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The interplay between a topological degeneracy and the residue degeneracy (also known as the residue
entropy) of quantum criticality remains an important but not thoroughly understood topic. We find that this topo-
logical degeneracy, provided by a Majorana zero mode pair, relaxes the otherwise strictly requested symmetry
requirement, to observe the boundary Berezinskii-Kosterlitz-Thouless (BKT) quantum phase transition (QPT)
of a dissipative resonant level. Our work indicates that the topological degeneracy can be potentially viewed as
an auxiliary symmetry that realizes a robust boundary QPT. The relaxation of the symmetry requirement extends
the transition from a point to a finite area, thus greatly reducing the difficulty to experimentally observe the QPT.
This topology-involved exotic BKT phase diagram, on the other hand, provides another piece of evidence that
can further confirm the existence of a Majorana zero mode.
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Introduction. Boundary quantum phase transitions (QPTs)
[1,2] are special QPTs triggered by the change of bound-
ary conditions. Similar to the bulk ones, boundary QPTs
normally involve symmetries. For instance, in multichannel
Kondo [3-7], Luttinger liquid resonant [8], multiple-impurity
Anderson or Kondo [9-15], and dissipative resonant level
[16—18] models, the observation of quantum critical point
(QCP) requires the impurity to symmetrically couple to in-
volved leads. Actually, the symmetric coupling that triggers
quantum frustration at QCP produces a nontrivial residue de-
generacy, which is another important feature of QPT [1,3].
This residue degeneracy, heavily focused on recently as a
QPT-induced “anyon” [7,19-22], has been proposed as an am-
plifier of topological nontriviality [23]. As another example, a
Berezinskii-Kosterlitz-Thouless (BKT) transition is predicted
in a dissipative resonant level model (DRLM) [18,24] be-
tween the ballistic-transmission and isolated-impurity phases.
Its observation, importantly, also requires perfectly symmetric
lead-dot couplings [18,24]. This fine-tuning prerequisite of
symmetry is among the difficulties to observe this BKT QPT.
To the best of our knowledge, a BKT-type boundary QPT has
not yet been reported experimentally.

On the other hand, a pair of Majorana zero modes (MZMs),
predicted to exist at end points of a nanowire heterostructure
[25-27] and vortices of a topological superconductor [28,29],
is known to provide a nonlocally defined topological degener-
acy, given a long-enough inter-MZM distance. In addition, the
coupling between a topological degeneracy and a lead always
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has equal electron (i.e., normal tunneling) and hole (i.e., An-
dreev reflection) components. These two robust features of a
topological degeneracy, distinct from a trivially local one, are
among the key elements of topological quantum computation
[30]. Exploring the intricate influences of topological degen-
eracy on the residue degeneracy in QPTs, where symmetry is a
prerequisite, constitutes a compelling avenue of investigation.
A crucial line of inquiry involves investigating the potential
role of topological degeneracy as an auxiliary symmetry capa-
ble of reinstating boundary QPTs that have been undermined
by asymmetry.

In this work, we thus investigate the influence of topo-
logical degeneracy on the boundary BKT QPT in a DRLM.
Without the topological degeneracy, it is known that the
BKT transition of a DRLM requires a perfect symmetry
between two involved leads. Surprisingly, as among our cen-
tral results, this strict symmetry requirement (to observe the
BKT QPT) is remarkably relaxed, by coupling an MZM to
the dot of the DRLM [see Fig. 2, which is distinct from
Fig. 1(b)]. With Coulomb gas renormalization group (RG)
equations and g-theorem [31-33], we further prove that the
relaxation of symmetry requirement is a direct consequence of
the topological degeneracy, with which the left-right asymme-
try becomes irrelevant near the strong-tunneling fixed point.
Our work, as far as we know, is pioneering in studying
the interplay between topological degeneracy and boundary
QPTs where symmetries are otherwise strictly requested. In
addition, the broadened ballistic-transmission phase space
(Fig. 2) greatly reduces the experimental difficulty to observe
the BKT QPT of a DRLM. Remarkably, the phase diagram
featuring MZMs, which greatly contrasts that of a regular
DRLM, provides a clear and unequivocal indicator for detect-
ing the presence of MZMs. In real experiments, to observe our
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FIG. 1. (a) The model of the system. The MZM (red dot) couples
to the dot of the DRLM, with the amplitude . The dot couples
to two leads with corresponding amplitudes V, and Vi. The leads
are dissipative with the total impedance R. When #y = 0, the sys-
tem reduces to the DRLM, with the zero-temperature equilibrium
conductance in (b) (when r = 2.5), as a function of dimensionless
quantities V; 7. and Vgt.. Here, 7. is the cutoff in imaginary time.
In real systems, 7. ~ 1/D, with D the relevant bandwidth [34]. In
(b), the conductance is determined by the fixed points [with four
candidates in (c)] to which the system approaches [figured out by RG
equations (2) and (3)] at zero temperature. The marked-out phases
A-D are illustrated in (c), with red crosses indicating vanishing
lead-dot communications. Of phase B, both dot-lead couplings are
transparent, leading to a perfect equilibrium conductance €/ at zero
temperature. Otherwise (phases A, C, and D), the dot decouples with
one or both leads. The corresponding zero-temperature equilibrium
conductance vanishes.

predicted phenomenon (i.e., phase diagrams in Figs. 1 and 2),
the temperature and applied voltage bias are required to be
smaller than the Majorana-dot coupling and effective lead-dot
hybridizations.

Model. The system we consider [with the Hamiltonian
H = Hyeags + Himpuriy + Hr, see Fig. 1(a)] contains two dissi-
pative leads (He,qs) that couple to (Hy) a Majorana-contained
impurity part Himpuity = €4d’d + itw(d 4+ d*)y1 /+/2, where
d indicates the dot that couples to one MZM y;. The other
MZM 1y, [not shown in Fig. 1(a)] decouples from y,, to
enforce the exact topological degeneracy. For later conve-
nience, we define an auxiliary fermionic operator dyzv =
(1 —iy)/ V2 with MZMs. The lead Hamiltonian Hieugs
contains two free fermionic leads and bosonic environmen-
tal modes. With those modes included, the lead-impurity
tunneling Hamiltonian Hr = V. de'" + Vryrjde® + H.c.
contains the dynamical phase ¢, that is conjugate to the
charge number N, = f dxi/fi(x)lﬂa(x), in the correspond-
ing lead @ = L, R. After integrating out the environmental
modes, ¢, = —@pr = @, with the long-time dynamical feature
(p(t)p(0)) ~ 2rInt [35], where r = Rez/h is the ratio be-
tween the Ohmic impedance R of the dissipative leads, and
the resistance quanta 1/¢*. The required dissipation has been
realized in real experiments [16,17,36,37]. Finally, two leads
couple to the dot, with hybridization parameters V;, and Vk.

Dissipative modes introduce an effective many-body
interaction to the system [38-40]. We then bosonize
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FIG. 2. Phase diagrams (indicated by the corresponding zero-
temperature equilibrium conductance) and RG flow curves when
r=2.5. (a and b) Phase diagrams with larger (fy = 0.147,) and
smaller (fy = 0.057;) values of #y, respectively. Here, Tj is the initial
temperature of RG flow (i.e., the temperature at which parameters
in Hamiltonian are obtained) that requires experimental calibration.
Similar to that in Fig. 1(b), the conductance is obtained after iden-
tifying the fixed point [A or B, cf. Fig. 1(c)] to which the system
flows at zero temperature. (c) High-temperature RG flow curves
of Keparge @and Ky, for the symmetric (red curves) and asymmetric
(blue curves) situations. The red and blue diamonds mark points
that belong to the ballistic-transmission (Keparge < K¢) and isolated-
impurity (Keharge > Kc) phases, respectively, if high-temperature RG
flow terminates at their corresponding / (! = 0 when RG initially
begins). (d) Low-temperature RG flow of Kparee and Ky, with their
initial values given by the corresponding diamond.

lead fermions after extending semi-infinite leads into chi-
ral full-one-dimensional (full-1D) ones [41,42] ¥,(x) =
Fy expligy (x)]/+/2ma, where a is the short-distance cut-
off and F, is the Klein factor that enforces the fermionic
anticommutator. Finally, the bosonic phase ¢, satisfies
the commutation relation [y (x), ¢o (x")] = iT O — X' )5y o
These fields are related to the charge numbers in two leads
Np.r = el¢r r(00) — ¢ r(—00)]/(27). To proceed, we de-
fine the common and difference fields with the rotation ¢, =
(¢ £ or)/ V2. The postrotation fields ¢. and ¢, reflect the
total charge number N, 4+ Nz and the number difference
Ny — Ng, respectively. With bosonization and the rotation, the
dissipative phase can be combined with the difference field
¢} = (¢ + ¢/~/2)/~/T+r. The addressed dissipative phase

¢ = ror— ©/~2r)/~/T+ r decouples, reducing the sys-
tem degrees of freedom.

BKT QPT of the DRLM. When the MZM decouples (t =
0), the system reduces to the regular DRLM, where a bound-
ary BKT QPT is predicted [18] when 2 < r < 3 and V;, = V¢
[43] (see an alternative QPT interpretation in Ref. [24]). When
Vi, = Vg is larger than a critical value [44], the system flows to
the ballistic-transmission phase with conductance e?/h [line
B in the phase diagram of Fig. 1(b)]. Notice that this con-
ductance is different from that of Refs. [45,46], due to the
dissipative and interacting effect [16,47-52]. By contrast, with
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couplings smaller than the critical value, the system instead
flows to the isolated-impurity phase [A of Fig. 1(b)] with
zero conductance. The transition (between phases A and B)
is of BKT type, due to the absence of QCP. Indeed, it shares
equivalent scaling equations with those of an XY model,
the pioneering model of topological transition [53-55]. More
specifically, when r > 2, the lead-dot coupling is originally
RG irrelevant [i.e., with scaling dimension larger than 1 [56],
see Eq. (2)]. The couplings then initially decrease during the
RG flow. If V;, = Vi are initially large enough, the dot charge
number gradually becomes fixed at half-filling [18,41]. The
common field, reflecting the charge number fluctuation, then
loses its scaling dimension after the RG, leading to a rele-
vant lead-dot coupling if r < 3. Briefly, the change of scaling
dimension (upon the RG flow) leads to the BKT QPT: the
system can enter the ballistic-transmission phase only if V,,
and Vi become relevant before they vanish; otherwise, the
flow terminates in the isolated-impurity phase.

Importantly, this BKT QPT requires a strict left-right sym-
metry V; = Vi. Indeed, if V;, # Vi, the system flows to other
two zero-conductance phases [C and D of Fig. 1(b)]. The
transition C <> B <> D, with state B as the QCP, is not of
BKT type. As our main result, we show that with a finite
Majorana-dot coupling ty, the strict left-right symmetry to
observe the BKT QPT is relaxed. Indeed, as shown in Fig. 2,
the ballistic-transmission phase (area B) has extended from
a 1D line [Fig. 1(b)] to a two-dimensional (2D) space. The
specific phase diagram changes under the different values of
tm: when f decreases [i.e., increasing cutoff /¢, from Fig. 2(a)
to Fig. 2(b)], the ballistic-transmission phase requires smaller
lead-dot tunnelings, but has a worse tolerance against left-
right asymmetry.

Coulomb gas RG. In this work, we obtain the phase dia-
gram of Figs. 2(a) and 2(b) with the method of Coulomb gas
RG [41,57]. Briefly, within the Coulomb gas representation,
one works with the partition function

1/T Ti—Te Tn—1—Tc
Z = / dT1-~-/ dr~+1...f dr,
Xn: 0 0 l 0 "

X (Hr(t1) ... Hr(Tiv1) - - Hr(T0) Bt Hinpurey > (1)

where n refers to the number of lead-impurity tunneling
events during imaginary time 1/7, and t. is the cutoff: for
any i € [1,n — 1], 7; — 111 > 7. is enforced. Expansions of
Eq. (1) are carried out within the interaction picture [58],
over lead-impurity tunnelings Hr. One can perform RG cal-
culations [41] as follows. During each RG step, one starts
with the cutoff 7. and increases it to 7. 4+ d7. (indicating
the temperature decreasing). The pairs of tunneling events
at {t;, t;11} with condition 7. < |t; — Ti11| < T, + d7. should
be integrated out. RG flow equations are then obtained, after
rescaling the cutoff and enforcing the invariance of Z. In
Eq. (1), the correlator of Hr equals the product of the free-
lead correlation (with the environmental modes included) and
the impurity correlation. The free-lead contribution can be
straightforwardly obtained [18,41].

The impurity correlator can be obtained by solving the
Hamiltonian Hjypurity. leading to four impurity eigenstates:
two even-parity ones |y 3) = %(:Fill, 1) +10, 0)) and two

odd-parity ones |y 4) = Lz(:Fi|1, 0) + 10, 1)), where |n, m)
indicates the state with n and m particle (either 0 or 1) in
the dot and the auxiliary dot dyizm, respectively. Assuming
v > 0, states [y) and |y,) become the degenerate ground
states: they have the energy —#y;, lower than that (f) of |¥3)
and [4).

Without lead-dot tunneling, the impurity part stays in two
possible ground states, |1} and |y, ). This double-degeneracy
originates from the topological degeneracy. After one lead-dot

tgnneling, they become d|1/f‘|) = —%(Il/fz) + ), dT |y =
s(Y2) — [Y4)), dIY2) = —5(1¥1) + |¥3)), and d'|yn) =

L(1y1) — [¥3)), resulting in (noneigen) final states with
impurity parities different from the initial ones. The impurity
state before the next lead-impurity tunneling depends on the
evolution time [44]. For the low-temperature limit 7 < fy,
tunnelings are rare; the impurity state evolves back to the
ground states |y;) and |y,) before the next tunneling. By
contrast, for the high-temperature situation 7 >> #y1, lead-dot
tunnelings are frequent, and the impurity state stays in the
noneigenstate before the next lead-impurity tunneling. We
thus have to treat the low-temperature and high-temperature
situations separately.

The high-temperature RG flow. We start by visiting
the high-temperature regime T > t\;, where all four im-
purity states are energetically allowed. Of this case, the
impurity-lead tunneling histories with alternating creation and
annihilation operators dominate the partition function [44].
The effect of the MZM-dot coupling is then negligible, lead-
ing to RG equations that approximately equal that of a normal
DRLM (following Ref. [18], or reducing Luttinger liquid
spinful results of Ref. [34] to the spinless case),

1+
4

chharge/dl = _47—'52 [Kcharge (VL2 + VR2) + Kusy (VL2 - VRZ)]’
dKasy/dl = =202 [Kasy (V2 + V) + (V2 = V)], 2)

r
dVL,R/dl = VL,R|:l - (1 + Kcha.rge + 2Kasy):| s

where parameter / indicates the RG flow progress [44]: it
equals zero at the beginning of RG, and increases when
temperature 7 decreases [ ~ In(7y/T), with Ty the initial
temperature (a device-dependent parameter that can only be
characterized experimentally). Kcpage, With its initial value
1/(1 + r), refers to the scaling dimension of the common
field ¢.. Kysy, which equals zero initially, refers to the scaling
dimension from the left-right asymmetry [18,41]. These two
parameters are introduced to model the change of bosonic-
field correlation functions, during the RG flow. Briefly, these
two parameters are introduced to model two influences of
the RG flow. Firstly, during the RG flow, common field
correlation, which equals (exp[ig.(¢)] exp[—ig.(0)])initia1 X
1/t initially, becomes modified into the effective correla-
tion (eXP[i¢c(l)] exp[_i¢c(0)]>RG—effective X ]/tKChmge~ As the
second effect, if Vi, # Vg, the common (¢.) and difference
(¢r) fields, which were initially uncorrelated, obtain the
effective correlation (explig.(t)] exp[—ig;(0)])RG-effective X
1/t%s leading to, crucially, different correlations of bosonic
fields (¢ and ¢r). Correlations above, evaluated during the
RG flow, on the other hand, define these two quantities Kcparge
and K. Crucially, these two parameters are conventionally
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FIG. 3. Lead-impurity tunneling events. (a) In a regular DRLM,
the dot state alternates (between two degenerate dot states) in time.
(b) In great contrast, with tunneling into the MZM degeneracy
(the gray arrow), two neighboring dot-lead tunneling events (shown
by the blue and red arrows) can both contain a creation operator
in the dot.

involved in studying interacting systems (e.g., Refs. [34,41]).
For the symmetric case V; = Vg, K,y is fixed at zero [red
dashed line of Fig. 2(c)]. The scaling dimension of lead-
dot tunnelings becomes smaller than 1 (thus RG relevant)
when Kpaee has become smaller than Kc =4/(1+7r) — 1.
For asymmetric situations, by contrast, |K,sy| increases dur-
ing the RG flow [blue dashed line of Fig. 2(c)], after which
the larger lead-dot coupling becomes more relevant than the
weaker one, leading to an even more significant asymmetry
[44]. The high-temperature flow terminates when 7' ~ #.
Low-temperature RG and the phase diagram. For the low-
temperature case 7T < fy, only ground states are allowed as
real states in the impurity, and after one lead-dot tunneling, the
impurity system prefers to evolve to one of the ground states
(J¥r1) or [yr,)) before the next lead-dot tunneling event. Neigh-
boring dot operators can be thus the same: a consequence of
the presence of topological degeneracy. Low-temperature RG
equations of an MZM-involved system become [44]

147
4

dKeharge/dl =0, dKygy/dl = =217 (V] 4+ Vg)Kagy.  (3)

dVL,R/dl = VL,R[l - 1+ Kcharge + 2Kasy)i|9

with initial values of Kcparge and Ky, importantly, inherited
from the RG-flow of the previous stage. The low-temperature
flow Eq. (3) contains two major Majorana-induced modi-
fications: (1) Kcharge, Which initially decreases in the high-
temperature situation [solid lines of Fig. 2(c)], now stops
flowing [solid lines of Fig. 2(d)], and, more importantly, (2)
K.y, which increases in the asymmetric case of the high-
temperature limit [dashed red line of Fig. 2(c)], now instead
begins to decrease to zero [dashed lines of Fig. 2(d)]. Mod-
ification (2), remarkably, is the key element that leads to the
irrelevance of a weak asymmetry. Indeed, when Ky, has van-
ished, dVp g/dl = VL g[1 — (1 + r)(1 + Kcparge)/4], where Vi,
and Vi simultaneously increase to perfect or decrease to zero,
disregarding a weak asymmetry. Noticeably, the irrelevance of
asymmetry also removes phases C and D in Fig. 1(c), where
only one lead-impurity coupling (the smaller one of V,, or Vi)
flows to zero. As the consequence of (1), the final phase is
determined by the value of Kcharge, larger or smaller than K,
at the end of high-temperature flow [as shown in Fig. 2(d)].
One can physically understand these two modifications
with Fig. 3. Briefly, in DRLM [with corresponding RG equa-
tions (2)] the dot state alternates in time [Fig. 3(a)], where
N + Ng has only two possible (integer) options. Field ¢,

reflecting fluctuations of Ny + N, then gradually loses its
scaling dimension [reflected by the decreasing Kcharge Of
Eq. (2)] when N, + Ny is fixed by a half-filling dot [41]. In
great contrast, with Majorana involved, the parity of the im-
purity part, including the dot and a coupled MZM, alternates
in time [Fig. 3(b)]. The corresponding common field ¢, now
becomes a free 1D field. Its scaling dimension Kcparge thus
remains invariant during the RG flow of Eq. (3). We em-
phasize, importantly, the necessity of topological degeneracy
in the picture above. Instead, if the DRLM dot couples to a
zero-energy Andreev bound state (ABS), the case can reduce
to the DRLM with a detuned dot [44]: a system with only
the isolated-impurity phase [16—18]. This effective detuning
is proportional to the difference in amplitudes of normal and
Andreev tunnelings between ABS and the dot. Crucially, as-
suming the effective detuning ¢ (not the inter-MZM coupling
that can be reduced by increasing the nanowire size), it obeys
[44]
Tc (VLZ + VRZ) —&T, £T.

T e=¢+ ) (e e™) G
and grows during the RG flow. Consequently, however small
initially, &€ becomes dominant, driving the system to the zero-
conductance phase at energies much smaller than ¢. Specially,
¢ equals zero initially, for an accidentally fine-tuned ABS. It
however will not provide an extended ballistic-transmission
phase, due to inevitable cross-talks between tuning gates [44].

Modifications above also explain features of Figs. 2(a) and
2(b). More specifically, with a larger fy; of Fig. 2(a), (1) for
the symmetric case, a larger value of V; = Vi is required to
enter the ballistic-transmission phase, and (2) for the asym-
metric case, the ballistic-transmission phase tolerates a larger
value of V; — V. Feature (1) is a consequence of an earlier
termination, due to a larger #y, of the high-temperature flow.
Feature (2) is related to the nonmonotonous curve of Kcparge
[blue solid line of Fig. 2(c)].

Discussion. In this paper, we show that the MZM-
introduced topological degeneracy can relax the strict
symmetry requirement V;, = V¢ for a BKT QPT in a DRLM.
This result can be understood with the g-theorem [31,32],
by visiting the effect of a weak asymmetry in the strong
tunneling regime. Briefly, the g-theorem claims that in a
boundary QPT, the phase with a smaller degeneracy is
more stable. Indeed, in a regular asymmetry-present DRLM,
the fixed point where the dot is fully hybridized by the
stronger lead has a smaller degeneracy [degeneracy g = 1, in
Fig. 4(b)] than that of the ballistic-transmission fixed point
[g =+/1+r [99], Fig. 4(a)]. The zero-conductance phase
is thus more stable in a regular DRLM. With the Majorana
provided, the fixed point where the dot is hybridized by
the stronger lead has the degeneracy /2 [Fig. 4(d)], the
degeneracy of a single MZM: larger than that [Fig. 4(b)] of
the MZM absent situation. For the ballistic transmission case,
the Majorana couples to the residued dot degeneracy (i.e.,
+/1 + r). The degeneracy of the impurity part, obtained after
the MZM-residue fusion [60,61] (see Ref. [62], a pioneering
example), is generally hard to obtain. Indeed, an arbitrary r
does not necessarily correspond to a discrete Virasoro algebra
with central charge ¢ < 1 [60]. We can, however, evaluate the
possible range of degeneracy, with fusion between primary
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FIG. 4. The effect of left-right asymmetry (assuming V, < V)
in a regular (a and b) and Majorana-involved DRLM (c and d). The
red and blue dots refer to the MZM and the residue degeneracy (g =
+/1+ r) of the ballistic-transmission phase, respectively. The gray
dot instead indicates the hybridized dot degree of freedom. RG flow
prefers the fixed point with a smaller degeneracy.

fields of the Ising model (c = 1/2). Indeed, if r = 1, we have
the fusion [vT+7r]x[v2]=[v2]x[v2]=[1]+][2],
with numbers indicating the degeneracy. For r = 3, instead
[VT+7] x [v2] = [2] x [v2] = [v/2] + [2+/2]. Taking the
smaller degeneracy of both cases, the Majorana-involved
ballistic-transmission phase thus has a smaller degeneracy
[1<g<+2, Fig. 4(c)] than that (v/2) of the zero-
conductance one, indicating a stabilized ballistic-transmission
phase against a weak asymmetry. Importantly, similar
g-theorem analysis applies to situations with a finite €;: the
BKT QPT thus tolerates also a small dot detuning [44].

Before closure, we emphasize that the predicted modifi-
cation of the BKT QPT phase diagram can further confirm a
plausible Majorana signature (if any), through the detection of
the nontrivial MZM degeneracy. Indeed, with a zero-energy
ABS (which notoriously reduces the reliability of Majorana
signals), the impurity part, including the resonant level and
the ABS, is gapped in energy [i.e., ¢ of Eq. (4)], resulting in a
suppressed current at low energies. A detailed calculation and
corresponding g-theorem analysis are provided in the Supple-
mental Material [44]. Remarkably, conclusions above even
remain applicable to situations where the hybrid nanowire
has multiple conductance channels. Encouraged by persistent
progress of Majorana hunting in nanodevices [63-72], espe-
cially for the cases with dissipative environments [73-77],
we anticipate the experimental capability to introduce enough
dissipation in potential Majorana-hosted candidates. Prospec-
tively, other QPT-hosted systems (either one-dimensional
ones or systems with multiple boundary QPTs) can potentially
help the identification of Majorana nonlocalities [78—84], an-
other crucial element in topological quantum devices.
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