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Partial magnetic order in kagome spin ice
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Motivated by the observation of partial magnetic order in kagome-based magnets, we study the classical
kagome Ising antiferromagnet, known as kagome spin ice, including further-neighbor interactions at zero and
finite temperature. While the nearest-neighbor model displays an extensive ground-state degeneracy, various
symmetry-breaking states can appear upon including additional couplings. Among these, peculiar partially
ordered states have been proposed. We present results from large-scale Monte Carlo simulations, establishing
that such partial order is stabilized by third-neighbor couplings along the hexagon diagonals. We show that these
states arise due to the emergence of one-dimensional chains in an entirely frustrated environment, and that they
are stable with respect to further couplings. We discuss their finite-temperature properties in detail, highlight
the magnetic states’ peculiarities depending on the diagonal couplings’ sign, and suggest observing these states

using thermodynamic probes.
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Highly frustrated magnets constitute a prime territory in
the quest for novel phases of matter. Those include nontrivial
forms of order and disorder, such as quantum spin liquids,
spin nematics, as well as skyrmions and other topological
magnetic textures [1-6]. A fascinating class of states is that
with partial magnetic order, where a fraction of the magnetic
moments display symmetry-breaking long-range order while
another fraction remains fluctuating to low temperatures. Such
partially ordered (or, equivalently, partially disordered) states
have been reported for a few compounds, among them the
heavy-fermion metals CePdAl [7] and UNisB [8], as well
as the insulating magnets Sr,YRuOg [9], Gd,Ti,O; [10],
LiZn,Mo30g [11], HoAgGe [12], and Fe4Si,Sn;046 [13,14].

Partially ordered states have also appeared in various the-
oretical models, including Ising models [15-19], classical
vector-spin models at finite 7 [10,20], quantum Heisenberg
models [21,22], and Kondo models with partial screening
[23]. In all cases, the critical ingredient is that the network
of the ordered moments does not exert any mean field on the
remaining disordered moments. The latter fluctuating mag-
netic moments effectively remove a fraction of the frustrated
bonds while retaining entropy, thus lowering the free energy.
However, in such a situation, order by disorder [24-26] would
still be possible, and the precise mechanism preventing a com-
plete ordering is specific for each case. Notably, conclusive
links between theory and experiment are rare [10], and further
well-understood examples are paramount to building a general
scenario.

Kagome ice [18], referring to spins on the two-dimensional
kagome lattice with infinite local Ising anisotropy, belongs
to the class of frustrated Ising models [12]. In its simplest
version, it features a macroscopic ground-state degeneracy
and a variety of order-by-disorder phases, resulting in a non-
trivial temperature evolution of the magnetic states [27-30]. A
partially ordered phase has been proposed early on to occur in
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a model supplemented by second-neighbor interactions [18],
and this proposal has been discussed vis-a-vis experimental
data [14]. In this Letter, we revisit the issue of partial order
in kagome ice [12]. Utilizing large-scale Monte Carlo (MC)
simulations, we show the previous proposal [18] to be in-
correct. At the same time, we identify a distinct parameter
regime where partial order is indeed stabilized at low T—this
is facilitated by including a third-neighbor coupling along the
diagonals of the hexagons. The spins connected via this extra
coupling form one-dimensional chains coupled by ice rules.
Such an exquisite arrangement leads to intense frustration and
dimensional reduction because one out of three chains experi-
ences a vanishing mean field and is entropically disordered at
any finite 7. The resulting model for ferromagnetic diagonal
coupling displays two thermal phase transitions of Kosterlitz-
Thouless (KT) type, with partial order emerging below the
lower transition. We also investigate this model’s antiferro-
magnetic cousin, finding a single transition and partial order
at low 7. We suggest the latter model being of relevance to
Fe4Sizsn7016.

Model. The kagome ice model [18] describes spins S; =
o,€; on the vertices of the kagome lattice in the limit of infinite
Ising anisotropy. The local axes é; connect the centers of ad-
jacent triangles and point out of the upward triangles, and the
o; = %1 encode the Ising degree of freedom [see Fig. 1(a)]. In
terms of the Ising degrees of freedom, the Hamiltonian reads

H=J Zo,»aj +J Z 00 —Jy Z 00
(i, ) () (G0

- ‘13 § ajUj,

(6.

ey

where J| 7 3,4 denotes first-neighbor, second-neighbor, third-
neighbor across a site, and third-neighbor diagonal couplings,
respectively, as in Fig. 1(a). The signs in Eq. (1) account
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FIG. 1. (a) Kagome lattice and its three sublattices, dubbed A, B,
and C. For each sublattice, we define the local axes é; as shown by the
arrows. The exchange couplings are J,, J,, J3, and J,; between first,
second, third neighbors across a site, and diagonal spins, respectively.
(b) Local spin configuration satisfying the ice rules, alongside three
local configurations for the partially disordered state, all shown in the
global frame. (c), (d) Partially disordered states, in the global frame,
as favored by (c¢) J; > 0 and (d) J; < 0. The black dots indicate the
disordered sites, while the dashed lines show the magnetic unit cell.

for the relative orientation of the local Ising axes, such that
J1.2.3.4 > 0 corresponds to ferromagnetic exchange couplings
in the global frame. A dominant J; imposes ice rules at low
energy such that we have two spins in and one out or vice
versa for each triangle [Fig. 1(b)]. We also note that, in applied
fields, the saturated magnetization can be parallel to any of the
three local axes, corresponding to a Zg symmetry.

Overview of parameter regimes. Before describing our re-
sults for the model in Eq. (1), we quickly summarize those
from the literature [17,18,27-30]. For ferromagnetic J; > 0
and J,34 =0, Eq. (1) displays an extensive manifold of
degenerate ground states. For J, < 0 and J3 ; = 0, this macro-
scopic degeneracy is completely lifted, resulting in an ordered
V3 x /3 state [28,29]. For J, > 0, Wills et al. [18] proposed
a partially ordered phase to exist [Fig. 1(c)]; our results below
indicate that this proposal is incorrect. In contrast, when all
couplings are antiferromagnetic, the model displays macro-
scopically degenerate ground-state phases [30], hence a finite
residual entropy survives for J, > 0 and J3 ; < 0 in extended
regions of the phase diagram, showing that further couplings
do not always select ordered ground states out of the disor-
dered spin-ice manifold [30].

To stabilize partial order as in Figs. 1(c) and 1(d), it appears
plausible to introduce a diagonal coupling J; while setting
J2.3 = 0. This is easiest seen in the limit |J;| > J;: ForJ; =0,
the system decomposes into three Ising chains, which remain
disordered at any finite 7. A finite coupling J; locally imposes
the ice rules and couples the chains but leaves a degeneracy.
We then expect the partially ordered states in Figs. 1(c) and
1(d) to emerge for J; > 0, J; # 0, and J, 3 = 0, by combin-
ing the effects of the spin-ice rules and the strong thermal
fluctuations in spin chains. This model has not been studied
extensively; this is the main target of this Letter.

MC simulations. We study Eq. (1) using classical MC
simulations on lattices of linear size L, with three sites per
unit cell [Fig. 1(a)], and periodic boundary conditions. The
total number of sites is N = 3L?, and we consider L = 12
up to L = 72. We perform equilibrium MC simulations us-
ing single-site Metropolis updates combined with the parallel
tempering method [31]. Due to its highly frustrated nature,
this system may not reach equilibrium at low 7" sometimes,
even for moderate system sizes. This, however, does not
prevent us from extracting a general scenario for the thermo-
dynamic behavior of Eq. (1).

To characterize the putative partially ordered phases, we
compute the magnetization in the global frame for each
up-triangle inside the magnetic unit cell. An average over
all up-triangles in a given MC configuration returns a
two-dimensional vector m = (m,, m,). We define m = |(m)|
where the brackets (- --) denote the MC average. According
to Fig. 1(b), m — 1/+/3 in the partially ordered phases as
T — 0. It is useful to compute the histogram of the mag-
netization P(m,, m,), which is expected to display peaks
at (mcos@,msin@) with 6 = arctan(m,/m,) =nm /3, n =
0,1,...,5 for T — 0, different from a fully ordered state
[32]. We also compute the static spin structure factor, dif-
ferentiating between the two partially ordered states, as
they have different magnetic unit cells. Finally, we calculate
the Edwards-Anderson order parameter, ¢ = (), oi(l)al.(z)) /N
where (1,2) are replica indices. g reflects the long-time au-
tocorrelation function of a spin in an MC simulation [33].
Therefore, g = 0 in the paramagnetic phase while |g| — 1 in
a state with all spins frozen. In the partially ordered states, we
expect |g| — 4/9 instead [32].

Partially ordered ferromagnet. As motivated above, we
focus on a model with positive J; and J;, while J,3 =0, to
stabilize the partially ordered stripe configuration in Fig. 1(c).
Thermodynamic data for J; /J; = 0.4 are shown in Fig. 2. The
specific heat shows two peaks, with a weak dependence on
system size, which we identify as phase transitions at 7;; and
T., [Fig. 2(a)]. Both peak locations scale with J; and tend to
merge as J; increases further. Also, for small J;, there is a
bump in the specific heat at 7/J; &~ 1.8, signaling the onset
of ice rules [18,32]. The magnetization approaches 1/+/3 as
T — 0, strongly hinting that we enter the partially ordered
phase with 1/3 of the spins fluctuating [Fig. 2(b)]. Following
Refs. [17,28,29], we interpret the results as follows: Upon
cooling from high 7', we enter a critical intermediate phase
with power-law correlations characterized by m ~ L~"/2. In-
deed, power-law fits to the magnetization data in Fig. 2(c)
represent the data well and yield the exponents shown in
Fig. 2(d). The critical phase expected for the six-state clock
model is characterized by n(7.1) = 1/4 and n(T,;) =1/9
[34-36], which enables us to determine 7;; » more accurately.
The KT character of the two transitions is also compatible
with the weak dependence of C(T') on system size. We finally
enter the partially ordered phase for T < T,,. Integrating the
specific heat, we detect no extensive zero-point entropy, in-
dicating that the residual fluctuations are correlated and the
ground state is unique (up to discrete symmetries). This is
consistent with the proposed partially ordered state whose en-
tropy density vanishes as 7 — 0 because the spin correlation
length along the chains diverges, &chain > L.
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FIG. 2. MC results for the kagome ice model with ferromagnetic
Ja/Ji = 0.4. (a) Specific heat C(T') for different linear system sizes
L; the vertical dashed lines show the extent of the critical region
(see text). (b), (c) Magnetization for the up-triangles in the global
frame plotted as (b) m(T) and (c) m(L). (d) Magnetization exponent
n(T) from m ~ L™"/?, characterizing the critical region. Here, we
also show data for J,;/J; = 0.8.

The histogram of the global magnetization P(m,, m,) is
shown in Fig. 3. In the high-temperature paramagnet, it is
featureless and centered at m = 0. The intermediate critical
phase displays a ring-shaped structure, i.e., emergent U(1)
symmetry [37]. For low T, it has the six-peak structure ex-
pected for the partially ordered phase, reflecting the emergent
clock anisotropy of the model. Finally, the Edwards-Anderson
order parameter reaches the expected value of 4/9 at low
T [32].

Strain pinning of partial order. To corroborate the presence
of partial order, we study the system in the presence of spatial
anisotropy in J;: For one of the three diagonal directions, we
set J; = Jy(1 — A). For A > 0, the partial order should be
pinned along this direction because of the weaker couplings.
Numerical results are shown in Fig. 4.

The spin correlations in Fig. 4(a) reflect order emerging
along the strong bond direction but decaying correlations
along the weak direction. We expect these spins to behave
as ferromagnetic Ising chains, with a correlation length &pain
diverging as T — 0. This picture perfectly matches our results
for the Edwards-Anderson order parameter [Fig. 4(b)]. As
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FIG. 3. Magnetization distribution P(m,, m,) obtained for
L=48 and J,;/J; =04. (a) T/Jy, =12, (b) T/J, =0.6, and
() T/J, =0.3.
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FIG. 4. MC results for the kagome ice model with spatially
anisotropic Jy, using J;/J; = 0.4 and A = 0.2. (a) Spin-spin cor-
relation function (in the global frame) for spins along the hexagon
diagonals as a function of distance, with solid (dashed) lines showing
correlations along the weak (strong) bonds. (b) Edwards-Anderson
order parameter g(7' ). The horizontal dashed line indicates g = 2/3
and the red dot ¢ = 4/9.

long as &, is smaller than the system size L, we have
q — 2/3, indicating that 1/3 of the spins fluctuate. At low
T when &.pain > L, there is a sudden drop in ¢, and it becomes
equally probable for any of the three chains to fluctuate. For
L =12, we recover the uniform result ¢ — 4/9. For larger
system sizes, however, the runs do not reach equilibrium in
this regime, as the magnetic states become markedly distinct
above and below the drop in g, rendering the parallel temper-
ing algorithm inefficient. We have also computed P(m,, m,)
for the case of anisotropic couplings, displaying only two
peaks, corresponding to the selection of a single domain with
the disordered chains running along the weaker bonds [32].

These results establish partial order in the kagome ice
model with J; ; > 0. For0 < T < T,,, we see that 2/3 of the
spins show ferromagnetic long-range order, and the remaining
1/3 form a set of effectively decoupled Ising chains which
only order at T = 0. The state below T;, thus spontaneously
breaks a spatial Z3 symmetry by selecting a chain direction.

Fartially ordered antiferromagnet. Motivated by the results
for J; > 0, we now study the model with J; < 0, searching
for the partially ordered antiferromagnet in Fig. 1(d), which is
likely of experimental relevance for Fe4Si;Sn706.

As shown in Fig. 5(a), the specific heat now shows a single
peak whose temperature grows with J;, consistent with a sin-
gle phase transition. The magnetization, per up-triangle in the
unit cell, approaches 1/ V3asT — 0 [Fig. 5(b)], as expected
for partial order.
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FIG. 5. MC results for the kagome ice model with antiferromag-
netic J,/J; = —0.4. (a) Specific heat C(T') for different system sizes.
The dashed line estimates 7. (b) Magnetization m(T") [32].
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FIG. 6. Magnetization distribution P(m,, m,) obtained for L =
24 and S /Jy=-04. (a) T/J; =06, (b) T/J; =0.56, and
(c) T/J, = 0.52. The color scale is the same as in Fig. 3.

P(m,, my) displays the expected six-peak structure at low
T (Fig. 6). We find no evidence for a ring-shaped P(m,, m,),
consistent with the absence of a critical phase for all investi-
gated values of J; [32]. We believe this difference between the
ferromagnetic and antiferromagnetic cases is rooted in the dif-
ferent magnetic unit cells [Figs. 1(c) and 1(d) and Figs. S1(a)
and S1(b) [32]]. For J; < 0, a given state and its time-reversal
equivalent are related by a simple translation. This suggests an
emerging three-state clock anisotropy and a single transition
[34].

We have also studied the antiferromagnetic case in the
presence of spatial anisotropy in J; to pin the disordered spins’
manifold. Numerical results are shown in the Supplemental
Material [32], again consistent with a partial order, with 1/3 of
the spin forming antiferromagnetic Ising chains, which only
orderat 7 = 0.

No partial order driven by J,. We finally turn to the model
initially proposed in Ref. [18] to show partial order, namely
the model with J3 ; = 0 and ferromagnetic J, instead. Ther-
modynamic results are shown in Fig 7. For small J,, we
observe two broad peaks in C(T'), which tend to merge at
larger J,. Integrating C(T'), we find a finite residual entropy,
consistent with this model displaying an extensive ground-
state degeneracy [17,38,39]. A Pauling argument can estimate
the entropy, considering that J; enforces ice rules on the
original lattice whereas J, enforces ice rules on the respective
kagome superlattices [32]. A more precise value of the resid-
ual entropy is Sop = 0.2853N [38], consistent with our data.
This discussion implies that the two peaks in C(7") correspond
to crossovers where these ice rules are enforced by J; and J;,
respectively.

0.5

FIG. 7. MC results for the kagome ice model with finite J,, but
Js = 0. (a) Specific heat C(T') and (b) entropy difference AS(T) =
S(T)— Sy for different values of J, and system size L = 36. The
dashed line in (b) corresponds to In2 — S, with the exact value of Sy
from Ref. [38].
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FIG. 8. Magnetization distribution P(m,, m,) obtained for L =
48 and J,/J, =0.1. () T/J, = 0.2, (b) T/J, = 0.1, and (c) T /J;
0.05. The color scale is defined in Fig. 3.

The magnetization data appear consistent with a KT tran-
sition in the limit 7 — 0, as proposed in Ref. [17]. For
T < J;, we observe a power-law behavior m ~ L2 with
n — 1/4as T — 0 [32]. The absence of a finite-T transition
is consistent with the finite residual entropy we identify in
Fig. 7(b). More direct counterevidence concerning partial dis-
order comes from the histogram P(m,, m, ) in Fig. 8. Here, we
see a continuous ring structure down to the lowest 7', akin to
the critical phase discussed above, with no sign of the six-peak
structure.

We conclude that the model with finite J, (and J3 4 = 0)
does not realize a state with partial order. Instead, its low-T
phase is critical with power-law correlations, and the partially
ordered state represents only one of the many possible low-T
states of the model.

Summary. For variants of kagome spin ice, with first-
neighbor and diagonal third-neighbor couplings, we have
established the existence of partially ordered magnetic states
where 1/3 of the spins continue to fluctuate downto 7 — 0 in
the background of either ferromagnetic or antiferromagnetic
bulk order. The origin is intense frustration and dimensional
reduction: The fluctuating spins form effective Ising chains,
which experience no mean field and are entropically disor-
deredat T > 0.

This peculiar state is robust with respect to additional
(weak) second-neighbor coupling J, and a third-neighbor cou-
pling J3 across a site [Fig. 1(a)]. Both perturbations cause no
mean field on the disordered sites, thus preserving the partially
disordered state. However, J; locks neighboring disordered
chains into a long-range ordered state, resulting in a weakly
ordered state at low T [32].

Our findings are likely relevant to FesSi,Sn;0¢, and we
propose to combine specific-heat measurements with local
probes to disentangle the energy scales at which the ice rules
are imposed and the partial order emerges. Moreover, mea-
surements under uniaxial strain, as simulated here, will be
key to nail down the one-dimensional nature of the partially
ordered state. Extending the present theory beyond the limit
of infinite Ising anisotropy and in the presence of a magnetic
field is the subject of ongoing work.
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