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We study a dynamical spin response of surface Majorana modes in a topological superconductor–magnet
hybrid under microwave irradiation. We find a method to toggle between dissipative and nondissipative Majorana
Ising spin dynamics by adjusting the external magnetic field angle and the microwave frequency. This reflects
the topological nature of the Majorana modes, enhancing the Gilbert damping of the magnet, thereby providing
a detection method for the Majorana Ising spins. Our findings illuminate a magnetic probe for Majorana modes,
paving the path to innovative spin devices.
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Introduction. The quest for Majoranas within matter stands
as one of the principal challenges in the study of condensed
matter physics, more so in the field of quantum many-body
systems [1]. The self-conjugate nature of Majoranas leads to
peculiar electrical characteristics that have been the subject of
intensive research, both theoretical and experimental [2]. In
contrast, the focus of this Letter lies on the magnetic proper-
ties of Majoranas, specifically the Majorana Ising spin [3–8].
A distinctive characteristic of Majorana modes, appearing as
a surface state in topological superconductors (TSCs), is its
exceedingly strong anisotropy, which makes it behave as an
Ising spin. In particular, this Letter proposes a method to
explore the dynamical response of the Majorana Ising spin
through the exchange interaction at the magnetic interface,
achieved by coupling the TSC to a ferromagnet with ferro-
magnetic resonance (FMR) [as shown in Fig. 1(a)].

FMR modulation in a magnetic hybrid system has attracted
much attention as a method to analyze spin excitations in
thin-film materials attached to magnetic materials [9,10]. Ir-
radiating a magnetic material with microwaves induces the
dynamics of localized spin in magnetic materials, which can
excite spins in adjacent thin-film materials via the magnetic
proximity effect. This setup is called spin pumping, and has
been studied intensively in the field of spintronics as a method
of injecting spins through interfaces [11,12]. Recent stud-
ies have theoretically proposed that spin excitation can be
characterized by FMR in hybrid systems of superconducting
thin films and magnetic materials [13–18]. Therefore, it is
expected to be possible to analyze the dynamics of surface
Majorana Ising spins using FMR in hybrid systems.

In this Letter, we consider a TSC–ferromagnetic insulator
(FI) hybrid system as shown in Fig. 1(a). The FMR is induced
by microwave irradiation on the FI. At the interface between
the TSC and the FI, the surface Majorana modes interact with

the localized spins in the FI. As a result, the localized spin
dynamics leads to the dynamical Majorana Ising spin response
(DMISR), which means the Majorana Ising spin density is
dynamically induced, and it is possible to toggle between dis-
sipative and nondissipative Majorana Ising spin dynamics by
adjusting the external magnetic field angle and the microwave
frequency. Furthermore, the modulation of the localized spin
dynamics due to the interface interaction leads to a frequency
shift and a linewidth broadening, which reflect the properties
of the Majorana Ising spin dynamics. This work proposes a
setup for detecting Majorana modes and paves the way for the
development of quantum computing and spin devices using
Majoranas.

Model. We introduce a model Hamiltonian H consisting of
three terms,

H = HM + HFI + Hex. (1)

The first, second, and third terms respectively describe the sur-
face Majorana modes on the TSC surface, the bulk FI, and the
proximity-induced exchange coupling. Our focus is on energy
regions significantly smaller than the bulk superconducting
gap. This focus allows the spin excitation in the TSC to be
well described using the surface Majorana modes. Detailed
explanations of each of these three terms are provided below.

The first term HM describes the surface Majorana modes,

HM = 1

2

∫
drψT(r)(h̄vk̂yσ

x − h̄vk̂xσ
y)ψ(r), (2)

where r = (x, y), k̂ = (−i∂x,−i∂y), v is a constant ve-
locity, and σ = (σ x, σ y, σ z ) are the Pauli matrices. The
two-component Majorana field operator is given by ψ(r) =
(ψ→(r), ψ←(r))T, with the spin quantization axis along
the x axis. The Majorana field operators satisfy the Ma-
jorana condition ψσ (r) = ψ†

σ (r) and the anticommutation
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relation {ψσ (r), ψσ ′ (r)} = δσσ ′δ(r − r′) where σ, σ ′ =→,←.
We can derive HM by using surface-localized solutions of the
Bogoliubov-de Gennes (BdG) equation based on the bulk TSC
Hamiltonian. The details of the derivation of HM are provided
in the Supplemental Material [19].

A notable feature of the surface Majorana modes is that
the spin density is Ising-like, which we call the Majorana
Ising spin [3–8]. The feature follows naturally from the
Majorana condition and the anticommutation relation. The
Majorana Ising spin density operator is given by s(r) :=
ψT(r)(σ/2)ψ(r) = (0, 0,−iψ→(r)ψ←(r)) (see the Supple-
mental Material for details [19]). The anisotropy of the
Majorana Ising spin is the hallmark of the surface Majorana
modes on the TSC surface.

The second term HFI descries the bulk FI and is given by
the ferromagnetic Heisenberg model,

HFI = −J
∑
〈n,m〉

Sn · Sm − h̄γ hdc

∑
n

SZ
n , (3)

where J > 0 is the exchange coupling constant, Sn is the
localized spin at site n, 〈n, m〉 means summation for nearest
neighbors, γ is the electron gyromagnetic ratio, and hdc is the
static external magnetic field. We consider the spin dynamics
of the localized spin under microwave irradiation, applying
the spin-wave approximation. This allows the spin excita-
tion to be described by a free bosonic operator, known as a
magnon [20].

The third term Hex represents the proximity exchange cou-
pling at the interface between the TSC and the FI,

Hex = −
∫

dr
∑

n

J (r, rn)s(r) · Sn = HZ + HT, (4)

HZ = − cos ϑ

∫
dr

∑
n

J (r, rn)sz(r)SZ
n , (5)

HT = − sin ϑ

∫
dr

∑
n

J (r, rn)sz(r)SX
n , (6)

where the angle ϑ is shown in Fig. 1(a). HZ is the coupling
along the precession axis and HT is the coupling perpendicular
to the precession axis. In our setup, HZ leads to a gap opening
of the energy spectrum of the surface Majorana modes and HT

gives the DMISR under the microwave irradiation.
Dynamical Majorana Ising spin response. We consider the

microwave irradiation on the FI. The coupling between the
localized spins and the microwave is given by

V (t ) = −h̄γ hac

∑
n

(
SX

n cos ωt − SY
n sin ωt

)
, (7)

where hac is the microwave amplitude, and ω is the microwave
frequency. The microwave irradiation leads to the precessional
motion of the localized spin. When the frequency of the
precessional motion and the microwave coincide, the FMR
occurs. The FMR leads to the DMISR via the exchange in-
teraction. The DMISR is characterized by the dynamic spin
susceptibility of the Majorana modes, χ̃ zz(q, ω), defined as

χ̃ zz(q, ω) :=
∫

dre−iq·r
∫

dtei(ω+i0)tχ zz(r, t ), (8)

where χ zz(r, t ) := −(L2/ih̄)θ (t )〈[sz(r, t ), sz(0, 0)]〉 with the
interface area L2 and the spin density operator in the

FIG. 1. (a) The TSC-FI hybrid schematic reveals how, under
resonance frequency microwave irradiation, localized spins com-
mence precessional motion, consequently initiating the dynamical
Majorana Ising spin response at the TSC interface. (b) In the TSC
context, the liaison between a spin-up electron and a spin-down
hole with the surrounding sea of spin-triplet Cooper pairs drastically
modulates their properties; notably, a spin-down hole can engage
with a spin-triplet Cooper pair, thereby inheriting a negative charge.
(c) Notably, spin-triplet Cooper pairs amass around holes and scatter
around electrons, thereby eroding the rigid distinction between the
two. (d) The interplay between the Majorana mode and the localized
spin manipulates the FMR spectrum, triggering a frequency shift and
linewidth broadening.

interaction picture, sz(r, t ) = ei(HM+HZ )t/h̄sz(r)e−i(HM+HZ )t/h̄.
For the exchange coupling, we consider the configuration
average and assume 〈∑n J (r, rn)〉ave = J1, which means that
HZ is treated as a uniform Zeeman-like interaction and the in-
terface is specular [21]. Using eigenstates of Eq. (2) and after
a straightforward calculation, the uniform spin susceptibility
is given by

χ̃ zz(0, ω) = −
∑
k,λ

|〈k, λ|σ z|k,−λ〉|2 f (Ek,λ) − f (Ek,−λ)

2Ek,λ + h̄ω + i0

→ −
∫

dED(E )
E2 − M2

2E2

f (E ) − f (−E )

2E + h̄ω + i0
,

(9)

where |k, λ〉 is an eigenstate of HM with eigenenergy Ek,λ =
λ
√

(h̄vk)2 + M2 (λ = ±). M = J1S cos ϑ is the Majorana
gap, f (E ) = 1/(eE/kBT + 1) is the Fermi distribution func-
tion, and D(E ) is the density of states given by

D(E ) = L2

2π (h̄v)2
|E |θ (|E | − |M|), (10)

with the Heaviside step function θ (x). It is important to note
that the behavior of the uniform spin susceptibility is deter-
mined by the interband contribution, which is proportional to
the Fermi distribution function, i.e., the contribution of the
occupied states. This mechanism is similar to the Van Vleck
paramagnetism [22]. The contribution of the occupied states
often plays a crucial role in topological responses [23].

Replacing the localized spin operators with their statisti-
cal average values, we find the induced Majorana Ising spin

L121405-2



DYNAMICAL MAJORANA ISING SPIN RESPONSE IN A … PHYSICAL REVIEW B 109, L121405 (2024)

FIG. 2. The induced Ising spin density, with a unit χ̃ zz
0 (0, 0)J1S,

is presented as a function of ωt and ϑ . The frequency and tem-
perature are set to h̄ω/J1S = 1.5 and kBT/J1S = 0.1, respectively.
The coefficient hac/αhdc is set to 0.3. The static Majorana Ising spin
density arises from HZ. When the precession axis deviates from the
direction perpendicular to the interface, the precessional motion of
the localized spins results in the dynamical Majorana Ising spin
response (DMISR). Energy dissipation due to the DMISR is zero
for small angles ϑ as the Majorana gap exceeds the magnon energy.
However, once the magnon energy overcomes the Majorana gap, the
energy dissipation becomes finite. Therefore, one can toggle between
dissipative and nondissipative DMISR by adjusting ϑ .

density, to the first order of J1S, is given by∫
dr〈sz(r, t )〉 = χ̃ zz

0 (0, 0)J1S cos ϑ

+ Re
[
χ̃ zz

0 (0, ω)
] hac

αhdc
J1S sin ϑ sin ωt, (11)

where χ̃ zz
0 (0, 0) is the spin susceptibility for M = 0. The

first term originates from HZ and gives a static spin density,
while the second term originates from HT and gives a dy-
namic spin density. Figure 2 shows the induced Ising spin
density as a function of time at several angles. As shown in
Eq. (11), the Ising spin density consists of the static and dy-
namic components. The dynamic component is induced by the
precessional motion of the localized spin, which means one
can induce the DMISR using the dynamics of the localized
spin.

The inset in Fig. 2 shows Im χ̃ zz(0, ω) as a function of ϑ

at a fixed frequency. When the frequency h̄ω is smaller than
the Majorana gap, Im χ̃ zz(0, ω) is zero. Once the frequency
overcomes the Majorana gap, Im χ̃ zz(0, ω) becomes finite.
The implications of these behaviors are that if the magnon
energy is smaller than the Majorana gap, there is no energy
dissipation due to the DMISR. However, once the magnon
energy exceeds the Majorana gap, finite energy dissipation
associated with the DMISR occurs at the surface of the TSC.

Therefore, one can toggle between dissipative and nondissipa-
tive Majorana Ising spin dynamics by adjusting the precession
axis angle and the microwave frequency.

FMR modulation. The retarded component of the
magnon Green’s function is given by GR(rn, t ) =
−(i/h̄)θ (t )〈[S+

n (t ), S−
0 (0)]〉 with the interaction picture

S±
n (t ) = eiHFIt/h̄S±

n e−iHFIt/h̄. The FMR signal is characterized
by the spectral function defined as

A(q, ω) := − 1

π
Im

[∑
n

e−iq·rn

∫
dtei(ω+i0)t GR(rn, t )

]
. (12)

For uniform external force, the spectral function is given by

A(0, ω) = 2S

h̄

1

π

(α + δα)ω

[ω − γ (hdc + δh)]2 + [(α + δα)ω]2
. (13)

The peak position and width of the FMR signal is given by
hdc + δh and α + δα, respectively. hdc and α correspond to
the peak position and the linewidth of the FMR signal of
the FI alone. δh and δα are the FMR modulations due to
the exchange interaction HT. We treat HM + HFI + HZ as an
unperturbed Hamiltonian and HT as a perturbation. In this
work, we assume the specular interface, where the coupling
J (r, rn) is approximated as 〈∑n,n′ J (r, rn)J (r′, rn′ )〉ave = J2

1 .
The dynamics of the localized spins in the FI is modulated
due to the interaction between the localized spins and the
Majorana Ising spins. In our setup, the peak position and the
linewidth of the FMR signal are modulated and the FMR
modulation is given by

δh = sin2 ϑ
SJ2

1

2Nγ h̄
Re χ̃ zz(0, ω), (14)

δα = sin2 ϑ
SJ2

1

2Nh̄ω
Im χ̃ zz(0, ω), (15)

where N is the total number of sites in the FI. These formulas
were derived in the study of the FMR in magnetic multilayer
systems including superconductors. One can extract the spin
property of the Majorana mode from the data on δh and δα.
Because of the Ising spin anisotropy, the FMR modulation
exhibits strong anisotropy, where the FMR modulation is pro-
portional to sin2 ϑ .

Figure 3 shows the FMR modulations δα [Fig. 3(a)] and
δh [Fig. 3(b)]. The FMR modulation at a fixed frequency
increases with angle ϑ and reaches a maximum at π/2, as can
be read from Eqs. (14) and (15). When the angle ϑ is fixed
and the frequency ω is increased, δα becomes finite above a
certain frequency at which the energy of the magnon coincides
with the Majorana gap. When ϑ < π/2 and h̄ω ≈ 2M, δα lin-
early increases as a function of ω just above the Majorana gap.
The localized spin damping is enhanced when the magnon
energy exceeds the Majorana gap. At ϑ = π/2 and ω ≈ 0, the
Majorana gap vanishes and δα is proportional to ω/T . In the
high-frequency region h̄ω/J1S � 1, δα converges to its upper
threshold.

The frequency shift δh is almost independent of ω and
has a finite value even in the Majorana gap. This behav-
ior is analogous to the interband contribution to the spin
susceptibility in strongly spin-orbit coupled band insula-
tors, and is due to the fact that the effective Hamiltonian
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FIG. 3. The temperature is set to kBT/J1S = 0.1. (a) The damp-
ing modulation δα only becomes finite when the magnon energy
exceeds the Majorana gap; otherwise, it vanishes. This behavior cor-
responds to the energy dissipation of the Majorana Ising spin. (b) The
peak shift is finite, except for ϑ = 0, and is almost independent of
ω. This behavior resembles the spin response observed in strongly
spin-orbit coupled band insulators, where the interband contribution
to spin susceptibility results in a finite spin response, even within the
energy gap.

of the Majorana modes includes spin operators. It is im-
portant to emphasize that although the Majorana modes
have spin degrees of freedom, only the z component of
the spin density operator is well defined. This is a hall-
mark of Majorana modes, which differs significantly from
electrons in ordinary solids. Note that δh is proportional to
the energy cutoff, which is introduced to converge energy
integral for Re χ̃ zz(0, ω). The energy cutoff corresponds to
the bulk superconducting gap, which is estimated as � ∼
0.1 meV (∼1 K). Therefore, our results are applicable in
the frequency region below h̄ω ∼ 0.1 meV (∼30 GHz). In
addition, we assume that Majorana gap is estimated to be
J1S ∼ 0.01 meV (∼0.1 K).

Discussion. Comparing the present results with spin pump-
ing (SP) in a conventional metal–ferromagnet hybrid, the
qualitative behaviors are quite different. In conventional met-
als, spin accumulation occurs due to FMR. In contrast, in the
present system, no corresponding spin accumulation occurs
due to the Ising anisotropy. Also, in the present calcula-
tions, the proximity-induced exchange coupling is assumed
to be an isotropic Heisenberg-like coupling. However, in
general, the interface interaction can also be anisotropic.
Even in such a case, it is no qualitative change in the
case of ordinary metals, although a correction term due to
anisotropy is added [24]. Therefore, the Ising anisotropy
discussed in the present work is a property unique to
the Majorana modes and can characterize the Majorana
excitations.

Let us comment on the universal nature of the toggling
between nondissipative and dissipative dynamical spin re-
sponses observed in our study. Indeed, such toggling becomes
universally feasible when the microwave frequency and the
energy gap are comparable, and when the Hamiltonian and
spin operators are noncommutative, indicating that spin is not
a conserved quantity. The noncommutativity can be attributed
to the presence of spin-orbit couplings [25–27], and spin-
triplet pair correlations [28].

Microwave irradiation leads to heating within the FI, so
that thermally excited magnons due to the heating could

influence the DMISR. Phenomena resulting from the heat-
ing, which can affect interface spin dynamics, include the
spin Seebeck effect (SSE) [29], where a spin current is gen-
erated at the interface due to a temperature difference. In
hybrid systems of normal metal and FI, methods to sep-
arate the inverse spin Hall voltage due to SP from other
signals caused by heating have been well studied [30]. Es-
pecially, it has been theoretically proposed that SP and
SSE signals can be separated using a spin current noise
measurement [24]. Moreover, SP coherently excites specific
modes, which qualitatively differs from SSE induced by
thermally excited magnons [14]. Therefore, even if heating
occurs in the FI in our setup, the properties of Majorana
Ising spins are expected to be captured. Details of the heat-
ing effect on the DMISR will be examined in the near
future.

We also mention the experimental feasibility of our the-
oretical proposals. As we have already explained, the FMR
modulation is a very sensitive spin probe. Indeed, the FMR
modulation by surface states of three-dimensional topological
insulators [31] and graphene [32–36] has been reported ex-
perimentally. Therefore, we expect that the enhanced Gilbert
damping due to Majorana Ising spin can be observable in
our setup when the thickness of the ferromagnetic insulator
is sufficiently thin.

Finally, it is pertinent to mention the potential candidate
materials where surface Majorana Ising spins could be de-
tectable. Notably, UTe2 [37], CuxBi2Se3 [38,39], SrxBi2Se3,
and NbxBi2Se3 [40] are reported to be in a p-wave supercon-
ducting state and theoretically can host surface Majorana Ising
spins. Recent NMR measurements indicate that UTe2 could
be a bulk p-wave superconductor in the Balian-Werthamer
state [41], which hosts the surface Majorana Ising spins with
the perpendicular Ising anisotropy, as considered in this work.
AxBi2Se3 (A = Cu, Sr, Nb) is considered to possess in-plane
Ising anisotropy [8], differing from the perpendicular Ising
anisotropy explored in this work. Therefore, we expect that
it exhibits anisotropy different from that demonstrated in this
work.

Conclusion. We present herein a study of the spin dynam-
ics in a topological superconductor (TSC)–magnet hybrid.
Ferromagnetic resonance under microwave irradiation leads
to the dynamically induced Majorana Ising spin density
on the TSC surface. One can toggle between dissipative
and nondissipative Majorana Ising spin dynamics by adjust-
ing the external magnetic field angle and the microwave
frequency. Therefore, our setup provides a platform to de-
tect and control Majorana excitations. We expect that our
results provide insights toward the development of future
quantum computing and spintronics devices using Majorana
excitations.
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