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Fine structure splitting cancellation in highly asymmetric InAs/InP droplet epitaxy quantum dots
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We find the fine structure splitting (FSS) of a single exciton, which splits its degenerate ground-state manifold
into singlets, nearly vanishes in highly asymmetric quantum dots (QDs) due to the cancellation of splitting effects
with markedly different origin. The dots simulated are those that emerge on top of etch pits through the droplet
epitaxy growth process; these etch pit dots break square (C4v) spatial symmetry, which has been previously
associated with small FSS. Configuration interaction calculations predict a vanishing FSS at a specific finite
etch pit displacement from the center of the dot, for a structure far from square symmetry. We thus predict
that highly asymmetric QDs may still display negligible FSS, providing avenues for high-fidelity generation of
indistinguishable, polarization entangled photon pairs on demand.
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Optically active quantum dots (QDs) embedded in a solid-
state matrix, which enables gate control (e.g., via strain
tuning), can provide on-demand emission of indistinguish-
able, entangled polarization photon pairs as well as other
elements of quantum technologies [1–3]. Given the right
circumstances, the formation of a biexciton comprising two
optically active (bright) excitons can lead to a recombination
sequence in which two polarization-entangled photons are
emitted. The mechanism behind this entanglement scheme
is called the biexciton cascade [1,4,5]. The fidelity of entan-
gled polarization photon pairs emitted from the dot, however,
depends on the energetic splitting [so-called fine structure
splitting (FSS)] between two bright exciton states [1,5,6],
which are further split from two dark excitons by dark-bright
splitting (DBS). In an optimal scenario, a QD lacking FSS
would not provide any which-path information. This implies
that it would be impossible to conclusively link an emitted
photon to either of the two bright excitons, resulting in the
entanglement of photons emitted afterward. Lowering the
dot symmetry through growth kinetics from square (C4v) to
asymmetric (C2v), combined with the electron-hole exchange
interaction [7,8], commonly provides the main source of this
splitting [4,7]. Stranski-Krastanov (SK) growth [9] relies on
surface strain to form QDs, therefore producing dots with
highly elongated bases and large FSS [10]. Some growth tech-
niques, such as droplet epitaxy (DE) [11], regularly produce
embedded QDs with near C4v symmetry [10,12,13]; many
such dots are more symmetric and have smaller FSS than
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their SK counterparts [10,12]. However, DE growth suffers
from the formation of etch pits: secondary structures at the
base of the dot [12,14,15] which can break the structural
symmetry of the dot and potentially increase the FSS. The
complex interaction of the QD structure, exchange integrals,
and the electron and hole wave functions forming the exciton
produce several competing effects that have precise names
within the literature [16,17], including long-range (LR) ex-
change, short-range (SR) exchange, and band mixing terms;
few calculations have attempted to include all relevant terms
in the FSS calculation or discuss their interplay.

Here, we identify an unexpected cancellation between FSS
terms, denoted in the literature as (i) bulk band mixing, (ii)
electric dipole, and (iii) SR exchange, that emerge from the
Hartree-Fock Hamiltonian evaluated to second order in the
electron-hole spatial separation. As a consequence, certain
highly asymmetric dots exhibit negligible FSS. Our theoreti-
cal model utilizes an eight-band k · p envelope function theory
to calculate the bound electron and hole wave functions for
realistic QD geometries [18]. A configuration interaction (CI)
calculation built from these states generates the single exciton
energies and wave functions [19]. We find that simple etch
pit structures break the exciton wave function symmetry and
usually increase the FSS; however, certain highly asymmetric
etch pit positions may be beneficial and reduce the FSS to near
zero.

A schematic of the simulated QD and etch pit is in Fig. 1;
the dot has a base length of 24 nm, a height of 7 nm, facets on
the (101), (101), (011), and (011) planes, and a diagonal base-
length parallel to the (001) plane, coinciding with inferences
from scanning tunneling microscopy (STM) measurements
[15]. Because, in this letter, we are primarily focused on
the effects of etch pits on the excitonic fine structure, we
consider truncated square base QDs and neglect piezoelectric
effects. For such dots, all the C4v-symmetry-breaking effects
are directly related to the positioning of the etch pit. The etch
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FIG. 1. Schematic diagram of the quantum dot (green) and etch
pit (blue). Both structures are discretized on a grid with grid spacings
of 1 × 1 × 1 nm3.

pit shape was a truncated pyramid [20] with a base length of
8 nm and a height of 3 nm. The truncation of the pyramid
was introduced due to insufficiently definitive data on the etch
pit shape because the shape of a truncated pyramid is easier
to parametrize and as it roughly approaches the etch pit shape
measured experimentally using cross-sectional STM [15]. The
QD and etch pit geometries are projected on a cubic grid
with a grid size of 1 nm3. To study the effect that the etch pit
position has on the QD fine structure, the etch pit was shifted
along the diagonal to the corner of the QD base in increments
of

√
2 nm.

The lowest-energy single-particle excited states of the dot
correspond to adding an electron to the conduction states
(electron) or removing an electron from the valence states
(hole). The zone-center Bloch functions of the host material
are a complete set of states; hence, any conduction or valence
band states at finite crystal momentum can be expressed as
linear combinations of them. The single particle states of the
dot are calculated using an eight-band k · p envelope model
described in Ref. [18]. Discrete states in the QD are ex-
pressed in terms of spatially varying coefficients (envelope
functions) of the Bloch functions associated with the bulk
conduction and valence zone-center Bloch functions (below
referred to as conduction or valence contributions). Each of
those electron and hole states has two spin orientations, and
these four states form the smallest basis for a lowest-energy
exciton manifold. In the absence of spin-dependent effects,
the electron and hole spin degeneracy would produce four
degenerate excitons at zero magnetic field. However, these
four states are split through electronic interactions, which are
dominated by the exchange interaction. We will thus focus
on the four nondegenerate lowest-energy states of a single
exciton, including the two spin states of the electron and hole
constituents but excluding the biexciton and charged exciton
states [1,19].

We orient our discussion of symmetry-breaking terms rela-
tive to the highest-symmetry case: spherical QDs. These have
spin-degenerate lowest-energy electron (S = 1

2 ) and fourfold
degenerate lowest-energy hole states described by total an-
gular momentum (spin and orbit) J = 3

2 [21,22]. Without
spin-dependent effects, this electron and hole degeneracy pro-
duces eight exciton states, corresponding to J = 2 and 1.
The symmetry of DE QDs is much lower; ideal DE QDs are
truncated pyramids with a perfectly square base, described by
C4v symmetry, which breaks the fourfold degeneracy of the

lowest-energy hole. Depending on the QD dimensions, either
the heavy hole (HH) or the light hole (LH) has lower energy.
It is reported that short and wide QDs have the HH close to
the band gap, whereas tall and narrow dots have the LH close
to the band gap [23]. In this letter, we will solely focus on the
former, which are more commonly grown.

These ideal DE QDs, in the presence of electron-electron
interaction, exhibit four nondegenerate exciton eigenstates
composed of combinations of the conduction band electrons
and HH-band dominant holes. Among these excitons, there
is a (near) degenerate high-energy pair with total angular
momentum corresponding to J ≈ 1 and a (near) degenerate
low-energy pair with total angular momentum corresponding
to J ≈ 2. The order occurs because of the exchange inter-
action, which lowers the energy of parallel electron spins.
A hole of a given spin (up/down) corresponds to a missing
valence electron of opposite spin (down/up) and a remain-
ing valence electron (up/down). The exchange energy of a
conduction electron with the remaining valence electron will
thus be lower if their spins are aligned, making the energy
of the J ≈ 2 exciton lower than that of J ≈ 1. These total
angular momentum values imply that all excitons have al-
lowed optical transitions; however, the oscillator strengths of
the high-energy (J ≈ 1) excitons greatly exceed those of the
low-energy excitons, and thus, the high pair is often denoted
as the bright pair, whereas the low-energy pair is referred to as
the dim pair. Thus, the splitting between the bright pair and the
dark pair is referred to as the dark-bright splitting (DBS). Self-
assembled QDs will always have some effective elongation in
one of the base diagonals due to strain-induced effects like
piezoelectric fields [7]. This lowering of the symmetry further
breaks the degeneracy of both pairs of excitons and introduces
a FSS.

The electron and hole wave functions in this letter are
computed using strain-dependent eight-band envelope func-
tion theory on a real-space grid. The QD electron and hole
states can be written as a product between Bloch waves {u(r)}
and spatially varying envelope functions {F (r), G(r)}. The
envelopes themselves are approximately constant within one
unit cell of the grid and depend on the discrete grid co-
ordinate R. The Bloch functions vary over a unit cell and
are periodic, so they depend solely on the continuous co-
ordinate r̃ within a unit cell. The position vector may then
be written as r = R + r̃. We then compute the confined
electron and hole states, which depend on the composition
of the QD and its geometry. The electron and hole wave
functions are

ψe(R, r̃) =
8∑

i=1

Fi(R)ui(r̃),

(1)

ψh(R, r̃) =
8∑

j=1

Gj (R)u j (r̃),

with ψe and ψh the electron and hole wave functions, respec-
tively, Fi the electron envelope functions, Gj the hole envelope
functions, and ui the Bloch functions corresponding to each
band (using the basis of Ref. [24], see Supplemental Material
[25]) [26–29]. To calculate the eigenenergy of an exciton
and to account for the antisymmetrization requirement of a
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two-body fermionic wave function, the wave functions in
Eq. (1) are the two-particle Slater determinants [19,30]:

�eh(R1, r̃1, R2, r̃2)

= 1√
2

[ψe(R1, r̃1)ψh(R2, r̃2) − ψe(R2, r̃2)ψh(R1, r̃1)]

= 1√
2

8∑

i, j=1

[Fi(R1)ui(r̃1)Gj (R2)u j (r̃2)

− Fi(R2)ui(r̃2)Gj (R1)u j (r̃1)]. (2)

An upper bound on the eigenenergy of the exciton is
obtained from the expectation value of the Hartree-Fock
Hamiltonian:

ĤHF = Ee + Eh + e2

4πε0ε∞

1

||�R + �r̃|| , (3)

with Ee and Eh the eigenenergies of the electron and hole,
e the elementary charge, ε0 the vacuum permittivity, ε∞ the
high frequency (greater than phonon excitation energies) di-
electric constant, �R = R1 − R2, and �r̃ = r̃1 − r̃2. For a
two-particle fermionic wave function, the Coulomb interac-
tion can be split into the Hartree contribution J and the
exchange contribution K .

For the four excitons constructed from two electron and
two hole states, the specific states must be labeled; a specific
one-particle (electron or hole) or two-particle (exciton) state
will be labeled with the index � to distinguish this label from
the band indices i and j. The Hamiltonian in Eq. (3) will
mix the four different exciton states so a matrix Schrödinger
equation is constructed in the CI calculation. The excitonic
eigenfunctions 	 are written as a linear combination of the
Slater determinants in Eq. (2):

	�(R1, r̃1, R2, r̃2) =
4∑

�′=1

C�′��′ (R1, r̃1, R2, r̃2). (4)

Off-diagonal matrix elements between different Slater deter-
minants originate from exchange. The Hamiltonian matrix
elements for the CI calculation are

〈��|ĤHF|��′ 〉 = (Ee − Eh)δ�,�′ −J�,�′ +K�,�′ , (5)

where J�,�′ is the Hartree contribution and K�,�′ is the ex-
change contribution. Computing these matrix elements and
diagonalizing this Hamiltonian results in an upper bound for
the exciton eigenenergies.

Within the theoretical framework of an envelope function
model, the electron-hole exchange interaction is conveniently
divided into two main constituents denoted SR and LR
[16,17], indicating whether the Coulomb interaction occurs
between an electron and a hole within the same unit cell
or in two different unit cells. The interaction within a unit
cell (R1 = R2 = R) corresponds to the analytic part of the
exchange interaction or the SR exchange interaction [31–34].
The interaction across different unit cells (R1 �= R2) is re-
ferred to as the nonanalytic part of the exchange interaction
or the LR exchange interaction [32–34]. A more detailed
description of the exchange interaction is given in the Sup-
plemental Material [25].

Terms in the LR interaction can be further subdivided
into the second-order dipolar interaction [K (2)

LR,DD] and other,
usually neglected, zeroth-, first-, and second-order band mix-
ing interactions [K (0)

LR,BM, K (1)
LR,BM, and K (2)

LR,BM, respectively].
This results in the following expression:

KLR = K (0)
LR,BM(||�R||−1) +K (1)

LR,BM(||�R||−2)

+K (2)
LR,DD(||�R||−3) +K (2)

LR,BM(||�R||−3), (6)

where K (0)
LR,BM, K (1)

LR,BM, and K (2)
LR,BM are, respectively, the

zeroth-, first-, and second-order band mixing interactions.
These interactions exclusively occur in models where the
electron and hole wave functions have contributions from
both conduction and valence bands. The term K (2)

LR,DD is the
more frequently used dipole interaction for multiband wave
functions. Even though the zeroth- and first-order band mix-
ing terms drop off more slowly than the dipole interaction,
the contribution of the dipole interaction to the FSS is still
larger. Nevertheless, the band mixing contributions to wave
functions can be large, even in spherical dots, approaching
∼30% [21,35]. Thus, the band mixing components cannot be
ignored as will become evident below.

The FSS of QDs has been previously investigated using
the SR exchange interaction [3,36], assuming the electron
and hole wave functions are composed purely of conduction
and valence band components, respectively. In this case, the
exchange interaction takes the form [31]:

KSR = � S�6 · J�8 , (7)

where S�6 is the spin operator for the bottom of the conduction
band, J�8 is the spin- 3

2 operator for the top of the valence
band, and the magnitude � is fit to experiment. This form
may be deduced from the fact that S · J is the only available
rotationally invariant operator.

In an eight-band model, however, there are three rota-
tionally invariant operators: S�6 · J�8 , S�6 · S�7 , and S�7 · J�8 ,
where S�7 is the spin operator for the spin-orbit band. Each
of these three interactions has its own coefficient determined
by the integral in Eq. (9) of the Supplemental Material [25],
which would be fit to experiment. Lacking sufficient data
to do such a fit forces us to only consider the interaction
S�6 · J�8 . This is a reasonable assumption considering that the
contribution of the �7 bands to each of the wave functions is
typically <1%.

The effect of the etch pit position on the fine structure of
the bright excitons can be seen in Fig. 2, which presents the
main results of this letter. The figure shows the calculated FSS
between the bright exciton states for three different situations:
the total exchange interaction, only band mixing interactions,
and only dipole interactions. As the etch pit is shifted further
along the diagonal, the FSS gradually increases until it reaches
a maximum, then decreases, passes through zero, and turns
negative.

The origin for this behavior may be explained by com-
paring the band mixing contributions to the FSS with the
dipole contributions. The cancelation of FSS occurs because
of the opposite sign of the K (2)

LR,DD term (lower right panel
Fig. 3) to the other terms; this originates from the second
term in Eq. (6) of the Supplemental Material, and requires
a substantial extent of the dot in two directions, but not
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FIG. 2. The fine structure splitting (FSS) between the bright
excitons for a droplet epitaxy quantum dot. The FSS is defined as
FSSbright = Ebrightest − Ebright. The black line indicates the calculated
FSS for the total exchange interaction. The blue line indicates the
calculated FSS when solely including the band mixing terms of
the exchange interaction; these are K (0)

LR,BM, K (1)
LR,BM, and K (2)

LR,BM.
The red line indicates the calculated FSS when solely including the
short-range (KSR) and dipole (K (2)

LR,DD) interactions.

a third. Thus this cancelation emerges in the flat dots that
we consider here. A more detailed description on how each
contribution to the exchange interaction acts separately on
the FSS can be seen in Fig. 3; however, a full discussion of
all the nuances is beyond the scope of this letter. Figure 3
identifies the dipole interaction as the largest contributor to
the bright exciton FSS. The magnitude of the zeroth-order
band mixing interaction is approximately the same as that of
the SR exchange interaction, and both are smaller than the
magnitude of the first-order band mixing interaction. Thus,
ignoring the band mixing contributions leads to significantly
incorrect exciton FSS values. Figure 3 shows that the dark
exciton FSS (FSSdark = Edim − Edark) is not affected nearly as
much by the presence of an etch pit as the bright excition FSS.

FIG. 3. The contributions of each part of the exchange interac-
tion to the fine structure splitting of both the bright (red) and the
dark (gray) excitons. It is evident from all plots that the bright states
are predominantly affected by the exchange interaction, whereas the
dark states are not.

FIG. 4. Oscillator strengths for the bright (red) and dark (gray)
excitons as a function of the etch pit position. With a centered etch
pit, the bright excitons have equal oscillator strengths, but as the pit
shifts, one (XB) becomes slightly brighter than the other (Xb). For
zero etch pit shift, the dark excitons have zero oscillator strength to
within the numerical accuracy of the calculations. As the pit shifts,
the dark excitons become merely dim (XD and Xd ).

The bright vs dark excitons are identified from the os-
cillator strengths of each exciton, calculated for each etch
pit position and shown in Fig. 4. Each exciton is labeled
according to its oscillator strength. For the bright excitons,
the exciton with the largest oscillator strength is labeled XB,
whereas the exciton with the second-largest oscillator strength
is labeled Xb. The exciton with the second-lowest oscillator
strength is referred to as the dim exciton and is labeled Xd ,
whereas the dark has the lowest oscillator strength and is
labeled XD. The effect of shifting the etch pit on the exciton
oscillator strengths is dramatic, especially for the dark and

FIG. 5. Energies of an exciton in a quantum dot which has a
varying etch pit position, relative to the ground-state exciton. The
top figure shows the two bright excitons (Xb, XB), which are always
higher in energy. The lowest-energy exciton can be either the dark
exciton (XD) or the dim exciton (Xd ). The bottom figure shows the
splitting between these two and indicates which is the ground-state
exciton.
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FIG. 6. Single-particle electron (red) and hole (blue) states for
two different etch pit positions. Above the states, the quantum dot
(QD) and etch pit geometries are depicted schematically (not to scale
of the states). The states on the left correspond to a QD with a
centered etch pit, while the states on the right correspond to a QD
with its etch pit shifted along the diagonal by 8.49 nm, whose FSS
is 2.35 μeV. The innermost isosurfaces are set at 30% of the max-
imum probability density, with each subsequent isosurface at 30%
probability density of the previous isosurface. Lines along symmetry
axes intersect at the dot center; fixed positions are labeled with black
points and their positions relative to the center in units of nm.

dim states. For a centered etch pit, both dark states have a
negligible oscillator strength; thus, it is not possible to label
the states dark and dim. As the etch pit is shifted further
away from the center, the oscillator strengths increase approx-
imately five orders of magnitude, however, remain far smaller
than those of the bright states. Therefore, the dark and bright
states do not switch their identification for these dots. By
comparing the results of Figs. 4 and 3, we see the presence
of an etch pit significantly increases the oscillator strengths of
the dark exciton without affecting the dark exciton FSS. Thus,
such etch pits may improve dark exciton qubit performance
[37,38].

Figure 5 shows the exciton energies with the lowest-energy
exciton subtracted from the other exciton energies. The bright
excitons are higher in energy than the dark excitons since
the electron-hole exchange interaction acts repulsively on an-
tiparallel spin configurations. Figure 6 shows maps of the
single-particle states of a QD with an etch pit at two different
locations. When the etch pit is shifted off-center such that C4v

symmetry is broken, this causes the electron and hole states
to respond to this shift by either moving toward the etch pit
region (electrons) or away from it (holes).

The degeneracy of the bright excitons is a necessary con-
dition for high fidelity between emitted photons; however,
the fidelity can be degraded by other effects such as those
originating from charge and spin noise. As these band mixing
terms have led to FSS cancellation in asymmetric structures,
we suggest other dot geometries may also produce unexpected
features in the exciton fine structure.
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