (5.10b)
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and S& is directly given as

;=S—pQe' " " "(»nq — „-P~)(-„ak —
q I » ) .

k, k'
(5.10c)

Thus in the first-order linear theory in which one
neglects magnon-magnon interactions there is a
definite correspondence between the allowed mag-
non-nuclear spin-scattering processes and the
single-spin operators that appear in X„'.If R„'con-
tains only (a) S;, S;, then only odd numbers of
magnons (1, 3, 5) may be scattered: (b) S„then
only takeo-magnon scattering may tare place.

Since the minimum spin-wave energy 1/her, is
almost always such that @co,»hen„, the direct or
one-magnon process is forbidden on energy-con-
servation grounds. Thus the lowest-order process
related to there being operators S,' in K„'is three-
magnon scattering. In general, no restriction ap-
pears for three-magnon scattering other than the

fact that I~, &26co to satisfy the
&(E» —E„E»-i —h&„)requirement of Eq. (5.9).
For the two-magnon or Raman-scattering process
to take place, and a nuclear spin flip to occur,
either a term of the form A„orD„which couplesI' to S, must appear in R„'(i.e., the hyperfine+di-
polar interaction tensor must be nondiagonaP')
and/or the directions of quantization of the nuclear
and electronic spin system must be noncollinear.

Returning to the hfs Hamiltonians appropriate to
the "F and "Mn relaxation in MnF, with H, ~~ c,
and therefore the ~ axis, the axis of quantization
in both spin systems, we see from Eqs. (2.6) and

(2.8) that

»X„'=P (A,',f,s,'+A„'„f„s„'+A,'„f,s',)+ g D',.I,S.',
i&4

(5.11)

'X'= A„„I„S„+A, I„S. (5.12)

Thus only for "(1/T, ) do we expect two-magnon
contributions from the A,', and D,', terms, whereas
none would be allowed for "(1/T,). We now consider
the explicit form of the "F and "Mn relaxation
processes.

'9 F relaxation

a. Two-magnon. Using Eqs. (5.9) and (5.11) the
Raman scattering from the 12 neighboring Mn"
spins yields

1 4m 2 2 2 2

2 k k'~k ~& ~k ~&+ + ~k k'~k && ~k &&+ 1
T~ )) hN2

k,k'

x [(A,',)' sin'(k -k') ~ »(r, —r, )+4A,',D„'sin(k —k') 2(r, —r&) sin(k-k') ~ 2(rv& —rv&)

x cos(k —k') ' (rr —rr —rvr' —rvr )]+2A', D,',"u&uk v» v& [q& i(ri» $+ 1) + g» i(gk (+ 1)]

X[sin(k —k') —,'(r& —r&) sin(k —k')»(rrrr' —rrrr)

x cos(k —k') (rr —r& —rrrr —rr r r) ] + 2 [III -V]]t) (E& —E& —ace„) (5.13)

The notation [III- V] in the above means replace
D,',"by D„„rrrrby rv, rrrr by rv in the previous
term; 4k is the same as used for designating fre-
quencies in Eq. (2.7) and Bose factors in Eq.
(2.8).

The dynamic relaxation probes the spectral
density of the square of the sum of the local-field
fluctuations at ~„.The significance then of the
various cross terms which appear in Eq. (2.13)
is that they represent the interferertce between
contributions from different Mn" spins. For ex-
ample, the term containing the factor

(A,',)' sin'(k —k') ~ (r( —r, .)/2
takes cognizance of the fact that only the out-of-
phase fluctuations of spins I and I' have a non-
vanishing contribution to the local field induced by
the off-diagonal elements of the A' and A' hfs
tensors, as was first noted in the earlier treat-
ment" of "(1/T,) vs T at zero field. What was not
considered before is the importance of cross
terms connecting different spins through different
coupling constants (e.g. , A,', D,',"). While it is
true that, say, ~ D,',"~ &

~ A,', ~
the contributions that
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the cross terms make to 1/T, are not as small
as one usually surmises by cursorily comparing
the separate autocorrelation contributions [I.e.,
(D„',")' with (A,',)']. Table II gives the location
and magnitude of the coupling constants of the
12 Mn" spins which were included in the two-
magnon calculation above. Of course, other yet
further removed Mn" spins will contribute to
"(1/T,) but an order-of-magnitude estimate shows
them not to contribute significantly. For example,
even the term &,', D,', is appreciably smaller than

any of those included.
The composite results for the two-magnon calcu-

lation for "(1/T,)11 as a function of Ffp at T = 4.2 'K
are shown in Fig. 3 as the solid lines. The agree-
ment between theory and experiment appears to be
excellent over the entire field region except in the
immediate vicinity of H». In regards to the cal-
culation certain details are of special interest.
That part of the relaxation rate involving the co-
efficient (A,',)' and 4A,', D„'was calculated using
the exact density of states as described in Appen-
dix A. The numerical value of &,', =4.33&10 ~

cm that was chosen in the calculation is in ex-
cellent agreement with the value A'„,= (4.4 +0.4)
&10 cm ' obtained from EPR studies" of Mn" in
ZnF, —we shall return to a discussion of this
point in a moment —and the D„',are, of course,
exact. However, for all other cross terms in Eq.
(5.13) the small-k approximation to the density of
states, suitably scaled, was used in the calcula-
tions. Since the latter terms contribute apprecia-
bly less to 1/T, than do the others it was felt that
the requisite accuracy could be achieved within
the framework of the small-k approximation. A
discussion of the details of this and other approx-
imations to the magnon density of states is given
in Appendix A.

Perhaps what is most gratifying is to compare
the different two-magnon contributions to "(I/T, )pi

as a function of field at 4.2 K. This is done in
Fig. 7 where the contributions from the (A,',)' and
&„B,', terms are separately given along with the
total rate. Two things are to be noticed: (i) The
cross terms A,',D„have a measurably different
field dependence from the (A,',)' terms; and (ii)
the magnitude of the cross terms is such as to
constitute an'important correction to the over-all
rate. This latter point relates to the earlier
work'P on "(1/T,) vs T at Ffp=0. Since the cross
terms were neglected the value of (A~)' had to be
made artificially larger than the experimental
Mn" in ZnF, measurement. '4 It is now clear that
almost exact theoretical-experimental agreement
is achieved with no adjustment of parameters by
inclusion of these important cross terms.

The difference in the field dependence of

IO

I

——A TERMS
2
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i 1 I l
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FIG. 7. Two-magnon theory for the F nuclear spin-
lattice relaxation rate in MnF2 at 4.2 'K as a function
of Hp ~~

c T11e dashed curves (---) are the predicted
rates for the two NMR branches including correlations
only between type-I moments, whereas the curves
(- — -) comprise the important hyperfine dipolar cor-
relations as discussed in the text. The solid curve ( — — -)
shows the sum of these contributions.

'P(I/T, )i and 'P(1/T, )k may be understood by just
considering the (A'„)'term in Eq. (5.13) since,
as shown in Fig. 7, its behavior dominates the re-
laxation rates .From Eq. (5.13) and Fig. 5 we see
that when gz ~ is approximately the same as g~ ~

then the main contribution arises from the u&u&.

part of the first term. This is the case near zero
field and hence initially "(1/T, ) idecreases with
H, because gk ~ decreases with IIp and the converse
holds for "(1/T,)1 and rish i. However, at low tem-
peratures as H, continues to increase gk ~ »gI, ~,
particularly for the important small-k magnons and

2 2
then the v&v&ii)~ 1(ri~ 1+ I) term becomes apprecia-
ble, finally overcoming the initial field decreasing
behavior of the "(1/T,)1 until it begins to increase
with increasing field. Of course the

2 2
u&uk 71t, p (71k 1+1) behavior of the "(1/T,)1 branch
causes. it to remain increasing with Hp for all
fields.

Three-magnon. %bile it is most satisfying
that quantitative agreement is found between ex-
periment and two-magnon scattering theory over
almost the entire region from Hp 0 to HQ it is
less clear whether the rather abrupt increase in
"(1/T,)1 near spin flop can be explained by re-
sidual odd-magnon scattering. Now three-magnon
scattering should be the predominant mechanism
for relaxation of the "Mn nuclei, as indeed we
will show to be the case. A rather complete theory
of the latter, including second-order exchanged-
enhanced processes, "has been developed by
Freyne and Pincus. " %e therefore adopt the fol-
lowing rationale: If three-magnon scattering,
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which increases more rapidly with field than does
the two-magnon process, is a contributing factor
to t]he anomalous behavior of the "F NSLR near
Hz then, in principle, one should be able to
"scale" the "Mn and "F rates in this region.
However, before doing so it is necessary to in-
vestigate the importance of interference effects
resulting from strong pair correlation between

neighboring spins on opposite sublattices, which
is essential only in the "F ease.

Neglecting second-order exchange-enhanced
processes, for which interference effects would
be the same, the total three-magnon hyperfine-
induced ' F NSLR, in the vicinity of HD, is given
by

3 'gk 'i 'gki i ('gk» ) + 1)&2(A&„+A„)uk ukiuk» + (A„„+A, ) vk vk~ v k I

+ 2(A,', +A,',)'uku~kuk ~ cos(k" - k -k') ~ (r, —r, .)
—2(A&& +A. )(A&& + A&&) uku&k uk»vkv kt vk»

I I I I II

&&[cos(k"-k-k') ~ (r, -r, )+cos(k"-k k') (r, , r»)]]

X 5(Ek+Eki -Ek» —Ku)„).

Here we have used the simplification that at a
field sufficiently large, so that gp. &Ho&kT, the re-
laxation will be dominated by terms which involve
only Bose factors for the k4 magnon branch. Thus
to obtain "(1/T,)i 1t ls necessary 'to simply inter-
change u], and v& in the last equation.

The first two terms in Eq. (2.14) represent
relaxation of a "F moment caused by the three
adjacent Mn" spins in the absence of interference
effects, whereas the third term explicitly exhibits
the interference between spins I and I'. The posi-
tive eoeffieient of the latter term represents the
fact that„ for small-k excitations, Mn" spins I
and I' fluctuate in phase.

The most important feature of Eq. (5.14) is the
negative sign of the last term and is directly
traceable to the negative sign preceding the vz's
in the transformation to normal mode operators
[see Eq. (5.3)] and that odd numbers of vk's appear
as coefficients in Eq. (2.14). The physical inter-
pretation to be attributed to this is that for small-
y excitations Mn" spins I and I' fluctuate opposite
in phase to the type-II spins. This by itself would
not be decisive were it not for the fact that

(A,'„'+A,'„')& (A„'„+A,'„)and hence the degree of can
cellation of the first three terms by the last term
could be significant. Moreover, since one must
interchange u]-, with vz in going from the expres-
sion for "(1/T, ) ~ to "(1/T, ) i the relative weighting
of the various auto- and pair-correlation terms
will change and with it the relative degree of can-
cellation to be expected. As mentioned above,
rather than numerically calculating the three-
magnon scattering for the "F NSLR we will make
use of the "Mn experimental results to "scale"
the expected contribution to "(1/T, ) t and "(1/T, )~
from this process, but explicitly taking into ac-
count the different contributions that the cross
terms make to the two "F NSLR rates. We will
see by doing this we can explain most of the ob-
served difference in the magnitudes of the two
rates in the region of field close to II», .

2. "Mn relnxution: Three mugnon

Using the transverse Hamiltonian of Eq. (5.12),
with A.„„=A.» =-A. , the first-order three-magnon-
induced "Mn NSLH rate has the form

SS g A+2 2 2 2 2 2 2
[ kuk'uk" gk i gk')()k" i+ 1)+ vk vk'vk" gk i ik' i(gk" t+ 1)

k, k', k"
2 2 2

vkTk k ')k i )k i()k ~+ 1)+4vk k k )k }1k i()k i+ 1)] (Ek+Ek — k" n) (5.15)

To obtain "(1/T,)~ it is simply necessary to inter-
change u], and v& in the above equation. It may be
seen from the above that at low temperatures and
at fields that are very large the term proportional
to u-„uk uk will dominate "(1/T,) i. Hence there

i

will be a rapidly increasing dependence of "(1/T,) i
on Bo arising from the product of Bose factors
tjki'g~ii(7ik»i+ I). Likewise, (1/T&)~ will increase
rapidly with field at high fields. Moreover, if this
first term was the sole contribution, and we as-
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2 9 (5.16)

which, as can be seen from Fig. 4, is close to
what is observed:

sume that u& =up and vI, =vp for all k, k' and k',
then we would expect that at high fields and low T

ation of "(1/T, )ti with H, due to three-magnon
scattering is substantiated by the theory and (b)
the observed divergent behavior as H, approaches
H„,is not given by existing theories. . We now turn
to the latter in attempting to understand both the
' F and "Mn NSLR rates in the region H„,-Hp H~I-, .

3. Relaxation near spin flop

We have not calculated the actual field depen-
dence predicted by Eq. (2.15) because it is clear
from the work of others" "that second-order
processes enhance the three-magnon rate obtained
from the noninteracting theory. Freyne and Pin-
cus ' have in fact made such a calculation including
all processes in which a virtual magnon is created
by the nuclear spin flip and then subsequently scat-
tered via the dynamical magnon-magnon interaction
involving the transverse parts of the exchange
Hamiltonian. Their calculation uses the small-k
approximation for the magnon density of states
and also makes certain simplifications in averaging
over some scalar products of the scattered-mag-
non wave vectors. The results of their theory muL-
tiplied by a factor of & are shown in Fig. .4 as the
solid lines (see Fig. 4 caption). Although there is
a clear indication in the theory of the strong field
dependence found in the experimental result it is
also obvious that the Freyne-Pincus result over-
estimates the rates by about a factor of 2. The
agreement is remarkably good over most of the
field range again, except in the vicinity of HD,
where "(1/T,) i and "(1/T, ) ~ both increase more
rapidly than the three-magnon theory predicts.

Since the calculation produces a result that is
larger than is observed and yet neglected higher-
order processes would only add to the calculated
rate we suggest that the theoretical result is in
error. Support for this contention comes from
comparing the three-magnon exchange enhance-
ment at Hp' 0 first calculated by Beeman and
Pincus with the result obt3ined by Harris. " The
latter author used the Dyson-Maleev transforma-
tion to boson operators rather than the Holstein-
Primakoff one. Beeman and Pincus found an en-
hancement of 2.05, Harris an enhancement of 2.0,
while Freyne and Pincus now find the enhancement
to be 3.6. We also suspect that this enhancement
of the three-magnon rate does not depend strongly
on field; otherwise, the relation given in Eq.
(5.16) would not hold. Unfortunately no calculation
was made of the ratio of the enhanced to the un-
enhanced rates as a function of H, .

Putting aside these rather small differences
between theory and experiment, we should em-
phasize two points: (a) the observed rapid vari-

It is apparent that, despite the rather good
agreement between experiment and theory for
both the "F and "Mn rates well below the region
of spin-flop, low-order perturbation theory does
not suffice to describe the increasingly rapid rates
as Hp approaches H»: . We will show in this section
that (i) the difference in the behavior of "(1/T,)i
and "(1/T,) ~ in the immediate vicinity of Hn is
mainly explained in terms of transverse fluctua-
tions of the Mn" spins, using the observed "Mn
NSLR rates and the known hfs couplings to scale
"(1/T,) to "(1/T,) and, (ii) the observed
(H„:-H, ) '" behavior of "(1/T, ) t~ is directly ob-
tained from a "one-magnon" phenomenological
theory in which the magnon lifetime I';, at low
temperatures is assumed to depend strongly on T
but weakly on k and H, for those small-k magnons
that are important to the NSLR. We shall refer
to the behavior of the "F and "Mn rates in this
high-field region as "anomalous" to distinguish
them from what we consider to be the first-prin-
ciples explanation of the rates in the region well
away from H»-:.

a. Anomalous "F NSLR. An alternate descrip-
tion" of NSLR is obtained in terms of the appro-
priate spin-correlation functions. For example,
in the case of the "Mn NMR where only transverse
fluctuations of S may contribute to "(1/T,) we may
write Eq. (5.15) as

(
55

((Si (~)St (o)/) cos~„td&.
2 2@

(5.17a)

The arrows represent the direction of the electron-
ic moments with respect to H„the () indicates
an ensemble average and the () an indication of a
symmetrization of the operators. In this sense the
"Mn NSLR is a measure of the spectral density
of the transverse electronic spin fluctuations at
~ = ~„with "(1/T, )~ and (15/5T, )~ separately sens-
ing those fluctuations on the two different sub-
lattices. The three-magnon relaxation then is the
lowest-order contribution to the Fourier trans-
form of the autocorrelation function given in

Eq. (5.17a).
For simplicity we rewrite Eq. (5.17a) as
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(
55

= (2 "A)'St(tf, ~) = (2 "A)'Si
T1

(5.17b)

where, in the latter, we drop the implicit depen-
dence of S~ on H and T, and define

Si-=@2 (fSi(t)St(0)])co».«tl
BS

(5.18)

3, ~«~ =——
& ((S;i(t)S,,~(0))) cosv„tdt . (5.19)

Certain of the S are identical and we simplify
Eq. (5.19) further by writing

~lilt S3 i SINAI'k S t i

Sr~rr~ =S'~~
~ (5.20)

where a and P denote auto- and pair-correlation
functions, respectively. Thus both the "Mn and
"F relaxations that arise from transverse fluctua
tions may be quite simply expressed as

55 1 55
= (2 "A)'S'), — = (2 "A)'S'(,

19

(5.21)

+ 2(A„'„+A,',)'S~i+ 4(A.„'„+A,'„)(A„'„'+A.,",)S ~t) ,
'

(5.22)

Clearly the power spectrum of the fluctuations
sensed by the "F nuclei will involve similar cor-
relation functions, particularly if the anomalous
behavior near HD arises from transverse spin
fluctuahons. However, pair correlation is very
important to the "F NSLR because of the cross
coupling of a given "F nucleus to its various neigh-
bors. We generalize (5.18) to include, for ex-
ample,

S )=AS ), (5.25)

with 4 independent of 0, at a fixed T. It is experi-
mentally observed that 6 =0.4. %e remarked ear-
lier that this is related to the fact that at high
fields, in particular, the dominant excitations are
all on one-magnon branch, and in the three-mag-
non-scattering theory 6 is given by the ratio
u'/v-'. [See Eq. (5.16).]

Since we have shown it to be plausible that one
may neglect the field dependence, if any, of
Si/S ~ as well as S i/S ~, it is not unreasonable to
assume that S i ~/S i is also field independent at a
fixed T, at least in the narrow high-field region
Hsr +o Hsr Thus we take

St )=PS)=PCS) . (5.26)

The physically allowable range of values for the
undetermined parameter n is 0&a & l. To see
what might be the bounds on P we substitute the
definitions Eqs. (5.24)—(5.26) into Eqs. (5.21)-
(5.23) and obtain the two algebraic equations, us-
ingA AI +A, I andAII-AII +AII

In the three-magnon scattering [see Eq. (5.14)]
this implies that one is assuming u„-and v„-and
the phase factors cos(k" -k —k') (r, —r(), etc. ,
do not vary strongly with k at small k.

The second assumption concerns the relation be-
tween S ~ and S ~. %e have noted 'that over most
of the region of field the measured ratio of

"(1/T, ) 1 / "(1/~, ) ~

is roughly constant. This is particularly true in
the vicinity of HSF where, despite the fact that both
are strong functions of field, their ratio is con-
stant; therefore we take, using Eq. (5.21),

'~(I/T, ) (
——2(A„',+A,', )~ S (

+ (A'„'„+A,",)' S)+2(A„'„+A,', ) S ~

+ 4(A„'„+A,', )(A'„'„+A",,)S~». (5.28)

l
)2(2A, +A„/2 +2o.A, —4pA, A„),

(5.27)

S ~j = eS ), S ~) = nS ),
with e independent of Ho at a fixed T.

(5.24)

If the "F NSI R only depended on 8' the scaling
that would be required would be simple. Clearly
some assumptions must be made to relate the un-
known S ~ to the S'. At low temperatures, for all
values of H„the magnons involved zn the relaxa-
tion are of small ~k~ (see Appendix A. ) It is not
unreasonable in this case then to assume that the
pair-correlation function has the same field de-
pendence as does the autocorrelation function for
spins on the smne sublattice, i.e. ,

l
;(2A', +AA'„+2o.A', —4b PA, A„).

(5.28)
Then P must be restricted to the values

2Ai+(I/A)A, ', +2o. A2i

4AI&„
with the upper limit corresponding to the point at
which exact cancellation occurs in Eq. (5.14) for
"(1/T,)t. In the region of small-k excitations
one, in fact, expects P to be close to this upper
limit, P=1.58 if n =l.
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It is possible to estimate P from spin-wave the-
ory. In general for all odd N-magnon processes
which are dominated by the downgoing magnon
branch it is found, in the small-k approximation,
that

S;/S; =- I/~ = (u, /v, )'"

and P= (M, /v, )" is therefore given by P =(I/6)'".
A particular example of this relationship between
P and A for N = 3 may be seen in Eq. (5.15). More-
over, the experimentally observed values of 1/6
= 2.5 and P =1.6 are consistent with the values of
u& and v~ near k=0. In Fig. 8 we plot the quanti-
ties 1/Rk and 1/R0 as a function of P for the value
n =1. The choice of the latter parameter value is
in keeping with the fact that, if we interpret n
within the spin-wave theory, it is proportional to
a cask (r, —r, ) factor which, in the small-k ap-
proximation, will be close to unity. One sees that
for values of P larger than 1.5, 1/Rf rapidly be-
comes much greater than I/Rk. The value
p = 1.54, where 1/R4 is equal to the experimental-
ly determined ratio, is in qualitative agreement
with the estimate given above. If Eqs. (5.27) and
(5.28) gave an exact description of the anomalous
contributions to the "F NSLR from transverse
fluctuations, then 1/Rk would also intersect the
corresponding experimental ratio at the same val-
ue of P. Before considering why the simple theory
might not give a precise description of the anoma-
lous rates, we should emphasize that it clearly
shows that the cross terms contained in the theory
for the transverse fluctuations do account for most
of the magnitude of the anomalous rates and, in
particular, that the NSLR rate of the "v~ branch
can be much smaller than the corresponding "v$
one.

%e have considered how the inclusion of diagonal
dipolar terms (e.g. , A„'„D„"'„)might modify the
above conclusion and find that, at most, they would
result in only slightly different values of P being
obtained for the observed A and physically plausi-
ble value of u &1.

The two lines (I/R)~ (expt) and (I/R)~ (expt)
shown in Pig. 8 presume that all of the anomalous
contribution to the "P NSLR rate results from
transverse fluctuations. If indeed part of the
anomalous behavior was caused by longitudinal
fluctuations —not obtainable from the simple two-
magnon-scattering theory —then both values of
(1/R)(expt) should be increased. For example, if
we assume longitudinal fluctuation contributes 40%
of the anomalous relaxation on both branches, then,
as may be seen from the dashed lines, the curves
for (1/R)~ and (I/R)~ will intersect the two dashed
lines at the same value of P. In actual fact, sec-
ond-order contributions to the "F NSLR do exist

500—

a=I
6=0.

200—

100—

0
1.0

I

1.2

I/R~(expt)
) I

14 1.5 1.6

FIG. 8. Ratio of the ~9F and 55Mn relaxation times
1/R )= ( Tg)/ Tg))~ p and 1/R) = ( Tg/ Tg~)H z calcu-
lated from a phenomenological theory which utilizes the
two interference parameters ~ and P and the experi-
mentally determined ratio & = ( T'&

~ / "T&~)». »r
T =4.2 'K and Ho = 92.3 kOe the calculated curves (solid
lines) are compared as a function of P with measured
values (long dashes) of the ratios 1/R & and 1/R &. The
short dashed lines result for 1/R(expt) if it is assumed
that only 60Pp of the anomalous part of the measured
values of ~~(1/T&) ~ ~

arise from transverse fluctuations.
The latter lines represent a solution of Eqs. (5.27) and
(5.28) which is self-consistent.

which arise from longitudinal fluctuations of the
electronic spins. In particular a four-magnon
process exists in which a thermal magnon scatters
from a nuclear spin [via the term A„I,S, in Eq.
(5.11)] emitting a virtual magnon which in turn
interacts with a second thermal magnon via four-
magnon exchange scattering. " Thus this process
is similar to the three-magnon exchange enhanced
processes discussed above.

Although it is straightforward to show that four-
magnon processes are negligible at Hp 0 ' the
very strong field dependence arising from four
Bose factors could make these processes impor-
tant enough near spin-flop to explain some of the
residual anomalous behavior of "(1/T, )~.

One further result is pertinent to the anomalous
contribution to "(1/T, )~. We have made some
qualitative measurements at high fields of "(I/T, )~
at T = 5.8 and 7.8 'K. At a fixed Hp in the vicinity
of Hs, ,-, it appears that the anomalous contribution
to "(I/T, )~, over and above what is calculated



1208 D. PARQUET TE, A. R. KING, AND V. JACCARINO

from the two-magnon-scattering theory, increases
as T" with 3&n& 5. Since the two-magnon contri-
bution increases more rapidly with T it is clear
that the anomalous part of "(1/T, )~ will be sub-
merged at higher temperatures. Concerning the

, rough temperature dependence found for "(1/T,)~,
we will have some further comments to make in
connection with the direct processes involved in
the scattering of damped magnons.

5. Anomalous "Mn NSLR —"one-magnon" scat-
tering. The experimental data shown in Fig. 9 are
plotted in a fashion that emphasizes the discrep-
ancy between the three-magnon theory, including
exchange-enhanced scattering, and the observed
results in the Iield region (Hs,: —H, )«Hsr. . Exhib-
iting the data in a ln"(1/T, ) vs ln(HS, : —H, ) plot
points up an interesting feature of the NSLR;
namely, "(1/T,) diverges as (H». —H, ) '~' at
4.2 'Kl This behavior is simply not obtained from
the low-order magnon perturbation theory for the
transverse fluctuating fields.

One might regard this as a deficiency of the
spin-wave theory in the field region where Ek ~-0,
for k: 0& as Ho HsI; which it certainly is —or as
evidence for some precursor criticallike fluctua-
tions associated with the spin-flop instability. In-
deed, either or both of these premises may be
correct but it is not obvious how one rigorously
takes them into account within the present theo-
ries.

However, we would like to suggest how, from- a
phenomenological point of view, one might inter-
pret the (Hsr. —H, )

'~' behavior in the context of
"one-magnon" scattering involving damped spin
waves. Turov has shown" that if magnon damping
is associated with interactions of magnons, either
with each other, the lattice or impurities, then
one may express the NSI R in fexromagnets in
terms of a "one-magnon" process as

I I I i I 1 Ill
Ip~o

lO —~
y% ~

I I I I I I
'

lo

lo'

on the low-energy branch are similar in many ways
to a ferromagnet in a field with a small anisotropy
gap. Generalizing Eq. (2.29) to the antiferxomag
netic case, we find

A ' s ~ (I+2gk~)~'-„I'-„,(&„)
T, ) 0 N ~ ((uI —(u„)'+I"-((u„)

k

(5.30)

For 55(1/T, )~ one should substitute v& for uq.
Since, except for fields very close to spin flop,
we would expect vI~» I'k~(&u„) at low temperatures
and &uk »e„,then

(I+2@v)&ki'k ~(&.)
2[(H2 +52k 2)1/2 H j2

k

(5.31)
lf we assume for the moment that 1"

& ~ (u„)depends
strongly on T but is independent of k over the
range of k's of interest at low temperatures and
also independent of H, in the region Hs& —Ho+~Hs~:,
then one may easily calculate "(1/T, ) ~. In partic-

1 A ' S ~ (1+20-„)I'z(~„)
T, h N (~-„—~„)'+ I'-„(&„)

k

(5.29)

where I'k(a„)is a quantity which characterizes
the magnon damping at e =a„.Recalling that in
the linear theory for the direct process, the k
summation contains

Q (1+2q~)5(h(uI —b'av„),

lo

H„-H,(koe)
l 00

we may regard the factor

I'k(~. )/H~r, —~.)'+ I'-„(~.)1
as the magnon spectral weight of wave vector k at
the energy ke„.

For an antiferromagnet at low temperatures and
at fields close to spin flop the thermal excitations

FIG. 9. Nuclear spin-lattice relaxation rate for the
5 Mn (55p& branch) in MnF2 at 4.2 K as a function of the
distance (Hq~;-Ho) from the spin-Qop transition. The
solid line is the adjusted prediction of the Freyne-
Pincus three-magnon theory (see Fig. 4) and the dashed
line is the result of a one-magnon calculation where in
the latter the lifetime of the magnons is included. The
parameter I k (~„)=1.8 x 10 sec was used to character-
ize this lifetime effect.
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ular, for @~p)«kT it ls simple to show that for
Hs~. Hp H $[

I
T, (Hq): —Ho) ~ (5.32)

The upper curve in Fig. 9 at small values of
H„.—H, is the result of a calculation of Eq. (5.31)
with the value I"-„~(~„)= 1.S &&10' sec ' chosen to
best fit the data.

Several remarks are in order concerning the
above results: (a) As Turov" has emphasized one
should not regard I'q(e„)as the spin-wave life-
time as derived from measurements such as anti-
ferromagnetic resonance. (b) It is not clea, r
whether one should add these results on to the
exchange-enhanced part of the three-magnon theo-
ry or not, since the latter purports to include life-
time broadening of the magnons. '" (c) One might
expect that 1"

], would be a strong function of k and
H, even for the small-k magnons. Nevertheless,
parallel pumping measurements" in antiferromag-
netic CuCl, ~ 2H, G at low temperatures support the
approximation that the spin-wave lifetimes for the
small-k magnons become increasingly field inde-
pendent as well as k independent as T becomes
much smaller than T„.It might also be mentioned
that the value of I' k(e„)that is found from our
analysis is not unreasonable when compared with
the spin-wave lifetimes I

&
=10 ' sec that have

been obtained in interpreting the MnF, AFMR ex-
periments at high field'. (d) Measurements of the
spin-wave lifetimes in the parallel pumping exper-
iments in CuCl, 2H, O,"and the four-magnon-
scattering contribution to the antiferromagnetic-
resonance (AFMB) linewidth in MnF, at high
fields" as a function of temperature, show an ap-
proximate T' behavior. Again keeping in mind
comment (a) above, it still would suggest that
"(I/T, )i ~ should vary as T' in the region
gp, ~(H, , H, )«kT. We-have not made measure-
ments of the "(1/T, ) in this temperature region
but, as remarked at the end of Sec. IV, we did
find an approximate T" behavior with 3 & n& 5, to
the anomalous contribution to "(1/T, )~. Measure-
ments of 55(1/T, )i ~ as a function of temperature
in the high-field region are now in progress by one
of the authors (A.B.K. ) in collaboration with Dr.
J-P. Boucher. From these results and a more
complete treatment of all magnon-scattering pro-
cesses, direct and induced, we hope to resolve
the question of the origin of the divergence of
"(1/T, ) as H, -H„

It should be pointed out that for MnF, at 4.2 'K,
Eg. (5.31) not only leads to the proportionality
(5.32), but it also predicts that "(I/T, )i/"(1/T, )~
—= u', ju', =l.4. Experimentally we find
"(1/T, )&/"(1/T, )& =2.5 for (H„-H,) -10 kOe.

Nevertheless our phenomenological approach gives
an indication that perhaps spin-wave damping may
be an important consideration in calculations of
the NSLR near spin flop and, moreover, that the
NSLB is an extremely sensitive probe of relatively
small values of spin-wave lifetime broadening.

C. rf-field enhancements and the divergence of X„

The enhancement of the rf field experienced by
the nuclei in the walls and domains of a ferromag-
net is a subject which has received much attention
since the pioneering work of Portis and Gossard. "
We show now by analogy with domain-rotation en-
hancement in ferromagnets that the NMB signal in
antiferromagnets also will be appreciably en-
hanced» Ho approaches Hsr because of the diver-
gence of X~.

In a saturated uniaxial fe~romagnet with Ho ~~ c,
and anisotropy field H~ the enhancement g for
H, pic~(z is"

H H' H (H' H') ' (5.33)

antiferro: q" = (H„/M, )y ~. (5.35)

At fields H, «H„:,y~= lt, (T„)and hence the en-
hancement in the antiferromagnetic state is no

larger than it is in the paramagnetic state at
T =T„.Alternatively one may note that X~
= M, /HE so that the rotation of the magnetization
is restricted by the exchange field rather than the
smaller anisotropy field, as it is in the ferromag-
net. However, g~ increases dramatically as a
function of H, ~~c as we shall now show and may

where H„ is the hyperfine field, H is the field
that restricts the domain rotation, and HD -HD is
the difference between the perpendicular and par-
allel demagnetizing fields [i.e. , HD —H~

(D D~~)M ] (We have assumed the hyperfine
field to be isotropic for simplicity. )

By analogy, for a paramagnet H =H,
+(D D p)&HO and since the transverse field is
reduced by M/M, relative to the ferromagnet, we

find —if X is assumed to be isotropic—

para: q=-(M/M, )H„JHJ1+(D, —D.)q]]-'
= H„y/M, [1+(D i —D, )X] . (5.34)

g may be recognized as just the paramagnetic
shift in an NMR experiment. Since at elevated
temperatures and moderate fields
(T&50'K;H, & 50 kOe), y/M, «10 ', little or no

enhancement is seen for NMR in paramagnets.
For a uniaxial antiferromagnet, Eg. (5.34) is

immediately applicable under the following re-
strictions: If H, ~~

c and H, q &c and we assume for
the moment that y ~, =0, then
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cause q to become appreciably larger than unity.
Since the nuclei interact with the individual elec-

tronic spin moments it is essential for the en-.
hancement calculation to separately obtain the
transverse susceptibilities X ~ and X ~ of the two
sublattices. Using the effective field equations
derived from the Ha. miltonian in Eq. (1.1) one may
calculate X~ as a function of H, . From the angles

It, = (M, /H, 8„)(y+ b, );

Xi =X~+X (5.36)

6„,and y between the various vector quantities
as indicated in Fig. 10, it is clear that, in the
small-angle approximation,

with the +(-) associated with the 0(4) sublattice magnetizations, respectively. Balancing the torques on

the two sublattice results in the following two equations:

-Hs sin2y+ H„cos(h —y) sin(h —y)+H, sin(b, —y+8H)+ —,'vM, siny cosy

—2M, D ~ siny cosA cos(L —y) —2M, D, siny siM sin(b, —y) =0.

+H~sin2y+H„c so(b. —y) sin(S —y) —H, sin(w —b, —y —8„)—,'vM, s—iny cosy

+2M, D~ siny cosa cos(b, —y)+2M, D, siny sinb, sin(b, —y) =0.

(5.37a)

(5.37b)

b, = H, 8„/(H~,
—H 0);

y = H, (4 + 8„)/2H (5.38)

Here H~ =2JZS/gp. ~, H„=KS/I,g~, and we have
specifically included Lorentz-field as well as de-
magnetizing-field corrections. Again in the small-
angle approximation one finds from Eqs. (5.37a)
and (5.37b),

I I I I I I I II I I I I I I III

"q are compared with the rough experimental
measurements in Table III. Although the agree-
ment between experiment and theory is satisfac-
tory for the "F NMR the observed values of "g
are markedly larger than Eq. (5.42) suggests. The
probable explanation for the larger "Mn enhance-

FI&l: + 2HEHp
' 2H, (H' -H') (5.39)

where H'„ is defined in Eq. (2.3). Inserting these
results for b, and y into Eq. (5.36), we obtain

IO

C-OXISe„
4g

&(MI-MI)

(5.40)
M, HSl:
8E SI'

The quantities X and X are shown in Fig. 10 as
a function of Hs, ,

—H, for MnF, . Two interesting
features may be noted: (i) the separate sublattice
susceptibilities increase more rapidly with in-
creasing H, than does It~ and (ii) all three quanti-
ties diverge at precisely that value of the field
(H, = Hfdf:) for which the energy of the k =0 spin-
wave mode vanishes. One may infer from the lat-
ter that the results of Eqs. (5.39) and (5.40) hold
in the linear spin-wave approximation as well.

Finally, combining Eqs. (5.35) and (5.39), we
obtain for the enhancements

0-

CQ

I—
CL

IO
(f)

LLj

O)
IO

IVIII

IO
» III

IOO

{H,=O)

H. Hsl + 2HEHp
rl

2HE Hsl: II p

(5.41)

q = aH„/2(H H~ o) . (5.42)

The predicted values from Eq. (5.42) for "7I and

with the + (—) to be associated with It (It ), re-
spectively. "" In the vicinity of spin flop, Eq.
(5.41) reduces to

HSF
- Ho{kOe)

FIG. 10. Relative orientations of the sublattice mag-
netizations, external field, and the anisotropy axis
appropriate to the calculation of. the field dependence of
the perpendicular susceptibilities. (a) Angles ez(HO $ c),
A(c /Ms~-Ms~) y(Ms~ $M~~ —Ms~) are shown. (b) Cal-
culated sublattice ( —y ~~, g~) and total (2g ~) perpendic-
ular susceptibilities are shown as a function of the dis-
tance from spin flop Bs&; -Bo.
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ments is that near spin flop the observed reso-
nances have mixed electronic as well as nuclear
character as a result of the larger Suhl-Nakamura
interaction. "" This is evidenced by the fact that
)the predicted" frequency shift ("frequency pull-
ing") associated with this interaction just becomes
noticeable in the region close to spin flop. Since
the shift 5 has the form

6 ss- 4' (I,) /(Hs, + H, )(H~, —H, ),

and "A» "A., it is clear that mixed electronic and
nuclear character is likely to be less important
for the "F NMB than it is for the "Mn NMR.

onset of the spin-flop transition in an antiferro-
magnet. The difficulties implicit in their method
are not inconsiderable.

It is also possible that the observed anomalous
behavior of the NSLR rates in the vicinity of H„,
is a precursor effect signaling a dynamic instabil-
ity associated with the transition to a new ground
state for the electronic spin system. As such it
would be unlikely that a perturbation approach
which assumes small fluctuations about a well-de-
fined "Neel" state is a proper starting point. We

hope the present work will stimulate further theo-
retical effort in this area.

VI. CONCLUSIONS ACKNOWLEDGMENTS

VVe have used the NSLB rates of the "F and
"Mn NMR in MnF, to precisely test the antiferro-
magnetic spin-wave theory in a field region 0 +H0
& H»:, at temperatures T «T» & T„.Since the
magnitude and the symmetry properties of the
electron nuclear interaction for the two resonances
require that two-magnon (for "F) and three-mag-
non (for the "Mn) scattering be the predominant
mechanisms by which the respective nuclei relax,
we have been able to separately compare and re-
late these distinct processes as a function of only
one external parameter —the magnetic field. The
satisfactory comparison between experiment and
the predictions of low-order spin-wave scattering
theory over the entire field region —except in the
immediate vicinity of spin flop —confirms the va-
lidity of the thermodynamic spin-wave theory of a
Heisenberg antiferromagnet. It appears to us that
the difficulties that have been encountered in al-
most all previous NSLR studies in other antifer. .:;—
magnets (e.g. , H' in CuCl, 2H, O) in attempting
to make similar comparisons represent a defi-
ciency in the understanding and characterization
of the magnon excitation spectra of more complex
spin structures rather than a basic deficiency of
the theory. Taken together with the research of
Kaplan et al. ,

"we regard our work as a definitive
study of the H0-T dependence of the thermodynam-
ics of an antiferromagnet.

There remains a need to quantitatively under-
stand the "critical-like" behavior of the NSLB as
H0 approaches H»:. Although the scattering that
would involve five, seven, etc. magnons would

cause increasingly rapid field dependence of the
NSLR it seems unlikely that the perturbation ap-
proach would result in the simple (H, r.

—H, )
"' be-

havior that is observed for 55(1/T, ). Perhaps the
approach taken by Turov and his collaborators for
the ferromagnets in which they interpret the re-
laxation as a manifestation of a direct process in-
volving the scattering of a damped magnon, would

be useful to explore further in connection with the

This appendix has two purposes: first, to ex-
plore the region of validity of two model calcula-
tions of the magnon density of states D(E) and

compare them with a relatively exact one. Second,
we justify the assumption we have frequently used,
that, at 4.2'K, the relevant thermodynamic prop-
erties of MnF, are dominated by the small-k re-
gion of the "thermally weighted density of states. "

Both the small-k and spherical approximations"
to E& as generally applied to MnF, and FeF., as-
sume J, = J3 =0 and result therefore in an isotropic
dispersion of magnons. In the small-k approxi-
mation,

Ef = E,(2g, +1/4 k'a')'"
where E0= g p~II~. The corresponding density of
states as obtained directly from Fk by the usual
technique" is

)
sos'i

t
s'i) (A2)

In the spherical approximation as it was applied
to the NSLB problem in" FeF, the dispersion and
density of states are

and

Ek = E,(1+2$, —cos'-,' k r )'~' (A3)

SP

DsP(E) k

m'a' E '
0

(sin-'[(E/E, )'- 2~,]"}'
[1+2( —(E/E ) ]'~ [(E/E )' —2$ ]'" '

(A4)

where the dispersion extends through a spherical

We would like to thank Dr. M. Butler for his con-
tributions to the initial phases of this work, Dr.
F. Freyne and Professor P. Pincus for discussions
of the exchange enhancement problem, and Profes-
sor D. Hone and Dr. J-P. Boucher for numerous
discussions and insights.

APPENDIX A
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zone of radius k =v/a. Thus E& in the spherical
approximation is the same as is obtained for MnF,
in the [100] direction in the first Brillouin zone.

In the long-wavelength approximation, properly
formulated, there is no expectation that the zone-
boundary energies or density of states should be
given correctly. Therefore the model is only valid
in situations where no significant thermal weight-
ing is given to the zone-boundary magnons. U the
theory is extended to temperatures for which zone-
boundary magnons are important, gross under-
estimations of thermodynamic quantities can occur.
This point apparently has not been appreciated
fully in the past. The results of our calculations
explicitly demonstrate this effect as shown below.

The anticipated advantage of the spherical model
over the small-k approximation is that it generates
a realistic peak in D(E) at an energy equal to the
exact maximum spin-wave energy. This feature
is shown in Fig. 11 where the two approximations
are compared with a relatively exact density of
states appropriate to MnF, .

Two disadvantages of the spherical model exist
in the simple form outlined here. First, the
normalization is incorrect. Usually the size and
shape of the Brillouin zone is chosen appropriate
to the crystal structure in such a way that
J„D(E)dE = N, where N is the total number of
modes. In the spherical model, mathematical
convenience dictates that one should disregard
the corners of a cubic Brillouin zone which are
outside of the enclosed spherical zone. In order
to satisfy the normalization requirement above,
Butler et a/. "recovered the "missing" states by
proportionately redistributing them over their
whole zone. They used D(E) =(6/n)D'~(E) This.
has the advantage that the number of states at the
zone boundary is approximately correct. Unfor-
tunately for small energies D(E) is too large by a
factor 6/m. At low temperatures in MnF, it ls
better simply to ignore the "missing" states since
only the small energy density of states is impor-
tant.

The second disadvantage of this model more
specifically relates to MnF, . Whereas only one
peak occurs at the zone boundary in D"(E), the
exact D(E) has two peaks at slightly different en-
ergies corresponding to different directions in the
real zone and is a direct consequence of J, 4 0. It
is important to take cognizance of this because
D(E) occurs to a higher power than the first in
many calculations. In the two-magnon relaxation
process, for example, D(E) occurs squared. Thus,
at temperatures where zone-boundary magnons
are important, there is a significant difference in
the calculated result if there is a single large peak
in the density of states rather than two smaller
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FIG. 11. Magnon dispersion and density of states in
MnF2. The insert shows the magnon energy vs k de-
pendence in the small-k approximation. For comparison
the exact dispersion in the I100] direction is also given.
The main figure compares the magnon density of states
vs energy in the small-k approximations with the exact
one. In order to satisfy normalization requirements,
the energy in the small-k approximation must be ex-
tended to the lament h~~k & A~

km

peaks. In fairness it should be pointed out that
the spherical model was originally developed for
FeF, where J,= 0 and there really is only a single
speak in D(E). The general conclusion for this
model, then, in its applicability to MnF„ is that
1t is only valid when small-k excitations are im-
portant and a suitable normalization is chosen.

Actual calculations using the three different
forms of the density of states are performed by
transforming the sums in k space to numerical
integrals in E space. For the two model calcula-
tions, the transformations are analytic yielding
an expression, for the two-magnon case, which is
a one-dimensional integral over energy. A detailed
description of this procedure is given in Butler
et g/. " The necessary numerical integration was
performed on a computer. Thermodynamic cal-
culations using the exact density of states derived
from Eq. (5.4) are more involved. The Brillouin
zone is divided into tiny sections which are clas-
sified into constant energy surfaces; E(k) = con-
stant. This correspondence is then utilized by
the computer to explicitly perform the sums over
k space while maintaining the restrictions imposed
by the energy conserving & function.

In order to give a specific example of the relative
behavior of the three models, we present the re-
sults of calculations of the temPerature dependence
of the "F NSLR given by the (A'„)'term of Eq.
(5.13). The calculation is performed for A'„=5.4
&&10 ' cm ' and the results are shown in Fig. 12.
The NSLH temperature dependence using the exact
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D(E) was taken from the work of Kaplan et al. ; the
model calculations were performed by us. The
first thing to be noticed is that all three models
agree for very low temperatures T«T„,but that
significant disagreement occurs beginning near
T = 6 'K. Disagreement between the three calcula-
tions at higher temperatures arises because of the
form of D(E) at the zone boundary. These effects
are somewhat larger for two-magnon relaxation
than they might be for some other thermodynamic
quantities because of the fact that the density of
the states appears squared. For the spherical
model "(1/T,) rises to more than an order of mag-
nitude larger than the exact rate because of the
fact that the model calculation has only a single
peak at the zone boundary. In contrast, the small-
k approximation rate falls far below the exact
rate because of the lack of a sharp peak in D'(E).

It is possible to quantitatively investigate the
validity of model calculations without making a
direct comparison with more exact calculations.
This is important because very often the exact
calculations are relatively difficult to carry out.
Basically, it is necessary to investigate the ther-
mal weighting of the various parts of the Brillouin
zone for the thermodynamic function of interest.
For the two-magnon relaxation process, it is use-
ful to investigate the function

f(T, E, H) = D2(EJ

x sin'[k(E) —k(E) ~ —,
' (r ' —r ")]g4(qt + 1),

(A5)

which is, in some sense, a "thermally weighted
density of states. " This function can be evaluated
according to whatever mathematical model is con-
venient. A calculation can be considered to be
valid as long as there is a significant amplitude
of f(T, E, H) only in regions of the Brillouin zone
for which D(E) is correctly described. Shown in
Fig. 13 are plots of f(T, E,H) calculated in the
small-k approximation for two temperatures and
extremes of magnetic field. The curves are all
scaled for simple comparison; the relative am-
plitude between curves is not meaningful. It is
clear that for temperatures as high aB 4.2 K all
contributions to the NSLR arise from the small-k
region. Because of the fact that the peak in

f(T, E, H) does not shift significantly as a function
of IIO it is even possible to describe the field de-
pendence of the two-magnon NSLR in MnF, in t;erms
of an Einstein distribution with an energy E* (or
k*) defined by the position of this peak. At only
slightly higher temperatures the states near the
zone-boundary energy k~q become important, as
is shown in Fig. 13 for 7=8.2 'K. It should be
noticed, incidently, that just below 8.2 'K is the
region in which there begins to be a significant
deviation of the model calculations of the "FNSLR
from the exact rate as shown in Fig. 12. It is thus
clear that details of the density of states at the
zone boundary can become important at surpris-
ingly low temperatures so that great care must
be exercised in interpreting calculations which
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FIG. 12. Comparison of two model calculations of the
~OF NMR relaxation in MnF2 with the results of the
exact calculation at HO=0 as a function of temperature.

FIG. 13. Comparison of the normalized "thermally
weighted two-magnon density of states, " as is appropri-
ate to the F nuclear magnetic relaxation in MnF2, at
two temperatures and extremes of external fields.
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utilize approximate dispersion relations which
are good only for small k.

Historically most spin-wave NSLR calculations
have made use of the small-K approximation to
the density of states. This was originally used by
Mor iya 6 and Van Kranendonk and Bloom and
more recently Lowe and Whitson. " In the first
two cases, the agreement of the experiment with
theory was quite poor for reasons which were not
understood. In the third case agreement was ob-
tainable by invoking three-magnon relaxation pro-
cesses in addition to two-magnon ones. We would
like to point out, however, that in contrast with
the present work in MnF„ the temperatures at
which the NSLR data were taken (T= —,T„)in
CuC1, ~ 2H, O and similar compounds are such that
one would not expect the small-k approximation
to be applicable. In support of this argument it
should be noticed that the qualitative difference in

Fig. 12 between "(1/T,) calculated in the small-k
approximation and the more exact calculation is
very much the same as the difference between
previous two-magnon calculations"'"'" and the
CuC1, ~ 2H, O NSLR data.

APPENDIX B

One of the most important differences in the
NSLR of "Mn and "F nuclei in MnF, is that the
relaxation of the former arises overwhelmingly
from fluctuations of the spin on the same site,
whereas that of the latter arises from the con-
structive or destructive interference between the
fluctuating spins at the three neighboring sites.
We have already shownthat at4. 2 'K for the "F nu-
clei, destructive interference plays an important
role in explaining why the "F NSLR rate is as
small as it is with respect to the "Mn NSLR rate
near spin flop. It is useful, therefore, to inves-
tigate experimentally to what extent site symmetry
is important in the mechanisms which give rise
to the anomalous peak in the "F relaxation.

It was suggested" that specific information con-
cerning the "F site symmetry could be obtained
by investigating the NSLR of those nuclei which
were near neighbors to a nonmagnetic Zn" im-
purity in MnF, .

It was previously demonstrated" that the sub-
stitution for Mn" of 1-at. /, Zn" as an impurity in
MnF, had little effect on the NSLB of "F nuclei
which were not immediate neighbors to the im-
purity. In addition it was shown that 1/T, for the
"F resonance associated with a Zn" impurity at
a type-II site was only increased by a factor of 2.
Thus the ' F "type-II" impurity-associated reso-
nance effectively has had the type-II Mn" spin
removed and hence it is possible to investigate
fluctuations which are due to the type-I Mn" spins
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FIG. 14. Comparison of experiment with theory for
(1/T&) &

for the impurity-associated F Zn-II reso-
nance in MnF&. Zn (1 at.%) at 4.2 'K as a function of
magnetic field; the triangles are our data whereas the
square point is that of Ref. 15. The solid dots are the
points for the corresponding resonance in pure MnF2,
as is also shown in Fig, 3.
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alone. Therefore ' F NSLB measurements were
made near HD for F sites of this type. Near BD
the MnF, :Zn type-II resonance branches occur in
the region of 1.20 and 615 MHz.

NSLR data taken on the downgoing branch of the
"F type-II resonance near spin flop in MnF, :Zn
(1 at. /~) are shown in Fig. 14. (Because of de-
creased sensitivity in the UHF range, measure-
ments were made only on the downgoing branch.
A search for the corresponding type-I MnF, :Zn
resonance was not made, and it had not been prev-
iously observed. ) The sharp increase in the NSLR
of this impurity related resonance in the same
range over which the similar increase is observed
in pure MnF, gives a qualitative indication that the
anomalous increase in the relaxation rate does
not depend upon the presence of the type-II elec-
tronic spin.

A very rough interpolation in Fig. 14 between
our data points at II, =80 kOe andthe dataof Butler
et al." at Ho =0 for "(1/T,)z„»show quite clearly
that even below the anomalous region the magnetic
field dependence of this rate is much stronger than
it is for "(1/T,)l in pure MnF, . This feature in-
dicates that the removal of a type-II Mn'+ spin
eliminates the possibility of destructive inter-
ference taking place at the "F sites in the three-
maenon relaxation processes. It was this inter-
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ference that made the latter processes unimpor-
tant at the "F site in pure MnF, .

We interpret the above experimental results in
terms of the two- and three-magnon NSLR the-
ories adapted in such a way as to take the Zn"
(missing Mn" spin) impurity into account. As-
suming that there are no changes in local spin
orientation, there are two physical effects which
change the relaxation rate at the impurity assoc-
iated "F site. First, the local excitation spec-
trum is relatively "soft."4' This means that
lower-energy magnons are more likely to gen-
erate a spin deviation at a site near a Zn" im-
purity than they are at a site far from one. This
arises from the fact that the next-nearest Mn"
neighbors to the spinless Zn" impurity have only
seven instead of the usual eight exchange couplings.
This "soft" impurity-mode spectrum was invoked
by Butler et al."to explain the fact that at Kp:0
the impurity-related nuclei had a faster relax-
ation rate than the other ones, i.e. , "(1/T,)z„„
=2 ["(I/T,),„„j. Second, because of the fact that
all negative contributions to the cancellation of
transverse fluctuations in odd-magnon processes
at the "F sites arise from the type-II electronic
spin, these cancellation effects cannot exist at the
"F Zn-II site.

Using the phenomenological approach developed
in Sec. V it is possible to estimate the relative
magnitudes of "(1/T,)z„„and"(1/T,)„„„atthe
corresponding type-I sites. For this case, ex-
plicitly excluding type-II spins, we rewrite Eq.
(5.23) as

'
(I/Tx)&z -» =2Ar S';l(1+a) = 4Ar S'l

ol

"(I/Ti)z. -ii A'(E*) D'(E*)
"(1/T,),... D'(E*)

A, (E+) = ~2.

Here we have made use of the fact that the two-
magnon relaxation rate is proportional to the
square of the density of states. Three magnon
relaxation is proportional to D(E) D(E') D(E"),
where E, E', and E" represent the energies of
the three magnons. Then near spin-flop where the
magnon gap is small, the energy-conserving 6
function will allow all three magnons to be char-
acterized by the energy at the peak of the therm-
ally weighted density of states. " Finally we scale
the impurity relaxation according to the formula

"soft" local-magnon spectrum can be described
by a "reduced spectral weight4'" A;(E). This
spectral weight serves to redefine the density of
states appropriate to the Mn" nnn to the Zn" im-
purity. Specifically the density of states for the
impurity modes is given by D;(E) =A;(E) D(E).
Second, as shown in Appendix A, the NSLR is
dominated by a peak at low energy in the "therm-
ally weighted density of states" whose position E*
is independent of K,. Therefore it is possible to
describe the Ho dependence of "(1/T,) and "(1/T,)
qualitatively in terms of an Einstein distribution
with an energy E*. Third, we assume that at
H, =0, "(1/T,)z„,, arises primarily from two-mag-
non processes. Then from the data at Kp: 0 we
can write

Here S';~ is the enhanced fluctuation amplitude of
the next-near-neighbor Mn" spins to the Zn" im-
purity site. The ratio of the "Mn to "F relaxation
rates will be

"(I/Tx) i zn »A', -

55(1 /T ) A2 12

"(-,',)„.„=;." ""(-,',)„..
23 /2 A) 1

2
A55 T, )3

19
+2

f 2 magnon

19 1
+2

Tl ~ 2 magnon

Clearly in this case the exclusion of interference
in the transverse fluctuations at the "F Zn-II site
leads to a smaller difference between the "F and
corresponding "Mn relaxation rates than is the
case in the pure crystal. Thus the "three-magnon"
relaxation would be expected to have the same
order of magnitude as the two-magnon rate well
below the anomalous region in "(1/T,) ~z„». It is
instructive, therefore, to attempt to scale the
calculation of the "Mn three-magnon NSLR for
the pure crystal to the case of the neighbors to
the Zn" impurity.

In order to scale the "Mn NSLR in the pure
material to the "F Zn-II NSLR several assump-
tions are necessary. First, we assume that the

The expression "(1/T,)i„„,„„„„asa function of H,
is taken from the calculations of Freyne and Pincus
reduced by a factor of —,

' for the reasons discussed
in Sec. VB in interpreting the results of our "Mn
NSLR measurements. The result of this scaling
procedure is shown in Fig. 14 with the "F Zn-II
data. It can be seen that the major part of the
upturn in the relaxation rate which occurs below
the anomalous peak in this impurity-related ' F
NSLR can be explained in terms of the two- and
three-magnon relaxation processes. Again we
emphasize the point that the reason the three-
magnon processes are important here is that can-
cellation of field fluctuations cannot occur when a
spinless impurity occupies the type-II site.
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