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Ubiquitous nematic Dirac semimetal emerging from interacting quadratic band touching systems
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Quadratic band touching (QBT) points are widely observed in two- and three-dimensional (2D and 3D)
materials, including bilayer graphene and Luttinger semimetals, and attract significant attention from theory
to experiment. However, even in its simplest form, the 2D checkerboard lattice QBT model, the phase diagram
characterized by temperature and interaction strength, still remains unknown beyond the weak-coupling regime.
Intense debates persist regarding the existence of various interaction-driven insulating states in this system.
To address these uncertainties, we employ thermal tensor network simulations, specifically exponential tensor
renormalization group and tangent space tensor renormalization group, along with density matrix renormal-
ization group calculations to provide a comprehensive finite-temperature phase diagram for this model and
shed light on previous ambiguities. Notably, our findings reveal the emergence of a robust bond-nematic Dirac
semimetal phase with distinct thermodynamic properties that set it part from the nematic insulating state and
other symmetry-broken states. This previously overlooked feature is found to be ubiquitous in interacting QBT
systems. We also discuss the implications of these results for experimental systems such as bilayer graphene and
iridate compounds.

DOI: 10.1103/PhysRevB.109.L081106

Introduction. Quadratic band touching (QBT) points are
widely observed in materials. In the two-dimensional (2D)
realm, bilayer graphene serves as a representative exam-
ple [1–5], while in 3D, materials such as α-Sn, HgTe, and
pyrochlore iridates R2Ir2O7 (R = Pr, Nd) exhibit Luttinger
semimetal behavior [6–14]. Investigating the effects of inter-
actions on QBTs is both fundamentally significant and ex-
perimentally relevant. For instance, understanding how QBTs
transform into symmetry-breaking phases in bilayer graphene
under the influence of trigonal warping and Coulomb inter-
actions, or how Luttinger semimetals can evolve into Dirac,
nodal-line, or Weyl semimetals, and even non-Fermi-liquid
states in the presence of strain, bulk-inversion asymmetry,
and Coulomb interactions, remains an active area of intense
theoretical and experimental investigations [1–5,7–14].

The 2D checkerboard lattice model with C4 symmetry
serves as the simplest platform to investigate the effects of in-
teractions on QBT points. Previous studies have revealed that
a quantum anomalous Hall (QAH) state with spontaneously
broken time-reversal symmetry (TRS) [15–30] emerges in the
weak-coupling regime [31–36]. Proposals have also been put
forth to realize QBT and interaction-driven QAH states in real
materials, which include the four-band checkerboard lattice
system based on monolayer CrCl2(pyrazine)2 [37], as well as
the C6 symmetric kagome metals [38–43].
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Beyond the weak-coupling regime, the QAH phase is an-
ticipated to give way to other competing phases, such as the
C2 symmetric site-nematic insulator (SNI) [31]. However, due
to the strong-coupling nature of these phases, a complete
phase diagram remains a subject of debate, with conflict-
ing results [31–37]. Exact diagonalization (ED) and density
matrix renormalization group (DMRG) simulations suggest
that there is no coexisting region between the QAH and SNI
states [33]. Instead, a C4 symmetry-breaking bond-nematic
Dirac semimetal (BNDS) phase emerges as an intermedi-
ate phase, where the QBT splits into two Dirac cones [35].
Notably, the BNDS and SNI were identified as distinct ther-
modynamic phases with different order parameters [35].

The transitions between QAH, BNDS, and SNI phases are
found to be first order, different from the interaction-driven
phase transitions in Bernal stacking graphene [2–5]. The pre-
vious studies [31–33,35] considered only nearest-neighbor
(NN) interactions without next-nearest-neighbor (NNN) in-
teractions, which are crucial for understanding the transition
to other interaction-driven states such as the stripelike charge
density wave insulator (referred to as stripe). Furthermore, the
relationship between the BNDS and SNI phases has not been
adequately addressed, and we demonstrate that they break
exactly the same symmetry.

By incorporating NNN interactions into the system,
Ref. [34] observed a direct transition from QAH or stripe
to the SNI phase, omitting the BNDS phase. In a Hartree-
Fock study of a doubled four-band checkerboard lattice [37],
the BNDS phase was not reported. Instead, they discovered
a Dirac semimetal phase with site-nematic order between
the site-nematic insulator and the QBT semimetal. These
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discrepancies highlight the ongoing challenges in achieving a
consensus on the ground-state phase diagram of the checker-
board lattice QBT system. Furthermore, the finite-temperature
phase diagram, especially the distinct cV ∼ T 2 behavior from
emergent Dirac cones of the interaction-driven BNDS phase,
needs to be explored.

In this Letter, by employing the exponential and tangent
space tensor renormalization groups (XTRG and tanTRG)
[44,45] and DMRG calculations, we unveil a comprehen-
sive phase diagram based on thermodynamic characteristics.
One key finding is the ubiquitous presence of the BNDS
phase, which separates not only the QAH and SNI phases,
but also the stripe and SNI phases. We clarify the equiv-
alence of SNI and BNDS in terms of symmetry and
reveal their distinct measurable properties, especially in
their different thermodynamic properties. We foresee this
overlooked interaction-driven BNDS with emergent Lorentz
symmetry and unique thermodynamic properties could be
a universal feature in interacting QBT systems, extending
beyond the checkerboard lattice, with potential realiza-
tions in bilayer graphene [2–5], α-Sn, HgTe, and iridate
compounds [6–14].

Model, method, and ground-state phase diagram. We ex-
amine a spinless fermion model in a checkerboard lattice,

H =
∑

r
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with γ ∈ {0, a1, a2, a1 + a2}, λ ∈ {A, B} being the sublattice
index, {ηA = 1, ηB = −1}, and {ε1 = 1, ε2 = −1}, as shown
in Fig. 1(a). We fix t = −1 and t ′ = −0.5 and consider both
the repulsive NN and NNN density-density interactions.

We mainly employ the XTRG and tanTRG method [44–46]
for finite-temperature simulations [27,46–50] with YC4×16
geometry and we retain up to D = 1000 bond states, rendering
the truncation errors δ < 10−4 down to the low-T regime. We
also perform YC6 DMRG simulations, with up to 4096 bond
states and maximal truncation errors δ ≈ 10−5.

Here, we set V1 = 4 and systematically vary V2 to demon-
strate the existence of the BNDS phase between the QAH
and SNI states. Additional numerical evidence supporting the
presence of BNDS phases for different V1 can be found in the
Supplemental Material (SM) [51]. Furthermore, we investi-
gate the large-interaction regime by fixing V1 = 6 and varying
V2, revealing the occurrence of the BNDS phase between
the stripe and SNI phases. The BNDS state is unambigu-
ously characterized from both the low-T power-law behavior
of specific heat (cV ∼ T 2), and the changes of conformal
central charge c and the single-particle excitation gap via
flux insertion. Consequently, we construct a comprehensive

FIG. 1. (a) The checkerboard lattice with blue (red) dots denot-
ing the A (B) sublattices. (b) The comprehensive ground-state phase
diagram. The QBT is denoted by the black dot at the origin, while
the red dotted lines represent the paths of simulations. (c)–(f) The
real-space signature of the QAH, stripe, SNI, and BNDS phases,
respectively. The QAH phase is depicted with arrows indicating
the loop currents. In the stripe and SNI phases, large (small) dots
represent high (low) electron density. In the BNDS phase, the thick-
ness of the bonds corresponds to the absolute value of the hopping
amplitude.

ground-state phase diagram, as illustrated in Fig. 1(b). Addi-
tionally, through comparing the symmetry of the two nematic
states, BNDS and SNI, we find both states break exactly the
same symmetry. In other words, akin to the gas-liquid and/or
Lifshitz transitions, the first-order phase boundary between
them does not involve a change in symmetry.

It is possible to establish an adiabatic pathway between
these two states through exploring a higher-dimensional phase
space. Regarding the bond- and site-nematic order parameters,
without fine tuning, both of these order parameters remain
nonzero in both the BNDS and SNI phases, reflecting their
identical symmetry. This finding contrasts with the numerical
results obtained from finite-size extrapolation as reported in
previous work [35].

T -V phase diagram and the thermodynamic characteris-
tics. To identify different phases in the T -V phase diagram,
we utilize several measurements: the QAH structure factor
JQAH ≡ 1

Nb

∑
〈i, j〉 εi, j〈Ci jCi0 j0〉, where the summation is over

NN bonds in the bulk with Nb being the total number of
bonds and εi, j = ±1 characterizing the orientation of the cur-
rent Ci j ≡ (c†

i c j − c†
j ci ); the bond-nematic order parameter

�bond ≡ |〈c†
r,λcr+a2,λ

〉| − |〈c†
r,λcr+a1,λ

〉|, which measures the
difference in NNN hopping amplitudes along the vertical (a2)
and horizontal (a1) directions; the site-nematic order param-
eter δsite ≡ 〈nB − nA〉, which quantifies the difference of the
electron density at the “A” and “B” sublattices; the struc-
ture factor for the stripe phase Sstripe ≡ 1

N

∑
i e−i	k·	r0,i (〈n̂in̂0〉 −

〈n̂i〉〈n̂0〉), where 	k = (±
√

2π
2 ,∓

√
2π
2 ) represents the stripe pat-

tern shown in Fig. 1(d); and the specific heat cV (T ) ≡ ∂E (T )
∂T ,

where E is the energy density.
In Figs. 2(a)–2(d), we present various order parameters and

structure factors, respectively. At V1 = 4, when V2 is small
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FIG. 2. The T -V2 phase diagrams at V1 = 4. Plots show (a) the SNI order parameter, (b) BNDS order parameter, (c) QAH structure factor,
(d) stripe structure factor, and (e) specific heat cV . The white dashed lines indicate the boundaries between the high-temperature thermal
metallic regime and the intermediate-temperature QBT regime, identified using the red circles, which represent the crossover temperature
between the high-T and QBT regimes, as illustrated in Figs. 3(a1)–3(d1). The red squares denote the transition temperature between the QBT
regime to the low-temperature symmetry-breaking phases.

[Fig. 2(a)], the ground state is a SNI, and the order parame-
ter δsite, as well as the transition temperature, reduces as V2

increases. In Fig. 2(b), an intermediate BNDS phase between
QAH and SNI is clearly observed. This phase exhibits a strong
bond-nematic order �bond Notably, the site-nematic order δsite

is also present in the BNDS region and becomes stronger as V2

decreases, ultimately exhibiting a significant jump across the
phase boundary to the SNI phase. Furthermore, a sharp change
in the QAH [Fig. 2(c)] and stripe [Fig. 2(d)] structure factors
near the phase boundary V2 ∼ 2.6 indicates a first-order tran-
sition between these two phases. The specific heat shown in
Fig. 2(e) also supports the identification of these phases with
distinct characteristics.

To analyze the detailed thermodynamic transitions and
features, we present four cuts of the 2D phase diagrams in
Fig. 3. These cuts are taken along the temperature axis at fixed
interactions, corresponding to four different ground states.
At high temperatures (much larger than the bandwidth), the
specific heat exhibits a scaling behavior of cV ∼ T −2 for all
cases. A crossover temperature can be identified where cV

deviates from the T −2 scaling, below which cV displays two
peaks or shoulders. The lower-temperature one marks the
transition to the low-T ground state, which agrees with the or-
der parameters/structure factors versus temperature, while the

higher-temperature peak/shoulder is a thermodynamic charac-
teristic of the electron band structure. With the latest tanTRG
method, we are capable of fitting the low-T behavior of cV ,
which has the exponential activation of cV ∼ exp(−�/T ) in
the QAH, SNT, and stripe phases. More importantly, we can
see the T 2 behavior of low-T cV in the BNDS phase, which is
the expected behavior of 2D Dirac cones and further supports
that the BNDS phase is actually a Dirac semimetal, emerging
from interaction-driven QBT systems.

We note that for the thermodynamics of the QAH state, at
V1 = 4, both its transition temperature and the amplitude of
the loop current exhibit little dependence on V2, as illustrated
in Fig. 2(c) and SM [51]. In contrast, when V2 is set to zero, the
transition temperature and the amplitude of the loop current
of the QAH state exhibit a strong dependence on V1. As V1 in-
creases, both these two quantities increase before saturating at
certain constant values. In addition, we add the DMRG results
of the QAH order parameters to SM [51] for more evidence of
the QAH state, which agrees with the finite-temperature phase
diagram.

More importantly, with larger interactions, the QAH phase
disappears, but the BNDS always survives as an interme-
diate phase between SNI and stripe, in direct contrast to
the predictions from previous studies. The color figures in

FIG. 3. The thermodynamic characteristics along the cuts in Fig. 2 as a function of temperature T . With fixed V1 = 4, (a1) and (a2)
represent SNI at V2 = 1.65, (b1) and (b2) represent BNDS at V2 = 1.85, (c1) and (c2) represent QAH at V2 = 2.2, and (d1) and (d2) represent
stripe at V2 = 2.7. The first row displays the specific heat, while the second row shows the order parameters or structure factors for each phase.
The separation temperature between the low-, intermediate-, and high-temperature regimes is indicated by the black solid lines. The cV ∼ T 2

for BNDS at low temperature is distinctively different from the cV ∼ exp(−�/T ) for the three other phases.
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FIG. 4. The T -V2 phase diagram with V1 = 6, including (a) the
site-nematic order, (b) the NNN bond-nematic order, and (c) the
structure factor for stripe. (d) Entanglement entropy in the BNDS
phase, with a log-scale horizontal axis. (e) With twisted boundary
conditions in BNDS, by inserting flux φ, the single-particle gap and
fitted central charge compared with that of no flux are shown. The
corresponding shift of momenta grids is φ/Ly.

Figs. 4(a)–4(c) clearly depict the stripe-BNDS-SNI transition,
with fixed V1 = 6 and varying V2. To further verify the pres-
ence of the intermediate BNDS phase, we perform DMRG
simulations within the BNDS phase and extract the conformal
central charge from the entanglement entropy. By fitting the
entanglement entropy as a function of the cylinder length
to the universal scaling function SE(x) = c

6 log( L
π

sin xπ
L ), we

obtain a central charge c ≈ 1.75 with D = 4096 (which is still
far from convergence), as shown in Fig. 4(d) and SM [51],
which directly supports the existence of Dirac cones with
emergent Lorentz symmetry in the BNDS phase. To further
check the location of Dirac cones, we implement the twisted
boundary conditions in the ŷ direction by inserting the flux,
c†

i c j + H.c. → c†
i c je

iφ + H.c., for all hopping terms across
the boundary. For the same parameters in the BNDS phase,
with V1 = 6 and V2 = 3.185, we fit the central charge c
with certain flux φ, compared with that of no flux, and also
measure the single-particle gap �sp(φ) by extrapolating the
ground-state energy at the half-filling sector and the lowest
energy in the single-particle-excited sector (see details in
SM [51]). As shown in Fig. 4(e), it is clear that the positions
of Dirac cone are close to (π, π ± π/3) with a minute shift
approximated φ/Ly ± π/48 (as denoted by the minimal of the
single-particle gap, where the fitted central charge also satu-
rates at its peak value), which is consistent with the mean-field
analysis in the SM [51], and in this sense, the YC6 cylinder
geometry is already close to be able to host the Dirac cones
in the BNDS phase and our evidence of the Dirac cones is
robust.

Furthermore, it is noteworthy that the strength of the NNN
bond order in different regions of the BNDS phase remains al-
most constant around 0.1, as depicted in Fig. 5(c). Combining
simulations at different V1 and V2, the phase diagram shown
in Fig. 1(b) indicate that this BNDS arises universally as an
intermediate phase between SNI and all other ground states in
the phase space.

FIG. 5. (a), (b) Mean-field analysis. With increasing site-nematic
order δ, the opening of the energy gap is shown in (a) and expecta-
tion values of NNN hoppings along the a1 (a2) directions for two
sublattices respectively are shown in (b). (c) DMRG results of the
NNN bond order of the BNDS phase throughout the phase diagram.
(d) The product of signs of NNN hoppings along two directions with
fixed V1 = 4, which is ±1 if the hoppings take the same (opposite)
sign(s).

Mechanism of phase transition and nematic phases. We
further perform a mean-field analysis to better understand
the transitions and the bond- (site-) nematic phases. For the
BNDS, we change the NNN hopping t ′ → (t ′ − εi�bond ) in
Eq. (1) with positive �bond; for the SNI, we add a sublat-
tice chemical potential δsite

∑
r(nr,A − nr,B) to Eq. (1). At the

quadratic level, a finite value of both δsite and �bond will split
the QBT at (π, π ) into two Dirac cones. From the perspec-
tive of symmetries, the QAH state breaks the TRS, while
the BNDS and SNI states break the same lattice C4 rotation
symmetry into the same C2 symmetry. In fact, our mean-field
calculation (cf. SM [51]) shows that the site- (bond-) nematic
term will also induce bond (site) order, which is consistent
with our numerical results and clarifies the confusion in previ-
ous work [35], that the two nematic orders should be the same.

The difference between SNI and BNDS is not in symmetry
but in their physical properties including the following: (1)
With sufficiently strong site-nematic order δsite, the two Dirac
cones will merge and gap out as shown in Fig. 5(a), whereas
the bond-nematic �bond term cannot gap out the Dirac cone;
and (2) right after the gap-opening point, the sign structure
of the NNN hopping amplitudes changes and the signs within
the same sublattice become the same as shown in Fig. 5(b).
We thus utilize such a feature to distinguish the SNI with the
BNDS phase. Such as in the T -V phase diagram in Fig. 5(d),
the sign structure of NNN hoppings clearly gives the SNI-
BNDS boundary.

In our mean-field analysis, with the increase of δsite, the
two Dirac cones gradually merge into each other at the pe-
riodic boundary, and gap out the system, corresponding to
the observed SNI. In reality, between the BNDS and SNI
phases is an abrupt first-order transition, in that, although the
two split Dirac cones move away from the (π, π ) point, they
cannot gradually merge into each other in the BNDS states but
suddenly jump to the SNI state with a much larger δsite around
the first-order transition, and the system is gapped out. Since
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there is no symmetry difference, the BNDS-SNI transition is
similar to the liquid-gas transition, and one can in principle
turn the first-order phase transition to an adiabatic crossover or
a critical point through paths in higher-dimensional parameter
space.

Discussions. In conclusion, we find the interaction-driven
BNDS ubiquitously exists between SNI and the other
interaction-driven insulating states in the checkerboard lattice
QBT system, and we provide the complete ground-state and
finite-temperature phase diagram with repulsive interactions,
which solves the previous debates in this system [31–37].
We find the transition between BNDS and SNI in the phase
diagram is similar to the liquid-gas transition and provide
the numerical results of the thermodynamic characteristics,
in that the BNDS state is characterized by cV ∼ T 2 of emer-
gent Dirac cones from interacting QBT systems, distinctively
different from the exponential form in other phases. The
interaction-driven BNDS, with emergent Lorentz symme-
try and unique thermodynamic properties, can stimulate a
deeper understanding of the QBT systems and provide an

alternative interaction-driven Dirac semimetal in materials
such as kagome metals [38–43], bilayer graphene [2–5], and
the α-Sn, HgTe, and iridate compound R2Ir2O7 (R = Pr,
Nd) [10–12,14].
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