
PHYSICAL REVIEW B 109, L180404 (2024)
Letter

Pseudospectral Landau-Lifshitz description of magnetization dynamics
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Magnetic materials host a wealth of nonlinear dynamics, textures, and topological defects. This is possible
due to the competition between strong nonlinearity and dispersion, which act at the atomic scale, as well as
long-range interactions. However, these features are difficult to study analytically and numerically because of the
vastly different temporal and spatial scales involved. Here, we present a pseudospectral approach for the Landau-
Lifshitz equation that invokes energy and momentum conservation embodied in the magnon dispersion relation
to accurately describe both atomic and continuum limits. Furthermore, this approach enables analytical study
at every scale. We show the applicability of this model in both the continuum and atomic limit by investigating
modulational instability and ultrafast evolution of magnetization due to transient grating, respectively, in a one-
dimensional ferromagnetic chain with perpendicular magnetic anisotropy. This model provides the possibility of
grid-independent multiscale numerical approaches that will enable the description of singularities within a single
framework.
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Nonlinear and far-from-equilibrium dynamics give rise
to fascinating physics because of novel phenomena [1–3]
and their potential applications [4,5]. Magnetic materials
are fundamentally interesting to study from this perspec-
tive because their nonlinearity and dispersion give rise to a
wealth of local and nonlocal defects [6–12] as well as, e.g.,
symmetry-dependent domain-wall rearrangement [13–15],
ultrafast domain-wall speeds [16], and stabilization of topo-
logical phases [17,18].

From a theoretical and numerical point of view, inves-
tigation of such dynamics presents many challenges. For
example, solitons typically exhibit a singularity at their
core, which requires atomic scale resolution, while their
environment is relatively smooth [11,19]. In addition, in
far-from-equilibrium phenomena, both short- and long-range
effects play a role at picosecond timescales [17]. There are
traditionally two approaches to resolve the dynamics. On
the one hand, atomistic spin dynamics (ASD) [20–25] takes
into account a discrete Heisenberg Hamiltonian to resolve
the interactions between atomic magnetic moments. On the
other hand, micromagnetic simulations [26,27] are based on
the series expansion of the Heisenberg Hamiltonian in a con-
tinuum regime [28], which can resolve domain structures.
Because of the series expansion of the exchange interac-
tion, there is a spatiotemporal transition region that is poorly
described by either method, limiting the understanding of
several problems of current interest, such as the stabilization
of topological solitons or domains by ultrafast excitation,
and the conditions to nucleate and stabilize three-dimensional
solitons [11,29].

Here, we introduce a pseudospectral Landau-Lifshitz
(PS-LL) equation that closes the gap between ASD and mi-
cromagnetic simulations. In contrast to previous multiscale
approaches that link ASD and micromagnetic simulations,

e.g., Refs. [19,30–32], we seek a description that targets the
transition region. Our fundamental assumption is that there
must be continuity in both energy and momentum, which we
enforce by ensuring a proper description of the dispersion
relation of magnons, the quanta of angular momentum, across
scales. This goal is achieved in Fourier space, and it is sim-
ilar to the “dispersion engineering” approach introduced by
Whitham in the context of fluid dynamics [33]. In addition,
working in Fourier space enables both grid independence as
well as analytical study of atomic scale and micrometer scale
effects on an equal footing, thus providing a formalism to
investigate nonlinear textures.

While the PS-LL model is general, we focus here on its
description and implementation for a one-dimensional (1D)
ferromagnetic chain with perpendicular magnetic anisotropy.
First, we demonstrate that the magnon dispersion relation
is numerically reproduced and that the computation is grid-
independent. Second, we show that modulational instability
[34] is numerically reproduced, agreeing with analytical
expressions obtained through a spin hydrodynamic represen-
tation [35–38]. Third, we consider ultrafast transient grating
[39–43] as a test case to compare ASD and PS-LL, demon-
strating excellent agreement in the energy evolution between
both models. Because of the arbitrary resolution in space, the
PS-LL model is ideal to investigate topological textures and
far-from-equilibrium dynamics. The generality of the model
also suggests further refinement by integration with existing
micromagnetic approaches, multigrid expansions, and multi-
sublattice systems.

The discrepancy in energy and momentum space between
ASD and the micromagnetic approach is especially apparent
in the magnon dispersion relation. For example, the magnon
dispersion relation for 1D ferromagnets with nearest-neighbor
interactions can be obtained from the discrete Heisenberg
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Hamiltonian

ω(k) = γμ0Ms
2D

a2h̄
[1 − cos (ka)], (1)

where γ is the gyromagnetic ratio, μ0 is the vacuum perme-
ability, Ms is the saturation magnetization, D is the exchange
stiffness, h̄ is the reduced Planck’s constant, and a is the lattice
constant of the crystal. Upon first-order Taylor expansion,
the dispersion relation reduces to the well-known k2 form
obtained in the micromagnetic limit,

ω(k) ≈ γμ0Ms
D

h̄
k2 = γμ0Msλ

2
exk2, (2)

where we define the exchange length λex = √
D/h̄. In this

limit, the energy of magnons at the first Brillouin zone
(FBZ) boundary is a factor π2/4 ≈ 2.46 larger than in ASD.
More dramatically, the group velocity of magnons is substan-
tially different, being exactly zero for the discrete Heisenberg
Hamiltonian and γμ0MsDπ2/(h̄a2) in the micromagnetic
limit. This implies that small features, such as topological
defects, are difficult to stabilize in micromagnetic simulations.

A similar problem was encountered in the description of
shallow water waves, where the Korteveg–de Vries (KdV)
equation is a long-wave approximation of the Euler equa-
tions [44]. In his seminal work, Whitham [33] proposed a
mathematical solution whereby the term giving rise to wave
dispersion in the KdV equation, uxxx, could be modified to
exactly reproduce the phase velocity obtained from Euler
equations. For this, a kernel κ was introduced so that uxxx →
κ ∗ ux, where ∗ represents convolution. Because of the convo-
lution theorem, this approach is numerically apt for spectral
methods.

In the context of ferromagnets, the magnetization dynamics
are described by the Landau-Lifshitz-Gilbert (LLG) equation.
In the case in which α � 1, the LLG equation can be ap-
proximated to a Landau-Lifshitz (LL) form, which has the
benefit of being an implicit equation. We introduce the PS-LL
equation

∂m
∂t

= −m × [(γμoMeffhl − F−1{ω(k) m̂})

+αm × m × (γμoMeff hl − F−1{ω(k) m̂})], (3)

where m is the magnetization vector normalized to the sat-
uration magnetization, Ms, and hl contains the local fields
normalized to the effective magnetization Meff = |Hk − Ms|,
where Hk is the uniaxial anisotropy field [37]. The exchange
field and long-range interactions are described in Fourier
space as ω(k)m̂, where ω(k) is the desired dispersion relation.
In Eq. (3), F−1{·} represents the inverse Fourier transform,
indicating that the dispersion relation is used as a convolution
kernel. This is different from the approach introduced by
Whitham [33], which focused on describing the phase velocity
rather than the dispersion relation.

The PS-LL is generally stated in Eq. (3), but here we
simplify the analysis to the case of a 1D chain subject to
a normalized external field ho and perpendicular magnetic
anisotropy (PMA), both normal to the plane, hl = (ho + mz )ẑ,
and exchange interaction. A nonlocal dipole field is not in-
cluded here to focus on the correct description of the exchange
interaction. It can be readily shown that the magnon dispersion

FIG. 1. Dispersion relation from PS-LL in a 1D ferromagnetic
chain. The cells are set to (a) a = 0.355 nm, (b) 0.8 nm, (c) 2 nm,
and (d) 5 nm. The analytical magnon dispersion relation is overlaid
with solid red curves and the micromagnetic approximation with
red dashed curves. In all cases, the PS-LL reproduces the magnon
dispersion relation up to the highest resolved wave number.

relation ω(k) is directly recovered from Eq. (3) by imposing
the plane-wave solution mz ≈ 1 and mx, my ∝ ei(kx−ωt ). A
detailed derivation is provided in the Supplemental Material
SI 1 [45].

The numerical implementation of PS-LL also reproduces
the correct dispersion relation, shown in Fig. 1(a). For this
numerical solution, we set parameters for CoFe/Ni, e.g.,
Ref. [15]: Ms = 770 kA/m, Hk = 1550 kA/m, λex = 7.3 nm,
and lattice constant a ≈ 0.355 nm. The 1D ferromagnetic
chain has an equilibrium orientation along the mz component.
We introduce a δ-like defect in the center of the chain, so that
mx = 1 and mz = 0 at that point. The evolution of this de-
fect results in outward propagating waves [46] that access all
available magnons in the FBZ. To resolve the highest energy
magnons in the FBZ, we employ an ode45 solver modified
to enforce |m| = 1 at every iteration step. The simulation is
evolved for 10 ps and the solutions are sampled every 10 fs so
that the maximally resolved frequency is 50 THz. The numer-
ical result using an atomic cell size is shown in Fig. 1(a) with
black contrast. We overlay the magnon dispersion relation by
a solid red curve and the micromagnetic approximation by
a red dashed curve, demonstrating that the PS-LL method
correctly describes the magnon dispersion relation.

Because the PS-LL equation considers the dispersion re-
lation within the FBZ, it is expected to be grid-independent
and smoothly approach the micromagnetic approximation.
We verify these statements by investigating the model’s de-
pendence on computational cell size. The calculations of the
magnon spectra are shown in Fig. 1 for cell sizes of (b) 0.8 nm,
(c) 2 nm, and (d) 5 nm. In all these cases, we find excellent
agreement between the calculation and the magnon dispersion
in the ranges of wave numbers corresponding to each cell size.
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In particular, the PS-LL model agrees with the micromagnetic
dispersion for sufficiently large cell sizes, i.e., panels (c) and
(d). From these results, we conclude that the proposed PS-LL
method is grid-independent and smoothly transitions to the
micromagnetic approximation. It is worth noting that, as a
pseudospectral method, the PS-LL can be used with cell sizes
smaller than the lattice constant and thus resolve the disper-
sion past the FBZ. While this has limited physical application,
it implies that the periodicity of the problem is respected. An
example of a magnon dispersion relation for a cell size 0.2 nm
< a is shown in the Supplemental Material SI 2 [45].

The PS-LL also enables analytical investigation, insofar as
solutions can be obtained in Fourier space. For example, it is
possible to apply a spin hydrodynamic formulation [35–38] to
the PS-LL, where we take advantage of the uniaxial symmetry
of the local field to introduce a spin density n = mz and a
fluid velocity u = −∇φ = −∇[atan(my/mx )]. This approach
simplifies the description of chiral magnetization states and
allows one to obtain the dispersion relation of magnons on
such states. The full derivation is presented in the Supplemen-
tal Material SI 3 [45].

Here, we focus on the particular example of modulational
instability (MI) [34]. In focusing media, the dispersion of
waves on a fluid flow is complex for a range of wave num-
bers 0 < k < kc. This implies that random perturbations in
that range tend to grow exponentially in magnitude. Mag-
netic materials with PMA are focusing media, and MI was
demonstrated in the framework of the micromagnetic LL
equation [37,38]. The same behavior is expected from the PS-
LL equation since MI is active in the micromagnetic regime.
For simplicity, we consider a uniform magnetization state,
u = 0, and an average spin density n̄. In this case, the dis-
persion relation from spin hydrodynamics simplifies to

ω̃(k) = ±ω(k)

√
1 − γμ0Meff (1 − n̄2)

ω(k)
, (4)

which is valid for 0 � n̄ < 1. Clearly, ω̃(k) → ω(k) when
n̄ → 1. MI occurs when the dispersion relation is complex.
Therefore, we solve for the conditions leading to a negative
argument in the square root of Eq. (4), ω(k) < γμ0Meff (1 −
n̄2). Solving for the equality leads to the cutoff wave number
for MI,

kc = 1

a
acos

[
1 − a2hk (1 − n̄2)

2λ2
ex

]
. (5)

For the CoFe/Ni parameters used above, the cutoff wave
number is kc = 0.19 rad nm−1, which is equivalent to a wave-
length of 33 nm that is well described in the micromagnetic
approximation, as seen in Fig. 1(d). This confirms that MI is a
long-wave phenomenon. Expanding the arccos in Eq. (5) leads
to λ2

exk2
c = hk (1 − n2), in agreement with the cutoff frequency

derived from the micromagnetic LL equation [38]. The growth
rate � is simply given by the imaginary part of Eq. (4) within
the MI band. We show the growth rate for various values
of n̄ in Fig. 2(a). We find growth rates on the order of tens
of GHz, equivalent to time constants under 100 ps. kc is
reduced as n̄ → 1, and MI is completely suppressed in the
limit of n̄ = 1.
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FIG. 2. (a) Calculation of the growth rate � for n̄ = 0, 0.25, 0.5,
and 0.75. As the PMA magnet is brought more into the plane, the
MI band and maximum growth rate increase. (b) Spectrum of the
mz component after a t = 50 ps obtained by PS-LL. The simulation
is initialized at a constant mz and perturbed with a small, uniformly
distributed noise. The spectra of 100 instances are averaged to min-
imize noise in the Fourier transform. Excellent agreement between
the spectra and the growth rates is observed.

Because MI is a linear instability condition, it is possible to
directly observe the growth rate from the numerical solution
of the PS-LL. We set an initial condition n̄ + η, where η

is random noise with uniform distribution and amplitude of
0.001. We evolve the simulation for 50 ps using a cell size
equal to the lattice constant a. The spectrum of n is shown in
Fig. 2(b) for n̄ = 0 and 0.75, in excellent agreement with the
growth rate and the cutoff wave number predicted by Eq. (5).
For these results, we averaged the spectrum of 100 simulations
to reduce noise. The observation of MI demonstrates that the
PS-LL model can be used to analytically derive generalized
spin hydrodynamic equations and that the model correctly
describes wave phenomena captured by the micromagnetic
approximation while maintaining stability due to large wave
numbers.

We now investigate a regime in which ASD are required to
correctly describe the magnetization dynamics. Ultrafast tran-
sient grating [39–43] is an experimental technique in which
the phases of two femtosecond optical pulses are adjusted to
produce a periodic profile on a material. The periodicity can
be tuned from 10 nm to over 100 nm; this large range of
wavelengths lies within the transition regime between ASD
and micromagnetic simulations, making it a good test for
the PS-LL model. ASD simulations are able to describe the
dynamics, but at significant computational cost, whereas the
micromagnetic description breaks down in this regime. To
test the accuracy of PS-LL with respect to ASD and the
micromagnetic approximation, we model a quasi-1D ferro-
magnetic nanowire of dimensions 400 nm ×1 nm ×1 nm
subject to periodic boundary conditions on the long axis.
The nanowire is initialized with a periodic train of pulses of
Gaussian profile that mimics transient grating. The number
of pulses, N , is related to the Gaussian standard deviation,
σ , such that 3Nσ = 400 nm, the length of the nanowire. The
magnetization under each pulse is then randomized to account

L180404-3



ROCKWELL, HIRST, OSTLER, AND IACOCCA PHYSICAL REVIEW B 109, L180404 (2024)

0 100 200 300 400
-1

0

1

m
z

0 100 200 300 400
x (nm)

-1

0

1

m
x

(a)

(b)

FIG. 3. Initial magnetization for a train of eight Gaussian pulses
in the 1D ferromagnetic chain. (a) mz component and (b) mx

component.

for the thermal origin of the distribution. In particular, we
use uniform random distributions of the mz component and
the in-plane phase angle φ such that mx = √

1 − m2
z cos(φ)

and my = √
1 − m2

z sin(φ). An example of an initial condition
with N = 8 is shown in Fig. 3 for the (a) mz and (b) mx

components.
The initial magnetization state was simulated with ASD

and PS-LL over a time span of 5 ps. Details on the implemen-
tation of ASD simulations are provided in the Supplemental
Material SI 4 [45]. To unambiguously compare with the mi-
cromagnetic approximation, we implemented the following
pseudospectral approach:

∂m
∂t

= −m × [(γμoMeffhl − F−1{k2 m̂})

+αm × m × (γμoMeff hl − F−1{k2 m̂})]. (6)

In this case, the kernel is the micromagnetic disper-
sion relation; this further demonstrates the generalizability
of this method. We show that this approach reproduces
the micromagnetic magnon dispersion in the Supplemental
Material SI 5 [45].

To compare the methods, we compute the exchange energy
as Eex = (Aa/2)

∑
i mi · (mi−1 + mi+1). The results for an

initial state with N = 8 pulses are shown in Fig. 4(a). The
PS-LL, shown by a solid blue curve, shows a remarkable
agreement with ASD, shown with hollow black circles. In
contrast, the exchange energy in the micromagnetic approxi-
mation is minimized more rapidly during the first picosecond,
due to the high energy of short waves and their concomitant
large damping rate. The percentage energy error is shown in
Fig. 4(b), where we note that the maximum error between
the PS-LL and ASD ≈ 0.09%, in contrast to a maximum of
≈ 9.5% for the micromagnetic approximation. These qualita-
tive trends are maintained for other number of pulses. Results
from 1 and 16 pulses are provided in the Supplemental Mate-
rial SI 6 [45].

The energy discrepancy also has consequences in the
evolution and recovery of the average magnetization. There
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FIG. 4. (a) Comparison of the temporal evolution of exchange
energy between PS-LL in the solid blue curve, micromagnetic ap-
proximation in the solid red curve, and ASD in hollow black circles.
Excellent agreement with ASD is observed. The associated percent-
age error is shown in panel (b), with LLG topping at 9.5% vs PS-LL
at 0.09%. The time is shown in a natural logarithmic scale.

is a notable difference between the group velocities pre-
dicted from the magnon dispersion and its micromagnetic
approximation. In the former, vg = 2γμ0Ms(D/h̄a) sin(ka)
while the micromagnetic approximation leads to vg ≈
2γμ0Ms(D/h̄)k. As the micromagnetic group velocity is lin-
ear, it quickly diverges from the true group velocity, and thus
the energy across the system dissipates faster as the wave
number increases. This issue is apparent from the evolution
of the spatially averaged magnetization along the z-axis, 〈mz〉,
shown in Fig. 5. The ASD results shown by hollow black
circles are obtained from the same simulation presented in
Fig. 4. The evolution using the micromagnetic approxima-
tion, shown by a red curve, is qualitatively different, with
〈mz〉 displaying a faster relaxation towards equilibrium in the
temporal range between ≈0.5 and 1 ps, and later showing
a much slower relaxation until the end of the simulation
at 500 ps. This is a consequence of the disparate group
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0.7

0.8

0.9

1
PS-LL
Micromagnetic
ASD

FIG. 5. Evolution of the average out-of-plane magnetization,
〈mz〉, across the 1D ferromagnetic nanowire, generated from the
same data set as Fig. 4. The results from PS-LL, the micromagnetic
approximation, and ASD are shown by a solid blue curve, a solid
red curve, and hollow black circles, respectively. The PS-LL and its
micromagnetic approximation were run for 500 ps, until the magneti-
zation reached equilibrium. The time is shown in natural logarithmic
scale.
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velocities between ASD and the micromagnetic approxima-
tion. In contrast, the PS-LL shown by a solid blue curve
follows the ASD evolution accurately and then smoothly sta-
bilizes to full saturation, converging to the micromagnetic
description. We note that the same discrepancy in group ve-
locities is observed in the context of MI. Examples of such an
evolution are shown in the Supplemental Material SI 7 [45].

The presented results on the dynamic magnetization due
to transient grating demonstrate that the PS-LL captures the
main dynamical features due to exchange interaction. Fur-
ther improvements can be achieved by including thermal
fluctuations. For example, the ASD model takes into ac-
count light-matter interaction via the two-temperatures model,
in which the electronic and spin systems are coupled. An
example calculation of the spin temperature and magnetiza-
tion evolution is shown in the Supplemental Material SI 8
[45]. Because of the lingering temperature in the ASD model,
the magnetization evolution is not quantitatively reproduced
by PS-LL. However, the two-temperatures model calcula-
tion could be included in the PS-LL model in parallel with
the evolution of the magnetization dynamics. Similar to
ASD, the addition of a random fluctuation term would re-
quire a stiffer solver, e.g., a Heun method. It would also
be interesting to take advantage of the multiscale prop-
erties afforded by the PS-LL to explore a smooth-scale
transition based on the Landau-Lifshitz-Bloch equation and

respecting the correct rescaling of the magnetization vector,
e.g., Ref. [25].

In summary, we have introduced the PS-LL as a contin-
uum model that captures the relevant physics of atomic scale
magnetism by dispersion engineering. This approach relies on
the knowledge of the dispersion relation of magnons, and so
it can be generalized to higher dimensions, other magnetic
orders, and arbitrary exchange integral between spins in a
multilattice material. In the context of ultrafast magnetism,
excellent agreement with ASD suggests that the PS-LL can
resolve the multiscale evolution of the magnetization without
incurring violation of energy and momentum conservation.
The PS-LL will be valuable to provide both analytical and
numerical insights into the short-time evolution of far-from-
equilibrium magnetization, including the onset and evolution
of topological defects [11,29].
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