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Enhancing thermal stability of optimal magnetization reversal in nanoparticles
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Energy-efficient switching of nanoscale magnets requires application of a time-varying magnetic field char-
acterized by microwave frequency. At finite temperatures, even weak thermal fluctuations induce perturbations
in the magnetization that can accumulate in time, disrupt the phase locking between the magnetization and the
applied field, and eventually compromise magnetization switching. It is demonstrated here that the magnetization
reversal is mostly disturbed by unstable perturbations arising in a certain domain of the configuration space of
a nanomagnet. The instabilities can be suppressed and the probability of magnetization switching enhanced by
applying an additional stimulus such as a weak longitudinal magnetic field that ensures bounded dynamics of the
perturbations. Application of the stabilizing longitudinal field to a uniaxial nanomagnet makes it possible to reach
a desired probability of magnetization switching even at elevated temperatures. The principle of suppressing
instabilities provides a general approach to enhancing thermal stability of magnetization dynamics.

DOI: 10.1103/PhysRevB.109.L180405

Introduction. Identification of energy-efficient methods for
controlling magnetization is both fundamentally interesting
and technologically relevant, e.g., in the development of
magnetic memory devices. While magnetization switching
in magnetic recording is conventionally achieved by apply-
ing a static external magnetic field opposite to the initial
magnetization direction, previous studies have demonstrated
that the energy cost of this process can be reduced by ap-
plying time-varying stimuli, such as a microwave magnetic
field [1–5]. For a uniaxial monodomain particle, the optimal
magnetization reversal is achieved by a rotating magnetic field
synchronized with the precessional dynamics of the magnetic
moment [6–9].

The assessment and control of the stability of energy-
efficient switching protocols with respect to ever-present
thermal fluctuations is an important problem. The thermal
fluctuations perturb the phase locking between the magnetiza-
tion and the external stimulus. As a result, the magnetization
switching can be compromised unless the energy barrier be-
tween the initial and final states is much larger than the
thermal energy, and the switching time does not exceed a
few periods of Larmor precession [9]. This poses a challenge
for the realization of energy-efficient switching protocols at
elevated temperatures, such as a combination of a microwave
and heat-assisted technique. Even at low temperatures,
the perturbations in the dynamics can accumulate in time
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potentially leading to decoherence between the magnetization
and the microwave pulse for relatively slow switching which
is required for the autoresonance-based protocols [10]. In
general, thermal fluctuations affect the reliability of switching
protocols across various applications [11–14], while in some
cases they can facilitate switching [15–17].

In this work, we demonstrate that thermal stability of
magnetization switching in nanoparticles is mostly defined
by unstable perturbations arising in a certain domain of the
configuration space of the system. The instabilities can be sup-
pressed by application of a longitudinal magnetic field, which
provides a mechanism for enhancing the thermal stability of
optimal magnetization switching. We show that the success
rate of the switching for a given temperature and switching
time can be tuned by adjusting the strength of the stabiliz-
ing field. Our results provide a perspective on the control of
dynamical stability of magnetic systems subject to thermal
fluctuations.

Model and spin dynamics simulations. We consider energy-
efficient magnetization switching of a uniaxial monodomain
nanoparticle characterized by normalized magnetic moment �s
and internal energy E = −K (�s · �ez )2/2, with unit vector �ez be-
ing the direction and K > 0 being the strength of the magnetic
anisotropy. The switching is induced by an optimal pulse of a
rotating magnetic field �B0(t ) that, for a given switching time,
minimizes the energy cost of switching [see Ref. [9] for the
exact dependence of �B0(t ) on time, as well as the parameters
of the nanoparticle]. The switching dynamics is simulated
by the time integration of the Landau-Lifshitz-Gilbert (LLG)
equation:

(1 + α2)�̇s = −γ �s × �Beff − αγ �s × (�s × �Beff ), (1)

where the dot denotes the time derivative, α is the
Gilbert damping factor, γ is the gyromagnetic ratio, and
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FIG. 1. Calculated dynamics of the magnetic moment of a uni-
axial nanoparticle induced by the optimal switching magnetic field.
The black line shows the zero-temperature trajectory of the magnetic
moment which corresponds to the optimal control path �s0(t ) for the
magnetization switching. The green (red) line shows the trajectory
for successful (unsuccessful) switching at finite temperature corre-
sponding to the thermal stability factor � = 20. Labels A and B
show positions of the magnetic moment for which the dynamics of
local perturbations in the magnetization is illustrated in the corre-
sponding insets of Fig. 2. The light red (blue) shaded area marks the
domain where the perturbation dynamics is unstable (stable). The
damping factor α is 0.2, the switching time T is 5τ0.

�Beff ≡ �B0 + �b + �ξ is the effective field that, in addition
to the switching pulse, includes the internal field �b =
−μ−1∂E/∂�s = μ−1K (�s · �ez )�ez, with μ being the magnitude of
the magnetic moment, and the stochastic term �ξ mimicking
interaction of the system with the heat bath [18,19]. Each
simulation involves three stages [9,20]: (i) Initialization of
the magnetic moment close to the energy minimum at sz = 1
and equilibration of the system at zero applied magnetic field
to establish local Boltzmann distribution at the initial state;
(ii) Switching where the optimal magnetic field is applied;
(iii) Final equilibration at zero applied magnetic field. The
switching is considered successful if the system is close to the
reversed state at sz = −1 at the end of the simulation. Proper
statistics of switching is obtained by repeating simulations
multiple times.

At zero temperature, the switching trajectory corresponds
to optimal control path (OCP) �s0(t ) between the energy mim-
ima of the system (see the black line in Fig. 1): magnetic
moment rotates steadily from the initial state to the final
state and simultaneously precesses around the anisotropy axis,
where the sense of precession changes at the top of the en-
ergy barrier. Magnetization dynamics is synchronized with the
switching field so that �s0 is always perpendicular to �B0.

At nonzero temperature, thermal fluctuations perturb the
magnetization dynamics making the switching trajectory de-
viate from the OCP (see the green line in Fig. 1). The deviation

can become so large that the phase locking between the
switching pulse and the magnetic moment is lost which may
eventually prevent the magnetization reversal (see the red line
in Fig. 1).

The success rate of switching depends strongly on the
switching time T and the strength of thermal fluctuations,
which can be quantitatively described by the thermal stability
factor �—the ratio between the energy barrier separating the
stable states and the thermal energy. For � � 70, which is
a standard case for magnetic memory elements [21,22], and
relatively fast switching with T � 10τ0, τ0 ≡ μ/(γ K ), the
switching success rate is close to unity [9]. However, the suc-
cess rate becomes 0.85 for � = 20 and T = 10τ0, and further
decreases with decreasing �. Furthermore, an increase in the
switching time leads to a higher chance for perturbations in
the magnetization dynamics to accumulate, thereby increas-
ing the likelihood of unsuccessful switching even for large
thermal stability factors. For example, the switching success
rate is 0.7 for � = 70 and T = 30τ0. These effects make
it problematic to realize energy-efficient protocols involving
multiple precessions around the anisotropy axis, especially
at elevated temperature [9]. In the following, we analyze the
local dynamics of perturbations to gain insight into the mech-
anism of decoherence between the switching pulse and the
magnetic moment. This analysis ultimately reveals a method
to control the thermal stability of magnetization switching.

Local dynamics of perturbations. The interaction of the
nanoparticle with the heat bath results in the perturbed tra-
jectory: �s(t ) = �s0(t ) + δ�s(t ). If the perturbation becomes too
large, the coherence between the switching pulse and the mag-
netic moment is lost resulting in a failed switching attempt
(see red trajectory in Fig. 1). Therefore, the dynamical stabil-
ity of the system can be investigated by analyzing the time
evolution of the perturbation δ�s(t ). Linearization of Eq. (1)
leads to the following equation of motion for the perturbation:

1 + α2

γ
�̇ε(t ) =

[−α −1
1 −α

]
·
[
w1 0
0 w2

]
· �ε(t ). (2)

Here, �ε(t ) = (ε1, ε2)T is the two-dimensional vector whose
components are the coordinates of δ�s in the tangent space of
�s0(t ) defined by the eigenvectors of the Hessian of the energy
of the system [23], and w1, w2 are the Hessian’s eigenvalues
given by the following equations:

w1 = Br + K

μ
cos (2θ ), (3)

w2 = Br + K

μ
cos2 θ, (4)

where θ is the polar angle of �s0 and Br is the component of
the external magnetic field parallel to �s0. Interestingly, local
dynamics of the perturbations does not depend explicitly on
the optimal switching pulse, for which Br = 0.

For zero damping, Eq. (2) predicts two types of dynam-
ical trajectories for the perturbation depending on the sign
of w1w2. The trajectories are elliptic, bound for w1w2 > 0.
For the optimal switching pulse with Br = 0, this regime is
realized in the vicinity of the energy minima for θ < π/4
and θ > 3π/4 (see the blue regions in Fig. 1). However,
the perturbation trajectories become hyperbolic, divergent for
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FIG. 2. Diagram classifying dynamics of perturbations in the
magnetization. The green, blue, and red lines show how the Hes-
sian’s eigenvalues w1 and w2 change along the zero temperature
reversal trajectory (see the black line in Fig. 1) for three values
of the longitudinal magnetic field as indicated in the legend. The
right end of the lines correspond to the initial and the final states
at the energy minima, while the left end corresponds to the top of
the energy barrier. The gray shaded area marks the domain of pos-
sible w1, w2. Lables (A–D) indicate pairs of the eigenvalues for
which the velocity diagrams illustrating the perturbation dynamics
are shown in the insets. The background color in the insets signify
whether the amplitude of the perturbation is increasing (blue), de-
creasing (red), or constant (gray). The damping factor α is 0.2.

π/4 � θ � 3π/4 where w1w2 � 0 (see the red region in
Fig. 1). It is important to realize that for α = 0 the trajecto-
ries are equally stable regardless of whether both w1 and w2

are positive or negative. The situation changes with nonzero
damping: for positive w1, w2, the perturbations tend to relax
toward �s0(t ), while for negative w1, w2, the relaxation ampli-
fies the perturbations. In principle, the latter case is unstable.
However, this instability is expected not to significantly affect
the magnetization switching if the switching time is short on
the time scale of relaxation dynamics which is defined by the
damping parameter α. We conclude that the hyperbolic insta-
bilities in the perturbation dynamics are the primary reason for

the decoherence between the magnetization and the switching
pulse. These instabilities ultimately define thermal stability of
magnetization dynamics.

The diagram in Fig. 2 shows evolution of w1 and w2

during magnetization switching. For zero Br , a significant
part of the switching trajectory lies in the region of unsta-
ble perturbations corresponding to the second quadrant of
the diagram where the eigenvalues w1 and w2 have different
signs. However, the values of w1 and w2 can be controlled
by application of the longitudinal field Br . In particular, the
hyperbolic instabilities can be removed by shifting w1 and
w2 either to the first (Br > K/μ) or to the third (Br < −K/μ)
quadrant of the diagram in Fig. 2. Therefore, the longitudinal
external magnetic field can be used as a control parameter
to improve thermal stability of magnetization switching. This
conclusion is confirmed in the following by direct simulations
of magnetization dynamics at elevated temperature (� = 20),
where the switching is induced by a modified pulse �B(t ):

�B(t ) = �B0(t ) + Br�s0(t ). (5)

The strength of the longitudinal field can be appreciated by re-
calling the average amplitude Bav

0 of the transverse field which
amounts to π

√
1 + α2/(γ T ) [9]. In particular, Bav

0 > K/μ for
T < 3τ0. The time dependence of �B(t ) for several values of
Br is shown in Fig. 3.

Suboptimal switching protocols may involve magnetic
field with a nonzero longitudinal component. In this case, the
values of w1 and w2 along the switching trajectory would be
different from what is shown in Fig. 2. Still, the eigenvalues
can be modified with additional longitudinal field, making the
idea of controlling the stability of switching valid in a general
case.

Effect of longitudinal magnetic field on the success rate
of magnetization switching. Figure 4 shows the calculated
success rate of switching as a function of Br for various values
of the switching time and damping parameter. As predicted,
the switching success rate reaches unity for Br > K/μ regard-
less of the damping factor α and switching time T . Longer
switching times require stronger longitudinal field to reach a
certain value of the success rate, as expected, but the threshold
value of Br is not very sensitive to the damping parameter.
Interestingly, the success rate as a function of the longitudinal
field exhibits a minimum at Br ≈ 0.5K/μ that becomes more
pronounced for longer switching times. At Br = 0.5K/μ, the

FIG. 3. Time dependence of the applied magnetic field with Br = 0K/μ (a), Br = 0.5K/μ (b), and Br = −0.5K/μ (c). The red, green,
blue, and black lines represent the Cartesian components and the magnitude of the field, as indicated in the legend. The damping parameter α

is 0.1.
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FIG. 4. Calculated success rate of magnetization reversal as a function of the longitudinal magnetic field Br for various values of the
switching time T (a) and the damping parameter α (b). In (a), α = 0.1; In (b), T = 10τ0. The thermal stability factor � = 20. The shaded
areas around the curves indicate the statistical error.

ratio between the eigenvalues becomes w1/w2 = −1 at the
top of the energy barrier. This corresponds to particularly
unstable perturbations in the magnetization dynamics, there-
fore explaining the drop in the success rate of switching. The
longer the switching time, the more time the system spends
near the top of the energy barrier [9]. This increases the
chances of decoherence between the magnetization and the
switching pulse, and lowers the switching probability.

Application of the longitudinal field opposite to �s0 (Br < 0)
renders both of the eigenvalues w1, w2 negative near the top
of the energy barrier, thus altering the hyperbolic character
of the perturbation dynamics. As a result, the success rate of
switching initially increases with rising Br . However, further
increase in Br leads to the success rate reaching a maximum
value before eventually declining (see Fig. 4). The drop in the

success rate is a consequence of divergent dynamics due to
relaxation, which becomes more prominent for larger damp-
ing parameters and longer switching times, as expected.

The switching dynamics is further illustrated by Fig. 5
showing the calculated distribution of the system copies in
the statistical ensemble at t = T/2 for α = 0.1, T = 10τ0,
and various values of Br . For the unperturbed OCP, the sys-
tem is at the top of the energy barrier. Thermal fluctuations
make the system deviate from the OCP. For zero longitu-
dinal field, the system copies spread quite far, with those
corresponding to unsuccessful switching trajectories grouped
closer to the initial state. For Br = 0.5K/μ, the distribution
of the copies becomes more elongated—the result of the hy-
perbolic character of the perturbation dynamics near the top
of the energy barrier—and the number of the unsuccessful

FIG. 5. Calculated distribution of the system copies in the statistical ensemble at t = T/2 and various values of the longitudinal magnetic
field, superimposed on the Lambert azimuthal projection [24] of the energy surface of the system. The green dots correspond to the copies that
will eventually reach the final state at −Z (successful switching), while the red dots mark the copies that will end up at the initial state at +Z
(unsuccessful switching). The black line shows the calculated OCP for the reversal. The damping factor α is 0.1, the thermal stability factor �

is 20, and the switching time T is 10τ0.
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FIG. 6. (a) Calculated success rate of magnetization reversal as a function of damping parameter α for switching time T = 10τ0. (b),
(c) Calculated success rate as a function of T for α = 0.1 and α = 0.2. The red, blue, and black lines correspond to the three values of the
longitudinal magnetic field Br as indicated in the legend. The thermal stability factor � = 20. The shaded areas around the curves indicate the
statistical error.

trajectories increases. As Br increases beyond K/μ, a pro-
gressively tighter grouping of the copies around the OCP is
observed due to the convergent dynamics of the perturbations,
resulting in the switching probability approaching unity (see
Fig. 4).

For negative Br , the copies of the system are grouped in an
ellipse around the OCP even for Br = −0.5K/μ. For stronger
antiparallel fields, the spread of the distribution increases due
to relaxation, resulting in a decrease in the success rate of
switching.

Figure 6 shows the calculated dependencies of the success
rate on the damping constant α and switching time T for
Br = 0 and Br = ±K/μ. Both cases with finite longitudinal
field ensure w1w2 � 0 for the whole switching trajectory.
Positive (negative) Br correspond to convergent (divergent)
relaxation of the perturbation dynamics, which explains
monotonic increase (decrease) of the switching probability
with increasing α. However, for low damping and short
switching times, applying the longitudinal field opposite to
the magnetic moment (Br < 0) is more efficient than applying
the longitudinal field along the magnetic moment (Br > 0),
as it requires lower fields to achieve high success rates (see
also Fig. 4). Longer switching times result in lower success
rates in all considered cases, as expected. The decrease in
the success rate with T becomes more (less) pronounced for
negative (positive) Br as damping increases, which is a result
of the destabilizing (stabilizing) effect of relaxation.

Conclusions. In this work, we uncovered that the in-
stability of energy-efficient protocols for magnetization re-
versal in nanoparticles with respect to thermal fluctuations

originates from the divergent magnetization dynamics aris-
ing around the top of the energy barrier of the system. We
demonstrated that these instabilities can be eliminated by
applying an additional magnetic field either aligned or op-
posed to the magnetic moment’s direction, consequently
enhancing the thermal stability of magnetization switching.
We examined the success rate of switching at elevated tem-
peratures as a function of various control parameters, such as
the switching time, Gilbert damping, and the magnitude of the
longitudinal field. The application of a longitudinal field along
the magnetic moment consistently increases the success rate
of switching, provided that the field magnitude surpasses the
characteristic anisotropy field. However, for shorter switching
times and weaker damping, employing a smaller field op-
posed to the magnetic moment can also augment the success
rate. Our results warrant a general principle for improved
control of magnetization dynamics by suppressing divergent
perturbations. This principle is applicable to any switching
protocol relying on the coherence between magnetization and
the applied pulse, where the local stability of the dynamics
is important. This is relevant, for example, for precessional
switching protocols [11,25]. Contrarily, relaxation-based pro-
tocols imply formation of an energy minimum at the target
state where all dynamical trajectories converge [25]. Hence,
relaxation-based protocols are globally stable and the coher-
ence is not required there.
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