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No eigenstate of the critical transverse-field Ising chain satisfies the area law
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We argue that, in a basis common to all one-site shift-invariant conserved charges, there is no eigenstate of
a noninteracting local spin- 1

2 chain Hamiltonian that satisfies the area law if the ground state has half-integer
central charge. That is to say, in those models all (quasi)local one-site shift invariant conserved operators are
gapless. Using both analytical and numerical techniques, indeed, we calculate the bipartite Rényi entropies and
show that there are three distinct one-site shift-invariant noninteracting models, two of which are equivalent to
the XX model (for one of them the transformation breaks one-site shift invariance) and the other to the critical
Ising model. The former class has two locally distinct one-site shift-invariant excited states satisfying the area
law; the latter two classes have none.

DOI: 10.1103/PhysRevB.109.L201116

The ground states of shift-invariant spin-chain systems
with gapped local Hamiltonians are low entangled: the en-
tropy of a block of spins has only a subleading dependence
on the block’s length [1]. This is known as “area law” and
applies to systems in higher dimensions as well [2]. In 1D the
area law generally breaks down at quantum phase transitions,
where the entropy of a spin block can develop a logarithmic
dependence on its length [3]. In contrast, excited states are
expected to follow a volume law [4]: the entropy of a block of
spins is proportional to the block’s length. Exceptions to this
rule (nearly) define the so-called quantum many-body scars
[5], which are excited states with (generally) anomalously low
bipartite entanglement. Integrable systems are quite excep-
tional in this respect, as they exhibit infinitely many excited
states with subextensive entropies and energies that are exten-
sively larger than the ground state one [6,7]. This is a direct
consequence of the existence of infinitely many local conser-
vation laws, indeed the ground state of any conserved charge
with fast enough decaying interactions is an eigenstate of the
Hamiltonian with subextensive bipartite entanglement. Both
the typical properties of excited states [6–36] and the critical
properties of low-entangled ones [37–43] have attracted some
attention. How many locally different excited states satisfy,
however, the area law? This is a tricky, somewhat ill-defined
question that has been either overlooked or addressed just
incidentally and/or carelessly. On one hand, the answer could
depend on the basis chosen to diagonalize the Hamiltonian
and degeneracies could also be sensitive to the system’s size.
On the other hand, the choice of the basis can be physical,
for example, in investigations into the stationary behavior of
observables when the system is prepared in some nonequi-
librium initial state. That was our very motivation for starting
this investigation. In contrast to the ordinary behavior reported
in Refs. [44,45], we have indeed observed an unusually slow
decay of connected correlations at late times after a quench
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between one-site shift-invariant (“1-ß” in the following) crit-
ical Hamiltonians in the Ising universality class. We then
wondered whether something special characterizes the excited
states of the critical Ising model. In 1-ß noninteracting spin
chains that are mapped to free fermions by a Jordan-Wigner
transformation, such as the quantum Ising model, a relevant
basis of excited states consists of 1-ß Slater determinants
for the Jordan-Wigner fermions. In any such excited state,
the bipartite entanglement entropies can be easily computed
numerically, and the entropies of large subsystems can be
predicted on the basis of the asymptotic behaviors of determi-
nants of Toeplitz and block-Toeplitz matrices [46], which have
been thoroughly investigated (see, e.g., Refs. [47,48]). This
opportunity is definitely rare and has already been exploited
to quantify the picture summarized above [6,41,49]. In partic-
ular, it was shown that there are infinitely many excited states
that can be described by zero-temperature conformal field
theories (CFTs) with half-integer or integer central charges.
More vague are the statements about excited states satisfying
the area law. It looks like there is a common belief that one
should expect infinitely many states of that kind. We point
out here that the picture is quite different. Specifically, only
a finite number of locally different excited states seem to
satisfy the area law, and there are notable cases, such as the
critical Ising model, where there are none. We argue that
this no-go theorem applies to every noninteracting 1-ß local
Hamiltonian with a critical ground state described by a CFT
with half-integer central charge. We show it in two steps. First,
we explicitly study the XX model (XX)

HXX = J
∑

�

σx
�σ

x
�+1 + σ

y
�σ

y
�+1, (1)

the critical Ising model (CI)

HCI = −J
∑

�

σx
�σ

x
�+1 + σz

�, (2)
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and the strongly anisotropic XY model (X-X)

HX-X = J
∑

�

σx
�σ

x
�+1 − σ

y
�σ

y
�+1. (3)

We aver that, among them, only the XX model has eigenstates
satisfying the area law (in the 1-ß basis); and no excited state
is described by a CFT with half-integer central charge. We
then prove that every 1-ß noninteracting Hamiltonian can be
mapped into a 1-ß conservation law of XX, CI, or X-X by
a discrete and/or a continuous local unitary transformation.
Such transformations do not affect the asymptotic dependency
of the bipartite entropies on the subsystem’s length, hence the
generality of our findings.

Noninteracting spin chains. We consider a spin- 1
2 chain

with L sites described by a generic 1-ß Hamiltonian (with peri-
odic boundary conditions) that can be mapped to free fermions
by a Jordan-Wigner transformation a2�−1 = ∏

j<� σz
jσ

x
�,

a2� = ∏
j<� σz

jσ
y
�, where a j are Majorana fermions ({ai, a j} =

2δi j), which in the following will be imagined as sitting on
pseudosites ( j in a j ). The excited states |{p}〉 split in two
sectors, usually called Ramond (+) [50] and Neveu-Schwarz
(–) [51], differing only in the quantization conditions satisfied
by the momenta p of the excitations: eiLp = 1 in Ramond
and eiLp = −1 in Neveu-Schwarz. An excited state is in Ra-
mond if

∏L
�=1 σz

� |{p}〉 = − |{p}〉 and in Neveu-Schwarz if∏L
�=1 σz

� |{p}〉 = |{p}〉; in the fermionic picture it is an eigen-
state of a quadratic form of fermions H± = 1

4

∑
�,n a�H±

�nan

with periodic (+) or anti-periodic (−) boundary conditions
(i.e., H+ is block circulant and H− block anticirculant), re-
spectively. As such, each excited state is fully characterized
by the fermionic two-point correlations, which are customar-
ily organized in a matrix �{p} = I − 〈{p}|a ⊗ a|{p}〉, known
as correlation matrix. Translational invariance makes it con-
venient to work in the Fourier space. We refer the reader
to Ref. [52] for a review of some free-fermion techniques;
in the following we only list some useful known results.
The 2-by-2 block-Fourier transform (also known as symbol)
�̂(2)(k) of a correlation matrix � is 2π periodic and satisfies
�̂(2)(k) = [�̂(2)(k)]† = −[�̂(2)(−k)]t (by the fermionic alge-
bra) [53]. Restricting to excited states, �̂

(2)
{p}(k) can be written

in terms of the block-Fourier transform Ĥ(2)(k) of H± as
follows. First, �̂

(2)
{p}(k) commutes with Ĥ(2)(k) and, for given

k, has eigenvalues ±1; each choice of eigenvalues associated
with the eigenvectors corresponds to a different excited state,
and, in particular, for the ground state we have �̂

(2)
GS (k) =

−sgn(Ĥ(2)(k)). Second, in the basis diagonalizing Ĥ(2)(k)
in such a way that the first eigenvalue is identified with the
excitation energy ε(k) [and the second is, in turn, −ε(−k)],
adding an excitation with momentum p̄ to |{p}〉 ( p̄ /∈ {p})
has a double effect [54], �{p}∪{ p̄}(±p̄) = ∓σ z�{p}(±p̄), where
�{p}∪{ p̄}(±p̄) is the diagonal matrix equivalent to the symbol
of the correlation matrix (see also Ref. [6]).

Entanglement entropies. The entanglement properties of
a bipartition A ∪ A in a pure state can be measured by the
von Neumann entropy S1(A) = −tr[ρA log ρA] [55], or, more
generally, by the Rényi entropies Sα (A) = log tr[ρα

A ]/(1 − α)
[56]. Let OA be an observable acting nontrivially only in a
connected subsystem A. By the Wick’s theorem, its expecta-
tion value in an excited state |{p}〉 can be expressed in terms

of the submatrix �{p},A of �{p} corresponding to restricting
the indices to the sites in A. A’s correlation matrix �{p},A is
in turn block-Toeplitz with symbol �̂

(2)
{p}(k). From now on we

use the notation T(n)
N to indicate (nN )-by-(nN ) block-Toeplitz

matrices with n-by-n blocks. Several representations of the
Rényi entropies of a spin block A in terms of �{p},A are known.
Here we use a formula that naturally arises when computing
the Rényi entropies in free quantum field theories [45,57]

Sα (A) =
α−1∑
j=0

log det
∣∣�(2)

A

(π ( j+ 1
2 )

α

)∣∣
2(1 − α)

, (4)

where �
(2)
A (φ) has the 2-by-2 symbol

�̂(2)(k; φ) = sin φI2 − i cos φ�̂
(2)
{p}(k). (5)

This allows us to carry out a qualitative analysis of bipartite
entanglement without specifying the Rényi index α. Before
starting on it, we warn the reader that the entanglement
properties of excited states could become basis dependent
especially in superintegrable (also known as non-Abelian inte-
grable) systems, such as the quantum XY model in zero field
[58], or in integrable systems with Hilbert-space fragmenta-
tion [59], such as the dual folded XXZ model [60], in which
there are exponentially large degenerate sectors spanned by
low-entangled states. In our case degeneracies can be orig-
inated by the symmetries of the dispersion relation or by
accidental equivalences of multiparticle energies. Generally,
both kinds of degeneracies can be lifted by adding a 1-ß
conservation law to the Hamiltonian and/or by changing the
chain’s length. This selects a natural 1-ß basis of excited
states.

Our first step will be an analytical study, which is mainly a
reorganization of results that are already known or that can be
readily derived from what is known.

XX model. The XX model has the U (1) symmetry of ro-
tations about z, i.e., the Hamiltonian commutes with Sz =
1
2

∑
� σz

�. This is enough to conclude that there are at least
two locally different excited states satisfying the area law,
|· · · ↑↑ · · ·〉 and |· · · ↓↓ · · ·〉. Our goal in this case is to es-
tablish that any other state of that kind is locally equivalent to
one or to the other. Let us start by writing the symbol of the
correlation matrix in |{p}〉,

�̂
(2)
{p}(k) = �̂

(1)
{p}(k) − �̂

(1)
{p}(−k)

2
I2 + �̂

(1)
{p}(k) + �̂

(1)
{p}(−k)

2
σ y,

(6)
where �̂

(1)
{p}(k) ∈ {−1, 1} and, in particular, �̂

(1)
∅ (k) =

−sgn(cos k). The simple structure of the symbol is translated
into a simple structure of the correlation matrix, which allows
one to express the entropies as determinants of |A|-by-|A|
Toeplitz matrices,

det �(2)
A (φ) = ∣∣det

∣∣sin φI|A| + i cos φ�
(1)
A

∣∣∣∣2
, (7)

where �
(1)
A has symbol �̂

(1)
{p}(k) (see B in the Supplemental

Material, SM [61]). In the thermodynamic limit we can ap-
ply the result proved by Szegö in Ref. [62], and obtain the
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asymptotic behavior as |A| → ∞,

log det �(2)
A (φ)

|A| →
∫ π

−π

dk

2π
log | sin2 φ + cos2 φ[�̂(1)(k)]2|.

(8)
Importantly, �̂(1)(k) captures the thermodynamic limit of the
symbol of the excited state, which, to be precise, should be
referred to as a macrostate, in that it represents infinitely many
locally equivalent excited states. The symbol, in turn, can
assume any value in [−1, 1].

The excited states with minimal entropy are subexten-
sive and, in turn, their �̂(1)(k) should make the right-hand
side of (8) vanish, that is to say, �̂(1)(k) ∈ {−1, 1}. All
sequences of excited states with subextensive entropy are
therefore characterized by a piecewise constant symbol
�̂(1)(k) with a given number n of discontinuities. If the latter
is finite, the discontinuities are simple examples of Fisher-
Hartwig singularities [47,63]. Specifically, each discontinuity
gives the additive asymptotic contribution −( φ

π
− 1

2 )2 log |A|
to log det | sin φI|A| + i cos φ�

(1)
A | in (7). The corresponding

states behave as ground states of CFTs with integer cen-
tral charges n

2 . Their symbol can indeed be reinterpreted as
the sign of the symbol of a quasilocal quadratic form of
fermions and vice versa. The area law can be satisfied only
if there are no discontinuities at all, i.e., �̂(1)(k) = ±1. These
are the symbols of the states that are locally equivalent to
|· · · ↑↑ · · ·〉 and |· · · ↓↓ · · ·〉. Consequently, the ground state
of any gapped conservation law with exponentially decaying
interactions is either |· · · ↑↑ · · ·〉 or |· · · ↓↓ · · ·〉. It can also be
argued (see E in the SM [61]) that there should not be excep-
tions in the presence of infinitely many discontinuities in the
symbol, as the bipartite entanglement tends to increase with
their number (such states can also be interpreted as ground
states of long-range Hamiltonians [64]); a rigorous proof of it
is, however, still lacking.

Critical Ising model. The critical Ising model is special
as H± is not only antisymmetric block-(anti)circulant, but it
is antisymmetric (anti)circulant (antisymmetry manifests the
fermionic algebra). This property can be almost directly trans-
lated to the correlation matrices of the excited states. There is
only a subtlety due to the twofold degeneracy of the eigen-
states in the Ramond sector, which break the invariance under
one pseudo-shift (see A in the SM [61]). Since our search
for states satisfying the area law is not affected by this issue,
when needed, we will consider the incoherent superposition
of the two degenerate states, which is described by a circulant
matrix �(1) with symbol �̂

(1)
{p}(k) ∈ {−1, 1} for k = 0, π and

�̂(1)(0) = �̂(1)(π ) = 0. We then have (see B in the SM [61])
that the entropy is computed from

det �(2)
A (φ) = det

∣∣sin φI2|A| + i cos φ�
(1)
A

∣∣. (9)

In the thermodynamic limit the Szegö lemma gives

log det �(2)
A (φ)

|A| →
∫ π

−π

dk

2π
log | sin2 φ + cos2 φ[�̂(1)(k)]2|,

(10)
which matches the expression for the XX model provided
that �(1)(k) is replaced by �(1)(k). The qualitative analysis
is therefore almost identical. The unique but important devi-
ation comes from the fact that, while �(1)(k) could be any

function with image in [−1, 1], �(1)(k) is forced to be odd
by the fermionic algebra. Consequently, the smallest number
of discontinuities in the symbol is 2 (one at k = 0 and one
at k = π ) and corresponds to the ground state or to the state
with maximal energy. These states break the area law with a
logarithmic term corresponding to a CFT with central charge
1
2 . Contrary to the XX model, there is no excited state satis-
fying the area law that can be interpreted as the ground state
of a quasilocal Hamiltonian, that is to say, every quasilocal
conservation law of the critical Ising model is gapless. As also
observed in Ref. [41], we find that the central charges of the
CFTs describing the low-entangled excited states of CI can be
both half-integer and (nonzero) integer.

X-X model. The X-X model, described by Hamiltonian (3),
is equivalent to the XX model, indeed HX-X = �zyHXX�zy,
where �zy = ∏

j σ
z
2 j−1σ

y
2 j . The similarity transformation,

however, breaks one-site shift invariance, hence only the 1-ß
charges of the XX model that are even under �zy are mapped
to 1-ß charges of the X-X model. The remaining 1-ß charges
of X-X correspond to conservation laws of XX that break
one-site shift invariance into a two-site one, whose existence
was established in Ref. [58]. Thus, we are forced to treat the
X-X model independently of the XX one.

The symbol of the correlation matrix in |{p}〉 reads

�
(2)
{p}(k) = ω̂

(1)
+,{p}(k) + ω̂

(1)
−,{p}(k)

2
I + ω̂

(1)
+,{p}(k) − ω̂

(1)
−,{p}(k)

2
σ x,

(11)

where ω̂
(1)
s,{p}(k) ∈ {−1, 1} are odd in k. Just as we did in CI,

we are overlooking the zero-energy modes k = 0, π , which
would give a contribution (s0δk0 + sπδkπ )σ y (see A in the SM
[61]). We can again (see B in the SM [61]) decompose the
block-Toeplitz matrix so as to express the entropies in terms
of determinants of Toeplitz matrices,

det �(2)
A (φ) =

∏
s=±1

det
∣∣sin φI|A| + i cos φω

(1)
s,A

∣∣. (12)

The right-hand side is the product of two determinants of the
Ising kind (9), therefore the entanglement entropies are the
sum of the entropies of two excited states of the Ising model.
The absence of a state satisfying the area law in the critical
Ising model implies in turn the same in the X-X model. Re-
markably, also here the central charges of the CFTs describing
the low-entangled excited states can be both half-integer and
integer.

Numerical analysis. Although persuasive, our analytical
hints are based on the assumption that the local properties of
any excited state can be described with a symbol that does not
depend on the subsystem’s length; but this is too restrictive.
We can indeed easily imagine exotic sequences of excited
states that do not fit in the classification above: e.g., for any
given |A|, we can find excited states in which the density
of excitations is ∼ log |A|

|A| , contaminating the family of states
that break the area law logarithmically by states that satisfy
the volume law. In order to rule out unconventional states
satisfying the area law, we resort to a numerical analysis.

We start considering finite chains and evaluate the half-
chain von Neumann entropy of all excited states. Those
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FIG. 1. Entropy of all the 1-ß eigenstates of CI as a function of
their energy for L = 16.

satisfying the area law correspond to minima of such an
entropy landscape that remain bounded even increasing the
chain’s length L. For small L, we can recognize the global
minima by a brute-force search. This is shown in Fig. 1 for
CI, which suggests that the ground state and the maximal
energy state have the lowest bipartite entanglement and points,
in turn, at the absence of excited states satisfying the area
law. A real quantitative difference between states satisfying
or breaking the area law appears, however, only in much
larger chains. The number of eigenstates, on the other hand,
diverges exponentially with L, thus computing the entropy of
all eigenstates becomes soon unfeasible. We circumvent this
problem by means of simulated annealing: We initialize the
system in a random eigenstate |{p}〉 generated from a uniform
distribution. At each step we make a particle-hole transfor-
mation at a random momentum and accept the new excited

state |{p′}〉 with probability min{exp(
S1( L

2 ;{p})−S1( L
2 ;{p′})

s
), 1} in

analogy with the Metropolis-Hastings algorithm. Here s is a
parameter that depends on the iteration and is chosen so as to
approach 0 at the end of the simulation (more details about
the algorithm are reported in C in the SM [61]). Figure 2
shows a run of it in CI. In a reasonable number of iterations
the excited state becomes of the form that we investigated
analytically (i.e., the number of discontinuities in its symbol
becomes independent of L) and finally the algorithm selects

FIG. 2. A single run of simulated annealing converging to the
ground state of CI in the Neveu-Schwarz sector with L = 200. In
yellow (black) the particle (hole) momenta.

the ground state or the maximal energy state. Similar analyses
for XX and X-X have confirmed the pictures drawn before and
are reported in D in the SM [61].

A lower bound. The last proof we give is based on a
conjecture. In E in the SM [61] we provide evidence that the
half-chain von Neumann entropy of an XX excited state for
which �̂

(1)
{p}(k) has n changes of signs satisfies

S1(A) �
(

log 3

2
− log 2

3

)
n, (13)

where |A| = L
2 . For CI, if we consider the discontinuities of

the scalar symbol, an analogous expression applies with an
overall factor 1/2. The area law can only hold if n is finite.
Since two locally different states differ in an extensive number
of excitations, such a state would be always locally equivalent
to one of the states that we addressed in the thermodynamic
limit with a finite number of discontinuities smaller than or
equal to n. Thus, (13) implies our conclusions.

Equivalence of 1-ß quasilocal models. Reference [65]
showed that a local operator that time evolves for a finite
time under a local Hamiltonian can still be approximated by
another local operator with an error (in operator norm) that
decreases exponentially with its range. Such transformations
are used to define topological phases of matter [66] and will
be denoted by L. They are relevant to us because they pre-
serve the asymptotic dependency of the bipartite entropies on
the subsystem’s length. To that aim, however, one can also
consider discrete transformations, denoted by D, that do not
have a local generator but act as L on local operators. An
example is a shift by a finite number of sites. Since we are
studying the entropies of connected blocks, we can overlook
the difference between spins and fermions [67,68] and pre-
serve locality in whichever of the two spaces. This allows us to
include also transformations such as a shift by one pseudosite.
In F in the SM [61] we show

Ĥ(2)(k)
L�→

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

einkσ z
σ y D�→ σ y

sin keinkσ z
σ x D�→ sin kσ x

cos k
2 ei(n− 1

2 )kσ z
σ y D�→ sin k

2 ei k
2 σ z

σ x

sin k
2 ei(n− 1

2 )kσ z
σ x D�→ sin k

2 ei k
2 σ z

σ x

(14)

where all symbols are defined up to multiplication by a
smooth even function. In other words, we recognize four
families of topologically different models. After additional
discrete transformations, the first family is mapped to XX, the
second one to X-X, and the last two of them to CI. Since only
in XX there are excited states satisfying the area law but there
are no quasilocal conserved operators whose ground state is
described by a half-integer central charge, we can conclude
that, quite generally, there are no excited states satisfying the
area law when the ground state of a 1-ß noninteracting Hamil-
tonian is described by a CFT with half-integer central charge.

Discussion. We have reported a no-go theorem connecting
the central charge of the conformal field theory describing the
low-energy properties of a noninteracting spin chain with the
existence of excited states satisfying the area law. Concerning
the generality of our findings, there are several open questions.
Can the assumption of one-site shift invariance be partially
relaxed? Does something similar apply also in the presence
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of interactions? In the thermodynamic limit any linear
combination of excited states in a collapsing energy shell is
conserved to all intents and purposes; does the result hold true
also in such quasistationary states?
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