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Dynamical separation of charge and energy transport in one-dimensional Mott insulators
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One-dimensional Mott insulators can be described using the sine-Gordon model, an integrable quantum
field theory that provides the low-energy effective description of several one-dimensional gapped condensed
matter systems, including recent realizations with trapped ultracold atoms. Employing the theory of generalized
hydrodynamics, we demonstrate that this model exhibits separation of the transport of topological charge
vs energy. Analysis of the quasiparticle dynamics reveals that the mechanism behind the separation is the
reflective scattering between topologically charged kinks/antikinks. The effect of these scattering events is most
pronounced at strong coupling and low temperatures, where the distribution of quasiparticles is narrow compared
to the reflective scattering amplitude. This effect results in a distinctively shaped “arrowhead” light cone for the

topological charge.
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Introduction. One-dimensional (1D) quantum systems are
well known to exhibit anomalous transport behavior com-
pared with their higher-dimensional counterparts. In particu-
lar, transport in integrable quantum many-body systems [1]
is strongly influenced by ergodicity breaking captured by
the Mazur inequality [2,3] and it is primarily characterized
by ballistic transport and finite Drude weights [4]. Another
prominent anomaly is spin-charge separation, where the re-
spective degrees of freedom in a one-dimensional quantum
wire move with different velocities [5], as observed exper-
imentally [6-11]. This phenomenon is best understood in
terms of bosonization leading to two Tomonaga-Luttinger liq-
uids [12,13] with different speeds of sound. More recently, it
was also understood directly in terms of the interacting Fermi
gas [14-17].

In this Letter, we demonstrate a similar, yet, at the same
time, substantially different separation of energy and charge
transport velocities by considering nonequilibrium dynam-
ics in one-dimensional Mott insulators. Mott insulators are
materials that are expected to be conducting based on con-
ventional band theory; however, they fail to do so due to
a gap induced by electron-electron interactions [18]. In the
Tomonaga-Luttinger description of the charge sector of 1D
systems, the gap is induced by Umklapp processes [19]. These
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1D Mott insulators include carbon nanotubes and organic con-
ductors; their charge sector is described by the sine-Gordon
field theory, which can be obtained via bosonization of the
Hubbard model [20].

Besides electronic systems, the sine-Gordon field theory
has numerous further applications ranging from spin chain
materials [21-24] through arrays of Josephson’s junctions
[25,26] to trapped ultracold atoms [27-32] and can also be
realized via quantum circuits [33] and coupled spin chains
[31]. Recently, it was shown that the topological charge Drude
weight in this model exhibits a fractal structure [34], similar
to that found for the spin Drude weight in the gapless XXZ
spin chain [35-39].

To study transport phenomena, we exploit the break-
through of Ref. [34], which enabled applying generalized
hydrodynamics (GHD) [40,41] to the sine-Gordon model at
generic values of the coupling. GHD gives access to the ex-
act large-scale dynamics of integrable systems and has been
immensely successful in numerous applications (see reviews
[42—46]), including the quantitative description of dynam-
ics in several cold gas experiments [47-50]. Using GHD,
we demonstrate that the dynamical separation of conserved
quantities also occurs in the quantum sine-Gordon model in
the form of topological charge and energy, as illustrated in
Fig. 1. Similarly to the Fermi gas, the phenomenon follows
from separate excitations, featuring different dispersion rela-
tions, being responsible for carrying the relevant quantities.
However, a key difference from spin-charge separation is that
energy-charge separation occurs in a gapped system. In ad-
dition, it also has a fractal structure analogous to the Drude
weight when considered as a function of coupling. Lastly,
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FIG. 1. Illustration of the mechanism behind charge-energy sep-
aration and the three-staged “arrowhead” light-cone propagation of
the topological charge in the bump release: (i) Outwards propagating
solitons, whose front follows the dashed line, push all background
magnons with them, following reflective kink/antikink scattering.
(ii) Magnons flow inwards to fill the depleted central region. (iii)
The remaining magnon depletion propagates outwards. The duration
of each stage depends on the coupling strength and temperature.

reflective scattering events can influence the ballistic transport
of the topological charge in a peculiar fashion, which we
demonstrate by considering a bump release protocol.

Sine-Gordon hydrodynamics. Sine-Gordon dynamics is
driven by the Hamiltonian

I B
H= / dx[5<az¢> +308) —ACOS(M)], (1)

where ¢(x) is a real scalar field, g is the coupling strength,
and the parameter A sets the mass scale. The spectrum of the
sine-Gordon model consists of topologically, and oppositely,
charged kinks/antikinks that are relativistic particles of mass
myg interpolating between the degenerate vacua of the cosine
potential. In the repulsive regime 47 < 8% < 8, kinks and
antikinks comprise the entire spectrum, while in the attractive
regime 0 < B2 < 4, kink-antikink pairs can form neutral
bound states dubbed breathers. Introducing the renormalized

. 2
coupling constant § = JW, the breather masses are mp, =

2myg sin(’%g), where k =1,...,ng = [1/&]. For B> > 8m,
the cosine term of the Hamiltonian (1) becomes irrelevant and
the system reduces to the Luttinger liquid model. We use units
given by the kink mass myg, i = 1, and the speed of light (the
sound velocity in condensed matter context) ¢ = 1, as well as
setting the Boltzmann constant kz = 1. As a result, energies
and temperatures are measured in units of mg, while distances
and times are measured in units of 1/myg.

The root cause of the transport phenomenon lies in the
dual nature of kink-antikink scattering, which can be both
transmissive and reflective with respective amplitudes

_ sinh(8/6)
$10) = G gy O ) @
Sp(0) = — T8 ¢ g g, 3)

sinh [(im — 0)/&]

where 6 is the rapidity difference between the excitations and
So(0, &) is a phase factor. All other scattering processes are
purely transmissive, with explicit expressions of their am-
plitudes given in the Supplemental Material [51] (see also
Refs. [52-54] therein). For integer values of 1/&, the kink-
antikink reflection amplitude (3) vanishes; at the aptly named
reflectionless points of the coupling all topologically charged
particles propagate at the same velocities, whereby any sepa-
ration in transported quantities vanishes.

Thermodynamic states of the system can be described
using the Bethe ansatz [55,56] and formulated in terms of
quasiparticle excitations consisting of the breathers By, a
single solitonic excitation S accounting for the energy and
momentum of the kinks, and also partly for the charge, and
additional massless auxiliary excitations, dubbed magnons,
which account for the internal degeneracies related to the
charge degrees of freedom of the kinks. While solitons carry a
positive topological charge, magnons are negatively charged
(see [51]). The magnons can be classified by writing the
coupling & as a continued fraction

1
§ = —. 4)

ng + i
v+ ————
v+

with np breathers and v; magnon species at level k. The
generic description of thermodynamic states was derived in
[34]. It contains a set of equations of the overall form

Y= TaSa+ Y MoPas * P, &)
b

where the star denotes convolution, py'(6) is the total den-
sity of states for excitations of type a in rapidity space,
pa(0) are the densities of occupied states, ®,;, are kernels
describing quasiparticle interactions, and 5, are sign factors
ensuring the positivity of the densities. The source terms s, =
myg cosh 6 /2 contain the mass m, of the corresponding exci-
tations, which is mg for solitons, mp, for the kth breather, and
m, = 0 for magnons. The above equations only fix the relation
between the total and occupied densities of states; in thermo-
dynamic equilibrium, at temperature 7' and chemical potential
u for the topological charge, all of them are fixed uniquely by
the thermodynamic Bethe ansatz (TBA) equations in terms of

the pseudoenergy functions €, = In(p'**/p, — 1)

€a=wq— Y MPap*In(l + ), (6)
b

where the source terms are w, = m, cosh8/T — uq,/T with
q, giving the topological charge carried by the excitation
of species a. More details, including the system’s partially
decoupled form and a graphical representation, can be found
in [34,51].

The large-scale dynamics of an inhomogeneous system can
be expressed in terms of the evolution of the quasiparticle den-
sities p,(z, t, 0) via the theory of generalized hydrodynamics
(GHD). In the absence of inhomogeneous couplings, the GHD
equation reads [40,41]

9 Pa(z.1.0) + 0. [0S (2.1,0) pulz, 1,0)] =0.  (7)

L161112-2



DYNAMICAL SEPARATION OF CHARGE AND ENERGY ...

PHYSICAL REVIEW B 109, L161112 (2024)

We omit the (z,?) dependence for a lighter notation in the
following. The effective velocity vi () represents the ballistic
propagation velocity of a quasiparticle of type a with rapidity
0 and is given by

(dpe)™ ()
(36pa)™(0)

where e,(0) = m, cosh 6 is the bare energy of the quasiparti-
cle type a and p,(6) = m, sinh 0 is their bare momentum. The
superscript “dr” indicates that the quantity has been dressed,
that is, it has been modified through interactions with other
quasiparticles. As a result, the effective velocity carries an im-
plicit dependence on the quasiparticle densities p, at the point
z and time ¢. The exact definition of the dressing operation and
the TBA scattering kernels can be found in the Supplemen-
tal Material [51]. Physically, the effective velocity originates
from the propagation of the quasiparticle excitations through
the finite density medium [57]; in the semiclassical picture,
this modification can be understood as the accumulated effect
of Wigner time delays associated with the phase shifts occur-
ring under elastic collisions [58,59].

Finally, thermodynamic expectation values of local oper-
ators can be computed from the quasiparticle densities. Thus
expectation values of densities of conserved quantities h (such
as topological charge and energy) are

ve(6) = ®)

(b(z,1)) =h(z, 1) = Z/ d pa(z,1,0) ha(6), (9

where h,(0) is the single-particle, bare eigenvalue of the cor-
responding conserved quantity, such as e,(6) for the energy
[51].

Charge-energy separation. In the limit of weak inhomo-
geneities, the separation of topological charge and energy
follows from the different effective velocities of magnons and
solitons. To quantify the separation, we compute the charge-
charge and energy-energy correlators at the hydrodynamic
scale in thermal states, which indicate the maximal velocity
of an energy or charge disturbance spreading on the thermal
background, following [60,61]:

Cyy.0,(z, 1) = (h1(z, 1)h2(0, 0))c

— 1 Z Z Pa(O)[1 — 9,(0)]

—hdra(e)hdra(e),
a 0e0x() ’(aevfff)(@)\ b 2,

(10)

where ¢ = z/t, and 0(¢) are the set of rapidities for which
the effective velocity takes the value ¢, i.e., the solution of the
equation v‘;’ff(e) = ¢. The separation (and its absence) on the
full range of the coupling 82 /87 and for four different temper-
atures is shown in Fig. 2. The figure depicts the half-width (in
¢) of the correlators (see [51]). It indicates that the separation
strongly depends on the temperature in the attractive regime
(where it is only visible at low temperatures), while it is more
robust in the repulsive regime. These dependencies follow
from the relative rapidity width of the quasiparticle density
to the reflective scattering amplitude—the former increasing
with temperature, while the latter increases with coupling .
Thus, in the repulsive regime, the amplitude Sg(6) is generally
wide compared to p(6) up to high temperatures, while in the
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FIG. 2. Half-width of the support of charge-charge (blue) and
energy-energy (red) correlators in a bipartition protocol as function
of the coupling strength B2/8m. The correlators are computed for
dynamics at different temperatures and values of £ with at most two
magnonic levels in the TBA system. The results are computed at
discrete points, joined by a line in the plot to emphasize the discon-
tinuous nature of the charge-charge case. The vertical dotted lines
indicate the reflectionless points. Dimensionful quantities are given
in units defined by setting mg = 1, i = 1, and ¢ = 1 as specified in
the main text. Note the logarithmic scale of the horizontal axis.

attractive regime, the width of p(6) is comparable to Sg(6)
even at low temperatures. In contrast, the kink-antikink scat-
tering at reflectionless points is purely transmissive, whereby
charge and energy propagate at the same velocity. Notice the
characteristic fractal structure in the dependence of the charge
correlator half-width on the coupling, which is parallel to that
found for the charge Drude weight in [34]. Calculations of the
half-width of topological charge- and energy-current profiles
in a bipartition protocol with infinitesimal chemical potential
and temperature differences of the two system halves reveal
similar structures. For more details on the calculations for the
bipartition protocol, see [51].

“Arrowhead” light cone. In the presence of strong inho-
mogeneities, reflective scattering events can lead to peculiar
dynamics, which we demonstrate in a repulsive system with
coupling & = 3, with one solitonic and v; = 3 magnonic
excitation species. The system is initialized in a local
thermodynamic equilibrium at a given temperature 7 and
an inhomogeneous chemical potential profile ©(z), such
that the initial topological charge density follows ¢(z) =
Gmax exp(—%), where gm.x = 0.4 and o = 0.5. This realizes
a central region containing an excess of positively charged
solitons and depletion of negatively charged magnons; in the
charge-neutral background, their contribution is equal and
opposite. The dynamics is initiated by quenching the potential
to zero at time ¢t = 0. Below we use 52“(0) to denote the
effective velocity of quasiparticle species a evaluated in the
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FIG. 3. Evolution of topological charge density q and energy
density e following a bump release in the repulsive & = 3 sine-
Gordon model at three different temperatures 7. Dashed and dotted
lines indicate the position of the fastest traveling soliton and magnon
for the background state, respectively. The densities are scaled with
the factor (1 4 ¢) to emphasize features at later times. Dimensionful
quantities are given in units defined by setting mg = 1, i = 1, and
¢ = 1 as specified in the main text.

background state. To simulate the GHD dynamics, we employ
the backwards semi-Lagrangian method with a fourth-order
scheme [62,63].

Figure 3 depicts the simulated charge and energy density
evolution for temperatures 7 = 0.3, 0.5, 1. For the energy
density, a clear light cone is visible for all three temperatures,
with higher temperatures featuring a sharper expansion pro-
file. The front of the light cone propagates with the velocity

(a) pPs PM % 10° (b) ps
0 0.05 0.1 0 1 2 0 0.05 0.1
T —

of the fastest solitons in the initial charge bump, indicated
by the dashed line, which is obtained by first finding the end
point of the rapidity interval containing 98% of the soliton
quasiparticles in the bump 6,.x, then evaluating i‘;ff(é’max).
The match between energy transport and soliton propagation
is expected since only the solitonic excitations contribute to
the energy.

In contrast, the evolution of the topological charge density
exhibits a three-staged (“arrowhead”) light cone. The mech-
anism behind this dynamics is illustrated in Fig. 1, while the
underlying quasiparticle distribution is plotted at select times
in Fig. 4 [64]: in the first stage, dynamics is dominated by the
reflective scattering between kinks and antikinks; the energy-
carrying solitons push all the background magnons with them
and the charge propagation matches the energy light cone. The
soliton propagation is hardly affected by interactions with the
magnons. This is evident from the soliton distribution of the
initial bump dispersing according to their effective velocity
in the background state ngf, which is indicated by a dashed
line in Fig. 4. Meanwhile, for lower temperatures, the magnon
propagation deviates strongly from their background velocity
i,eéf(é) (plotted as a dotted line in Fig. 4), due to the magnons
being pushed outwards by the expanding soliton bump. The
first stage lasts roughly until the charge contribution of the
accumulated magnons cancels out that of the solitons; at this
point, the outwards propagating charge front vanishes and
magnons can propagate past the soliton front and start filling
up the central depletion, thus shrinking the positively charged
region. In the final stage, as the inwards propagating magnons
cross the center (z = 0), a second outgoing light cone appears,
effectively caused by the magnon depletion propagating out-
wards with velocity vSI.

We find that the duration of the first and second stages
exhibits a strong dependence on the temperature 7. For in-
creasing temperature, the density of solitons and magnons
in the background state grows, as seen in Fig. 4. Thus the
point where the topological charge of the soliton front is
canceled by the accumulated magnon charge (marking the
end of the first stage) is reached much sooner. In turn, this

PM x 103 (c) ps PM x 10°
0 2 4 0 005 01 0 2 4 6 8
[—— e |

FIG. 4. Soliton ps and (last) magnon p,, distributions at different times ¢ following a bump release in the repulsive £ = 3 sine-Gordon
model for three temperatures: (a) 7 = 0.3, (b) T = 0.5, and (c) T = 1.0. The dashed and dotted lines indicate the positions z = U;ff(é’)z and

—eff

Z = vy, (6)t, respectively. Dimensionful quantities are given in units defined by setting mg = 1, = 1, and ¢ = 1 as specified in the main text.
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leads to the magnon depletion region being much narrower,
thereby reducing the duration of the second stage. Indeed,
the charge propagation of the higher temperature realiza-
tions in Fig. 3 follows almost solely stage three. In the third
stage, the initial, large perturbation has somewhat dispersed,
whereby the system is only weakly inhomogeneous. Thus the
charge-energy separation follows from the different effective
velocities of magnons and solitons in thermal states; this dif-
ference decreases as T increases, as the results shown in Fig. 2
demonstrate.

Additionally, we have simulated the bump release in the
attractive regime; see [S1] for figures depicting the results.
Here, we find no clear “arrowhead” structure in the charge
propagation, as the different stages overlap. Similarly to the
repulsive case, the dispersing soliton bump pushes magnons of
the background state with it. However, as the rapidity width of
the reflective scattering amplitude is much narrower in the at-
tractive regime, the accumulated magnons can propagate past
the solitons and fill the central magnon depletion immediately.
Thus the charge front of the propagating solitons is never (or at
most only very slowly) canceled by the magnon accumulation,
whereby the first stage charge light cone (which follows the
energy light cone) persists.

Summary. We uncovered an effect of charge-energy sep-
aration in 1D Mott insulators, which manifests across a
wide range of coupling strengths and temperatures using the
framework of generalized hydrodynamics for the quantum
sine-Gordon model. In the partitioning protocol, we have
found that the separation exhibits a fractal structure similar
to the Drude weight; at low temperatures, a clear separation
is present at all coupling strengths except for the reflection-
less points, while at higher temperatures and lower coupling
strengths, the separation is suppressed. The bump release pro-
tocol sheds light on the underlying mechanism, which origi-

nates from the reflective part of the kink-antikink scattering.
This mechanism implies that the effect is of a purely quantum
origin and cannot be accounted for by the recent semiclassical
approach to sine-Gordon GHD [65,66] since the classical scat-
tering is purely transmissive. The role of reflective scattering
is enhanced at low temperatures, especially in the repulsive
regime, leading to a striking three-stage “arrowhead” light
cone effect in the evolution of the topological charge.

The bump release, and similar protocols, can be experi-
mentally realized by polarizing the 1D Mott insulator via a
locally applied voltage. Besides electronic systems, it can also
be implemented in other realizations of sine-Gordon theory:
for 1D magnets, the topological charge corresponds to spin,
whereas the bump release can be realized using a locally
applied magnetic field, while in cold atom systems, it can
be achieved via a local shaping of the condensate as recently
reported in [67].

We thank A. Bastianello and S. Erne for useful discussions.
This work was supported by the National Research, Devel-
opment and Innovation Office of Hungary (NKFIH) through
the OTKA Grant ANN No. 142584. EM. acknowledges
support from the European Research Council: ERC-AdG:
Emergence in Quantum Physics (EmQ) and partial support
by the Austrian Science Fund (FWF) (Grant No. 16276).
B.N. was partially supported by the Doctoral Excellence
Fellowship Programme (DCEP) funded by the National Re-
search Development and Innovation Fund of the Ministry of
Culture and Innovation and the Budapest University of Tech-
nology and Economics, under a Grant Agreement with the
National Research, Development and Innovation Office. G.T.
was also partially supported by the NKFIH grant “Quantum
Information National Laboratory” (Grant No. 2022-2.1.1-NL-
2022-00004).

[1] B. Bertini, F. Heidrich-Meisner, C. Karrasch, T. Prosen, R.
Steinigeweg, and M. Znidari¢, Finite-temperature transport in
one-dimensional quantum lattice models, Rev. Mod. Phys. 93,
025003 (2021).

[2] P. Mazur, Non-ergodicity of phase functions in certain systems,
Physica 43, 533 (1969).

[3] M. Suzuki, Ergodicity, constants of motion, and bounds for
susceptibilities, Physica 51, 277 (1971).

[4] H. Castella, X. Zotos, and P. Prelovsek, Integrability and ideal
conductance at finite temperatures, Phys. Rev. Lett. 74, 972
(1995).

[5] T. Giamarchi, Quantum Physics in One Dimension, Interna-
tional Series of Monographs on Physics (Clarendon Press,
Oxford, 2004).

[6] P. Segovia, D. Purdie, M. Hengsberger, and Y. Baer, Observa-
tion of spin and charge collective modes in one-dimensional
metallic chains, Nature (London) 402, 504 (1999).

[7] O. M. Auslaender, H. Steinberg, A. Yacoby, Y. Tserkovnyak,
B. 1. Halperin, K. W. Baldwin, L. N. Pfeiffer, and K. W.
West, Spin-charge separation and localization in one dimension,
Science 308, 88 (2005).

[8] B. J. Kim, H. Koh, E. Rotenberg, S. J. Oh, H. Eisaki, N.
Motoyama, S. Uchida, T. Tohyama, S. Maekawa, Z. X. Shen,
and C. Kim, Distinct spinon and holon dispersions in photoe-
mission spectral functions from one-dimensional SrCuQO,, Nat.
Phys. 2, 397 (2006).

[9] Y. Jompol, C.J. B. Ford, J. P. Griffiths, I. Farrer, G. A. C. Jones,
D. Anderson, D. A. Ritchie, T. W. Silk, and A. J. Schofield,
Probing spin-charge separation in a Tomonaga-Luttinger liquid,
Science 325, 597 (2009).

[10] J. Vijayan, P. Sompet, G. Salomon, J. Koepsell, S. Hirthe, A.
Bohrdt, F. Grusdt, I. Bloch, and C. Gross, Time-resolved ob-
servation of spin-charge deconfinement in fermionic Hubbard
chains, Science 367, 186 (2020).

[11] P. M. T. Vianez, Y. Jin, M. Moreno, A. S. Anirban, A. Anthore,
W. K. Tan, J. P. Griffiths, I. Farrer, D. A. Ritchie, A. J. Schofield,
O. Tsyplyatyev, and C. J. B. Ford, Observing separate spin
and charge Fermi seas in a strongly correlated one-dimensional
conductor, Sci. Adv. 8, eabm2781 (2022).

[12] S. Tomonaga, Remarks on Bloch’s method of sound waves
applied to many-fermion problems, Prog. Theor. Phys. 5, 544
(1950).

L161112-5


https://doi.org/10.1103/RevModPhys.93.025003
https://doi.org/10.1016/0031-8914(69)90185-2
https://doi.org/10.1016/0031-8914(71)90226-6
https://doi.org/10.1103/PhysRevLett.74.972
https://doi.org/10.1038/990052
https://doi.org/10.1126/science.1107821
https://doi.org/10.1038/nphys316
https://doi.org/10.1126/science.1171769
https://doi.org/10.1126/science.aay2354
https://doi.org/10.1126/sciadv.abm2781
https://doi.org/10.1143/ptp/5.4.544

M@LLER, NAGY, KORMOS, AND TAKACS

PHYSICAL REVIEW B 109, L161112 (2024)

[13] J. M. Luttinger, An exactly soluble model of a many-fermion
system, J. Math. Phys. 4, 1154 (1963).

[14] C. Kollath, U. Schollwock, and W. Zwerger, Spin-charge sepa-
ration in cold Fermi gases: A real time analysis, Phys. Rev. Lett.
95, 176401 (2005).

[15] M. Mestyan, B. Bertini, L. Piroli, and P. Calabrese, Spin-
charge separation effects in the low-temperature transport of
one-dimensional Fermi gases, Phys. Rev. B 99, 014305 (2019).

[16] S. Scopa, P. Calabrese, and L. Piroli, Real-time spin-charge
separation in one-dimensional Fermi gases from generalized
hydrodynamics, Phys. Rev. B 104, 115423 (2021).

[17] R. Senaratne, D. Cavazos-Cavazos, S. Wang, F. He, Y.-T.
Chang, A. Kafle, H. Pu, X.-W. Guan, and R. G. Hulet, Spin-
charge separation in a one-dimensional Fermi gas with tunable
interactions, Science 376, 1305 (2022).

[18] N. F. Mott, Metal-Insulator Transitions (Taylor and Francis,
London, 1990).

[19] T. Giamarchi, Umklapp process and resistivity in one-
dimensional fermion systems, Phys. Rev. B 44, 2905 (1991).

[20] D. Controzzi, F. H. L. Essler, and A. M. Tsvelik, Dynamical
properties of one dimensional Mott insulators, in New Theoreti-
cal Approaches to Strongly Correlated Systems, edited by A. M.
Tsvelik (Springer Netherlands, Dordrecht, 2001), pp. 25-46.

[21] I. Umegaki, H. Tanaka, T. Ono, H. Uekusa, and H. Nojiri,
Elementary excitations of the § = % one-dimensional antiferro-
magnet KCuGaFg in a magnetic field and quantum sine-Gordon
model, Phys. Rev. B 79, 184401 (2009).

[22] S. A. Zvyagin, A. K. Kolezhuk, J. Krzystek, and R. Feyerherm,
Excitation hierarchy of the quantum sine-Gordon spin chain in
a strong magnetic field, Phys. Rev. Lett. 93, 027201 (2004).

[23] F. H. L. Essler and A. M. Tsvelik, Dynamical magnetic suscep-
tibilities in copper benzoate, Phys. Rev. B 57, 10592 (1998).

[24] F. H. L. EBler, Sine-Gordon low-energy effective theory for
copper benzoate, Phys. Rev. B 59, 14376 (1999).

[25] P. S. Lomdahl, Solitons in Josephson junctions: An overview,
J. Stat. Phys. 39, 551 (1985).

[26] A. Davidson, B. Dueholm, B. Kryger, and N. F. Pedersen, Ex-
perimental investigation of trapped sine-Gordon solitons, Phys.
Rev. Lett. 55, 2059 (1985).

[27] V. Gritsev, A. Polkovnikov, and E. Demler, Linear response
theory for a pair of coupled one-dimensional condensates of
interacting atoms, Phys. Rev. B 75, 174511 (2007).

[28] J. 1. Cirac, P. Maraner, and J. K. Pachos, Cold atom simulation
of interacting relativistic quantum field theories, Phys. Rev.
Lett. 105, 190403 (2010).

[29] E. Haller, R. Hart, M. J. Mark, J. G. Danzl, L. Reichsollner, M.
Gustavsson, M. Dalmonte, G. Pupillo, and H.-C. Négerl, Pin-
ning quantum phase transition for a Luttinger liquid of strongly
interacting bosons, Nature (London) 466, 597 (2010).

[30] T. Schweigler, V. Kasper, S. Erne, 1. Mazets, B. Rauer,
F. Cataldini, T. Langen, T. Gasenzer, J. Berges, and J.
Schmiedmayer, Experimental characterization of a quan-
tum many-body system via higher-order correlations, Nature
(London) 545, 323 (2017).

[31] E. Wybo, M. Knap, and A. Bastianello, Quantum sine-Gordon
dynamics in coupled spin chains, Phys. Rev. B 106, 075102
(2022).

[32] E. Wybo, A. Bastianello, M. Aidelsburger, 1. Bloch, and M.
Knap, Preparing and analyzing solitons in the sine-Gordon

model with quantum gas microscopes, PRX Quantum 4,
030308 (2023).

[33] A. Roy, D. Schuricht, J. Hauschild, F. Pollmann, and H. Saleur,
The quantum sine-Gordon model with quantum circuits, Nucl.
Phys. B 968, 115445 (2021).

[34] B. C. Nagy, M. Kormos, and G. Takacs, Thermodynamics and
fractal Drude weights in the sine-Gordon model, Phys. Rev. B
108, L.241105 (2023).

[35] T. Prosen and E. Ilievski, Families of quasilocal conservation
laws and quantum spin transport, Phys. Rev. Lett. 111, 057203
(2013).

[36] E. Ilievski and J. De Nardis, Microscopic origin of ideal con-
ductivity in integrable quantum models, Phys. Rev. Lett. 119,
020602 (2017).

[37] M. Ljubotina, L. Zadnik, and T. Prosen, Ballistic spin transport
in a periodically driven integrable quantum system, Phys. Rev.
Lett. 122, 150605 (2019).

[38] U. Agrawal, S. Gopalakrishnan, R. Vasseur, and B. Ware,
Anomalous low-frequency conductivity in easy-plane XXZ
spin chains, Phys. Rev. B 101, 224415 (2020).

[39] E. Hlievski, Popcorn Drude weights from quantum symmetry,
J. Phys. A: Math. Theor. 55, 504005 (2022).

[40] O. A. Castro-Alvaredo, B. Doyon, and T. Yoshimura, Emergent
hydrodynamics in integrable quantum systems out of equilib-
rium, Phys. Rev. X 6, 041065 (2016).

[41] B. Bertini, M. Collura, J. De Nardis, and M. Fagotti,
Transport in out-of-equilibrium XXZ chains: Exact pro-
files of charges and currents, Phys. Rev. Lett. 117, 207201
(2016).

[42] V. Alba, B. Bertini, M. Fagotti, L. Piroli, and P. Ruggiero,
Generalized-hydrodynamic approach to inhomogeneous
quenches: correlations, entanglement and quantum effects,
J. Stat. Mech. Theor. Exp. (2021) 114004.

[43] J. De Nardis, B. Doyon, M. Medenjak, and M. Panfil, Cor-
relation functions and transport coefficients in generalised
hydrodynamics, J. Stat. Mech. (2022) 014002.

[44] 1. Bouchoule and J. Dubail, Generalized Hydrodynamics in
the one-dimensional Bose gas: theory and experiments, J. Stat.
Mech. Theor. Exp. (2022) 014003.

[45] A. Bastianello, A. D. Luca, and R. Vasseur, Hydrodynamics of
weak integrability breaking, J. Stat. Mech. Theor. Exp. (2021)
114003.

[46] B. Doyon, S. Gopalakrishnan, F. Mgller, J. Schmiedmayer,
and R. Vasseur, Generalized Hydrodynamics: a perspective,
arXiv:2311.03438 [cond-mat.stat-mech].

[47] M. Schemmer, I. Bouchoule, B. Doyon, and J. Dubail, Gener-
alized Hydrodynamics on an atom chip, Phys. Rev. Lett. 122,
090601 (2019).

[48] N. Malvania, Y. Zhang, Y. Le, J. Dubail, M. Rigol, and D. S.
Weiss, Generalized Hydrodynamics in strongly interacting 1D
Bose gases, Science 373, 1129 (2021).

[49] E. Mgller, C. Li, 1. Mazets, H.-P. Stimming, T. Zhou, Z. Zhu,
X. Chen, and J. Schmiedmayer, Extension of the generalized
hydrodynamics to the dimensional crossover regime, Phys. Rev.
Lett. 126, 090602 (2021).

[50] F. Cataldini, F. Mgller, M. Tajik, J. A. Sabino, S.-C. Ji, L
Mazets, T. Schweigler, B. Rauer, and J. Schmiedmayer, Emer-
gent Pauli blocking in a weakly interacting Bose gas, Phys. Rev.
X 12, 041032 (2022).

L161112-6


https://doi.org/10.1063/1.1704046
https://doi.org/10.1103/PhysRevLett.95.176401
https://doi.org/10.1103/PhysRevB.99.014305
https://doi.org/10.1103/PhysRevB.104.115423
https://doi.org/10.1126/science.abn1719
https://doi.org/10.1103/PhysRevB.44.2905
https://doi.org/10.1103/PhysRevB.79.184401
https://doi.org/10.1103/PhysRevLett.93.027201
https://doi.org/10.1103/PhysRevB.57.10592
https://doi.org/10.1103/PhysRevB.59.14376
https://doi.org/10.1007/BF01008351
https://doi.org/10.1103/PhysRevLett.55.2059
https://doi.org/10.1103/PhysRevB.75.174511
https://doi.org/10.1103/PhysRevLett.105.190403
https://doi.org/10.1038/nature09259
https://doi.org/10.1038/nature22310
https://doi.org/10.1103/PhysRevB.106.075102
https://doi.org/10.1103/PRXQuantum.4.030308
https://doi.org/10.1016/j.nuclphysb.2021.115445
https://doi.org/10.1103/PhysRevB.108.L241105
https://doi.org/10.1103/PhysRevLett.111.057203
https://doi.org/10.1103/PhysRevLett.119.020602
https://doi.org/10.1103/PhysRevLett.122.150605
https://doi.org/10.1103/PhysRevB.101.224415
https://doi.org/10.1088/1751-8121/acaa77
https://doi.org/10.1103/PhysRevX.6.041065
https://doi.org/10.1103/PhysRevLett.117.207201
https://doi.org/10.1088/1742-5468/ac257d
https://doi.org/10.1088/1742-5468/ac3658
https://doi.org/10.1088/1742-5468/ac3659
https://doi.org/10.1088/1742-5468/ac26b2
https://arxiv.org/abs/2311.03438
https://doi.org/10.1103/PhysRevLett.122.090601
https://doi.org/10.1126/science.abf0147
https://doi.org/10.1103/PhysRevLett.126.090602
https://doi.org/10.1103/PhysRevX.12.041032

DYNAMICAL SEPARATION OF CHARGE AND ENERGY ...

PHYSICAL REVIEW B 109, L161112 (2024)

[51] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevB.109.L.161112 describing (1) the TBA sys-
tem, (2) scattering amplitudes, (3) additional results from the
bipartition protocol, and (4) additional results from the bump-
release protocol.

[52] B. Bertini, L. Piroli, and M. Kormos, Transport in the sine-
Gordon field theory: From generalized hydrodynamics to
semiclassics, Phys. Rev. B 100, 035108 (2019).

[53] B. C. Nagy, G. Takécs, and M. Kormos, Thermodynamic Bethe
Ansatz and Generalised Hydrodynamics in the sine-Gordon
model, arXiv:2312.03909 [cond-mat.str-el].

[54] B. Doyon, Lecture notes on Generalised Hydrodynamics,
SciPost Phys. Lect. Notes 18 (2020).

[55] C. N. Yang and C. P. Yang, Thermodynamics of a one-
dimensional system of bosons with repulsive delta-function
interaction, J. Math. Phys. 10, 1115 (1969).

[56] M. Takahashi, Thermodynamics of One-Dimensional Solv-
able Models (Cambridge University Press, Cambridge, UK,
1999).

[57] M. Borsi, B. Pozsgay, and L. Pristydk, Current operators
in Bethe ansatz and generalized hydrodynamics: An exact
quantum-classical correspondence, Phys. Rev. X 10, 011054
(2020).

[58] V. B. Bulchandani, R. Vasseur, C. Karrasch, and J. E. Moore,
Bethe-Boltzmann hydrodynamics and spin transport in the XXZ
chain, Phys. Rev. B 97, 045407 (2018).

[59] B. Doyon, T. Yoshimura, and J.-S. Caux, Soliton gases and
generalized hydrodynamics, Phys. Rev. Lett. 120, 045301
(2018).

[60] B. Doyon and H. Spohn, Drude weight for the Lieb-Liniger
Bose gas, SciPost Phys. 3, 039 (2017).

[61] FE. S. Mgller, G. Perfetto, B. Doyon, and J. Schmiedmayer,
Euler-scale dynamical correlations in integrable systems with
fluid motion, SciPost Phys. Core 3, 016 (2020).

[62] F. S. Mgller and J. Schmiedmayer, Introducing iFluid: a nu-
merical framework for solving hydrodynamical equations in
integrable models, SciPost Phys. 8, 041 (2020).

[63] F. Mgller, N. Besse, I. Mazets, H. Stimming, and N. Mauser,
The dissipative Generalized Hydrodynamic equations and their
numerical solution, J. Comput. Phys. 493, 112431 (2023).

[64] Note, only the last (third) magnon species is plotted, as all
species exhibit rather similar dynamics.

[65] R. Koch and A. Bastianello, Exact thermodynamics and trans-
port in the classical sine-Gordon model, SciPost Phys. 15, 140
(2023).

[66] A. Bastianello, Sine-Gordon model from coupled condensates:
A generalized hydrodynamics viewpoint, Phys. Rev. B 109,
035118 (2024).

[67] M. Tajik, B. Rauer, T. Schweigler, F. Cataldini, J. Sabino, F. S.
Mgller, S.-C. Ji, I. E. Mazets, and J. Schmiedmayer, Design-
ing arbitrary one-dimensional potentials on an atom chip, Opt.
Express 27, 33474 (2019).

L161112-7


http://link.aps.org/supplemental/10.1103/PhysRevB.109.L161112
https://doi.org/10.1103/PhysRevB.100.035108
https://arxiv.org/abs/2312.03909
https://doi.org/10.21468/SciPostPhysLectNotes.18
https://doi.org/10.1063/1.1664947
https://doi.org/10.1103/PhysRevX.10.011054
https://doi.org/10.1103/PhysRevB.97.045407
https://doi.org/10.1103/PhysRevLett.120.045301
https://doi.org/10.21468/SciPostPhys.3.6.039
https://doi.org/10.21468/SciPostPhysCore.3.2.016
https://doi.org/10.21468/SciPostPhys.8.3.041
https://doi.org/10.1016/j.jcp.2023.112431
https://doi.org/10.21468/SciPostPhys.15.4.140
https://doi.org/10.1103/PhysRevB.109.035118
https://doi.org/10.1364/OE.27.033474

