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Effective model and s±-wave superconductivity in trilayer nickelate La4Ni3O10
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The recent discovery of bulk superconductivity in trilayer nickelate La4Ni3O10 under high pressure is attracting
a new wave of research interest. In this Letter, we study its electronic band structure and construct a minimal
trilayer tight-binding model in terms of the nickel 3dx2−y2 and 3d3z2−r2 orbitals, and investigate the supercon-
ducting mechanism due to local Coulomb interactions by the unbiased functional renormalization group. We
find antiferromagnetic correlations between the outer layers instead of neighboring ones, apart from the in-plane
correlations. The effective interaction induces Cooper pairing with the s±-wave symmetry, which changes sign
across the Fermi pockets. In addition, we find the Tc in La4Ni3O10 is systematically lower than that in La3Ni2O7,
but electron doping can further enhance Tc.
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Introduction. As important progress in pursuing high-
temperature superconductivity with a perovskite structure
other than cuprates, the discovery of bilayer Ruddlesden-
Popper (RP) La3Ni2O7 (La327) with a critical temperature
Tc near 80 K under high pressure [1] has attracted signif-
icant attention both experimentally [2–25] and theoretically
[26–60]. Since the average electronic configuration of the
nickel atom is 3d7.5, both 3dx2−y2 and 3d3z2−r2 orbitals are
active ones near the Fermi level. In this material, the super-
conductivity is now generally attributed to the strong vertical
interlayer coupling between the nickel 3d3z2−r2 orbitals, lead-
ing to an extended s-wave (also called s±-wave) pairing
[27,29,30,37–39,41,49–51,58,59], although there are also
some other proposals [43–48,54,61]. Such a picture is quite
different from cuprates or infinite-layer nickelates, which have
the atomic configuration of Cu or Ni near 3d9 and hence can
be described by the effective single-orbital model [62,63].

At the present stage, the superconducting volume fraction
of La327 samples appears to be very small [14], asking for
further refinement of the samples. In fact, the bilayer RP
phase appears to coexist with another alternated single-triple-
layer (“1313”) RP phase [17–19]. Interestingly, the trilayer
RP La4Ni3O10 (La4310) is also reported recently to show
signatures of superconductivity [5–7,53] and zero resistance
[8] under high pressure above 43 GPa. The maximum Tc of
La4310 (reaching up to 30 K) is lower than La327, while its
superconducting volume fraction is found to be very high [8],
indicating the superconductivity in La4310 is a bulk prop-
erty rather than filamentary as in the present-stage La327
[14]. There are some similarities between the two systems.
La4310 has a nominal chemical valence Ni2.67+, in favor of
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a mixed 3d7 and 3d8 electronic configuration as in La327.
La4310 also undergoes a structural transition from mono-
clinic P21/a to tetragonal I4/mmm space group at pressures
around 12–20 GPa [8,10,53], together with the change of the
c-axis Ni-O-Ni bond angle into 180◦. The superconductivity
only occurs in the high-pressure tetragonal phase. There is,
however, a marked difference between the two families: The
La4310 has three layers, and the inner one is inequivalent to
the outer ones. It is a timely and important issue to investigate
the pairing mechanism and pairing symmetry of La4310, and
to understand how it is related to La327.

In this Letter, we construct a minimal trilayer tight-binding
model with the nickel 3d3z2−r2 and 3dx2−y2 orbitals for La4310
in the high-pressure tetragonal phase from ab initio calcu-
lations on the basis of first-principle calculations. We then
investigate the electronic correlation effect from two-orbital
Coulomb interactions using the unbiased singular-mode func-
tional renormalization group (SM-FRG) [27,64–66]. We find
the spin fluctuations exhibit a peculiar antiferromagnetic
coupling between the two outer layers, which subsequently
induces the s±-wave superconductivity with the dominant
pairings between 3d3z2−r2 orbitals both in the inner plane and
between the two outer planes rather than neighboring ones.
Our results show the Tc of La4310 is systematically lower than
that of La327, setting La327 as the most promising candidate
for high-Tc in the RP families of nickelates.

Tight-binding model. For the trilayer RP La4310 under
high pressure with the tetragonal lattice structure shown in
Fig. 1(a), we first perform density functional theory (DFT)
calculations by the Vienna ab initio simulation package (VASP)
[67]. The crystal structure parameters with the I4/mmm
space group at 40 GPa are adopted [10]. The projector
augmented-wave (PAW) [68] method and the generalized gra-
dient approximation (GGA) of the Perdew-Burke-Ernzerhof
(PBE) [69] exchange-correlation functional are adopted. The
plane-wave cutoff energy is set as 500 eV. The �-centered
12×12×12 and 36×36×36 k-point grids (in the tilted
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FIG. 1. (a) Crystal structure, (b) orbital-projected band structure, (c) partial DOS, and (d) three-dimensional Fermi surface of La4310 in
the high-pressure tetragonal phase.

equilateral Brillouin zone) are used for the self-consistent and
density of states (DOS) calculations, respectively. Combining
the orbital-projected band structure and partial DOS as shown
in Figs. 1(b) and 1(c), it is evident that the states near the
Fermi level (EF) are dominated by nickel 3dx2−y2 and 3d3z2−r2

orbitals, which is consistent with the chemical valence anal-
ysis and similar to La327 [1,26,28–30,59]. In Fig. 1(d), we
show the three-dimensional Fermi surface. The four sheets of
large Fermi surfaces are found to be roughly two-dimensional-
like, except the additional small Fermi sphere enclosing
(0, 0, π ).

Subsequently, the maximally localized Wannier functions
[70,71] with dx2−y2 and d3z2−r2 symmetries centering at each
Ni atom are extracted by the state-of-the-art WANNIER90 [72]
to construct a trilayer two-orbital tight-binding model

H0 =
∑

iδ,ab,σ

t ab
δ c†

iaσ ci+δbσ +
∑

iaσ

εac†
iaσ ciaσ , (1)

where t ab
δ is the hopping matrix element between the a orbital

on site i and the b orbital on site i + δ, σ denotes spin, and εa

is the on-site energy of the a orbital. In the following, we use
x/z to denote the 3dx2−y2/3d3z2−r2 orbital for simplicity. Up
to D4h symmetry operations, the on-site energy and hopping
parameters are listed in Table I. It is found that the vertical
interlayer hopping t zz

(00 1
2 )

= −0.684 eV between the z orbitals

is the strongest, which is similar to that in La327 [26,29,30].
On the other hand, the crystal-field splitting εx − εz for both
the inner (0.057 eV) and outer (0.179 eV) layers is smaller
than that in La327 (0.367 eV) [26,29,30,59], indicating the
two orbitals are more degenerate in La4310.

With these tight-binding parameters, we plot the band
structure in Fig. 2(a) together with the DFT band at kz = 0 for
comparison. The Fermi level is tuned to achieve the average
filling 〈n〉 = 1.33 per Ni atom. Note that the tight-binding
Fermi level is slightly higher than DFT since the z-directional
dispersion has been neglected. The Fermi surface of the tight-
binding model is plotted in Fig. 2(b), exhibiting four Fermi
pockets. The electronlike α pocket around � and the holelike
γ pocket around M are mainly contributed by x and z orbitals,
respectively, similarly to the case in La327. On the other hand,
the single β pocket in La327, contributed by both orbitals,
now splits into two, which we label as β and β ′, respectively.

Due to the mirror symmetry with respect to the inner plane,
we can use its parity Pz to label the different bands and Fermi
pockets. As shown in Fig. 2(b), all of the α, β, and γ pockets
are Pz even, and the β ′ pocket is Pz odd. For the latter, the
Bloch wave function by symmetry is (1, 0,−1) in the (top,
middle, bottom) layer basis and hence is only contributed by
outer layers. This is a marked feature not shared by La327.

Electronic correlation effect. We now investigate the elec-
tronic correlation effect from the atomic multiorbital Coulomb
interactions

HI =
∑

i,a<b,σσ ′

(
U ′niaσ nibσ ′ + JH c†

iaσ cibσ c†
ibσ ′ciaσ ′

)

+
∑

ia

Unia↑nia↓ +
∑

i,a �=b

JPc†
ia↑c†

ia↓cib↓cib↑, (2)

where U is the intraorbital Hubbard repulsion, U ′ is the in-
terorbital Coulomb interaction, JH is the Hund’s coupling,
and JP is the pair hopping interaction. They are assumed to
respect the Kanamori relations U = U ′ + 2JH and JH = JP

[73]. We use the constrained random phase approximation
to estimate the characteristic value of U to be in the range
of 2–4 eV, so that the correlation is moderate. We use the

TABLE I. On-site energies εa and hopping integrals t ab
δ of the

trilayer two-orbital tight-binding model for La4310 at 40 GPa. Here,
x/z denotes the 3dx2−y2/3d3z2−r2 orbital, I/O denotes the inner/outer
layer. Note that the interlayer distance is denoted by 1

2 . The energy is
in units of eV.

I-εx I-εz O-εx O-εz

1.116 1.059 0.858 0.676

I-t xx
(100) I-t zz

(100) O-t xx
(100) O-t zz

(100)

−0.507 −0.158 −0.507 −0.146

I-t xz
(100) I-t xx

(110) O-t xz
(100) O-t xx

(110)

0.282 0.063 0.275 0.069

t zz
(00 1

2 )
t xx
(00 1

2 )
t zz
(001) t xz

(10 1
2 )

t zz
(10 1

2 )

−0.684 0.004 −0.087 −0.039 0.036
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FIG. 2. (a) Band structure and (b) Fermi surfaces obtained from
the tight-binding model. The DFT band at kz = 0 (gray lines) is
shown for comparison. The orbital weights are represented by colors
and the z-reflection parities Pz are indicated as the subscripts of the
pocket names.

SM-FRG to study the effective four-point one-particle irre-
ducible vertices � flowing against the running energy scale

. The technical details can be found in Refs. [27,64–66]. At
each 
, the effective interactions Veff in the spin-density-wave
(SDW), charge-density-wave (CDW), and superconductivity
(SC) channels are extracted from the four-point vertices �.
The leading singular values S of these effective interactions
(as scattering matrices in the fermion bilinear basis) are mon-
itored during the RG flow. The first divergence of S out of all
channels indicates the instability toward an electronic order
characterized by the singular bilinear scattering mode, and
the divergence energy scale is characteristic of the transition
temperature Tc.

In Fig. 3(a), we plot the inverse of the leading negative
singular values S vs 
 in the three channels, respectively, at
U = 3 eV and JH = 0.5 eV. At high-energy scales, the SDW
channel dominates. As 
 decreases, it grows up but saturates
at low-energy scales due to the lack of perfect Fermi-surface
nesting. Instead, the SC channel is too weak and out of the
view field at high-energy scales, as the bare Coulomb interac-
tion is repulsive. But as 
 decreases to order of the bandwidth,
it is enhanced quickly as the SDW channel rises. Eventually,
1/S in the SC channel continues to grow logarithmically even
if the other channels tend to saturate, a result of the standard
Cooper mechanism. In the above sense, one could say the SC
is induced by SDW fluctuations, as found also in La327.

In Fig. 3(a1), we plot the momentum q dependence of the
leading negative singular value S(q) in the SDW channel. Up
to symmetry, there are two peaks at q1 and q2. Interestingly,
we find the leading scattering modes at q1 and q2 are domi-
nated by the antiferromagnetic arrangement of the outer-plane
spins, as sketched in Fig. 3(b1), in addition to the in-plane cor-
relations given by the corresponding plane wave eiQ·r, where
Q is the respective wave vector (up to equivalent ones by
symmetry). Such an interesting outer-layer antiferromagnetic
correlation is also obtained in another two recent theoretical
works [74,75], and has actually been experimentally observed
in La4310 at ambient pressure [76]. These antiferromagnetic
correlations exist even in the bare spin susceptibility, and can
be significantly enhanced by the Coulomb interactions due to
the fact that the outer layers have less vertical hopping paths.

FIG. 3. (a) FRG flows of the inverse of the leading negative S vs

 in the three channels, respectively. The q dependence of S in the
SDW and CDW channels are plotted in (a1) and (a2), respectively.
The SC gap function on the Fermi surface is plotted in (a3). (b1)
and (b2) shows the intra-unit-cell structure of the SDW and CDW
patterns, respectively. From unit cell to unit cell, the pattern (not
shown) simply transforms as the plane wave eiQ·r, where Q is the
respective wave vector (up to equivalent ones by symmetry). (b3)
shows the real-space pattern of the leading pairing mode. Not all
components are shown, but the missing ones and the spatial structure
out of the view field are easily recovered by the D4h point group
symmetry and the unit-cell-wise translation.

Note the spin structure is very different to the near-plane
antiferromagnetic spin coupling in La327.

From Fig. 3(a), the CDW channel is initially reduced at
high-energy scales because of the screening of charge density-
density interactions. At lower-energy scales, it rises again, and
we find it corresponds to the scattering of nonlocal fermion
bilinears. In particular, at the final stage of the RG flow, the al-
most featureless q dependence of S(q) is shown in Fig. 3(a2),
and the bilinear is mainly composed of z orbitals on the outer
planes as schematically plotted in Fig. 3(b2). This is a valence
bond correlation consistent with the spin coupling between the
outer planes discussed above.

In the SC channel, and from the singular scattering mode,
we find the pairing is a spin singlet and belongs to the A1g

representation of the D4h group. The pairing operator can be
written explicitly as

H� =
∑

amnk

[
�aa

0,mn + �aa
1,mn f1+(k)

]
c†

ma,k↑c†
na,−k↓

+ �aā
1,mn f1−(k)c†

ma,k↑c†
nā,−k↓ + H.c., (3)
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where m/n denotes the layer index (1–3 from top to bottom),
a denotes the x/z orbital, x̄ = z and z̄ = x, and f1,±(k) =
2 cos kx ± 2 cos ky. For U = 3 eV and JH = 0.5 eV, we
find the coefficients (up to a global scale) �zz

0,22 = 0.620,
�zz

0,13 = �zz
0,31 = −0.440, �xx

0,11 = �xx
0,33 = −0.203, �zz

0,11 =
�zz

0,33 = −0.029, �zz
1,11 = �zz

1,33 = 0.094, �xx
1,11 = �xx

1,33 =
0.003, �xz

1,11 = �zx
1,11 = �xz

1,33 = �zx
1,33 = −0.057, �0,12 =

�0,21 = �0,32 = �0,23 = −0.030, etc. The pairing pattern is
sketched in Fig. 3(b3). The pairings not shown can be ob-
tained by D4h and translation symmetries. For the A1g pairing
symmetry, since z and x orbitals carry different representa-
tions (A1g and B1g), only intraorbital pairings are allowed for
intra-unit-cell ones �aa

0,mn, which turn out to be much stronger
than inter-unit-cell ones �ab

1,mn. In particular, the strongest
intra-unit-cell components are �zz

0,22 between z orbitals in the
inner layer, and the vertical interlayer pairing �zz

0,13 = �zz
0,31

between two outer layers as a result of the dominant antifer-
romagnetic coupling between the top and bottom layers as
shown above. Here, the large value of �zz

0,22 is allowed for
the intermediate strength of U (order of bandwidth), although
it is expected to vanish in the large U limit. We further
project the pairing function onto the band basis to obtain
the gap function �nk = 〈n, k| ∑δ �δeik·δ|n, k〉 where |n, k〉
is the Bloch state for band n, �δ is understood as a matrix
in the orbital-layer basis, and we have used time-reversal
symmetry T for |n,−k〉 = T |nk〉 to eliminate the numerical
phase ambiguity. The gap function on the Fermi surfaces
is shown (with color scale) in Fig. 3(a3). The symmetry is
evidently an extended s wave or s± wave, similar to many
theoretical proposals in La327. Both α and γ pockets are
fully gapped with the same sign. The gap function on the β

and β ′ pockets are largely of opposite sign, although within
a pocket it changes sign near the nodal direction. The SDW
vectors (arrows) turn out to connect opposite gap signs on the
Fermi surfaces, consistent with the spin-fluctuation scenario
for singlet pairing. The gap amplitude and gap sign change
on the Fermi pockets can be checked in future experiments.
On the other hand, we find the subleading pairing is dx2−y2 -
wave dominated by interorbital pairings between the outer
layers. However, as the leading pairing channel diverges, the
subleading one is finite and would diverge by extrapolation
at a much lower-energy scale. We should point out that the
RG flow drives the system into strong coupling, unlike the
approaches designed in the weak-coupling limit, where there
would be nearly degenerate pairing channels, but the extrapo-
lation of which to finite coupling is not guaranteed, given the
complexity of the quantum many-body effects in correlated
systems.

Phase diagram. We have scanned the Hund’s coupling JH

by fixing U = 3 eV to obtain the phase diagram as shown in
Fig. 4(a). The results of La327 are also presented for com-
parison. In both systems, larger JH enhances the SC until it
drives the systems into the SDW state. Interestingly, for the
same interaction parameters, we find the Tc of La4310 is al-
ways smaller than La327, in agreement with the experimental
observation [1,8]. In this regard, increasing the layer number
from La327 to La4310 does not enhance Tc. This is in sharp
contrast to trilayer cuprates, which are known to exhibit the
highest Tc among all cuprates [77–81]. On the other hand,

FIG. 4. (a) Phase diagram by scanning JH for both La4310 and
La327. (b) Phase diagram of La4310 with respect to the filling
level 〈n〉 and JH , with Tc qualitatively encoded by colors. In these
calculations, we have used U = 3 eV.

the single-layer La2NiO4 (La214) is know to be insulating.
Therefore, we suggest further efforts to obtain/stabilize the
bilayer structure phase to search for higher-temperature su-
perconductivity in nickelates.

We next investigate the doping effect. The phase dia-
gram with respect to the average filling level 〈n〉 and Hund’s
coupling JH is plotted in Fig. 4(b), with color-scaled Tc qual-
itatively shown. For all these fillings, SC is found to increase
with JH , and a large enough JH drives the system into the SDW
state. In addition, electron doping is also found to enhance
Tc. Such a tendency is consistent with the fact that with elec-
tron doping, additional low-energy fermions are created (up
to the formation of an additional electronlike Fermi pocket)
around � with additional quasinesting with the other Fermi
pockets. This doping dependence can be checked in future
experiments. Finally, it would also be interesting to investigate
the pressure effect, since the superconductivity was found to
occur only in the high-pressure tetragonal phase. According
to a recent DFT calculation [82], the α pocket around �

disappears at ambient pressure, suggesting the important role
of the α pocket. It is also possible that the pressure plays a
role to reduce the apical oxygen vacancy, which is destructive
to superconductivity. We leave these to future studies.

Conclusion. In summary, we have constructed a minimal
tight-binding model based on the nickel 3d3z2−r2 and 3dx2−y2

orbitals and investigated the electronic correlation effect us-
ing functional renormalization group for La4310 under high
pressure. The spin fluctuations are found to exhibit a pecu-
liar antiferromagnetic coupling between the two outer layers,
and induce the s±-wave superconductivity with the dominant
pairings between 3d3z2−r2 orbitals both in the inner plane and
between the two outer planes. The calculated Tc in La4310 is
systematically lower than in La327, suggesting La327 as the
most promising candidate for higher Tc in the various families
of nickelates.
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