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Nematic Bogoliubov Fermi surfaces from magnetic toroidal order in FeSe,_,S,

Hao Wu®,” Adil Amin,” Yue Yu, and Daniel F. Agterberg
Department of Physics, University of Wisconsin—-Milwaukee, Milwaukee, Wisconsin 53201, USA

® (Received 12 July 2023; revised 15 November 2023; accepted 23 May 2024; published 10 June 2024)

Recently it has been shown experimentally that the superconducting state of FeSe;_,S, exhibits Bogoliubov
Fermi surfaces for x > 0.17. These Bogoliubov Fermi surfaces appear together with broken time-reversal
symmetry and surprisingly demonstrate nematic behavior in a structurally tetragonal phase. Here, through a
comprehensive analysis that deduces the structure of Bogoliubov Fermi surfaces from all symmetry-allowed
types of translation invariant broken time-reversal symmetry, we find that the origin of nematic Bogoliubov
Fermi surfaces is due to magnetic toroidal order that belongs to an E, irreducible representation of the Dy,
point group. We further show that this magnetic toroidal order appears as a consequence of either static Néel
antiferromagnetic order or due to the formation of a spontaneous pair density wave superconducting order.
Finally, we reveal that independent of the presence of Bogoliubov Fermi surfaces, supercurrents will induce

Néel magnetic order in many Fe-based superconductors.

DOI: 10.1103/PhysRevB.109.L.220501

Introduction. It has recently been realized that in super-
conductors when time-reversal symmetry is broken, the gap is
either fully gapped or has Bogoliubov Fermi surfaces (BFSs)
[1,2]. BESs are a type of nodal state in which usually ex-
pected line nodes or point nodes become surface nodes. In
addition to altering the expected thermodynamic and trans-
port response of superconductors, BFSs also reveal a generic
weak-coupling instability into a broken-inversion state [3,4]
and the emergence of the spatially uniform odd-frequency
pairing [5]. The experimental discovery of nematic BFSs in
Fe-based superconductors represents a welcome platform to
better understand this nodal state.

Among the iron-based superconductors [6], iron selenide
(FeSe), with the simplest crystal structure and chemical com-
position, has attracted much attention [7-10]. It adopts a
tetragonal structure at room temperature. Upon cooling, there
is a structural transition from tetragonal to orthorhombic
(nematic) phase at low temperature under ambient pressure
[11-13]. However, the nematicity in the isovalently substi-
tuted FeSe;_,S, [14,15] is strongly suppressed with sulfur
(S) doping [16,17], and it is completely suppressed at a sul-
fur content x &~ 0.17, indicating a nematic quantum critical
point [18].

In the tetragonal phase of FeSe;_,S,, there are experimen-
tal signatures for Fermi surfaces in the superconducting state.
In particular, these BFSs reveal themselves through a large
residual density of states (DOS) at the chemical potential
that has been observed in the superconducting state through
specific heat, thermal conductivity, and scanning tunneling
spectroscopy (STS) measurements [19-21]. Furthermore, ev-
idence for broken time-reversal symmetry in FeSe;_,S, by
muon spin relaxation («SR) measurements has also appeared
[22]. Time-reversal symmetry breaking (TRSB) is known to
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play a central role in stabilizing BFSs [1,3-5,23-29]. TRSB,
together with the preservation of parity symmetry, has been ar-
gued to give rise to topologically protected BFSs in FeSe;_, S,
[22,28,29], however, the detailed microscopic mechanism for
these BFSs remains unclear.

More recently, laser-based angle-resolved photoemission
spectroscopy (laser ARPES) has directly observed a BES in
the tetragonal phase of FeSe;_,S, [30]. Surprisingly, this BFS
has nematic symmetry, even though FeSe;_,S, is structurally
tetragonal. Here, we use a symmetry-based analysis of BFSs
to show that the origin of such a nematic BFS is a magnetic
toroidal (MT) order [31-42] with an E, irreducible repre-
sentation (irrep) of the Dy, point group. This order differs
from previous suggestions [22,28,29] of a parity-preserving
TRSB order in that the magnetic toroidal order breaks both
parity symmetry (P) and time-reversal symmetry (7) while
preserving the product of the two. With this E, MT order,
we find that both the shape of the BFS and the momentum
dependence of the minimum of the quasiparticle excitation
energy agree with the laser ARPES results [30].

We further suggest two possible ways to realize E, MT
order: the appearance of static Néel (checkerboard) antifer-
romagnetic (AFM) order with moments aligned in-plane, or
the formation of a spontaneous pair density wave (PDW)
superconducting order with an order parameter Y = ye™d”
[43]. Experimental evidence exists for checkerboard AFM
fluctuations in three-dimensional (3D) FeSe [44,45]. Checker-
board AFM order has been reported in two-dimensional (2D)
FeSe [46]. In addition, a recent proposal showed that the
checkerboard AFM order together with the substrate provides
arealistic explanation for broken time-reversal symmetry seen
in many related compounds, suggesting that checkerboard
AFM order is likely to appear in these states [47]. Like mag-
netic toroidal order, both the AFM order and PDW order are
‘P breaking, 7 breaking, and P7T preserving. Furthermore,
the momentum ¢ of the PDW order [48] and the AFM order
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TABLE 1. Structures of h(k) and £_ (k) for 7 -breaking order belonging to Dy, point group irreps and the corresponding BFSs. We express
momenta k in units of the Fermi momentum kr = @ and energies in units of the maximum gap Ap.x = Ag + |A4]. In units A, we take
n =2.2361, Ay = 0.6545, and A4 = —0.3455. The other parameters in units Ay, are chosen as: for Ay, hikkr = 0.6325, hzkfé =0.7071;
for Ag,, hik.kr = 0.3162, hy = 0.8944; for By, hikkp = 0.7746, hoki: = 0.8944; for By, hikkr = 0.7746, ok’ = 0.8944; for E,, hy, =
0.8367, hiy = 0, hotkkp = 0.5477, hyyk kp = O for Ay, otkzk‘} = 2.3; for Ay, ak, = 0.95; for By,, oekzklzr = 2.2; for B,,, otkzkﬁ =1; for E,,

Tikp = 0.95 and Tkp = 0.

Irrep h(k) BFS Irrep £ (k) BFS
R R s s 00D y :
Ay hi(kyked — kk.) + hakok, (k2 — K2)2 = A ok, (K2 — K2) os
o> o>
. . . ()] ()
Agg hy(kok X + kyk.9) + ot = A, ak, <]
(]QD N
By, By (k% + ok 9) + hak,ky 2 = By, akkyk, S
[ o
. . . aD 0 0
BZg hl (kxkzx - k}kzy) + hZ (k,g - k%)z <o BZu C(kz (k)% - k?) -2
o
. . . aD ()
Eg I’l]xx + hlyy + (h2xkxkz + I’lz),kykz)z = Eu ];kv( + ’Ij‘ky

both belong to the same E,, irrep of the Dy, point group. This near the I point has a weak k, dependence and also has a
implies that in the superconducting state, these two orders fourfold in-plane anisotropy, but this will not qualitatively

are coupled. More generally, this coupling implies that an in- change the results.

plane supercurrent in any P4/nmm Fe-based superconductors To describe the superconducting state, we assume spin-

will generically induce AFM order with in-plane moments. singlet pairing with a fourfold anisotropic s-wave gap given
Symmetry analysis of BFSs. All existing mechanisms for by ¥ (k) = Ag + Agcos(49) with Ag > 0, Ay < 0and Ay >

the appearance of BFSs require a translation invariant TRSB |A4], where 6 is the polar angle for the in-plane mo-

order [1,23-25,29]. Here we carry out a symmetry analysis mentum k. Such a gap function is qualitatively consistent
of the role of this TRSB on the Bogoliubov quasiparticle with the thermal conductivity measurements [19] and the
spectrum. We explicitly consider the single-band limit in this spectroscopic-imaging scanning tunneling microscopy mea-
analysis. While Fe-based superconductors are multiband sys- surements [20] on FeSe;_,S,.
tems [10], the observed low T in FeSe;_,S, suggests that The Bogoliubov quasiparticle spectrum depends upon the
interband pairing interactions will not significantly alter the  parity of the TRSB [1,2]. For even P, it takes the form [1,2]
Bogoliubov quasiparticle spectrum, so a single-band analysis
should suffice. Exxy = vh®)| £ V[E (&) —puP + [y 0P (2)
In our analysis, the key interaction is due to the TRSB,
which alters the normal state Hamiltonian. This interaction ) . . .
can be external or induced by the broken time-reversal sym- dispersion has been discussed in Ref. [50] and takes the form
metry in the superconducting state [1,49], the origin of this

— — 2 2
term is not essential for our analysis of the quasiparticle Box =60+ \/[s+(k) 1+ [ AP 3)

spectrum. For a single-band, with two pseudospin degrees of  For Eq. (2), BFSs occur for k when |h(k)| > |y (k)|, while
freedom, the normal state Hamiltonian with TRSB takes the  for Eq. (3) they occur for |£_(k)| > | (k)|. We note that

where v = %1 and p is the chemical potential. For odd P, this

general form for even P, BFSs are topologically protected [1,2], while for
odd P, BFSs are not topologically protected, but they are
Hy = [§+(k) + §_(k)]og + h(k) - 0, ey still robust [27,51]. In Table I, we show the BFSs that arise

from Eqgs. (2) and (3) for all irreps of interactions that break
time-reversal symmetry. Note that we have chosen values of
the parameters such that the spectrum contains BFSs. We have
further chosen a finite value of k, when terms in either h(k)
or £_(k) vanish by symmetry when k, = 0. For most of the
irreps, the tetragonal symmetry is not broken. Importantly, the

where the Pauli matrices o; describe the spin degrees of
freedom, &1 (—k) = §,.(k), §_(—k) = —§_(k), and h(-k) =
h(k). The interaction £_ (k) describes parity-odd time-reversal
symmetry breaking while h(k) describes parity-even time-
reversal symmetry breaking. These interactions can further be

classified by which irrep of the Dy, point group they belong 1y jrreps that allow the appearance of nematic BFSs are the
to. Furthermore, since the observed BFSs are near the I point, E, and E, irreps. For these two representations, the structures

we carry outa power series expansion in momentum for £_ (k) of the BFSs are different. For the E, irrep, the nematic BFS
and h(k) consistent with the symmetry properties defined by yith only two pockets along either the , or k, direction is
the corresponding irrep. These interactions, together with the  oneric which agrees with the experiment [30]. Furthermore,
resulting BESs are given in Table I. For simplicity, we take the predicted minimum of the quasiparticle excitation energy

B2 (k2+k2 . . . - ..
& (k) = % For FeSe;_,S,, the normal state dispersion as a function of polar angle, shown in Fig. 1, is in agreement
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FIG. 1. Minimum single-particle energy gap as a function of
polar angle predicted for FeSe,_,S, near the I" point. For each angle
6, the minimum energy gap occurs for a momentum approximately
equal to kr, the Fermi momentum. The extended region of a zero
energy gap is the predicted Bogoliubov Fermi surface.

with the laser ARPES measurements [30]. However, for the
E, irrep, we generically find weakly nematic BFSs. In this
case, when BFSs appear, there are typically four pockets with
anisotropy in the size of these pockets along the k, and k,
directions. This disagrees with the experimental observation
for which only two pockets are seen. While it is possible that
only two Fermi surfaces appear for the E, irrep, as we discuss
next, this requires extreme fine-tuning and is highly unlikely.

As Table I shows, TRSB E; irrep interactions have two
contributions. The first is the usual in-plane ferromagnetism
described by the term h,& + hyy9. The second contribution,
(hoxkyk; + haykyk)Z, strongly varies with k; and is unlikely
to be substantial in quasi-two-dimensional materials such as
FeSe;_,S,. Without this second contribution, the usual ferro-
magnetic component yields Bogoliubov Fermi surfaces with
tetragonal symmetry. The k,-varying contribution is the origin
of any nematic distortion of the BFSs in this case. When
this term is added and is small, there remain four BFSs with
a weak nematicity as shown in Table I. To reproduce the
experimental observation of two nematic BFSs with the E,
irrep requires the unphysical condition that the k,-varying
term dominates over the usual ferromagnetic component. We
further note that ferromagnetism has not been observed in
Fe-based superconductors and that density-functional theory
(DFT) calculations show that ferromagnetism has an energy
that is 68 meV /Fe higher than the DFT ground state, implying
that ferromagnetism is completely unstable [47]. Based on the
different predictions of the shape of BFSs for the E, and E,
symmetries and the lack of experimental evidence for ferro-
magnetism, we conclude that the E, symmetry is vanishingly
unlikely and the E, symmetry is the origin of the observed
nematic BFS in the laser ARPES measurements.

Origin of magnetic toroidal order. The above symmetry-
based analysis suggests that the TRSB that gives rise to the
observed nematic BFSs is a magnetic toroidal order belonging
to an E,, irrep. Here we show two possible microscopic origins
for this order realizing the £, symmetry: Néel AFM order with
moments oriented in plane or the spontaneous formation of a
PDW phase.

There is plenty of experimental evidence suggesting that
the AFM order is in the family of iron-based superconductors

FIG. 2. Néel antiferromagnetic order that serves as a magnetic
toroidal order. The selenium atoms with bigger (smaller) sizes reside
above (below) the iron layer. The yellow cross is the lattice inversion
center. The red and blue arrows indicate the direction of the magnetic
moments at the Fe sites.

including FeSe [52-55]. In inelastic neutron-scattering exper-
iments, it was reported that there was the coexistence of Néel
AFM fluctuations and stripe AFM fluctuations in FeSe [44].
Once FeSe enters the tetragonal phase, Néel AFM fluctuations
are more important and are clearly observed. These neutron
results are consistent with the explanation of the Raman spec-
tra of FeSe compared to simulations of a frustrated spin-1
system [45]. There was also experimental evidence showing
the in-plane checkerboard AFM order in monolayer FeSe
[46].

In addition, it has been shown by DFT calculations that
the checkerboard AFM order is a realistic ground state in
monolayer FeSe [56]. Furthermore, in a recent experiment-
driven theory [47], the authors propose that the checkerboard
AFM order is a natural explanation for TRSB observed in
FeSe/SrTiO5 heterostructures [57] and in the surface layer of
superconducting Fe(Se, Te) compositions [58].

While evidence for PDW order in Fe-based superconduc-
tors is not as strong as that for checkerboard magnetic order,
there has been an experimental observation of the PDW state
in monolayer Fe(Te, Se) films grown on SrTiO3;(001) sub-
strates [43].

We first discuss the Néel AFM order. In Fig. 2 we show
the Néel AFM order that belongs to the E, irrep. Key to
understanding how this Néel ordered state is odd under parity
symmetry is the nonsymmorphic P4/nmm space group of
tetragonal FeSe;_,S,. This space group requires that there
are two Fe atoms per unit cell related by an inversion center.
Consequently, when the moments on these two Fe sites are
oriented in opposite directions, the magnetic state is odd under
‘P. This, together with being odd under 7, illustrates that this
is a magnetic toroidal order parameter.

To understand how this AFM order gives rise to the term
&_(k) in Eq. (1), it is useful to consider a simple tight-binding
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model for FeSe;_,S,. In particular, consider a 2D model
that only includes xy orbitals on the iron (Fe) sites. The
corresponding tight-binding Hamiltonian is

ky ky,
Hy = [ti(cos k; + cos ky) — ultoon + tp cos 5 cos E)txcro

+ ag(sink, 7,0, + sink,7,0,), “4)

where the og term is a Rashba-like spin-orbit coupling [59].
We add to H, the Néel AFM order with moments oriented
along the J direction. This is given by T;t.0,. Treating this as
a perturbation to the Hamiltonian Hy yields

T.ap sink,

§(k) =

&)

2 . . '
\/tzz(cos k cos &) + a2(sin® k, + sin® k)

Lifshitz invariant and PDW state. The simultaneous break-
ing of time-reversal symmetry and parity symmetry by the
magnetic toroidal order allows the existence of a Lifshitz
invariant in the Ginzburg-Landau free energy. Both the mag-
netic toroidal order T = (Ty, T,) and D = (Dy, D;) (where
D = —iV — 2¢A, the charge of the electron e < 0, A is the
vector potential, and we work in units such that 7 =c = 1)
transform as an E, irrep of Dy,. Therefore, these can be
coupled leading to the Lifshitz invariant

€T - [y (DY) + ¥ (DY)l (6)

This Lifshitz invariant guarantees a PDW state with finite
momentum pairing [60,61], in which the superconducting
order parameter develops a spatial variation, ¥ = /e4”. As
discussed in Ref. [50], the PDW state with finite ¢ alters the
Bogoliubov quasiparticle spectrum:

h
Evgz=8-()+5q-vr & \/[S+(k) —ulP + 1y ®2, ()

where vy is the Fermi velocity. As shown in Ref. [50], the
main consequence of g is to reduce the size of the BFSs.
However, the BFSs are generically not fully removed by a
NONZero gq.

Superconducting fluctuations and AFM T.. For the Néel
AFM order to be the origin of the BFSs, it needs to order
above the superconducting 7.. We suggest that the observed
1SR signal [62] onsets due to the formation of AFM order
that occurs just above the superconducting 7. This may oc-
cur if there is an enhancement of the 7. of the AFM order
by superconducting fluctuations. To illustrate this effect, we
consider the following minimal free energy density:

f =35IV P+ S P+ ST 4+ €T [y (—ivy) +cel.
@®)

By integrating out the superconducting fluctuations, we obtain
the correction to a7

_ 1, 2 2
o — UT —aT_ﬁE (17 IVy ™)

1 /A“ Pk 1
—ar 2T — | ————
A Qe+ ck?

1 /“ Pk K ©
X E— —_—
A3 Q) u+«k? )

where A is the ultraviolet wavelength cutoff. Near the
superconducting transition (u — 0), the fluctuations of
the superconducting order parameter, (|y|?) and (|Vy/|?),
reach their maximum values allowing the magnetic toroidal
order to appear at ur = 0. We note that these materi-
als host strong superconducting fluctuations [63] consis-
tent with such a possibility of a superconductivity-driven
AFM order.

Spontaneous PDW order. While the above explanation of-
fers a mechanism for the proximity of the superconducting
and the AFM T, Eq. (7) suggests a mechanism for which
there is only a single 7, at which superconductivity and AFM
appear together with BFSs. In particular, this will occur if
a spontaneous PDW order appears at 7. (for which ¢ =
Yoe™). For this to occur, the stiffness « in Eq. (8) needs to be
less than zero, k < 0. While uncommon, there are two mecha-
nisms that could allow this to occur. The first is in a multiband
system, where in addition to the usual positive single-band
stiffness, there can be negative contributions to the stiffness
that arise from quantum geometry [64—66]. The second is that
AFM fluctuations can reduce «, much like superconducting
fluctuations reduced ar [67].

Discussion. There is one additional consequence of the
existence of the Lifshitz invariant in Eq. (6). If we have
a current-carrying state in the superconductor, ¢ becomes
nonzero. Since q and T are bilinearly coupled, T' will be
nonzero. Therefore, we conclude that supercurrents will in-
duce Néel magnetic order in many Fe-based superconductors
that have P4/nmm space group symmetry and two Fe ions
per unit cell. We can estimate the order of magnitude of the
magnetization M ~%‘;‘—ZRN (0)A g, where y is the full suscep-
tibility, xo is approximately N (0)u%, ag and 1, are parameters
we introduced in Eq. (4). We also point out that with the
checkerboard antiferromagnetic order, we expect the super-
conducting critical temperature 7. to be lower than without
this magnetic order due to the existence of BFSs. This may
account for the observed decrease in T, [21]. We further note
that the existence of the finite momentum pairing is crucial for
the superconducting diode effect [68—71]. This suggests that
superconductivity coexisting with the magnetic toroidal order
provides a route toward creating the superconducting diode
effect.

Here we have assumed an s-wave gap function. Gener-
ically, for any s-wave and p-wave gap functions, the
same results for the BFSs hold. However, for d-wave gap
functions, the predicted anisotropy of the BFSs will be dif-
ferent, and this is not in agreement with the laser ARPES
measurements.

Conclusions. We performed a symmetry-based analysis of
BFSs that can arise from TRSB for FeSe;_,S,. We have
shown that the origin of TRSB and the nematic BFS in the
tetragonal phase is a magnetic toroidal order belonging to the
E, representation. We are able to replicate the BFS shape and
the minimum quasiparticle excitation energy observed by the
laser ARPES measurements. We point to two possible origins
of the MT order, either through static Néel AFM order or due
to the spontaneous formation of PDW superconductivity. We
argue that supercurrents will induce Néel magnetic order in
many Fe-based superconductors.
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Recently, we learned that an alternate scenario for the phe-
nomenology of tetragonal FeSe;_,S, has been investigated
within a microscopic model with magnetic interactions by
Yifu Cao, Chandan Setty, Laura Fanfarillo, Andreas Kreisel,
and P. J. Hirschfeld [72].
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