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Midgap states induced by Zeeman field and p-wave superconductor pairing
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The one-dimensional Su-Schrieffer-Heeger (SSH) model is central to band topology in condensed matter
physics, which allows us to understand and design distinct topological states. In this work we find another

mechanism to analogize the SSH model in a spinful system, realizing an obstructed atomic insulator by intro-
ducing intrinsic spin-orbit coupling and in-plane Zeeman field. In our model the midgap states originate from a
quantized hidden polarization with invariant index Z, (0; 01) due to the local inversion symmetry breaking. When
the global inversion symmetry is broken, a charge pumping is designed by tuning the polarization. Moreover, by
introducing the p + ip superconductor pairing potential, a topological phase dubbed obstructed superconductor
(OSCQ) is identified. This new state is characterized by invariant index Z, (0; 01) and nonchiral midgap states.
More interestingly, these nonchiral edge states result in a chiral-like nonlocal conductance, which is different
from the traditional chiral topological superconductor. Our findings not only find another strategy to achieve a
spinful SSH model but also predict the existence of OSC, providing a promising avenue for further exploration

of its transport properties.
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The one-dimensional (1D) Su-Schrieffer-Heeger (SSH)
model, regarded as a prototypical example of topological in-
sulators, is foundational to the field of band topology [1,2].
The key physics underlying the SSH model is the presence of
alternating hopping integrals resulting from the Peierls insta-
bility in the 1D spinless chain, which gives rise to quantized
polarization and associated boundary states. This model pro-
vides an intuitive framework to understand the emergence of
topological properties such as topological invariants and bulk-
boundary correspondence. By modifying the SSH model,
numerous extended versions with different interactions have
been extensively studied in the last decades [3,4]. For in-
stance, by incorporating a staggered on-site potential, the SSH
model evolved into the Rice-Mele model to investigate soli-
tons [5,6]. Under a cyclic adiabatic evolution, the Rice-Mele
model, playing as a charge pumping, provides perspective
to the origin of nonzero Chern in quantum anomalous Hall
insulators [7-9]. After that, topological states extend to Z;
topological insulators, topological superconductors (TSCs),
Weyl semimetals, and Dirac semimetals, etc. [10-35].

“yuanjunjin@m.scnu.edu.cn
fguoging.chang @ntu.edu.sg

2469-9950/2024/109(24)/L241101(6)

L241101-1

Recently, the extended two-dimensional (2D) SSH models
have attracted considerable attention [36—41], such as the
nontrivial topological states with vanishing Berry curvature
[40]. When a & flux is applied to the 2D SSH models, it
leads to the realization of quantized electric multipole insula-
tors with corner states, sparking the exploration of high-order
topological insulators (HOTIs) [41-54]. According to topo-
logical quantum chemistry (TQC) theory [55,56], symmetry
indicators [57—-60], and other theories [61-64], HOTIs can be
identified by verifying whether the system is an obstructed
atomic insulator (OAI), in which the valence electrons occupy
empty Wyckoff positions in the lattice. Due to the misalign-
ment of the obstructed Wannier charge center (WCC) with
the occupied Wyckoff position, a clipped 2D OAI would
exhibit midgap states. While TQC and other theoretical ap-
proaches provide powerful diagnostic tools for identifying
OAISs, the SSH model remains essential for understanding the
fundamental physical mechanisms behind OAIs [65-69]. The
current SSH model is still limited to the alternating hopping
integrals in spinless systems; other mechanisms to generate
quantized polarization and bound states in spinful systems are
rarely explored.

In this Letter we present a different strategy to achieve a
spinful SSH model and to reveal the physical origin of the
midgap states in OAIL In our model the midgap states originate

©2024 American Physical Society
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FIG. 1. (a) 2D rectangle lattice includes two sites, A and B,
with Wyckoff positions (0, 0.25) and (0, 0.75), respectively. The red
rectangle represents the unit cell, and the curves are marked with
the hopping parameters ¢; (i = 1, 2, 3) and intrinsic SOC t,,. (b) The
2D BZ and the projected 1D BZ along y axis. (c) Band structure in
the presence of SOC. (d) Band structure with in-plane Zeeman field
along x direction. The color bar represents the spin direction along
the x axis.

from quantized hidden polarization due to intrinsic spin-orbit
coupling (SOC) and in-plane Zeeman field. Furthermore, by
introducing the p + ip superconductor pairing potential, one
unique superconducting phase dubbed an obstructed super-
conductor (OSC) is identified. Unlike the traditional chiral
TSC, the OSC features nonchiral bound states but chiral-like
nonlocal conductance due to the difference of normal electron
tunneling (NET) when the electric field is reversed.

We construct a two-site tight-binding model for the
inversion-symmetric layer group Pmam (No. 40). As shown
in Fig. 1(a), there are two sites A and B as inversion partners
located at the Wyckoff positions (0, 0.25) and (0, 0.75), re-
spectively. Figure 2(b) displays the Brillouin zone (BZ) and
its projection along the y axis. In addition to the inversion
symmetry (Z), the spatial symmetries include the glide mirror
plane M, = { M|t} and the screw axis Cp, = {Cy,|t}, Where
M, is reflection about the yz plane and C,, is twofold rotation
along the y axis; t = (0, l) is a half lattice translation along

the y axis. Both M, and C,, switch sites A and B. Assuming
each site has an s-like orbit with two spin, the basis sets are
{1A), IB)} ®{I1), I{)}. In the second quantization form, the
tight-binding Hamiltonian is derived as

151
H = E Z Z(azaajﬁ + b;o.bjyo'
(ij) o
15 +
) 22 (@40 bl bjo)
{ij) o

13 t T
+5 ;Z(a,,ob,,g + b}y di0) M
17 o

@, ®)

2

, ®
F————— ___{$}___

OoF o 0 c? 4

N ©
O__

e
2
| m Im| > |ts] |m| < |ts]
0
d
DR
N_
=
JX
e T A |
X r X lattice (y direction)

FIG. 2. (a) Phase diagram depending on 73 and m. (b) WCC and
nuclei positions in the unit cell. Blue spheres denote the nuclei, and
yellow stars present WCC. (c) Edge states in the ribbon along x axis.
The width of this ribbon is about 100 unit cells. (d) The real-space
probability distribution at k, = 0. Red and green indicate the states
are localized on the two edges of the ribbon.
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where azg and b;a are electron creation operators at sites A
and B in unit cell i with spin o, f. (¢ = 1, 2, 3) are hopping
parameters and ty, is the intrinsic SOC, and m is the exter-
nal Zeeman field strength along x direction for simplicity;
see the hoppings in Fig. 1(a). In the following calculation,
all the hopping parameters are provided in the Supplemental
Material (SM) [70]. In this centrosymmetric 2D lattice, the
symmetry of the two sites is noncentrosymmetric because
neither of them serves as an inversion center. Therefore, the
system is centrosymmetric but locally noncentrosymmetric,
giving rise to the intrinsic SOC term. In this case, since s,
is conserved, the Hamiltonian can be decoupled into spin-up
and spin-down sectors. Besides, the hidden polarization arises
within a centrosymmetric system because the A-B sublat-
tice with site symmetry group Cy, individually breaks the 7
symmetry, creating a local dipole field compensated by its
inversion counterpart [71].

Based on the above Hamiltonian Eq. (1), the electronic
band dispersion is obtained, as shown in Fig. 1(c). The energy
bands show a fourfold-degenerate nodal line along the Y-M
path (k, =) in the presence of SOC. The nodal line is
protected by the Z7 and C~2_\,T symmetries; see the symmetry
arguments in the SM [70]. Next we apply an in-plane Zeeman
field to break the mirror plane M, and 7 symmetries to
open a global gap. The Zeeman field is applied along the x
direction, which causes a mixing of the spin-up and spin-down
states and lifts the energy degeneracy; see the spin-resolved
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energy bands in Fig. 1(d). Since the global energy gap is
open, we examine the topological polarization. We employ the
homotopy description to systems with additional point-group
symmetries. Our four-band model with in-plane Zeeman field
possesses Cp, 7 symmetry so that one can identify the space
of Hamiltonians as the coset space [72-74],

Moo = 04)/0(2) x 0(2), ()

which is called real Grassmannian. The lowest nontrivial ho-
motopy group is 71 (M2,2)) = Z,; see more details in the SM
[70].

Since Z symmetry is conserved, the hidden polarization
can be captured by the parity eigenvalues of the high-
symmetry invariant points for occupied bands using Eq. (S19)
[75,76]. The corresponding parity eigenvalues for the two
occupied bands are given in Table S1 in the SM [70]. The
hidden polarization phase diagram is shown in Fig. 2(a). If
the strength of the nearest hopping parameter #; is larger than
the magnitude of the Zeeman field, that is |t3] > |k|, the po-
larization along the y axis is quantized to 5 except for m = 0.
If |#3] < |h|, the polarization in both directions vanishes. In
addition, this state can also be characterized by the invariant
index Z, (0; 01), which describes the 1D polarization related
to the geometry of the system (see more details in the SM
[70D).

The WCC calculation shows that in the nonpolarized
phase, the WCC coincides in position with the nuclei
[Fig. 2(b), left panel]. In contrast, in the polarized phase
the WCC is symmetrically positioned in the middle of the
neighboring A and B sites due to the Z symmetry [Fig. S1(a)
in SM [70]], which refers to the obstructed WCC in TQC
theory, as shown in the right panel in Fig. 2(b) and Fig. S1
in the SM [70]. This means the hidden polarization arises
from the electronic rearrangement driven by the competition
between the nearest hopping and the Zeeman field. Such hid-
den polarization can lead to interesting phenomena such as
the emergence of midgap states, see Fig. 2(c). The midgap
states are doubly degenerate due to the Z symmetry and are
individually localized in two edges of the ribbon model, see
Fig. 2(d). The presence of this hidden polarization has impor-
tant consequences for the electronic and transport properties,
including charge conduction and novel optical response.

We next consider a new SOC term to break Z symmetry,
which is given by

= SOZZalU O'O' o' (3)

(ij) oo’

Once the Z symmetry is broken, the WCC becomes asym-
metric and deviates from the middle of the A and B sites, see
Fig. S1(b) in the SM [70]. As a result, the previously hidden
polarization becomes tunable. The polarization is obtained by
Eq. (4),

2
— (z%ylmz /0 A, (K)dKk, 4)

where A, (K) = i(ux|Vki,x) is the Berry connection.

The simulation shows that the magnitude and direction of
polarization are locked to the parameter space of #3, f,,, and
t!,. Figures 3(a) and 3(b) show the calculated polarization for
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FIG. 3. (a) Polarization as a function of #, , t,,, and #; = 1. The
unit is 27r. (b) Polarization as a function of tm, w0, and t3 = —1. The
unit is 2. (c) The edge-state splitting when Z symmetry is broken
with ¢, = 0.1. (d) Charge pumping as the revolution of #/.

arbitrary t,, and ¢, while #3 is normalized to 1 for simplicity.
When ¢, is zero, the polarization vanishes, indicating that
the intrinsic SOC plays a critical role in the polarization.
When intrinsic SOC is present and a finite ;, changes sign,
the polarization jumps between its maximum and minimum
values. The change of the polarization leads to the lifting of
the degeneracy of the edge states, as shown in Fig. 3(c). Based
on the above analysis, we design a charge pumping H (¢,,, k)
when 7/, is in a cyclic evolution. The corresponding edge
states are shown in Fig. 3(d). In such an adiabatic process,
if ¢/, changes in time through the zero point, a charge of e is
pumped across the insulator.

We next examine the topology under Cooper pairing in
the p+ip form for the spin-up sector, which is permitted
in the C,, point group. In the Bogoliubov—de Gennes (BdG)
representation, the Hamiltonian in momentum space can be
written as

H, Al
Hpac = Z Wy (Aﬂ _H'ff )‘l’m, ®

where \IjkT = (Ck,A,T: Ck,B, 1> C’—k,A,ﬁ’ Cik,B.T)T’ and Hk¢ is

given by
ky .
Hyy (k) =t cosk, + trcosk, + t3cosETx + tyoSink, ;. (6)

Here, Agy = Alsin%ox + iAjsink, is the pairing order pa-
rameter, which shows the p wave (spin-triplet) symmetry as
Ax = —A_g. Aj and A; represent pairing order magnitudes
along y and x directions, respectively.

It is easy to verify that Hgqg respects the particle-hole sym-
metry P = s,k and the inversion symmetry Z = s,7,, where s
and 7 are Pauli matrices in particle-hole and A-B sublattice
spaces, respectively, and « is the complex conjugation. Thus,
the band topology can be obtained by the parity eigenvalues
at high-symmetry invariant points; see details in the SM [70].
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FIG. 4. (a) Topological phase diagram. (b) Edge states of ob-
structed SC, red and green indicate the states that come from two
edges of the ribbon. (c¢) Nonlocal conductance of chiral TSC in our
model. The insert shows the schematic three-terminal device with
two normal metal leads. The figure corresponds to the setup for
measuring G, and G,;. The bias voltage V; is applied to lead 1,
while lead 2 and the superconductor are grounded. (d) The nonlocal
conductance of OSC in our model.

Since P? = +1, the Hgqg belongs to the D symmetry class.
The topological index is characterized by n;p = 7;[0(4)] =
Z, and nyp = m[O(4)] = Z, which denote the closed paths in
the Hpqc manifold. To reveal the topological phase diagram,
the pairing term Ak can be considered as a Dirac Hamiltonian;
the first three items in Eq. (6) are massive terms to tune the
topological phases. Three different phases, OSC, chiral TSC,
and trivial SC, characterized by different invariants, are iden-
tified in this system. The phase diagram is shown in Fig. 4(a),
the horizontal line is |t3], while |t1]| + |f2] and ||t;| — |t2]| are
critical points; see details in the SM [70]. For generic ¢, t,,
and 13, the condition reads

[t1] + 22| < |3]0SC Zy = (0;01)
[t1] — 62|l < |t3] < |t1| + |t2|chiral TSC Z = 1
|t3] < ||t1] — |t2]|trivial SC Z, = (0;00). 7

Here, the bulk gap closes only at the boundaries between these
three distinct phases. The chiral TSC with Chern number Z =
1 and the corresponding chiral edge states are shown in Fig. S2
in the SM [70]. Analogous to the OAI in TQC theory, the
obstructed WCC for a BAG Hamiltonian implies the presence
of OSC; see the obstructed WCC spectrum in Fig. S3(a) in the
SM [70], which is also consistent with the invariant index Z,
(0; 01) obtained by parity values in Table S3 in the SM [70].
Due to the obstructed WCC, the corresponding edge states in
the OSC are detached from the bulk, as shown in Fig. 4(b).
The red and green lines indicate that the states are separately
localized on the two edges of the ribbon.

To explore the transport properties of these novel edge
states, we perform the calculation of the nonlocal differential
conductance using Kwant [77]; see the schematic of the setup

in Fig. 4(c). This device comprises an obstructed p-wave su-
perconductor and two normal metal (NM) leads. The nonlocal
conductance is given by

2
e
Gan(eVi) = —[—Ri" + RG]

NET(CAR) __ ee(he), .
Rab - Z |rab (l’l, m)

n,m

eVy=E’

2
)

®)

where r; (n;m) and ré‘g(n; m) are coefficients of NET and the
crossed Andreev reflection (CAR), respectively. The index n
(m) denotes the outgoing (incoming) channel in the NM lead
a (lead b) with a # b.

For comparison, we plot the nonlocal conductance Gi,
and Gy for the chiral TSC phase in our model, which re-
veals the chirality-sensitive nonlocal conductance. As shown
in Fig. 4(c), only Gy; is nonzero, while Gy, is zero, aligning
with the chiral nonlocal conductance previously reported [15].
When #; is increased to 0.25, the system enters the OSC
phase, and the resulting nonlocal conductance is presented in
Fig. 4(d). In contrast to the chiral TSC phase, both G, and
G in the OSC phase have finite values but with opposite
directions, with the orientation of the nonlocal conductance
tied to the direction of the bias voltage. It indeed exhibits
the opposite nonlocal conductance, indicating the chiral-like
motion of the edge states. We further present the spectra
of Rll\’;gl) and R%“(gl) in Fig. S4 in the SM [70]. RG*® has
same values with RSR, while RYET and RYET share different
values, suggesting that the nonlocal chiral-like conductance
comes from the difference of the NET probabilities when
the voltage changes the sign. For fixed energy, the states on the
same edge provide two channels with opposite directions and
opposite electron and hole components, as shown in Fig. S5
in the SM [70]. As a result, the nonlocal conductance Gy,
and Gj; exhibit finite values but with opposite directions.
Such chiral-like nonlocal conductance originating from the
nonchiral edge states is different from the traditional chiral
TSC systems and can be considered as the signature of the
OSC detection.

In this work we provide a strategy to analogize the SSH
model in a spinful system to reveal the physical origin of
midgap states in OAIL. Such midgap states protected by the
hidden polarization stem from the intrinsic SOC due to the
local Z symmetry breaking. When the global Z symmetry
is broken, charge pumping is achieved through variations
in polarization. Furthermore, by introducing p + ip super-
conductor pairing, three different phases are identified. In
addition to the traditional chiral TSC, we find a new phase
of OSC that is characterized by a nonzero invariant index
Z, (0; 01) and obstructed WCC. The chiral-like nonlocal
conductance is obtained as the signature of the OSC, making
it possible for experiments to detect it. Our results not only re-
alize a spinful SSH model but also predict the OSC, providing
a platform to explore its transport properties.
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