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Bound states in the continuum (BICs) and coalesced states at exceptional points (EPs) represent two anoma-
lous resonant states in non-Hermitian systems, attracting extensive interest due to their theoretical implications
and practical applications in fields such as sensing, lasing, and nonlinear light-matter interactions. Understanding
the relationship between BICs and EPs is therefore of central importance. Recent studies have demonstrated
their coexistence in various optical systems, including gratings, photonic crystal slabs, and individual dielectric
inclusions. In this paper, we design a simple coupled-split-ring metasurface to demonstrate the connections
between BICs and EPs, providing a direct and intuitive mapping of the theoretical predictions from the coupled-
mode theory. Specifically, a pair of EPs with opposite chirality is partitioned by a BIC line in the parameter space,
indicating that during the process of adiabatic evolution between EPs, one of the modes transitions through a
BIC state. Our findings unveil a more comprehensive picture of mode coupling in metasurfaces, paving the way
for innovative non-Hermitian system designs and potentially revolutionizing the integration of BICs and EPs
within a unified platform for advanced technological applications.
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In the exploration of quasinormal modes (QNMs) of op-
tical non-Hermitian systems [1,2], which are solutions to
source-free Maxwell’s equations with appropriate radiation
boundary conditions, the modal analysis has spotlighted two
extraordinary resonant phenomena [3]: bound states in the
continuum (BICs) [4] and exceptional points (EPs) [5]. These
phenomena, as special asymptotics of conventional QNMs,
reveal the rich complexity of non-Hermitian physics through
their unique resonant characteristics—BICs possess real res-
onant frequencies indicating their nonradiative nature [6,7],
whereas EPs are defined by the coalescence of multiple
QNMs, leading to identical resonant frequencies and mode
profiles under certain parametric conditions [8—10]. In recent
years, there have been a burgeoning interest in the study
of BICs and EPs, driven by their promising applications in
enhancing light-matter interactions, including but not limited
to sensing [11,12], lasing [13,14], and the nonlinear control of
light [15,16]. Meanwhile, an evolving understanding within
the field points towards a unified framework provided by
temporal coupled-mode theory (TCMT) [17,18], suggesting a
deeper connection between BICs and EPs through the prin-
ciples of mode coupling [19-21]. This unified perspective
has yielded intriguing discoveries on the intricate relations
of these two anomalous states [22-28], such as the spawn-
ing of EPs from in-I" BICs within photonic crystal slabs
in the momentum space [29] and the proximity of EPs to
BICs in various structures, including gratings [30,31] and
isolated dielectric particles [21], across various parameter
spaces. Although the coexistence of BICs and EPs can be
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successfully described by the TCMT [19,21], demonstration
within the context of metasurfaces remains elusive, despite
metasurfaces being a versatile optical platform. In fact, only
isolated Friedrich-Wintgen BICs (FWBICs) have been iden-
tified [32-34] whereas BIC lines [23,24,35] should also be
observed in a two-dimensional parameter space. Additionally,
most EPs reported in metasurfaces occur within the polar-
ization space [10,36,37], where the far-field radiations from
the uncoupled modes are orthogonal (3 = 0 in the TCMT as
described below), thereby prohibiting the existence of BICs.
In this paper, we design a coupled-split-ring (CSR) meta-
surface [34] to demonstrate the coexistence of BICs and EPs
and investigate their relations. The simple structure of the
CSR metasurface allows for a direct and intuitive mapping
of the TCMT model, showing semianalytical correlations
between the structural parameters and TCMT coefficients.
Through QNM calculations, we observe a pair of EPs with
opposite chirality that is partitioned by a BIC line in the
parameter space. Consequently, one of the QNMs can po-
tentially become a BIC state under the adiabatic evolution
between EPs. Our findings provide a comprehensive un-
derstanding of the coupling mechanisms in metasurfaces
and suggest avenues for the development of advanced non-
Hermitian systems, enabling the coherent integration of the
distinctive properties of BICs and EPs in a tunable device.
We first delve into FWBICs and EPs in the context of
TCMT. This investigation is grounded on a coupling frame-
work between two distinct “base” QNMs, denoted as |1) and
|2), as depicted in Fig. 1(a). We model the dynamics of these
coupled modes using a two-level effective Hamiltonian H that
captures the behavior of the system within our spectral range
of interest, and its matrix representation in the {|1), |2)} basis

©2024 American Physical Society
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FIG. 1. TCMT model and unit cell of the CSR metasurface. (a)
Schematic illustration of the TCMT model with two even modes,
[1) and |2), along with the near-field (k) and far-field (yo = /¥1¥2)
coupling coefficients. Electric field distributions, E, and |E| show the
diverging nature and mode profiles of the two QNMs, respectively.
(b) Mode evolution between EPs undergoes a BIC state as dw, 8y,
and « change. The coupling of |1) and |2) results in the “dressed”
modes, |+) and |—), see Eq. (5). The black arrows indicate the
phase angles of &., where arg(@. )+ arg(&_) = . Destructive
interference of |1) and |2) is observed at BIC. At EPs, |[+) and |—) are
coalesced, with arg(&gp) = £ /2 signifying distinct chiralities. (c)
The unit cell structure of the proposed CSR metasurface, where P =
300 um, w = 15 um, r, = 135 um. Variable parameters are marked
in red.

is described as [17,19,27]

K —1iYo

K—i)/())’ 1)

Wy —iy2

where &) » = w;» — iy 2 represent the complex resonant fre-
quencies of |1) and |2). The parameters « and y, are the
near- and far-field coupling coefficients, respectively. It should
be noted that yy = \/y1y2 is critical to our discussion and
is one of the key results derived from TCMT when two
base QNMs radiate into the same channel with identical field
parity [17]. One the one hand, it is a necessary condition
for FWBICs [6,38]; on the other hand, it distinguishes our
metasurface in achieving EPs from other designs in which
Yo 7 /Y172 due to cross-polarization effects [10,36,37,39].
Note that y; » > 0 denotes passivity in the system under the
convention exp(—iwt), and all scalar variables without a tilde
(~) are real numbers throughout this paper. The eigenvalues
of H, 1+ = wy — iy4, closely approximate the resonant fre-
quencies of the QNM:s of the composite system:

i =0 — iy £/ 60— isy P+ —iv)h, @)

where @ = (o) +w)/2, y=W+r)2 o=
(wy —w1)/2 and 8y = (y» — y1)/2. The conditions for
BICs and EPs are derived as [19,21,38]:

For BICs : o x yp =8y x kandyo = /7172, (3)

For EPs : 6w = Fypandk = £5y. 4

The QNMs of the composite system, labeled as |+) and
|—), are approximately expressed as superpositions of the base
modes |1) and |2), with coefficients derived as eigenvectors of

H:

8 £/ (8@)* + &2
|£) = — ~

1) +12) = a=1) +12),  (5)

where (&4 l)T correspond to the eigenvectors associated
with the eigenvalues @, and §& = dw—idy, 6k = k—iyp.
Although the states |+) and |—) are not normalized in Eq. (5),
the emphasis is on the relative contributions of |1) and |2), as
represented by the coefficients &y . Interestingly, the magni-
tudes and phases of & exhibit specific relations:

|€¥+6l7| = 1, (6)

arg (@ a_)=m. @)

These equations reveal notable interference effects [see
Fig. 1(b)]: when |+) represents a BIC, the phase angle of @,
arg(@. ), equals m, signifying the presence of destructive in-
terference. However, it should be noted that |&| # 1, as will
be further elaborated upon in subsequent sections. Conversely,
arg(@_) = 0 suggests that |—) becomes more radiative due to
constructive interference. As system parameters vary, two EPs
of opposite chirality emerge at arg(@y) = arg(@—) = +mw /2,
and concurrently, |&| = |@_| = 1. This condition signifies
the coalescence of |4) and |—), a requisite characteristic
of EPs. Figure 1(b) schematically illustrates the relation-
ships between BICs and EPs, as well as the mode evolutions
among different interference states as system parameters shift.
Specifically, the diagram shows that in the process of transi-
tioning between EPs through continuous variation of system
parameters, one of the modes inevitably passes through a BIC
state. Again it should be noted that yp = ,/¥1¥2 (an intrinsic
property for certain systems as mentioned above) is critical to
the formation of BICs; without this condition, the destructive
interference is not complete [40]. An overview of the TCMT
framework, along with the derivations supporting these results
are detailed in Ref. [38].

Aligning with our metasurface design showcased in
Fig. 1(c), in which two split-rings (SRs) are integrated within
the same plane and embedded in the vacuum, we concentrate
on a scenario where the only independent radiation channel
consists of linearly polarized plane waves propagating along
the £z axis. The radiated electric fields are symmetrically
distributed (even modes) with respect to the z = 0 plane,
where the metasurface resides. In contrast to our previous
study on the formation of FWBICs [34], in this work, we
introduce the variability of both the vertical sliding distance,
d, and the outer radius of the inner SR (iSR), r; (as highlighted
in red), to simulate modifications in the coupling coefficient
(«) and the frequency detuning (§w), within the framework of

1L241302-2



METASURFACE DEMONSTRATION OF EXCEPTIONAL ...

PHYSICAL REVIEW B 109, 1241302 (2024)

(@ y, . (0)
107 .05
. 10°
3 So

(d)
0.65

#; (um)

0—60

60 40 20
d (um)

%
2 527004020 02074
d (um)

0 —20 —40 -60

052 1 1 1 1 1 1

45 46 47 48 49 50 51 52
r; (um)

(f)

60 40 20 0 —20-40 —60
d (um)

FIG. 2. TCMT predictions of the coexisting BICs and EPs within the k — §w parameter space and validations using the CSR metasurface
within the d — r; parameter space. (a), (b) Eigenvalues of the effective Hamiltonian 7 in the k —Sw space, calculated from the TCMT model
[Eq. (2)], where y; = 0.0568, y, = 0.00546, and w; = 0.585, all normalized to 1 THz. Two EPs [blue stars in (a)] are separated by a BIC line
[white line in (b)]. (c) Resonant frequencies (real part) extracted from simulations of individual SR metasurfaces. The change of r; mimics
the change of Sw. (d), (e) Eigenfrequencies of the CSR metasurface in the d — r; space, similar to (a), (b) but extracted from simulations. (f)

Semianalytically fitted near-field coupling coefficient via Eq. (8).

TCMT. The variable d is defined such that the outer SR (0oSR)
and the iSR are concentric when d = 0, with d > 0 indicating
that the iSR slides along the positive y axis. This setup justifies
Yo = /Y172 as specified above, irrespective of d or r; [17].
An examination of Egs. (3) and (4) reveals that, within
the k — dw parameter space, BICs delineate a linear trajec-
tory (referred to as the “BIC line”) while EPs manifest as
isolated points, assuming constant values for y; and y,. This
setup provides a clear and intuitive framework for analysis,
facilitating its straightforward implementation in the design of
metasurfaces. Figure 2(a) illustrates this concept by present-
ing the real (w+) and imaginary (y+) parts of the eigenvalues
derived from Eq. (2). A dark blue stripe intersects the “bulk
Fermi arc” (where wy = w_) indicating a region of high
quality factor [Q = w/(2y )] adjacent to the BIC line, as spec-
ified by Eq. (3). The crossing of the BIC line with the bulk
Fermi arc leads to the band exchange effect [23,24,27,31],
meaning that BICs transit between the upper and lower
bands by crossing the bulk Fermi arc. Additionally, Fig. 2(a)
features a so-called “parity-time-symmetry phase transition
path” (PTSPT-path) [19], marked by black lines where the
band gap closes for either the real or imaginary parts. At

two EPs (marked by blue stars), as defined by Eq. (4), the
eigenvalues become identical (@4 = @_). Such coalescence
is more evidently shown in Fig. 2(b). The coefficients used in
Figs. 2(a) and 2(b) are detailed in the figure captions. For a
more detailed discussion, please refer to Ref. [19], though the
primary aim of our study is to validate these theoretical pre-
dictions through the design of a practical metasurface. Note
that all frequency-related variables have been normalized to
1 THz to facilitate a direct comparison with our metasurface
design.

Our simulations were carried out utilizing COMSOL
MULTIPHYSICS. The metallic SRs were modeled as lossless
structures with perfect electric conductor boundaries. For
additional details regarding the simulation, refer to Ref. [38].
Split-rings are known to support multiple resonant modes. For
our purpose, we carefully designed the dimensions of both
SRs to ensure that the real parts of the resonant frequencies
of the quadrupole mode of the oSR () and the fundamental
mode (LC mode) of the iSR (w,) intersect as r; varies from 45
um to 52 um [38]. The near-field electric field distributions
(|E]) and the correlation between r; and w, are shown in
Fig. 1(a) and Fig. 2(c), respectively. The imaginary part,

1.241302-3



NIU, ZHEN, LIU, AND YANG

PHYSICAL REVIEW B 109, 241302 (2024)

y», remains nearly constant but is notably lower than y,, as
detailed in Ref. [38].

Figures 2(d) and 2(e) present the simulation results
for the CSR, serving as counterparts to Figs. 2(a) and
2(b), respectively. All the key features previously men-
tioned are replicated. Two EPs are identified near (d, r;) =
(61.8,50.9) um (EP1) and (d, r;) = (0, 45.8) um (EP2), with
a BIC line observable and highlighted by a white line in
Fig. 2(e) as a visual guide. Due to the nonlinear dependence
between d and « as well as between r; and dw, the contour
in Fig. 2(e) appears somewhat skewed compared to Fig. 2(b),
resulting in the BIC line and the PTSPT path no longer being
perpendicular to each other [19].

To establish the connection between the sliding distance
(d) and the coupling coefficient (k), we correlate our simula-
tions with the TCMT model, Eq. (2). To simplify the analysis,
we fix @ and @, for each (d, r;) configuration by referencing
Fig. 2(c) and Fig. S3 in Ref. [38]. This approach positions
k as the sole remaining variable to be fitted. Nonetheless,
k is determined through four real equations derived from
the parameters w;, and y;», which effectively leads to its
overspecification. However, under the presumption that « is a
function solely of d, we derive a straightforward yet accurate
approximation for « [38]:

-\
K =iy =+ /(%) — (B — i8y)*, (3)

opting for the sign that ensures smaller |arg(x)|. The fitted
values of k exhibit nonzero imaginary components due to the
approximation techniques used, as depicted in Fig. 2(f). In
fact, these imaginary parts can be simply discarded, with the
real parts of « providing a remarkably accurate fit. Remark-
ably, as the vertical sliding distance d varies, « spans a broad
range of values and notably undergoes a sign switch near
d ~ 33 um, highlighting the unique versatility of our CSR
design in modulating coupling dynamics.

With the fitted « values at hand, we can elucidate the
dynamics [shown in Fig. 1(b)] of the CSR metasurface. From
Eq. (5), we understand that @, represent the ratios of con-
tributions from |1) and |2) to |£). In our context, they can
be represented by the ratios of the spatially averaged surface
current densities in the x direction for oSR ({Js_) osr) and iSR
((Js,x);sr)» €xpressed as

<jS,x>OSR

) ©))

Q4 sim =
= (JS,x) iSR
where the spatial average is calculated over the surface of the
oSR or iSR within one unit cell, respectively, at the QNMs of
the CSR. Due to the out-of-plane (yz) mirror symmetry and
the subwavelengthness of the metasurface, the y components
are in principle zero [38].

We present comparisons between the TCMT results
[shown in dimmed color, Egs. (5)—(7)] and the simulation
results [Eq. (9)] in Figs. 3(a) and 3(b) for two representa-
tive r; values. The red and blue lines represent [+) and |—),
respectively, where solid lines denote the amplitudes, and
dashed lines denote the phases of &y or @4 gim. As analyzed
previously in Fig. 1(b), the chirality of the EPs is differentiated
by the phases of @... This is confirmed in Figs. 3(a) and 3(b):

at EP1, arg(@4 sim) &~ /2 and at EP2 arg(a@y gim) ~ —7 /2.
Moreover, the BIC condition is identified when one of the
arg(&+ gim ) values equals 7, corresponding to a sudden phase
jump in the plots due to phase wrapping. More results for
generic r; values are available in [38].

Beyond eigenmode analysis, TCMT enables the prediction
of the scattering matrix and the frequency-dependent mode
ratio n [see Eq. (11)] [38]. The transmission coefficient, 7, can
be derived as follows:

. (o1 — w)yr + (@2 — w)y1 — 2Ry
r=1+1 — — -
(@) — w)(@) — ) —k?

, (10

and the transmittance, T, is defined as T = |7 |2. Incidentally,
in the lossless case, it can be shown that Re(7) = T.

Figure 3(c) plots the transmittance at EP2 and the resonant
frequencies of the corresponding QNMs, @, extracted from
both simulation and TCMT for comparison. For more compar-
isons at generic points on the PTSPT-path, refer to Ref. [38].
Notably, we observe two pronounced resonant features in the
transmittance spectrum, although the two underlying QNMs
nearly coalesce at an EP. Such spectral features are typically
identified as electromagnetically induced transparency (EIT)
or the Autler-Townes splitting (ATS) of two modes [41].
However, we argue that the system is, in fact, at an EP, as
supported by both TCMT and simulation results. Incidentally,
EP is typically considered as the critical point distinguishing
between strong and weak coupling [42]; thus in our context
it might be served as an alternative threshold to interpret the
transmittance spectra as ATS or EIT [41].

The dispersion of the mode ratio 7 is defined as [38]:

ar(w) Yiw— @
nw) = == — (11)

() V20—
where a(w)=[ a(w) a(w) ]T is the frequency-
dependent mode amplitude vector under excitation, with
1 = w1 — Kk Y1/y2 and @2 = wy — k+/Y2/y1. Surprisingly,

n is a real number and diverges at w = &; and vanishes at
® = &,. Using the same method for extracting & gim,

(Js.x(®)) osr
<jS,x (w)) iSR .

Figure 3(d) showcases the theoretical (black) and
simulation (red) results, confirming that 7, is real and
undergoes a sign change near w = @ ,. This suggests that the
scattered fields by the oSR and iSR are “phase-locked” and
either in-phase or out-of-phase, depending on the excitation
frequencies.

Our simple and intuitive CSR metasurface design corrobo-
rates the TCMT predictions regarding the coexistence as well
as their relations of BICs and EPs within the parameter space.
Specifically, a pair of EPs is separated by a BIC line, and
therefore, the BIC line intersects the Fermi arc that connects
the EPs. While BICs are more abundant than EPs in the
parameter space, EPs exhibit greater robustness against loss
[38]. The strategic modulation of the frequency detuning dw
and the coupling coefficient x serves as a universal technique
that extends beyond our specific metasurface architecture,
proving powerful in uncovering new insights into various
physical systems. Notably, the far-field coupling constant (yp)

Nsim (@) = (12)
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FIG. 3. Curve fittings using previously obtained k. (a), (b) BIC-EP transition dynamics from the prepesctive of @, [TCMT, dimmed colors,
see Egs. (6) and (7)] and @4 gm [simulation, see Eq. (9)]. The phase jump (dashed lines) at a BIC indicates destructive interference, and the
chiralities of EPs are inferred from the phase sign. (c¢) Transmittanceat EP2. (d) Dispersion of the mode ratio n at EP2. It can be seen from both

TCMT and simulation that 7 is a real number in the lossless case.

plays a pivotal role in our findings, distinguishing our CSR
from other designs on the quest for EPs, where yy is typically
absent. We also offer a counterintuitive yet enlightening per-
spective on interpreting the transmittance spectrum through
the concept of EPs. Under monochromatic excitation, the
phase difference of the constituent base modes is locked at
0 or 7, which may find applications in the coherent control of
near fields. This study paves the way for further exploration

of the nuanced interplay between EPs and BICs, suggesting
the promising potential of integrating their unique features
into practical designs on a single platform for advanced
applications.
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