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Topological interfaces of two-dimensional conformal field theories contain information about symmetries
of the theory and exhibit striking spectral and entanglement characteristics. While lattice realizations of these
interfaces have been proposed for unitary minimal models, the same has remained elusive for the paradigmatic
Luttinger liquid, i.e., the free, compact boson model. Here, we show that a topological interface of two Luttinger
liquids can be realized by coupling special one-dimensional superconductors. The gapless excitations in the latter
carry charges that are specific integer multiples of the charge of Cooper pairs. The aforementioned integers are
determined by the windings in the target space of the bosonic fields — a crucial element required to give rise
to nontrivial topological interfaces. The latter occur due to the perfect transmission of certain number of Cooper
pairs across the interface. The topological interfaces arise naturally in Josephson junction arrays with the simplest
case being realized by an array of experimentally demonstrated 0 − π qubits, capacitors and ordinary Josephson
junctions. Signatures of the topological interface are obtained through entanglement entropy computations. In
particular, the subleading contribution to the so-called interface entropy is shown to differ from existing field
theory predictions. The proposed lattice model provides an experimentally realizable alternative to spin and
anyon chains for the analysis of several conjectured conformal fixed points which have so far eluded ab initio
investigation.

DOI: 10.1103/PhysRevB.109.L161107

Boundaries and interfaces in two-dimensional conformal
field theories (CFTs) contain signatures of their universal
characteristics [1,2]. Investigation of the associated finite-size
effects serves as a powerful method of characterizing the cor-
responding critical system. The latter are relevant for a large
family of physical problems ranging from impurity scattering
in condensed matter physics [3–5] to Dirichlet branes in string
theory [6,7].

Topological or perfectly transmissive interfaces [2,8] are
those that maintain the continuity of the stress-energy tensor
across the interface. Thus, they can be deformed without
affecting the values of the correlation functions as long as
they are not taken across field insertions. The defect operators
associated with the topological interfaces reflect the internal
symmetries of the CFT [9] and play a fundamental role in
the investigation of anyon chains [10], generalized notions
of symmetries [11,12] and the correspondence between two-
dimensional CFTs and three-dimensional topological field
theories [13,14].

Given the importance of topological interfaces in CFTs, it
is natural to construct lattice models that realize them in the
scaling limit, thereby enabling ab initio computations of the
interface characteristics. This is particularly important for the
investigation of properties that are not directly amenable to an-
alytical computations without making additional assumptions.
An example is the ground state entanglement entropy (EE) in
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the presence of topological interfaces, where violations of the
field theory predictions due to the existence of zero energy
modes have been found for the Ising [15,16] and the Potts [17]
models. In fact, lattice realizations of arbitrary topological
interfaces in unitary minimal models are known based on
quantum spin or anyon chains [17–21]. However, the same has
remained elusive for Luttinger liquids, i.e., free, compactified
boson models [22]. This is due to the difficulty of systematic
realization of integer (>1) winding of the bosonic field in
target space using spin/anyon chains.

Here, we show that arbitrary integer windings in tar-
get space and thus, nontrivial topological interfaces of free
boson models, can be realized by coupling one-dimensional
superconductors with gapless excitations whose charges are
specific integer multiples of the charge of the Cooper pairs.
The latter Hamiltonians arise naturally in Josephson junc-
tion arrays that allow tunneling of only the aforementioned
specific integer multiples of Cooper pairs. The topological
interface occurs for certain ratios of the Luttinger parameters
that govern the decay of vertex operators on either side of
the interface. The relevant continuum model and the lattice
realization are described below.

Figure 1(a) shows the schematic with the interface located
at x = 0 for the free, compact, bosonic fields ϕl , ϕr with
Luttinger parameters Kl , Kr . At the interface, the fields satisfy
mrϕl (x = 0, τ ) = mlϕr (x = 0, τ ), where the integers ml,r are
the corresponding winding numbers [27]. The topological
interface is a special case arising when m2

l Kr = m2
r Kl [28].

Since ml = mr = 1 leads to Kl = Kr i.e., no interface, nontriv-
ial cases arise only when at least one of the winding numbers
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FIG. 1. (a) The bosonic fields ϕl , ϕr are glued at the interface
located at x = 0. The Luttinger parameters (winding numbers in
target space) on either side of the interface are denoted by Kl , Kr

(ml , mr). The topological interface occurs for m2
l Kr = m2

r Kl . (b) One-
dimensional Josephson-junction array that realizes the interface of
(a) in the scaling limit. The superconducting granules (gray circles),
with charging energy to ground plane Ec, are separated by gener-
alized Josephson junctions. The latter allow tunneling of only ml (r)

Cooper pairs with charge 2ml (r)e on the left (right) of the interface
with rate EJl (r) . (c) Schematics of an ordinary Josephson junction
and a 0 − π qubit [23–26] required to realize the simplest nontrivial
topological interface with ml = 1, mr = 2.

is greater than 1. For the sake of definiteness, we consider
ml , mr coprime with ml < mr .

Figure 1(b) shows the schematic of the lattice model that
realizes the aforementioned interface in the scaling limit. The
gray circles denote superconducting islands with charging en-
ergy Ec arising due to the self-capacitance. On the left (right)
of the interface, the superconducting islands are separated
by generalized Josephson junctions that allow tunneling of
only ml (mr ) Cooper pairs at a rate EJl (r) . The case ml,r =
1 corresponds to the ordinary Josephson junction, while
ml,r = 2 corresponds to the recently proposed [23–26] and
experimentally demonstrated [29–31] 0 − π qubit [Fig. 1(c)].
The Hamiltonian for the lattice model with open boundary
condition is given as

H = Ec

L∑
j=1

n2
j − EJl

j0−1∑
j=1

cos(mlφ j − mlφ j+1)

− EJr

L−1∑
j= j0

cos(mrφ j − mrφ j+1). (1)

Here, n j is the excess number of Cooper pairs on the jth

superconducting island and φk is the superconducting phase
at the kth node, satisfying [n j, e±iφk ] = ±h̄δ jke±iφk [32]. For
EJl , EJr � Ec, the portion of the array on the left (right) of
the interface is in a superconducting state with gapless exci-
tations carrying charge 2peml (r), p ∈ Z [33]. The low-energy
properties are described by the Euclidean action

S = 1

2πKl

∫
x<0

(∂μϕl )
2 + 1

2πKr

∫
x>0

(∂μϕr )2 (2)

with the interface condition mrϕl (x = 0) = mlϕr (x = 0). The
bosonic fields on either side of the interface are compactified
with radius 2π : ϕl,r ≡ ϕl,r + 2π . The vertex operators eiϕl,r

correspond to the coarse-grained counterpart of the lattice

operators eiml,rφ j . The correlation-functions of eipϕl (r) , p ∈ Z
on the left (right) side of the array decay algebraically with
an exponent determined by Kl (r) [34]. The latter depend on
the ratios EJl,r /Ec [35]. The condition for the interface to be
topological, m2

l Kr = m2
r Kl , ensures that the vertex operators

eimrϕl and eiml ϕr decay with the same exponent on the two
sides of the interface. Note that the Hamiltonian H [Eq. (1)]
directly provides a lattice regularization of the fixed point
action [Eq. (2)]. The same interface (topological or other-
wise) could also be realized by replacing the first term in
the final summation in Eq. (1) by − cos[mlmr (φ j0 − φ j0+1)].
This would lead to a contribution to the continuum action
of the form −M

∫
dτ cos[mrϕl (0) − mlϕr (0)] where M > 0

is a coupling constant. From dimensional analysis, as long
as m2

l Kr + m2
r Kl < 2, the aforementioned interface condition

[below Eq. (2)] would be realized in the infrared limit.
Next, numerical simulation results, obtained with the den-

sity matrix renormalization group (DMRG) technique [36],
are presented for the proposed lattice model. The diagnostic of
choice is the g function or the universal ground state degener-
acy [37] associated with the interface. Here, the logarithm of
the g function is obtained by computing the subleading O(1)
term in EE at a conformal quantum critical point [38,39]. In
the context of interfaces, this subleading term arises in the
EE of a region symmetrically located around the interface.
Folding the system at the interface identifies the g function
as that associated with a boundary condition for a CFT with
central charge twice that of the unfolded model. In the case
where the boundary conditions at the ends of the folded model
are the same [Fig. 2(b)], the EE for the subsystem of size x is

Ss(x) = c

3
ln

[
2L

π
sin

πx

L

]
+ ln (gbgNl gNr ) + . . . , (3)

where c = 1, the central charge of the gapless bulk theory and
the dots indicate nonuniversal contributions [40,41]. Among
the three universal contributions to the O(1) term, ln gb arises
due to the boundary condition of the folded array, while the
remaining two due to the Neumann boundary conditions at
the entanglement cuts in the lower and upper halves of the
folded array [40,41]. For the interface of the two bosonic fields
realized in Eqs. (1) and (2), gb = gint. The relevant g functions
are given as [28]

gNα
= K

− 1
4

α , gDα
= K

1
4
α√
2
, gint =

[
m2

l Kr + m2
r Kl

2
√

KlKr

] 1
2

, (4)

where α = l, r [42]. At the topological point, the interface
g function depends only on the winding numbers and equals√

mlmr .
Figure 2(a) shows the EE results for the folded chain for

several choices of boundary conditions. The latter are chosen
to be identical for the two ends. The topological interface
is analyzed for ml = 1, mr = 2. The parameters EJl , EJr are
chosen such that the Luttinger parameters satisfy Kr ≈ 4Kl .
The green (maroon) circles (squares) correspond to Neu-
mann (Dirichlet) boundary conditions for two bosonic fields.
The Neumann case is realized by keeping the two halves
of the array decoupled, while the Dirichlet boundary con-
dition by applying a strong boundary potential of the form
− cos[ml (r)φk] for the lower (upper) halves of the array [35].
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FIG. 2. DMRG results in the folded configuration with identical boundary condition on both ends. The length of the folded array, L = 40
and the winding numbers are chosen as: ml = 1, mr = 2. (a) EE (Ss ) as a function of subsystem size for varying boundary conditions. Here,
Nl Nr and Dl Dr and T correspond to Neumann (free), Dirichlet (fixed), and topological boundary conditions on both ends of the folded array.
In particular, Nl Nr (Dl Dr) correspond to free (fixed) boundary condition on both ϕl and ϕr with boundary g-function gb = gNl gNr (gDl gDr ). The
parameters EJl , EJr are chosen such that the corresponding Luttinger parameters on the two halves of the array are Kr ≈ 4Kl . To emphasize
the role of winding numbers, Ss is also computed for another case: ml = m′

r = 1 with K ′
r ≈ 4Kl . The corresponding free (Nl N ′

r ), fixed (Dl D′
r )

and non-T (nontopological) boundary conditions are shown. The EE for the Nl N ′
r (Dl D′

r ) case coincides with that for Nl Nr (Dl Dr ) [Eq. (4)].
However, the EE is not the same for the non-T and T boundary conditions, reflected in the difference between the orange and violet curves.
This is due to a difference in the corresponding g functions. (b) Schematic of the configuration analyzed. (c) The Luttinger parameters Kl , Kr

and K ′
r are obtained using infinite DMRG computations of correlation functions: Cα (d ) = 〈eiαφ j e−iαφ j+d 〉, α = 1, 2.

Here, the index k denotes the site-indices at the ends of the
folded array. Finally, results for the topological boundary con-
dition (purple diamonds) are obtained by analyzing the ground
state of H [Eq. (1)]. The change in the universal contribution
to the EE is obtained by computing the change in the EEs at
the center of the chain, x ≈ L/2 [43], with the expected results
being shown in parentheses. The relevant Luttinger param-
eters are obtained from the exponent of the algebraic decay
of the correlation functions Cα (d ) = 〈eiαφ j e−iαφ j+d 〉, α = 1, 2
using infinite DMRG [Fig. 2(c)]. Next, it is checked that
the topological interface arises truly as a consequence of the
winding numbers and not just due to the Luttinger parameters
having a certain ratio. To that end, results are also shown for
the case when the winding numbers for the bosonic fields
on the two sides of the interface are: ml = m′

r = 1, with the
Luttinger parameters K ′

r ≈ 4Kl . In this case, when Neumann
and Dirichlet boundary conditions are imposed for the two
bosons at both ends, the EE remains the same. This is because
gNα

, gDα
depend only on the Luttinger parameters and not on

the winding numbers. However, when the upper and lower ar-
rays are coupled, the EE is different from the topological case
[Eq. (4)], as is also confirmed by the numerical simulations
(orange curve labeled non-top) [44].

Next, the perfectly transmissive nature of the topological
interface is verified from the behavior of the interface EE.
The latter is the EE of a subsystem chosen with its one end
coinciding with the interface and the other with the end of
the system [45]. The interface EE depends logarithmically on
the system-size SI = (ceff ln L)/6 + S0. For the model under
consideration, the coefficient ceff defines an effective central
charge which depends continuously on the interface coupling

[45,46] and equals the central charge of the bulk theory only
for a topological interface. The universal part of the sublead-
ing term S0, when computed using the twisted torus partition
function, has been shown to depend on the winding numbers
of the bosonic fields glued at the interface [45]. However,
this analytical computation is known to be problematic since
it fails to be capture the true geometric configuration of the
interface. The corresponding prediction for the Ising model
[47] has already been shown to be incorrect using ab-initio
computations [15,16]. The free boson case is no different, as
shown below.

Fig. 3(a) shows the DMRG results for the EE for differ-
ent bipartitionings of the unfolded array with open boundary
conditions at the ends [Fig. 1(b)]. The blue (cyan) circles
(squares) show the EE for the ground-state of the left (right)
bosonic theory. The purple diamonds show the EE for the
topological (T) case when the EE transitions smoothly from
the EE of the left bosonic theory to that of the right. This
smooth transition is symbolic of the perfectly-transmissive in-
terface. The corresponding variation of the interface EE with
system-size is shown in Fig. 3(b) where the central charge
is indeed obtained to be 1. On the other hand, the EE for
the non-topological (non-T) interface (orange triangles, same
parameters as Fig. 2) shows a clear dip in the EE indicating the
existence of reflections of the entanglement-carrying modes.
The corresponding variation with subsystem-size in Fig. 3(b)
reveals a coefficient of the leading logarithmic term ≈0.856.
This is close to 0.845, obtained using the analytical predic-
tions of Ref. [45]. However, the change in the subleading
term is different from what Ref. [45] predicts for both T and
non-T cases. This subleading term measured with respect to
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FIG. 3. DMRG results for the ground-state EE for different bipartitionings of the array in Fig. 1(b) with open boundary conditions at
the ends. The parameters Kl , Kr and K ′

r are chosen as in Fig. 2. (a) The blue (cyan) circles (squares) correspond to the EE for the ground
state if only the left (right) free boson theory occupied the entire array. The violet (orange) curve shows the case of the topological
(non-topological) interface, denoted by T (non-T). For the topological (nontopological) interface, the Luttinger parameters and winding
numbers for the bosonic field on the right are chosen to be Kr ≈ 4Kl (K ′

r ≈ 4Kl ) and mr = 2 (m′
r = 1), respectively. Only in the case of

mr = 2 is the topological interface realized. This is manifest in the EE seamlessly turning in to that for the bosonic field on the right as well as
in the correlation functions C2(d ) = 〈e2iφ j e−2iφ j+d 〉 (inset). The latter exhibit a continuous (abruptly changing) behavior across the interface
for the topological (non-topological) case. (b) The topological (nontopological) nature of the interface for the violet (orange) curves of (a) is
verified by the variation of the interface EE with the logarithm of the subsystem-size (expected values in the parenthesis). (c) EE as a function
of subsystem size for the interface between bosonic fields with winding numbers ml = 2, mr = 3. The parameters EJl , EJr are chosen such
that Kl ≈ 0.086, Kr ≈ 0.196 ≈ 9Kl/4. In both (a) and (c), the change in the EE at the interface ≈ ln(mr/ml ), which is different from earlier
predictions [45].

the EE of the left bosonic theory, for a topological inter-
face, is simply given by the difference between the EEs of
the two bosonic models. This difference equals 2 ln(gNr /gNl ).
The logarithms of the g functions arise due to the Neumann
boundary conditions at the entanglement cuts for the two
bosonic models [40,41]. At the topological point, this leads
to an offset ln(mr/ml ), which is different from − ln(mlmr )
obtained in Ref. [45]. To verify this, the EE for different bipar-
titionings is shown for the topological interface realized with
winding numbers ml = 2, mr = 3. Note that the subleading
term in the interface EE assumes this simple form only for
the topological interface. Analytical prediction away from the
topological point remains unknown to us. Finally, the inset
of Fig. 3(a) shows the behavior of the pair-correlation func-
tion C2(d ) = 〈e2iφ j e−2iφ j+d 〉. The latter across a topological
interface (violet diamonds), exhibits a continuous behavior
as expected from perfect transmission of the pairs of Cooper
pairs. However, across the nontopological interface (orange
triangles), the slope changes abruptly at the interface, which
is expected since the same correlation function decays four
times faster on the right of the interface.

To summarize, this work investigates Josephson-junction
arrays that realize topological interfaces of Luttinger liquids.
These interfaces, requiring specific integer windings in target
space of the bosonic fields, are those that allow perfect trans-
mission of the same integer number of Cooper pairs across
the interface. The signatures of the topological interface are

obtained through EE computations of the ground state. The
defect g function, obtained by considering the change in
the boundary entropy in the folded picture, is in agreement
the analytical results for the c = 2 CFT. On the other hand, the
change in the subleading term in the scaling of the interface
EE is found to be ln(mr/ml ), which is different from the
existing analytical predictions [45].

The Josephson-junction-based incarnation of the topolog-
ical interface is amenable to experiments, with the simplest
nontrivial case requiring only experimentally demonstrated
quantum circuit elements. Signatures of perfect transmission
of integer number of Cooper pairs, reminiscent of Andreev
reflection [48], as well as potential formation of bound states
for a CFT bubble [27] could be measured in transport exper-
iments. The tunable Josephson junction allows investigation
of observables both at and away from the topological fixed
point. Unlike the boundary CFT for the free, compact boson
that has been analyzed extensively in the context of quantum
Brownian motion [49], superconductor-insulator transition
[50–53] and tunneling in a one-dimensional electronic sys-
tems [54,55], the same for the c = 2 CFT remains much less
explored. Several boundary fixed points have been predicted
to occur [56–60] with exotic properties that do not have coun-
terparts for the c = 1 theory. The proposed lattice model and
its generalizations provide a systematic way to realize several
of the aforementioned fixed points that have so far eluded
lattice investigation.
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