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Theory for Fourier-limited attosecond pulse generation in solids
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The generation of ultrashort light pulses is essential for the advancement of attosecond science. Here, we
show that attosecond pulses approaching the Fourier limit can be generated through optimized optical driving of
tunneling particles in solids. We propose an ansatz for the wave function of tunneling electron-hole pairs based
on a rigorous expression for massive Dirac fermions, which enables efficient optimization of the waveform of
the driving field. It is revealed that the dynamic sign change in the effective mass due to optical driving is crucial
for shortening the pulse duration, which highlights a distinctive property of Bloch electrons that is not present in
atomic gases, i.e., the periodic nature of crystals. These results show the potential of utilizing solid materials as
a source of attosecond pulses.
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Introduction. Ultrafast physics has advanced significantly
owing to the development of femtosecond lasers [1,2]. These
intense, short pulses allow for time-resolved measurements of
chemical reactions of molecules [3] and even induce macro-
scopic phase transitions in condensed matter systems [4–7].
In recent years, the pulse duration of lasers has reached
attosecond timescales, enabling observation of coherent dy-
namics in atoms, molecules, and solids [8–14], and potentially
lightwave control of quantum systems within a single optical
cycle [9,15–24], which were previously inaccessible because
of relaxation and dephasing and are now attracting consider-
able interest.

High harmonic generation (HHG) is a phenomenon in
which a series of attosecond or femtosecond pulses with broad
spectra is generated, and it has been actively studied owing
to its fertile fundamental physics and potential applications
in generating attosecond pulses. HHG was first observed in
atomic gases [25–29] and recently in solids such as semicon-
ductors [30–40], topological materials [41–44], and strongly
correlated systems [45–67]. Condensed matter systems are
promising pulse sources because their density is much higher
than that of atomic gas systems, and research on attosecond
pulse generation in such systems [33,68–72] has recently been
triggered by the development of waveform synthesis of optical
electric fields [73–78].

One of the difficulties in shortening the pulse duration
lies in a chirp of wave packets. Ionized or excited free elec-
trons (holes) have a positive (negative) mass—i.e., chirp—and
their sign does not change. Therefore, the width of the wave
packet monotonically spreads out as time evolves, which
broadens the pulse width when carriers recombine, as de-
picted in Fig. 1(a). In atomic gas systems, this issue can be
resolved by passing pulses through a metal foil with negative
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dispersion, leading to a pulse duration of several tens of at-
toseconds [79,80]. On the other hand, in crystalline solids, the
sign of the effective mass of carriers can be changed by optical
driving [see Fig. 1(b)], suggesting an efficient way to refocus
wave packets based on the inherent nature of Bloch electrons.

There are two contributions to the pulse emission from
solids: intraband currents due to nonlinear changes in carrier
velocities, and interband currents associated with recombina-
tion of carrier wave packets. Since the nonlinear changes in
carrier velocities arise mainly from the Bloch oscillation, the
pulse duration can be shortened by increasing the intensity
of the external pulses. For example, Ref. [33] reported that
in SiO2, single-cycle optical pulses with a peak strength of
110 MV cm−1 drive intraband currents and yield ultrashort
pulses with a duration of 472 as. However, common semicon-
ductors are often prone to ablation when subjected to electric
fields of several tens of MV cm−1, which poses a challenge
for generating attosecond pulses through intraband currents.
In addition, while the spectrum of pulses generated from in-
traband currents typically spans the extreme ultraviolet to soft
x-ray range, there is also a strong desire for ultrashort pulses
in the ultraviolet range for application in time-resolved spec-
troscopy of atoms, molecules, and condensed matter [81–83],
which is beginning to be achieved with state-of-the-art opti-
cal technology including waveform synthesis [84] and fiber
optics [85].

On the other hand, attosecond pulse generation based
on interband currents has received mainly theoretical atten-
tion [69–71] and still remains elusive because, for instance,
the theoretical description of quantum tunneling induced
by intense electric fields is difficult [28,80,86–90]. Despite
the previous studies, a systematic procedure for optimiz-
ing the incident light to achieve the Fourier limit has not
been established, which is crucial for generating attosecond
pulses covering the ultraviolet range. Recently, a theoreti-
cal study [91] analyzed the pulse emission generated by the
recombination of resonantly excited carriers. The results of
that study imply that if carriers are excited through quantum
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FIG. 1. (a) Dynamics of wave packets in real space. The wave
packet of free or undriven particles monotonically spreads out (top
two panels), whereas that of Bloch electrons can be refocused by
optical driving (bottom panel). (b) Sketch of optically driven particles
in crystalline solids. The sign of the effective mass changes during
optical driving.

tunneling and subsequently driven by an optical field, their
energy spectrum will be broad, and the sign of the carrier
mass can be reversed, which may lead to a short pulse width.
Furthermore, the emitted pulse spectrum is expected to span
the ultraviolet (or even visible) range, depending on the band
width and energy gap.

In this Letter, we investigate the real-time dynamics of
tunneling electron-hole pairs in an intense electric-field pulse.
First, we make an ansatz for the wave function of the tun-
neling electron-hole pairs by expanding a rigorous formula
for quantum tunneling of massive Dirac fermions [92] into
that of Bloch electrons in crystalline solids. We then propose
a method for optimizing the waveform of a driving pulse to
shorten the emitted pulse duration. A numerical simulation
successfully demonstrates the generation of a short pulse near
the Fourier limit, revealing that the dynamic sign change in
the effective mass, which is unique to Bloch electrons, plays
an essential role.

Ansatz for the wave function of tunneling particles. Given
a conduction band and a valence band involved with quantum
tunneling due to an intense pulse, we can consider a two-band
effective model described by the Dirac equation

(i/∂ − mv)ψ = 0, (1)

with h̄ = 1, where ψ denotes the Dirac spinor for a fermion
with mass m, and v is the counterpart of the speed of light.
The positive-energy (negative-energy) solution of Eq. (1), de-
noted by ψcb (ψvb), corresponds to the conduction (valence)
electron. Narozhnyi and Nikishov [92] derived rigorous ex-
pressions for ψcb and ψvb after tunneling of electrons induced
by the Sauter potential, AS(τ ) = −AS0[1 + tanh(ωSτ )]/2,
where τ represents time. The electric field of the Sauter
potential, ES(τ ) = −∂τ AS(τ ) = AS0ωSsech2(ωSτ )/2, reaches
its peak value of AS0ωS/2 at τ = 0 and induces electron
tunneling.

In this work, we extend the Narozhnyi-Nikishov formula
to encompass crystalline band insulators in a vector potential
that is not restricted to the Sauter potential, by making an
ansatz for the wave function of the tunneling electron-hole

pair,

ψvb
k (τ )∗ψcb

k (τ )

≈ ∣∣ψvb
k

∣∣∣∣ψcb
k

∣∣G(μ + ν − λ)G(−μ + ν + λ)G(−μ + ν − λ)

G(−μ − ν − λ)G(2ν)2

× exp

(
i
∫ ∞

0
dτ {εD(k − qAS(τ )) − εD(k − qAS(∞))}

)

× exp

{
−i

∫ τ

0
dτ ′ε(k − qA(τ ′))

}
, (2)

for τ � |ω−1
S |. Here, ε(k) represents the energy of the

electron-hole pair with momentum k in a band insulator, and
εD(k) = 2

√
(mv2)2 + (vk)2 is that for Dirac fermions. The

absolute values of the wave functions are given by |ψcb
k | =√

sh(μ + ν − λ)sh(−μ − ν − λ)/sh(−2μ)sh(2ν) and
|ψvb

k | = √
sh(−μ + ν + λ)sh(−μ + ν − λ)/sh(−2μ)sh(2ν),

where sh(x) is shorthand for sinh(πx). The function G is
defined by G(y) = √

y sinh(πy)/πΓ (iy) for y ∈ R with Γ

being the gamma function, satisfying |G| = 1. The parameters
m and v are given by the relations mv2 = ε(k0)/2 and
v2 = ε′′(k0)ε(k0)/4, and thereby ε(k) can be approximated
by the Dirac dispersion around each minimum of ε(k) at
k = k0. The other parameters μ, ν, and λ are determined by
the relations 2ωSμ = −εD(k)/2, 2ωSν = εD(k + qAS0)/2,
and 2ωSλ = −vqAS0. The electric charge q is set to one
in our calculations. Since we are interested in a situation
where the electric field E (τ ) = −∂τ A(τ ) has a strong
peak that causes electron tunneling, AS0 and ωS are set to
AS0 = −2A(0) and ωS = −E (0)/A(0), with τ = 0 being
the time when E (τ ) reaches its maximum. Note that
replacing ε(k) with εD(k) and A(τ ) with AS(τ ) reproduces
the result in Ref. [92]. To achieve attosecond pulse generation
without unnecessary complications, we will assume that the
tunneling pairs are driven around each minimum of ε(k)
and experience tunneling only once so that Eq. (2) can be
applied independently to every tunneling pair around the
minimum [93].

Our ansatz in Eq. (2) can describe not only the asymptotic
state of the electron-hole pair after quantum tunneling, but
also the transient dynamics induced by optical driving, as
shown later. The phase factor in the second to last line of
Eq. (2) describes the dynamical phase attributed to the back-
ward time evolution of Dirac fermions from time τ → ∞ to 0,
and that in the last line is the dynamical phase of Bloch elec-
trons from time 0 to τ ; these are crucial for compensating for
the discrepancy between the given dispersion relation ε(k) and
the Dirac dispersion relation εD(k). Furthermore, even though
Eq. (2) is deduced from the analytical result for massive Dirac
fermions, we can apply it to insulators with indirect band
gaps since it involves only the difference between the energies
of the conduction and valence bands, ε(k), and also to two-
or three-dimensional systems by considering one-dimensional
carrier motions along high-symmetry lines driven by a linearly
polarized pulse [91].

Optimization of an optical driving field. To facilitate the
analysis, we divide the vector potential of an external optical
pulse, A, into two parts: an excitation pulse Ae, which causes
quantum tunneling of electrons, and a driving pulse Ad, which
drives the electron-hole pairs after tunneling. The excitation
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pulse is assumed to have a strong peak at τ = 0, while its
waveform can be arbitrary. The driving pulse reverses the rel-
ative group velocity of the electron-hole pair, resulting in pair
recombination and pulse emission [91]. To minimize the du-
ration of the emitted light pulse by optimizing the waveform
of the driving pulse, we consider a set of the vector-potential
values at several representative times, {Ad(τ j )} j=0,1,...,M , with
τ j = jδτd. We reconstruct Ad(τ ) from {Ad(τ j )} by performing
a fifth-order spline interpolation with boundary conditions:
Ad(τ0) = ∂τ Ad(τ0) = ∂2

τ Ad(τ0) = 0, Ad(τM ) = −Ae(∞) [i.e.,
A(∞) = 0], and ∂τ Ad(τM ) = ∂2

τ Ad(τM ) = 0.
To take advantage of the analytical expression in Eq. (2),

we rewrite Eq. (2) as ψvb
k (τ )∗ψcb

k (τ ) = fk exp[iϕk (τ )]. Here,
fk = |ψvb

k ||ψcb
k | represents the amplitude, which is governed

by Ae(τ ), and the phase ϕk (τ ) is a functional of Ad(τ ).
Since the interband electric current is given by Jinter (τ ) =∑

k Jvc
k−qA(τ )ψ

vb
k (τ )∗ψcb

k (τ ) + c.c., with Jvc
k being the transi-

tion dipole moment [94], the phase of the wave function
(and thus that of the electric current), ϕk , should be k in-
dependent when the electron and hole recombine at τ = τr ,
for a minimum pulse duration. We thus employ the Gauss-
Newton method to minimize the residual sum of squares
(RSS) defined by R = N−1

r

∑
k f̃ n

k [∂kϕk (τr )]2. Here, Nr repre-
sents the number of wave numbers used for the optimization,
f̃k (∝ fk ) denotes the normalized weight, and the exponent
n of f̃k is chosen such that the numerical procedure is kept
stable. In our calculations, we used Nr = 100 and n = 14,
and neglected eigenvalues smaller than 10−3 when solving
the linear equations. The gradient of RSS, δR/δAd(τ j ), is
given by the product of δR/δAd(τ ) and δAd(τ )/δAd(τ j ); the
latter derivative can be efficiently evaluated by replacing the
spline function for (Ad(τ0), Ad(τ1), . . . , Ad(τM )) with that for
(0, . . . , 0, 1, 0, . . . , 0), where only the jth component is one.

Numerical results. To demonstrate the validity of the wave
function in Eq. (2) and the effectiveness of our optimization
method, we consider a tight-binding model for a band insula-
tor. The Hamiltonian is given by H = ∑

k 
c†
kHk 
ck , with

Hk = −2th cos(k) σ x − (Eg/2) σ z, (3)

where 
c†
k = (c†

k1, c†
k2) is a vector of creation operators for

electrons in orbital ν = 1, 2 with crystal momentum k, and
σ x and σ z denote the Pauli matrices. The lattice constant
a is set to one. The parameters th and Eg represent the
transfer integral and the energy gap, respectively. We used
th = 3 eV and Eg = 3 eV as typical values for the band
width (≈10 eV) and energy gap of semiconductors such
as ZnO. The energy of the electron-hole pair is given by
ε(k) = 2

√
(2th cos k)2 + (Eg/2)2, which has two minima at

k = ±π/2 (≡ ±k0) in the first Brillouin zone, resulting in
mv2 = Eg/2 and v = +2th (−2th) for k = +k0 (−k0). In this
model, it is sufficient to consider only one of the minima at
k = +k0 owing to the symmetry of this model; in general, we
need to minimize the weighted sum of RSSs for all k0’s [95].

The vector potential A(τ ) is introduced through the Peierls
substitution, k �→ k − qA(τ ). In particular, we chose an ex-
citation pulse given by Ae(τ ) = −Ae0[1 + erf (ωeτ/

√
2)]/2,

where erf is the error function, for which the Sauter-
potential parameters are AS0 = Ae0 and ωS = ωe

√
2/π ; we

used Ae0 = π/2 and ωe = 0.2th so that the excitation
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FIG. 2. (a) Left panel: optimized phase derivative at recombina-
tion time, τr ≈ 20 fs (blue points), and excitation distribution fk (red
curve). The green and dashed-green curves represent the dispersion
relations of the tight-binding model and the Dirac fermions, respec-
tively. Right panel: the Fourier spectrum J̃inter (ω) of the interband
current for τ � 17.1 fs multiplied by ω. (b) Optimized waveforms of
the electric field (blue curve) and vector potential (red curves). The
crosses indicate the representatives {Ad(τ j )} used for optimization.
(c) Electric currents calculated from the ansatz (red) and from the
numerical simulation (blue). The inset is an enlarged view from
τ = 18 to 22 fs.

distribution would be broad in energy. The time evolution of
the state |Ψ (τ )〉 is described by |Ψ (τ + δτ )〉 = exp[−iH(τ +
δτ/2)δτ ]|Ψ (τ )〉 + O(δτ 3). The electric current is defined by
J (τ ) = 〈Ψ (τ )|Ĵ (τ )|Ψ (τ )〉, with Ĵ (τ ) = −N−1δH(τ )/δA(τ ),
where N represents the number of k points. We employ τr =
90t−1

h ≈ 20 fs, δτd = 15t−1
h , and M = 6 for the optimization,

and δτ = 0.03t−1
h and N = 1000 for the simulation. We set

th/(qa) = 92 MV cm−1 and qth/h̄ = 0.73 mA as the units
of the electric fields and electric currents, respectively, for
th = 3 eV and a = 3.25 Å.

The left panel of Fig. 2(a) shows the excitation distribu-
tion of the electron-hole pair, fk , and the optimized phase
derivative, ∂kϕk , at time τ = τr . The phase derivative was
successfully optimized, i.e., ∂kϕk ≈ 0, around the center of
the excitation distribution, k − k0 = kc = −qAS0/2 = −π/4,
with R = 2.18 × 10−5. The optimized waveforms of the elec-
tric field and vector potential are plotted in Fig. 2(b), where
we took seven representatives {Ad(τ j )} j=0,1,...,6 as indicated by
the crosses. Figure 2(c) displays the electric current calculated
from our ansatz in Eq. (2) and that from the numerical simu-
lation of the tight-binding model. The electric field reaches its
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FIG. 3. (a) RSS as a function of δAd(τ j ). (b) FWHM of the
generated pulse. The dashed line indicates the Fourier-limited pulse
duration.

maximum at τ = 0, and the electric current associated with
the tunneling particles flows simultaneously. Following the
optical driving, a subcycle electric current pulse is generated
at τ ≈ 20 fs with an emission spectrum in the ultraviolet
range, as shown in the right panel of Fig. 2(a). The full width
at half maximum (FWHM) of the pulse envelope obtained
from the Hilbert transformation is 645 as. There is good agree-
ment between the ansatz and the numerical simulation, which
indicates that the wave function in Eq. (2) can accurately
describe not only the asymptotic state in the long-time limit,
but also the transient state under optical driving.

Figure 3 shows the effects of an error in the repre-
sentative Ad(τ j ) on the RSS, R, and the FWHM of the
generated pulse calculated from the ansatz, �τ , when one
of the representatives deviates from the optimized value
Ad(τ j ) to Ad(τ j ) + δAd(τ j ). The RSS grows quadratically
with δAd(τ j ), indicating that the optimization procedure was
successfully performed. Furthermore, we find in Fig. 3(b)
that the FWHM of the optimized pulse is close to the
Fourier limit (≈619 as), which is evaluated by replacing
ψvb∗

k ψcb
k with fk exp[−iε(k)(τ − τr )], and is rather insensitive

to δAd(τ j ) [96]. If one needs to generate a pulse with a FWHM
less than 1 fs, the allowable error in the vector potential is
estimated to be |δA(τ j )/A(τ j )| � 0.03 for τ = τ j=2.

Discussion. To gain insight into the underlying mechanism
of the short-pulse generation demonstrated above, let us con-
sider a case where only two parameters—e.g., τr and Ad(τ1)
when M = 2—are optimized. In this case, the condition that
R is minimized can be written as

∂kϕk (τr )|k=kc = 0, (4)

∂2
k ϕk (τr )|k=kc = 0, (5)

where we set k0 = 0 for simplicity. Since ϕk (τr ) can be ex-
pressed as ϕk (τ ) = θk − ∫ τ

0 dτ ′ ε(k − qA(τ ′)), with θk being
a time-independent constant, Eq. (4) reduces to −∂kθk|k=kc +∫ τr

0 dτ ∂kε(k − qA(τ ))|k=kc = 0, which means that the relative
displacement between the electron and hole is zero at τ = τr ,
given that −∂kθk|k=kc corresponds to the relative displacement
at τ = 0 as discussed in Refs. [28,89,97–99].

Equation (5) states that the chirp of the wave packet
of the electron-hole pair is zero at τ = τr, and it can
be written as

∫ τr

0 dτ m−1(k − qA(τ ))|k=kc = ∂2
k θk|k=kc , where

m−1(k) = ∂2
k ε(k) denotes the inverse mass. The right-hand

side is a constant with an approximate value of 0.57 in the
present calculation. On the other hand, for massive Dirac
fermions with m−1

D (k) = ∂2
k εD(k) > 0, the time integral of the

inverse mass monotonically increases and is estimated to be of
the order of 102; therefore, the condition in Eq. (5) is not sat-
isfied. As a result, the wave packet of free particles gradually
spreads out in real space [the top two panels of Fig. 1(a)]. In
crystalline solids, however, the sign of the effective mass can
change during optical driving, as depicted in Fig. 1(b), which
enables a reduction in the pulse duration by refocusing the
wave packet [the bottom panel of Fig. 1(a)]. The video in the
Supplemental Material [94] illustrates this real-space motion
of the wave packet.

According to the semiclassical analysis based on the three-
step model, the recombination at τ ≈ 20 fs is attributed to
electrons following a long trajectory [94]. The driving field
controls the chirp of this long trajectory through the dy-
namic sign change in the effective mass. Consequently, the
Fourier-limited pulses can be generated from the entire current
without, e.g., filtering harmonics [29].

Finally, let us discuss the effect of dephasing on the short-
pulse generation. Since the fastest timescale of dephasing
or relaxation in solids is typically of the order of ten fem-
toseconds, the coherence of electrons must be maintained on
that timescale to observe intriguing ultrafast phenomena. If
we consider a dephasing time T2 independent of the wave
numbers of the carriers, the interband current will decay expo-
nentially as J (τ ) ∝ exp(−τ/T2) [100], while its waveform—
i.e., pulse duration—remains unchanged. However, a more
profound study that explicitly considers dephasing will be left
for future work.

Conclusion. We demonstrated that attosecond pulses can
be generated by controlling the motion of tunneling parti-
cles in solids by using optical driving. The ansatz for the
wave function of tunneling particles in Eq. (2) facilitates
efficient optimization of the optical driving pulse, resulting
in a substantial reduction in the pulse duration towards the
Fourier limit. The central frequency of the emitted pulse lies
in the ultraviolet range and could potentially be reduced to
the visible range, depending on the band gap. The intensity
of the external electric-field pulse (∼0.1th) is of the order of
several MV cm−1, which is one or two orders of magnitude
smaller than that based on the intraband current mechanism.
The present results provide a theoretical limit for the pulse
duration and suggest that semiconductors with wide energy
bandwidths and broad negative-mass regions are promising
sources of attosecond light pulses in combination with wave-
form synthesis [73–78] of optical electric fields, specifically
in the mid- to near-infrared range.
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