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The emerging field of topological acoustics provides exciting possibilities for controlling sound propagation
with extraordinary robustness. Conventional topological acoustic waveguides built from topological edge states,
which arise solely from the nontrivial topology in the momentum space, usually have restricted shapes due to
their crystalline structures. Here, we show that, using an acoustic topological system with both nontrivial topolo-
gies in the real and momentum spaces, free-form acoustic topological waveguides can be constructed. These
topological waveguides support disclination-localized states, caused by the interplay between topological lattice
defects and the valley-Hall topology. As demonstrated in our simulations and experiments, such disclination
waveguides can take arbitrary shapes and form open arcs within the lattice, which are not possible for previous
crystalline acoustic topological waveguides. Furthermore, by increasing the number of topological lattice defects,
we can realize more than one topological waveguide in one lattice. They join at the topological lattice defect and
form a topological waveguide network, enabling more complicated functionalities such as beam splitting. Our
results point to a promising direction for free-form acoustic topological devices with the advantages of embedded

forms, easy cascading, and high robustness.
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Acoustic systems with nontrivial band topology, which
support robust sound transport, have attracted great attention
in recent years [1,2]. In particular, intense efforts have been
devoted to studying different types of crystalline topological
phases for sound, such as the quantum Hall phase [3-8§],
quantum spin-Hall phase [9-15], valley-Hall phase [16-23],
and higher-order topological phase [24-34]. In these topolog-
ical phases, on the one hand, the crystalline structure is an
important prerequisite for defining the band structure in the
momentum space, based on which nontrivial topology can
be created. On the other hand, the form of the topological
waveguiding channels in the real space is highly restricted
by the crystalline structure. To maintain the periodicity of
the system, a topological waveguide can only be designed
to follow certain paths according to the crystalline symme-
tries and terminate at external boundaries, which poses great
limitations on the tunability and functionality of a topological
acoustic system.

Different from the momentum space band topology, topo-
logical lattice defects (TLDs) are lattice imperfections in the
real space. Once generated, they cannot be removed by local
perturbations due to their nontrivial real-space topological
configurations [35]. Additionally, TLDs can interplay with
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nontrivial band topology, leading to protected topological
states bound to the defects instead of the boundaries [36].
Since TLDs are noncrystalline in nature, the form of these
topological states in the real space is much less constrained
compared to the form of those in crystalline topological
systems, which makes the TLD-induced topological states
suitable for free-form waveguiding [37-43].

From the experimental perspective, classical-wave sys-
tems, such as phononic/photonic crystals and metamaterials,
provide ideal platforms to study TLDs and their interplay
with band topology. In classical-wave systems, TLDs can be
created and manipulated almost at will owing to the high
controllability in structural design and fabrication. Together
with the rapid development of band topology in classical-wave
systems, various interesting phenomena induced by the inter-
play between TLDs and band topology have been observed in
recent years [36,44-50]. For example, by introducing a screw
dislocation into a three-dimensional acoustic topological in-
sulator [45,46], one-dimensional topological states bound
to the dislocation have been realized. In two-dimensional
topological systems, dislocations can also induce trapped
states [44,47], as demonstrated in a mechanical system. In
addition to dislocations, disclinations can also be constructed
in classical-wave systems [48,49], which are shown to host
fractional charges in topological crystalline metamaterials.
Furthermore, when disclinations are incorporated into a valley
acoustic crystal, a valley-Hall domain wall supporting topo-
logical transport can be created [50]. Such a domain wall is
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FIG. 1. (a) Schematic of a honeycomb-lattice acoustic crystal. The shaded gray region represents a 7 /3 sector. The two insets indicate the
unit cells. (b) Simulated bulk dispersions of two honeycomb-lattice acoustic crystals with r; = r, = 4.9 mm (red solid lines), and r; = 5.6 mm
and r, = 4.2 mm (blue dashed lines). The height of the acoustic crystal is 8.5 mm. (c) and (d) Schematics of a pentagonal acoustic crystal by
deleting a 7 /3 sector [the gray shaded region in (a)] in the original honeycomb-lattice acoustic crystal (c) and a heptagonal acoustic crystal
by inserting a 7 /3 sector [the gray shaded region in (a)] in the original honeycomb-lattice acoustic crystal (d). The two insets in the middle
regions are two types of TLDs, labeled as TLD I and TLD II, and the red dashed lines denote the disclinations.

terminated by TLDs and its shape can be freely engineered,
making it an ideal candidate for a free-form waveguide.

In this Letter, we propose a series of acoustic topological
waveguides embedded with different types of disclinations
which are constructed by introducing the TLDs into an
acoustic valley-Hall system. The disclinations not only sup-
port robust transport of sound, but also can be optionally
terminated at any location of the bulk, which effectively
overcomes the limitation of forming loops or ending at ex-
ternal boundaries for previously demonstrated domain walls.
More importantly, we go beyond the limitations in pre-
vious works [50] where the topological waveguides only
have simple shapes and are terminated by just two TLDs.
Specifically, we realize topological waveguides with letter-
like shapes W, I, and N. By increasing the number of the
TLDs, we also construct complex topological waveguide net-
works in irregular shapes such as an arrow and a Chinese
character in which the robust topological sound transports
present the patterns of the disclinations. Therefore, our results
demonstrate the full ability of using TLD-induced topological
states for free-form waveguiding.

As schematically shown in Fig. 1(a), we design a
honeycomb-lattice acoustic crystal (with the lattice constant
a = 28.5 mm) composed of coupled air cavities surrounded
by hard walls. Each unit cell (see the lower-right inset) con-
sists of two airborne cylindrical cavities (denoted as A and

B) connected by thin channels filled with air. The radii of
the airborne cavities are denoted by r; and r,, respectively,
and the width of the connecting channel is d = 3.0 mm.
Throughout this Letter, we use the software COMSOL MULTI-
PHYSICS to compute the eigenstates and field distributions. In
the simulations, the external boundaries are set as plane-wave
radiation boundaries, and the parameters of air are density
p = 1.25 kg/m? and sound speed ¢ = 343 m/s.

Figure 1(b) shows the bulk dispersions of this acoustic
crystal with different values of r; and r,. We can see that there
exists a pair of Dirac points at the K and K’ valleys in the band
structure when r; = r, = 4.9 mm (see the red solid curves).
However, when the values of r| and r, are different (r; =
5.6 mm and r, = 4.2 mm), the inversion symmetry of the lat-
tice is broken, lifting the degeneracy at the two valleys (see the
blue dashed curves). This gapped phase is known as a valley-
Hall phase, in which the bulk bands carry opposite Berry
curvature around the two valleys and edge states with their
propagation directions locked to the valleys emerge at the in-
terface between two domains with swapped r; and r;, (see the
Supplemental Material [51] and also Refs. [52,53] therein).

Starting from the above crystalline valley-Hall acoustic
crystal, we now describe the procedure to induce the TLDs.
As illustrated in Fig. 1(a), by deleting (inserting) a 7 /3 sec-
tor (see the gray shaded region) in the acoustic crystal, we
can obtain a pentagonal (heptagonal)-shaped acoustic crystal
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FIG. 2. (a) and (b) Photographs of two pentagonal acoustic crystals with the (a) straight and (b) bent disclinations marked by the red dashed
lines. (c¢) and (d) Simulated eigenfrequency spectra for two pentagonal acoustic crystals with the (c) straight and (d) bent disclinations. The red
and black open circles represent edge states in the disclination and bulk, respectively. (e) and (f) Measured acoustic intensity eigenstates (|p|?)
at the points (e) A and (f) B. The yellow stars at the center of the TLD represent dipole sound sources. (g) and (h) Measured relative intensity
spectra sampled in the disclinations (the blue open rectangles R1 and R3) and bulk (the red open rectangles R2 and R4) of the pentagonal
acoustic crystals with the (g) straight and (h) bent disclinations. The black shaded regions are the bulk band gap in (c) and (d).

[shown in Figs. 1(c) and 1(d)]. Here, the positions of the
cavities in the newly generated acoustic crystals are opti-
mized by the molecular dynamics simulator LAMMPS [50,54]
to ensure the honeycomb structure is maintained locally away
from the TLDs. As can be seen in Figs. 1(c) and 1(d),
there are TLDs at the center of the acoustic crystals, which
consist of either five or seven connecting channels, differ-
ent from the geometry of hexagons (with six connecting
channels) in the rest of the acoustic crystal. Moreover, there
also exist disclination lines (red dashed lines) in the acoustic
crystals, one end of which is fixed to the TLDs. Taking a
closer look, we can immediately find that the cavities on
two sides of the disclinations have the same radius, which
means the disclinations can act as valley-Hall-type domain
walls and support valley-Hall-like edge states. This observa-
tion is further validated by a theoretical analysis based on the
effective Dirac Hamiltonian, as detailed in the Supplemental
Material [51].

To verify the existence of the disclination states and study
their robustness, we compute the eigenfrequencies and eigen-
states for two pentagonal acoustic crystals with straight and
bent disclinations, whose photographs are shown in Figs. 2(a)
and 2(b), respectively. As shown in Fig. 2(c), for the pentago-
nal acoustic crystal with a straight disclination, there exist six
states inside the band gap (of the original crystalline acous-
tic crystal), which are confirmed to be localized around the
disclination according to their eigenprofiles. For the pentag-
onal acoustic crystal with a bent disclination, similar in-gap
disclination states can also be found [Fig. 2(d)]. The results
for the heptagonal acoustic crystals are similar and are given
in the Supplemental Material [51].

Next, we conduct experiments to measure the intensity
distributions excited by a point source placed at the center
of the TLD for the pentagonal acoustic crystals. A detailed
description of the experimental setup is can be found in the
Supplemental Material [51]. As shown in Figs. 2(e) and 2(f),
the topological disclination states can transmit through the
disclination of both types of pentagonal acoustic crystals with
high performance. Moreover, we experimentally measure the
relative intensity spectra in the disclinations (R1 and R3) and
bulk (R2 and R4) of both pentagonal acoustic crystals based

on
2
I = 10log <|pm|2 >
1y

where pp, represents the average value of the measured pres-
sure amplitude of each point in the regions R1-R4, and p; is
the measured pressure amplitude at the position of the sound
source. As shown in Figs. 2(g) and 2(h), in the bulk band gap
(black shaded regions), there exists an obvious intensity dip
in the bulk for both types of pentagonal acoustic crystals.
However, the measured relative intensities are larger than
—7 dB in the disclinations, showing high waveguiding perfor-
mance. Additionally, the measured relative intensity spectra
in the straight disclination are very similar to those in the bent
disclination, showing robust topological sound transport in the
pentagonal acoustic crystal with the TLD.

Based on the pentagonal and heptagonal acoustic crystals
with TLDs, we can construct another type of topological
waveguides embedded with various distinctive disclinations,
which cannot be realized by the traditional topological
waveguides. As the first example, we design three types of

ey
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FIG. 3. (a) Photographs of three topological waveguides embed-
ded with W-, |-, and N-shaped disclinations. The insets show the two
types of topological lattice defects. The red dashed lines and yellow
stars denote the disclinations and sound sources, respectively. (b)—(f)

Measured intensity distributions in the three samples at (b) 4.6 kHz,
(c) 5.2 kHz, (d) 5.4 kHz, (e) 5.6 kHz, and (f) 6.2 kHz.

topological waveguides embedded with the three letters W-,
I-, and N-shaped disclinations by using a pentagonal acous-
tic crystal with TLD I and a heptagonal acoustic crystal
with TLD II [Fig. 3(a)]. It is noted that the W-, |-, and
N-shaped disclinations are realized by bending the acoustic
crystal in the central region, and placing a pentagonal and a
heptagonal acoustic crystal with the TLDs I and II on both
sides. Figures 3(b)-3(f) show the measured intensity distri-
butions through the three topological waveguides at different

frequencies, in which a point sound source is placed at the
middle of the disclination. It is observed that the sound energy
can transmit through the disclinations, exhibiting the profiles
of the three letters W, I, and N when the excitation frequency
is inside the band gap [Figs. 3(c)-3(e)]. By contrast, the sound
fields are not localized around the disclinations at 4.6 kHz
[Fig. 3(b)] and 6.2 kHz [Fig. 3(f)], which are away from the
band gap. The simulated intensity distributions of the topolog-
ical waveguides with the W-, |-, and N-shaped disclinations
are also presented in the Supplemental Material [51], and the
results agree well with the experiments, showing the feasi-
bility of the robust topological waveguides embedded with
the TLDs.

Furthermore, by increasing the number of TLDs, we can
realize topological waveguides embedded with more complex
propagating paths. Figures 4(a) and 4(b) show two types of
topological waveguides embedded with the arrow and Chinese
character A-shaped disclinations, which are constructed by
three pentagonal acoustic crystals with the TLD I and one
heptagonal acoustic crystal with the TLD II. Figures 4(c) and
4(d) show the measured intensity distributions through the
two topological waveguides at 4.6, 5.2, 5.4, 5.6, and 6.2 kHz.
We observe that, at 5.2, 5.4 and 5.6 kHz, the sound energy
propagates along the disclination, passes through the heptag-
onal acoustic crystal with the TLD II, and finally reaches the
pentagonal acoustic crystals with TLD I on both sides. In
addition, the sound energy is well bound in the disclinations,
and terminates in the three TLD I at three selected frequencies,
whose propagating paths are shown as the shapes of the arrow
and a Chinese character A. At bulk frequencies, however, the
sound propagation does not follow the disclination shapes,
as can be seen from the measured intensity distributions at
4.6 and 6.2 kHz [Figs. 4(c) and 4(d)]. The simulated results
for two types of topological waveguides at the selected fre-
quencies are also presented in the Supplemental Material [51],
and the simulated intensity distributions agree well with the
measured ones in Figs. 4(c) and 4(d).

In principle, we can include more TLDs to achieve more
complex waveguide networks. In the Supplemental Mate-
rial [51], we show the designs of two more topological
waveguides embedded with K- and *-shaped disclinations.
Therefore, based on two types of acoustic crystals with
the TLDs, we design a variety of free-form topological
waveguides embedded with various disclinations to realize
multifunctional robust topological sound transport.

In conclusion, we have experimentally demonstrated free-
form topological waveguides embedded with various distinc-
tive disclinations by introducing TLDs into valley-Hall-type
acoustic crystals. The results show that there exist topological
states bound to disclinations, whose propagation is robust
against the path bends. Different from the conventional topo-
logical waveguides, the topological waveguides introduced
here can be terminated inside the lattice and take almost
arbitrary shapes by engineering the disclination pattern, such
as the topological waveguides embedded with the letterlike
shapes W, |, and N, and the irregular shapes of an arrow and
a Chinese character A disclinations. With these advantages,
the proposed free-form acoustic topological waveguides could
be useful for next-generation high-performance acoustic
devices.
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4.6 kHz
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FIG. 4. (a) and (b) Photographs of two embedded topological waveguides with (a) an arrow-shaped disclination and (b) a Chinese character
A-shaped disclination. The red dashed lines and yellow stars denote the disclinations and sound sources, respectively. (c) and (d) Measured
acoustic intensity distributions in the two samples at different frequencies.
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