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We consider phase-biased Josephson junctions with spin-orbit coupling under external magnetic fields and
study the emergence of the Josephson diode effect in the presence of Majorana bound states. We show that
junctions having middle regions with Zeeman fields along the spin-orbit axis develop a low-energy Andreev
spectrum that is asymmetric with respect to the superconducting phase difference ¢ = w, which is strongly
influenced by Majorana bound states in the topological phase. This asymmetric Andreev spectrum gives rise to
anomalous current-phase curves and critical currents that are different for positive and negative supercurrents,
thus signaling the emergence of the Josephson diode effect. While this effect exists even in the trivial phase, it
gets enhanced in the topological phase due to the spatial nonlocality of Majorana bound states. Our paper thus
establishes the utilization of topological superconductivity for enhancing the functionalities of Josephson diodes.
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Introduction. Diodes are devices that conduct current pri-
marily along one direction and constitute key building blocks
of numerous electronic components [1-6]. Diodes have been
initially studied in the normal state [7,8], where inevitable
energy losses appear due to finite resistance. This issue has
been resolved in superconductors (Ss), which showed superior
diode functionalities [9—11], with dissipationless supercur-
rents in bulk systems [12-20] and in Josephson junctions
(JJs) [21-28]. Of particular interest are diodes in JJs, known
as Josephson diodes (JDs), because supercurrents here are
controlled by virtue of the Josephson effect, which arises due
to the finite phase difference between coupled Ss [29,30]. This
phase also enables the formation of Andreev bound states
(ABSs), which determine the profile of supercurrents [31-41]
and reveal the nature of emergent superconductivity [42-53].

Most of the studies on JDs have involved systems with
spin-orbit coupling (SOC) and magnetic fields, with experi-
ments that strongly support their realization in semiconductor-
S junctions [14,22,54-56]. Moreover, JDs are characterized
based on their quality factors, which measure the diode’s
ability to conduct current along one direction. In this regard,
recent studies have reported sizable and highly tunable quality
factors, showing that JJs with SOC and magnetism hold great
promise for JDs.

Superconductors with SOC under magnetic fields have
also been explored for realizing topological superconductiv-
ity [42,50-53,57-61], a topological state that hosts Majorana
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bound states (MBSs) and promises to revolutionize future
quantum technologies. MBSs emerge above a critical mag-
netic field as charge-neutral topologically protected quasipar-
ticles and exhibit spatial nonlocality [62—66], properties that
have been recently explored in JJs [67-75] and shown to
offer a solid way for topological qubits [76—-80]. The spatial
nonlocality occurs as a result of MBSs emerging spatially
separated, which allows to store information in a nonlocal
manner and immune against local sources of decoherence
[76]. While the detection of MBSs has recently attracted a
lot of interest [5S0-53], the realization of JDs in topological Ss
with MBSs has received very limited attention so far [§1-86].
In particular, it is still unknown how JDs respond to the
Majorana nonlocality, an open question that could estab-
lish the realization and use of JDs for topological quantum
phenomena.

In this paper we consider S-normal-S (SNS) JJs with SOC
and Zeeman fields, and discover the emergence of highly
tunable JDs, which acquire quality factors that are greatly
enhanced by MBSs, specially, when they become more non-
local. We find that these topological JDs occur when the
middle N region has a Zeeman field component parallel to the
SOC, which induces an asymmetric phase-dependent Andreev
spectrum that gives rise to supercurrents with nonreciprocal
behavior defining the JDs. While JDs can occur even in the
trivial regime, it is only in the topological phase that they
exhibit a strong dependence on the Majorana nonlocality, thus
establishing the potential of MBSs for designing JDs with
topologically protected and enhanced properties.

JJs based on nanowires. We consider SNS JJs formed on a
single channel nanowire with Rashba SOC [Fig. 1(a)], with a
continuum model given by

o
H = é:pxrz + gpxayfz + A(x)oyty + Hz(x), (1)
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FIG. 1. (a) A JJ based on a nanowire with SOC field Bgoc along
y axis (green), with the N(S) region of length Lys). The N (S) region
has a Zeeman field By(s) with components perpendicular and parallel
(only perpendicular) to Bsoc, see magenta (blue) arrow. (b) (Left)
Energy vs momentum without superconductivity: while a perpendic-
ular Zeeman field opens a gap at zero momentum (yellow region),
a parallel term induces an asymmetry in the bands § seen by fixing
the angle of By with the z axis to 8 = 7 /2 and varying the angle
from the x axis n; § is shown for n = w /4. The solid red (n = 0)
and dashed cyan curves (1 = ) are superimposed. (Right) § at the
SOC momenta as a function of 6 and 7. Parameters: By = 0.15meV,
o =40meVnm, u = 0.5meV.
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where &, = pfc/(Zm) — w is the kinetic part, p, = —ihd, is
the momentum operator, x is the chemical potential, « is the
Rashba SOC strength, Hz(x) is the space dependent Zeeman
field, A(x) the induced space dependent s-wave pair potential,
and o; and 7; are the ith Pauli matrices in spin and electron-
hole spaces, respectively. For computational purposes, Eq. (1)
is discretized into a tight-binding lattice with spacing a =
10nm and then divided into three regions (left/right S and
middle N) of finite lengths Lgn [71,74], see Fig. 1(a). The
S regions have a finite pair potential A with a phase dif-
ference ¢, while N has A =0, originating a SNS JJ. To
ensure that JD effect and MBSs can coexist, the Zeeman field
is taken as Hz(x) = Bgw) - X, where X = (0,7, 0y, 0;7;),
Bs = (B, 0, 0), and By = Bn(siné cosn, sinfsinn, cosd) [87],
with 6 € (0, w) and n € (0, 27 ). Moreover, we consider re-
alistic parameters, with ag = 40 meVnm and A = 0.5meV,
according to experimental values reported for InSb and InAs
nanowires and Nb and Al Ss [50].

The role of the Zeeman field can be already seen in the nor-
mal state, by inspecting the bands of Eq. (1) with A = 0 and
Bx. While a component of By perpendicular to the SOC opens
a gap at zero momentum k = 0 (yellow region), the band
dispersion becomes asymmetric with respect to k = 0 when
By has a term parallel to SOC, see left panel of Fig. 1(b). This
asymmetry can be characterized by the difference between the
lowest bands at the SOC momenta +mao /h2, denoted by §,
which gets a maximum at 6 = n = /2 [Fig. 1(b)]. Below
we will see that this asymmetry is crucial for achieving non-
reciprocal Andreev spectrum and JDs in JJs.
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FIG. 2. Low-energy spectrum of JJs with Ly = 20nm [(a),(b)]
and Ly = 100 nm [(c),(d)] as a function of ¢ for B < B. and B > B,
at different 5. In (b) and (d) the nearest levels to zero are depicted
in red color, while insets show the lowest four positive levels as
function of Lgs. Vertical-dashed lines mark where four MBSs appear.
Gray curves in all panels correspond to n = 0. Parameters: o =
40meVnm, u = 0.5meV, 8 = /2, Ls = 1000nm, A = 0.5meV,
BN =0.5meV.

Nonreciprocal phase-dependent Andreev spectrum. To
start, we focus on the Andreev spectrum, which is presented
in Fig. 2 as a function of ¢ for JJs with Ly = 20nm and
Ly = 100nm at distinct n and B. The Andreev spectrum
strongly depends on ¢, revealing the appearance of ABSs
within the induced gap, with interesting dependencies on 7,
Ly, and B. At n =0, i.e., when By is perpendicular to the
SOC, the spectrum is symmetric with respect to ¢ = m, see
gray curves in Fig. 2. Here, B = B., with B, = /u? + A2,
defines a topological phase transition into a topological
phase (B > B.) with four topological ABSs that depend on ¢
[67,70,88]. Correspondingly, for B < B, the system is in the
trivial phase and hosts two pairs of conventional spin-split
ABSs having a cosine-like dependence on ¢ [34,40]. The
topological ABSs at ¢ = m define four MBSs, two at the
outer sides of S and two at their inner sides, while the ABSs
at ¢ = 0 only two MBSs located at two outer sides of the S
regions [67,70,88]. For JJs with short Ss, the four MBSs split
around zero energy at ¢ = m, thus giving rise to a Majorana
zero-energy splitting, which gets suppressed for long S
regions and can be thus seen as a signal of the Majorana
spatial nonlocality [72,74].

When By acquires a component that is parallel to the
SOC, characterized here by n # 0, the low-energy spectrum
becomes highly asymmetric with respect to ¢ = 7 and de-
velops important differences from the n = 0 case in both the
topological and trivial phases [Figs. 2(c) and 2(d)]. The asym-
metry is reflected in the in-gap ABSs, which involve MBSs
in the topological phase, and also in the quasicontinuum
above the induced gap. For JJs with Ly = 20nm and n # 0
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FIG. 3. (a) Supercurrents /(¢) in JJs with Ly = 100 nm as a
function of ¢ at n = 0 for B < B, and B > B, and different Lg. (b,c)
same as (a) but at n = 77 /2, 37 /4. Horizontal dotted lines mark +I";
arrows in (b,d) indicate that I'" # . (d) Contributions of the four
MBSs and the rest of levels (ABSs and quasicontinuum) to the total
I(¢) for Ls = 2 pm. Parameters: Iy = eA /7 and the rest as in Fig. 2.

exists only a small asymmetry with respect to ¢ = 7 in the
quasicontinuum but no substantial effect is seen by naked eye
at low energies [Figs. 2(a) and 2(b)]. Note that the Majorana
zero-energy splitting gets suppressed as Lg increases, consis-
tent with their inherent spatial nonlocality, see red curves in
insets of Fig. 2(b); the ABSs for B < B, do not depend on
Lg. In JJs with Ly = 100 nm the Andreev spectrum exhibits
a stronger response to n % 0 [Figs. 2(c) and 2(d)]. While the
trivial spectrum here is only weakly asymmetric [Fig. 2(c)],
other values of Ly give spectra with larger asymmetries [89],
see the Supplemental Material (SM) [90]. Irrespective of Ly,
however, the asymmetric trivial Andreev spectrum does not
depend on Lg because trivial ABSs are located only at the
inner side of the JJ. In contrast, the Andreev spectrum for
B > B is more noticeable and strongly depends on Lg due
to the presence of MBSs. In particular, the Majorana zero-
energy splitting can occur at ¢ other than ¢ = 7 when n # 0
[Fig. 2(d)], thus showing the key role of By for inducing
an asymmetric Andreev spectrum in topological JJs. Since
the Majorana zero-energy splitting depends on Lg and n # 0,
longer S regions give rise to four MBSs with zero energy,
which then produce sharper zero-energy crossings that are
asymmetric with respect to ¢ = m, see insets in Fig. 2(d).
As a result, finite topological JJs host a nonreciprocal length
dependent Andreev spectrum entirely due to MBSs.
Nonreciprocal current-phase curves. Having established
that the Andreev spectrum of JJs under Zeeman fields
parallel to the SOC is asymmetric with respect to ¢ =
m, here we study how this asymmetry affects the su-
percurrents I(¢). At zero temperature, we obtain I(¢) as
[34.70] 1) = —(e/) Y, _old £4($)/d¢p]. where &,(¢) are
the phase-dependent energy levels found in the previous sec-
tion, which include the contribution of both the in-gap ABSs
and the discrete quasicontinuum [71,72]. In Figs. 3(a)-3(c)

we present I(¢) for JJs with Ly = 100 nm as a function of
¢ for different n and Lg in the trivial and topological phases.
To better understand the role of MBSs, Fig. 3(d) shows the
contribution of MBSs (/ygs) and the rest of levels ([ie5) to
the total 1(¢); here Iy includes the contribution due to the
additional in-gap ABSs that coexist with MBSs and also of
the quasicontinuum.

In Figs. 3(b) and 3(c) we see that I(¢) has an overall
asymmetric profile with respect to ¢ = m at n # 0, which
depends on 1 and B, and, importantly, with a distinct response
in the trivial (topological) phase to changes in Lg. This asym-
metric I(¢) at n # 0 is distinct to what is found at n =0
[Fig. 3(a)], see also [70,88,91]. The weak (strong) asymmetry
in I(¢) with respect to ¢ = m stems from the phase-dependent
Andreev spectrum in Fig. 2, implying an important role of
the in-gap ABSs and quasicontinuum. The trivial phase with
B < B, shows a weak asymmetry for the chosen Ly due to
the weakly asymmetric spectrum, but other values can give
far more asymmetric I(¢). As a result of the asymmetry,
1(¢) develops a global maximum that is distinct to its global
minimum, namely, different critical currents Ij # 1, where
ICi = maxgy[+/(¢)], see black arrow in Fig. 3(b). Another
feature of this trivial phase is that /(¢) does not change when
Lg increases for any 7. This insensitivity originates from that
the ABSs for B < B, emerge located at the inner sides of the
JJ and thus do not depend on Lg, i.e., trivial ABSs are not
spatially nonlocal.

In contrast to the trivial phase, in the topological phase with
B > B, I(¢) forms a larger asymmetry with respect to ¢ = 7
and finite values at zero phase, which can be traced back to
the Andreev spectrum Fig. 2(d). Interestingly, the asymmetry
of I(¢) and I # I strongly depends on Lg, which is due
to the presence of MBSs and different to what occurs for
B < B.. To see I(¢) with I" # I we indicate with colored
arrows the remaining difference between the two critical cur-
rents [Fig. 3(c)]; note that I = I for n =0, as expected
[Fig. 3(a)]. Interestingly, the regimes with IF # I signal the
emergence of nonreciprocal supercurrents, or JD effect, which
here occurs in the trivial and, notably, also in the topological
phases. While JDs in semiconductor-S hybrids have already
been reported before [14,22,26,28,54-56], their emergence
in topological JJs is intriguing because MBSs are naturally
present in this regime. The effect of MBSs is evident by noting
the strong dependence of I # I on Lg pointed out above. In
fact, the topological phase hosts four spatially nonlocal MBSs
exhibiting a zero-energy splitting at ¢ = 7 at n = 0 or away
from 7w when n # 0 [Fig. 2(d)]. Then, by reducing the zero-
energy Majorana splitting with increasing Lg, I(¢) acquires
sharper sawtooth profiles, with larger differences between I
and /" that can be easily distinguished from the trivial regime.
The role of MBSs can be further seen in the individual con-
tributions of the four MBSs and the rest of levels to the total
I(¢) in Fig. 3(d). While L.y has a sizable phase dependent
value, the sharpness in the sawtooth profile of I(¢) (vertical
dashed black line) is largely determined by Iygs due to the
reduction in the Majorana zero-energy splitting for large Lg.
Hence, Majorana nonlocality plays a key role for enhancing
the JD effect that has not been exploited before [§1-86].

Critical currents and quality factors. To further understand
and characterize the JDs found in previous section, here we
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FIG. 4. Critical currents IF [(a)~(d)] and quality factors Q [(e)-
(h)] as a function of the Zeeman field B in S for different n and Lg.
The black-yellow curve in (a)—(d) shows the critical current at n = 0
where there is no diode effect. The vertical dashed-gray line marks
the topological phase transition at B = B... Parameters: Ly = 100 nm
and the rest as in Fig. 2.

show the critical currents I" and I and their quality factors
Q= I+ —1I7)/(F +17). Having Q # 0 reveals the amount
of nonreciprocity and a finite JD effect. In Figs. 4(a)—4(d) we
show I as a function of B for n = 7 /2,37 /4 and distinct
Lg, while in Figs. 4(e)-4(h) we present Q as a function of B.
To contrast, we also plot I at n = 0 in black-yellow curves of
Figs. 4(a)-4(d). We immediately note that  # 0 induces ;" #
I, depicted by the shaded orange regions, thus highlighting
the realization of JDs. We see that the JD requires a finite B
in both cases n = 7 /2, 3 /4 for the chosen Ly but in the SM
we show that it can already appear at B = 0 (see the SM [90]).

Both critical currents I reduce as B increases but I.™ % I
persists and develop a kink at B = B., followed by finite
values for B > B, see Figs. 4(a) and 4(b). Increasing Lg does
not change the difference between Ici for B < B, but, interest-
ingly, it does B > B, inducing a larger nonreciprocity and the
realization of enhanced JDs [Figs. 4(c) and 4(d)]. As discussed
before, the sensitivity of the topological phase to changes
in Lg is because this regime hosts spatially nonlocal MBSs,
whose localization and zero-energy splitting strongly depends

on Lg. Hence, we can conclude that the nonreciprocity in the
critical currents, and their JDs, gets enhanced entirely due to
the presence of MBSs, specially, due to its spatial nonlocality.

The nonreciprocity in I gives rise to quality factors Q
with a unique Zeeman dependence that confirms the impact
of the nonlocal MBSs [Figs. 4(e)—4(h)]. At n =0, Q = 0 due
to I = I, as expected, see magenta lines in Figs. 4(e) and
4(f). In contrast, at n # 0, Q gets finite values as B increases,
exhibiting a peak at B = B, and finite values for B > B, that
strongly depend on Lg [Figs. 4(e) and 4(f)]; see also SM [90].
These features are absent for B < B, and, hence, suggest a
direct effect due to MBSs. To support this view, in Figs. 4(g)
and 4(h) we show Q as a function of B at n = 7 /2, 37 /4 and
distinct Lg. Here, Q for B < B, does not sense changes in Lg
but it strongly reacts for B > B, developing higher values (see
the SM [90]). The peak of Q at B = B, in Figs. 4(g) and 4(h)
is due to the sharp Zeeman dependence of the ABS energies
when the gap closing signals the topological phase transition.
Since for B > B, the Majorana zero-energy splitting strongly
depends on Lg, with vanishing values for long S, the response
of Q to changes in Lg seen in Figs. 4(g) and 4(h) is only
attributed to the Majorana nonlocality. Also, for certain n, Q
changes sign only when B > B., showing that reversing the
diode’s polarity is intriguingly related to MBSs, see Figs. 4(e),
4(f), and 4(h) (see the SM [90]). Thus, topological JJs can
notably realize JDs with larger quality factors due to the
nonlocal nature of MBSs.

In conclusion, we studied Josephson diodes in finite topo-
logical Josephson junctions and found that their emergence
is induced by having a Zeeman field in the normal region
parallel and perpendicular to the spin-orbit coupling. We
discovered that the quality factors of the Josephson diodes
in the topological phase are greatly enhanced entirely due
to the nonlocality of Majorana bound states, a mechanism
that has not been explored before [81-86]. Similar Josephson
junctions as those studied here based on superconductor-
semiconductor hybrid systems have already been fabricated
[14,22,43-45,48,49,54,92], which places our findings within
experimental reach. Our results thus establish topological
superconductivity for realizing topological Josephson diodes
with protected and enhanced functionalities.
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