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Electrostatic nature of cavity-mediated interactions between low-energy matter excitations
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The use of cavity quantum electrodynamical effects, i.e., of vacuum electromagnetic fields, to modify material
properties in cavities has rapidly gained popularity and interest in the last few years. However, there is still a
scarcity of general results that provide guidelines for an intuitive understanding and limitations of what kind
of effects can be achieved. We provide such a result for the effective interactions between low-energy matter
excitations induced either directly by their mutual coupling to the cavity electromagnetic (EM) field or indirectly
through coupling to mediator modes that couple to the EM field. We demonstrate that the induced interactions
are purely electrostatic in nature and are thus fully described by the EM Green’s function evaluated at zero
frequency. Our findings imply that reduced models with one or a few cavity modes can easily give misleading
results.

DOI: 10.1103/PhysRevB.109.L201408

Over the last years, there has been increasing interest in
the manipulation of matter with cavities “in the dark,” i.e., in
the absence of external driving, through the creation of hybrid
quantum light-matter polaritonic states [1], with experimental
observations and theoretical predictions forming the emerg-
ing field of cavity quantum electrodynamic (QED) materials
[2]. For resonant interactions, where matter excitations are
energetically close to a cavity mode, a strong interaction with
vacuum electromagnetic (EM) fields leads to the formation
of polaritons and a plethora of effects takes place [1,2]. For
instance, the conductivity in molecular semiconductors can be
increased by one order of magnitude [3], and energy transport
can be enhanced in both organic [4,5] and inorganic materials
[6] using excitonic states, which can also be used in the forma-
tion of superradiant excitonic insulators [7], or for many-body
synchronization dynamics [8] or interaction enhancement by
nonlocality and band degeneracy [9]. The breakdown of the
topological protection in the integer quantum Hall effect has
also been demonstrated by utilizing a two-dimensional (2D)
electron gas [10]. Meanwhile, low-energy matter excitations
have been also chosen to interact directly but off-resonantly
with confined EM modes for modifying superconductivity
[11,12], ferromagnetism [13], and ferroelectricity [14,15].

Alternatively, EM modes can be considered to couple with
other bosonic modes (e.g., phonons) which in turn interact
with the low-energy matter excitations. In this scheme, a direct
coupling between the EM modes and the matter is presum-
ably weak and thus disregarded, resulting in the EM modes
mediating the matter-matter interaction indirectly. Along this
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line, it has been proposed that cooperativity of optically active
phonons and photons can alter the electron-phonon coupling
and thus influence superconductivity [16]. In addition, it has
been reported that the critical temperature of a conventional
superconductor may be increased [17] by strong coupling to
surface plasmons and a long-range spin alignment can be
favored yielding enhanced magnetization [18]. At last, by em-
ploying a different scheme, it has been reported that confined
photons coupled to spin excitations, the magnons, can also
affect high-temperature superconductivity [19].

Within this scheme of EM modes indirectly mediating
matter-matter interactions, an intriguing scenario arises when
the spatially extended EM modes resonantly hybridize with
localized bosonic modes that couple with the similarly local-
ized matter excitations. One may expect the hybrid polaritons
thus formed to be more effective in mediating matter-matter
interactions due to the polaritons’ spatially extended charac-
ter, inherited from the EM modes, and their direct coupling
to matter, inherited from the localized bosons. Thus, one may
expect an enhanced matter-matter interaction when the EM
mode is resonant with the localized boson coupled directly
with matter [18]. At the same time, since the low-energy
matter excitations are not resonant with any of the bosonic
(including EM) modes in the system, one must consider all
of the supported bosonic modes in evaluating the effective
matter-matter interaction. Often, with the aim of capturing
the key qualitative physics, previous theoretical works have
considered one bosonic mode mediating the matter-matter
interactions.

In this Letter, by studying the direct and indirect cou-
pling scenarios for off-resonant interactions described above,
we theoretically examine how the mutual interaction of low-
energy matter excitations is modified in the presence of
quantized EM fields. First, we analyze the situation in which
these matter states are directly coupled to cavity EM modes,
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FIG. 1. Schematic illustration of vacuum EM modes (upper
layer) interacting with low-energy matter excitations (bottom layer,
denoted with circles), either directly (left panel) or indirectly (right
panel) through a resonant local optically active bosonic mediator
(denoted with cubes). The strings indicate the coupling between
light, matter, and the mediator. Effective matter-matter interactions
are induced by vacuum EM fields, which are quantified as λ and ξ

for the two cases.

as schematically depicted in the left panel of Fig. 1, leading to
an effective interaction λ between the matter components. The
second scenario considers the presence of a localized mediator
that is coupled to both the low-energy matter states of interest
locally and to the surrounding EM field, as illustrated in the
right panel of Fig. 1, also giving rise to an effective interaction
ξ . We find that in both cases, a consideration of all the EM
modes supported by the cavity is mandatory to obtain reliable
results. By doing so, we demonstrate that the effective interac-
tions, both λ and ξ , have an electrostatic origin, i.e., they only
depend on the zero-frequency response of the EM field in the
cavity. We thus find that common models restricted to one or
a few modes can produce misleading results. We also provide
a simple physical interpretation of cavity-mediated effects
based on electrostatic interactions. Furthermore, in contrast
with the expectation described above, for the indirect coupling
scenario outlined above, a resonance between the EM and
localized bosonic modes is found not to enhance effective
matter-matter interactions due to a nontrivial cancellation of
contributions from the bonding and antibonding hybridized
modes.

Direct matter-photon interaction. We first consider the case
in which a set of quantized EM modes interacts with low-
energy matter excitations through the dipole–electric-field
interaction in the long-wavelength limit. The corresponding
Hamiltonian can be written as

H = Hle +
∑

n

h̄ωna†
nan +

∑
i,n

μ̂i · [En(ri )an + E∗
n(ri )a

†
n],

(1)
where μ̂i is the dipole operator of the ith matter excitation,
which is assumed to be spatially located at ri, and an (a†

n) is
the annihilation (creation) operator associated with the EM
mode of frequency ωn and quantized electric field En(r).
Notice that the light-matter interaction is treated beyond the
usual rotating-wave approximation as we are dealing with off-
resonant interactions. The first term of the Hamiltonian, Hle,
describes the matter excitations and/or direct matter-matter

interactions, whose characteristic frequencies are assumed to
be substantially lower than any significantly coupled cavity
modes. The dipole self-energy term, which is one of the con-
tributions to the free-space Lamb shift, is also included in Hle.

The effect of the EM environment on the matter states can
be analyzed by deriving an effective Hamiltonian in which
the photonic degrees of freedom are traced out [20–23]. In the
thermodynamic limit of many matter excitations, the desired
effective Hamiltonian is obtained as

Heff = Hle −
∑
i, j

μ̂i · λi j · μ̂ j, (2)

where the effective coupling between matter states i and j, λi j ,
induced by the vacuum EM field is given by

λi j =
∑

n

λ
(n)
i j =

∑
n

Re

[
En(ri ) ⊗ E∗

n(r j )

h̄ωn

]
, (3)

with ⊗ denoting the dyadic product of two vectors. A detailed
derivation of this effective interaction can be found in the
Supplemental Material [24].

This result shows that an effective interaction between mat-
ter excitations i and j can indeed be induced by their common
coupling to vacuum EM fields. Notice that this coupling is
independent of the energy of the matter states, which is consis-
tent with our initial assumption that the energies of the matter
excitations are negligible compared to those of the EM modes.
The tracing-out procedure of the EM degrees of freedom can
be seen as an adiabatic elimination of the fast photon modes
and, therefore, the energies of the matter excitations do not
play any role in determining the strength of their effective
interaction mediated by the vacuum EM field. As the effective
coupling λi j does not have a resonant nature, this already
indicates that truncation of the sum over all the EM modes
in Eq. (3) to just a single mode (or several ones) could lead to
incorrect results.

Furthermore, as we show in the following, the sum over
modes can be performed explicitly by employing the macro-
scopic QED formalism [25], which provides a recipe for
quantizing the EM field in any geometry, including with lossy
materials. The quantized EM mode structure is fully encoded
in the (classical) EM dyadic Green’s function G(r, r′, ω), with
the electric field operator becoming

E(r) =
∑

p

∫ ∞

0
dω

∫
dr′Gp(r, r′, ω)fp(r′, ω) + H.c., (4)

where fp(r′, ω) are the bosonic operators of the medium-
assisted EM modes, p is an index labeling the electric and
magnetic contributions, and Gp(r, r′, ω) are functions related
to the dyadic Green’s function. As detailed in the Supplemen-
tal Material [24], inserting this expansion in Eq. (3) leads after
some algebra (taking into account that the abstract sum over
modes n becomes a combination of sums and integrals) to

λi j = 1

πε0c2
0

∫ ∞

0
dωω Im G(ri, r j, ω), (5)

where we have used the Green’s function identity∑
p

∫
ds Gp(ri, s, ω) G∗T

p (r j, s, ω) = h̄ω2

πε0c2
0

Im G(ri, r j, ω).
Here, ε0 is the vacuum permittivity and c0 is the speed of
light in vacuum. Although the breakdown of the dipole
approximation would in principle introduce a cutoff at
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high frequencies in Eq. (6), the integral converges very
rapidly, as shown in the Supplemental Material [24],
allowing to safely extend the upper frequency limit to
infinity. Using Im z = (z − z∗)/2i and the causality principle
G(ri, r j, ω)∗ = G(ri, r j,−ω), this can be rewritten as an
integral over the whole real line. Since ωG(ri, r j, ω) has a
simple pole at ω = 0 and no other poles on the real axis or
upper complex half space [25,26], contour integration yields
the residue at ω = 0, i.e.,

λi j = 1

2ε0c2
0

[ω2G(ri, r j, ω)]ω=0. (6)

This expression is a key finding of this Letter as it reveals
that the effective interaction between low-energy matter ex-
citations mediated by their direct coupling to the cavity EM
modes is determined by the former’s mutual electrostatic in-
teraction. Note that this result applies for any material system,
accounting also for a free-space EM environment. In this case,
the corresponding Green’s function G0, feeding Eqs. (6) and
(7), leads to the free-space electrostatic dipole-dipole inter-
action for λi j , as described in the Supplemental Material [24].
When dealing with a more complex EM environment such as a
“cavity,” which is characterized by a Green’s function that in-
corporates scattering by the material, G = G0 + GS , Eqs. (6)
and (7) provide a simple recipe to evaluate cavity-modified
matter interactions, and also imply that results obtained with
theoretical treatments that include only one or a few EM
modes when describing the vacuum EM field can potentially
give misleading results.

The necessity of including the continuum of EM modes
to evaluate off-resonant effects has long been known in the
context of Casimir-Polder interactions [25,27], and has been
pointed out in the context of cavity-modified materials when
treating the superradiant phase transition [28], which can
be understood as a ferroelectric instability with electrostatic
characteristics, and when evaluating the possibility to achieve
nonperturbative vacuum shifts [29]. In addition, our results
provide an alternative interpretation on why quantum correc-
tions to the electron propagator are dominated by off-resonant
photon modes at higher frequencies [30].

Indirect matter-photon interaction. As commented above,
an alternative mechanism to generate effective matter-matter
interactions is to utilize a mediator mode which is strongly
coupled to vacuum EM fields. The key idea is that an optically
active bosonic mode could couple to both the low-energy
matter excitations and the EM modes, thus mediating their in-
teraction. Furthermore, it can be speculated that if the energy
of this bosonic mode resonates with that of one of the EM
modes supported by the cavity, their hybridization could lead
to a large long-range effective interaction between the matter
states. To capture such a scenario, we treat a Hamiltonian

H = Hle + Hp + Hm + Hm−p + Hle−m, (7)

which corresponds to the addition of bosonic mediator modes
ci of frequency � to Eq. (1). These modes are described by
their bare Hamiltonian, Hm = ∑

i h̄�c†
i ci, and their interac-

tion with both cavity EM modes, Hm−p, and low-energy matter
excitations, Hle−m.

Without loss of generality, we consider that the mediator
bosonic modes are localized and couple to the cavity modes

via the dipole–electric-field interaction

Hm−p =
∑
i,n

(ζinanc†
i + ζ ∗

ina†
nci ), (8)

where ζin = ν∗
i · En(ri ), with νi being the dipole moment

associated with mediator mode i, which is assumed to
be spatially located at ri. The on-resonant mediator-field
interaction is here expressed within the rotating-wave ap-
proximation. Regarding Hle−m, we also assume that the
coupling between matter states and the mediator is lin-
ear in the mediator operators ci. Such a scheme can be
realized, for example, for localized spins or electrons inter-
acting with local dipole-active phonon modes that in turn
couple to the EM field [31]. The mediator states alone
are assumed to be local and thus do not induce long-
range interactions between the low-energy excitations, and
Hle−m accounts for only local and independent coupling, 	i,
which is

Hle−m =
∑

i

bi(	ic
†
i + 	∗

i ci ), (9)

where bi is the operator describing coupling of the ith excita-
tion state to the low-energy matter excitations with coupling
strength 	i.

The mediator modes, the vacuum EM field, and their mu-
tual interaction are described by a Hamiltonian Hmp = Hm +
Hp + Hm−p that can be compactly represented in matrix form,

Hmp = (c† a†)Hmp

(
c
a

)
, Hmp =

(
� ζ

ζ† ω

)
. (10)

It can be diagonalized by a unitary transformation U , giving
rise to a polaritonic Hamiltonian describing the dressed EM
field,

Hpol = U †HmpU =
∑

n

h̄ω̃nπ
†
n πn, (11)

with π†
n and πn being the creation and annihilation operators

of the nth polaritonic mode with frequency ω̃n, respectively.
By using the matrix representation of U , U = (C, A), the total
Hamiltonian can be written in the polariton basis as

H = Hle +
∑

l

h̄ω̃nπ
†
n πn +

∑
i,n

bi(	iC
∗
inπ

†
n + 	∗

i Cinπn),

(12)
where Cin are the coefficients of matrix C. Notice that this
Hamiltonian is mathematically equivalent to Eq. (1). This is
not unexpected, as the medium-assisted polaritonic operators
fp(r′, ω) themselves arise from the diagonalization of the
bare EM modes coupled to bosonic modes representing the
cavity material and are thus also polaritonic modes [32,33],
but generalizes the derivation from considering only dipole–
electric-field interactions to the case of arbitrary interactions
between the material (mediator) modes and the low-energy
excitations. Consequently, following a similar procedure for
tracing out the polaritonic modes [23], we can derive an effec-
tive Hamiltonian similar to Eq. (2),

Heff = Hle −
∑
i, j

bi Re(ξi j )b j, (13)

with ξi j = 	∗
i Di j	 j and Di j = ∑

n CinC∗
jn/(h̄ω̃n). This

Hamiltonian shows that an effective interaction between
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matter operators bi and b j is also induced by the coupling
with the polaritonic environment and is quantified by strength
ξi j .

Since U diagonalizes Hmp, then H−1
mp = Uω̃−1U†

with ω̃ = diag(h̄ω̃1, h̄ω̃2, . . .). Consequently, Di j =
(Cω̃−1C†)i j = (H−1

mp)i j . With the help of Eq. (9) and keeping
only the block of the matrix that relates the mediator’s
operators, we obtain Di j = [(� − ζω−1ζ†)−1]i j . Assuming
that the coupling ζ is much smaller than the frequency of
the mediator � [consistent with the use of the rotating-wave
approximation in Eq. (7)], we obtain the following expression
for the effective coupling,

ξi j = 	∗
i 	 j

h̄�
δi j + 	∗

i 	 j

h̄2�2

∑
n

ν∗
i · En(ri )E∗

n(r j ) · ν j

h̄ωn
. (14)

In a similar manner as for the case of the direct matter-photon
interaction, the sum over EM modes can be performed explic-
itly, leading to a relation between the effective coupling and
the electrostatic (ω = 0) Green’s function,

ξi j = 	∗
i 	 j

h̄�
δi j + 	∗

i 	 j

2ε0c2
0 h̄2�2

[ω2ν∗
i · G(ri, r j, ω) · ν j]ω=0.

(15)

This last expression shows that even though the local me-
diator modes can be resonant with and strongly coupled to
one of the cavity modes, the effective matter-matter coupling
induced by vacuum EM fields does not depend resonantly
on the energies of the mediator and photon modes, but bears
an electrostatic nature, as in the case of direct matter-photon
interaction.

Discussion. Our analysis above culminating in Eqs. (6) and
(15) provides a powerful theoretical shortcut to evaluating the
matter-matter interactions mediated by the EM modes under
rather general conditions. Therefore, it allows us to under-
stand the potential role of cavity QED in modifying matter
excitations by inducing mutual interactions between them. It
also places limits on the types of effects that can be achieved
with off-resonant interactions where all relevant cavity modes
are at significantly higher frequencies than the matter excita-
tions of interest. A corollary of our finding that the resulting
matter-matter interaction is electrostatic in nature is that the
renormalization of single-particle or single-mode properties
by the EM modes could be playing a more important role in
the control of matter via the cavity modes. As noted above,
while we have worked in the dipole approximation for sim-
plicity, it is interesting to examine what would change for
extended matter excitations, such as conduction electrons.
This corresponds to replacing the point-dipole interaction in
Eq. (1) by an integral over the polarization density [25],
which importantly still corresponds to a linear interaction and
thus carries through the remaining derivation unchanged. This

would thus lead to a corresponding (double) integral in the
final interaction Eq. (5), but would not otherwise modify our
observations. We further note that the above theory could
also be applied when other long-range bosonic modes, such
as phonons supported by solid state systems, mediate the
interactions.

In conclusion, we have studied two different strong
light-matter interaction schemes in which cavity-induced
modifications of low-energy matter-matter interactions have
been predicted, one in which the light-matter interaction is
direct and another in which a mediator is coupled to both mat-
ter and light components, leading to an indirect light-matter
interaction. In both cases we have found that, by tracing out
the photonic degrees of freedom, these modifications can be
captured by a reduced Hamiltonian that only involves mat-
ter states. An effective matter-matter interaction can thus be
induced by the vacuum EM fields associated with a cavity
(or any arbitrary material structure in general). However, this
effective interaction has a nonresonant character, implying
that results with a reduced number of cavity modes can lead
to incorrect conclusions regarding the strength and collective
properties of the effective interaction. Moreover, by using a
macroscopic QED formalism, we have been able to account
for the whole spectrum of cavity EM modes, demonstrating
that this effective matter-matter interaction mediated by vac-
uum EM fields only depends on the EM response at zero
frequency, pointing to an electrostatic origin for this type
of cavity-induced modifications of material properties. Our
findings provide both evidence for the fundamental under-
standing of manipulation of matter states via vacuum EM
fields and insight for the design of photonic structures that
could exhibit large cavity-induced low-energy matter-matter
interactions. This could be of interest for the design of novel
cavity-modified materials, such as superconductors, where the
effective interaction between electrons is a key ingredient for
the emergence of superconductivity, or for magnetic mate-
rials where long-range order is established due to spin-spin
interactions.
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