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Endowing the Ising superconductor NbSe, with nontrivial band topology via proximity coupling
with the two-dimensional ferromagnet Fe;GeTe,
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Using first-principles calculations combined with the Lowdin partitioning method, we investigate the layer-
resolved topological properties of the Ising superconductor NbSe, proximity coupled with a two-dimensional
metallic ferromagnet Fe;GeTe, (FGT). We first reveal that the top NbSe, monolayer develops a nontrivial
band topology under the lateral compression caused by the FGT overlayer, while the remaining NbSe, lay-
ers maintain their band triviality. More significantly, the top NbSe, monolayer exhibits distinctly different
band topology when the FGT magnetization is switched off or on, characterized by a topological invariant
Z> =1 or Chern number C = 1, respectively. We further confirm that the Ising pairing nature in the top
NbSe, monolayer is well preserved in the heterostructure. This study not only provides an appealing can-
didate system for realizing topological Ising superconductivity, but also presents a generic first-principles
based approach for describing topological superconductivity beyond prevailing empirical phenomenological

modeling.
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Over the years, substantial efforts have been devoted to
discoveries of topological superconductors, which in turn
can be further exploited as building blocks for the poten-
tial realization of Majorana-based qubits and fault-tolerant
quantum computing [1-10]. In this endeavor, different design
schemes have been employed to realize topological su-
perconductivity, including notably heterostructural platforms
that integrate proper superconducting and other constituent
materials proximity coupled with each other [11-13]. Can-
didate superconducting materials normally possess strong
spin-orbit coupling (SOC) [13], including Ising supercon-
ductors whose Cooper pairs possess mixed spin-singlet and
triplet components due to strong SOC and inversion symmetry
breaking [14-22]. Signatures of unconventional orbital Fulde-
Ferrell-Larkin-Ovchinnikov states have also been predicted
or observed recently in Ising superconductors [23,24]. The
other constituent materials that have been exploited so far
include topological insulators [11,25-28], semiconducting or
magnetic wires [12,29,30], and two-dimensional (2D) mag-
nets [31-38]. In these studies, the emergence of topological
superconductivity has typically been signified by the obser-
vation of Majorana zero modes as quasiparticle excitations
at defective sites (e.g., superconducting vertex centers, wire
ends, island edges, etc.). Yet to date, despite the extensive
research efforts surrounding the various realization routes,
definitive proofs of topological superconductivity such as
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an unambiguous demonstration of the non-Abelian statistics
obeyed by the Majorana fermions are still lacking. Given this
grand challenging status of the vitally important field, new
candidate materials platforms that may harbor topological
superconductivity remain strongly desirable, especially those
that may facilitate more convenient braiding of the resultant
Majorana excitations.

Among the different classes of candidate topological super-
conductors based on van der Waals (vdW) heterostructures,
those integrating 2D ferromagnets and Ising superconduc-
tors have gained increasing attention [39—42]. Compelling
examples include the observations of Majorana modes at the
edges of a semiconducting magnetic monolayered island of
CrBr; on top of an Ising superconductor of NbSe, [39],
and surprisingly long-distance transmission of skin Joseph-
son currents across a metallic magnetic bridge of Fe;GeTe,
(FGT) connecting two NbSe, terminals [42]. In particular,
in the latter system, competing microscopic mechanisms for
the unusual transmission have been speculated, including the
emergence of a spin-triplet component of the supercurrent,
which in principle would characterize the system to be topo-
logically nontrivial. Yet on the theory side, the prevailing
approach to address the topological nature of such hybrid
systems of magnetic and superconducting components has so
far relied on phenomenological modeling [12,39,43-45], in
which the treatments of both band structures and magnetic
components typically invoke empirical physical parameters. It
remains highly desirable, and technically also challenging, to
characterize and further identify the origin of the topological
nature of such given system with the equal footing accuracy
of first-principles approaches.
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In this Letter, we use first-principles calculations combined
with the Lowdin partitioning method [46,47] to investigate
the layer-resolved topological properties of a representative
system consisting of an Ising superconductor of NbSe, prox-
imity coupled with a ferromagnet of FGT. Given the metallic
nature of both components and the resultant overpopulated
bands around the Fermi level, no existing first-principles
based approach can be employed to characterize the topo-
logical nature of the system. Nevertheless, the Lowdin
partitioning method allows one to construct an effective model
for each NbSe, layer by taking into account the influence of
neighboring layers with first-principles accuracy (including
both FGT and NeSe,). Our studies first reveal that the top
NbSe, monolayer closest to the FGT layer develops a non-
trivial band topology due to the concerted effect of SOC and
trimerized lattice distortion induced by the FGT overlayer,
while the remaining NbSe; layers stay trivial. More signifi-
cantly, by switching on or off the FGT magnetization, the band
topology of the top NbSe, monolayer is characterized by a
Chern number C= 1 or topological invariant Z, = 1, respec-
tively. These findings help to shed light on the microscopic
understanding of the existing experimental observations of
skin transmission effects in this system [42], and provide an
appealing candidate platform for realizing topological Ising
superconductivity. Furthermore, the approach demonstrated
here for characterizing topological superconductivity beyond
the prevailing empirical phenomenological modeling method
[12,39,43-45] should find broad applicability in other related
systems.

We first obtain the structural, magnetic, and electronic
properties within density functional theory (DFT), and the
WANNIER90 package [48,49] is then utilized to construct the
real-space Hamiltonian H (R). In stark contrast to a typical
topological insulator characterized by a well-defined global
band gap over the Brillouin zone (BZ), the intricate band
structure around the Fermi level of FGT/NbSe, (see Fig. 1)
hinders straightforward calculations of the Wannier charge
centers (WCCs) and associated topological invariants. To re-
veal the hidden topological properties, we employ the Lowdin
partitioning method to construct the layer-resolved effective
Hamiltonian for each NbSe; layer by perturbatively incorpo-
rating the influence of neighboring layers.

Since Lowdin partitioning is more convenient for carrying
out in the k space in the present study, we transform H (R) into
H (l?) via Fourier transformation H (E) =) eFRE R) /Nk,
where Ny is the total number of k points [50]. The total k-space
Hamiltonian H (l_é) can be decomposed into

H(k) = H (k) + H' (k), (1)

where H° and H' denote the layer-diagonal and off-diagonal
blocks of H, respectively. Since the interlayer interaction be-
tween either two neighboring NbSe; layers or NbSe; and FGT
layers is vdW type, which is much weaker than the intralayer
kinetic energy of electrons, H' can be perturbatively integrated
in constructing the layer-resolved effective Hamiltonian. By
implementing the Lowdin partitioning (refer to the Supple-
mental Material (SM) [51], which contains further method
and calculation details together with the relevant references
involved [52-81]), the layer-resolved effective Hamiltonian is
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FIG. 1. (a) Top (upper panel) and side (lower panel) views of
the FGT/NbSe; heterostructure. DFT band structures of FGT/NbSe,
projected onto the (b) top NbSe, monolayer and (c) FGT overlayer,
with the sizes of the colored dots representing the atom weights.
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where [ (I') and m (m’, n) are the layer and band indices,
respectively, H = U~'H'U, U = {|Im)} is a unitary matrix
that diagonalizes H°, and |/m) and E},, are the corresponding
eigenstate and eigenenergy.

The Lowdin partitioning method works well when the
layer-diagonal energy separation between two neighboring
layers is sufficiently larger than the layer-off-diagonal cou-
pling strength. To simplify the numerical calculations, we
further approximate the energy of the target layer / in Eq. (2)
by the layer-averaged energy E; = NZ_l > Eim, where Nj is
the dimension of the /th layer Hamiltonian. Equation (2) is
then reduced to

I:Ilm,lm’ ~ Elmgmvm’ + Zﬁl/m,l’nﬁl/’n,lm’ (—;> (3)
o E; —Epy,

The validity of this approximation is reflected in Figs. 2(a)
and 2(b), where the band structures obtained from Eq. (3)
agree well with those obtained from the DFT calculations. Ad-
ditional discussions about the validity of this method are given
in the SM [51]. Once the k-space layer-resolved effective
Hamiltonian in Eq. (3) is constructed, we transform it back
into the Wannier basis as Her (R) = 3 ; e R RUA KU N,
and employ WANNIERTOOLS and Z2PACK [77-80] to investi-
gate the associated layer-resolved band topology.
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FIG. 2. (a) Projected band structures of the top NbSe, monolayer
calculated from the DFT (blue and green dots) and effective Hamil-
tonian (EH, red dots) when the FGT magnetization is switched on.
The sizes of the colored dots represent the atom weights. The gray
area highlights the “curved” band gap. (c),(e) The corresponding
summation of the hybrid WCCs as a function of k, and topological
edge states, both calculated from the EH. In (e), the warmer colors
denote higher edge densities of states, while the blue regions denote
the 2D bulk gaps. (b),(d),(f) Same as (a),(c),(e), but for the FGT
magnetization switched off.

Before studying the electronic and topological properties,
we examine the energetic, dynamic, and thermodynamic sta-
bilities of an FGT/NbSe, heterostructure consisting of an
FGT monolayer and three 2H-NbSe, bilayers. FGT is a 2D
ferromagnetic metal with a high Curie temperature of 205 K
in its bulk phase [33], while H-phase NbSe, atomic layers,
especially in the monolayer limit, exhibit significant Ising
superconductivity [18-22]. The lattice constants of a free-
standing FGT monolayer and 2H-NbSe, are calculated to
be 4.00 and 3.45 A, respectively, in good agreement with
earlier reported values [33,57-59]. When forming the het-
erostructure, a supercell consisting of +/3 x +/3 FGT and
2 x 2 NbSe; in the x-y plane is adopted, leading to a lattice
mismatch of only 0.4%. To investigate the energic stabil-
ity of FGT/NbSe,, we calculate the binding energy defined
by Ey = Ergr + ENbse, — Ens, Where Ergr, ENvse,,» and Eps
are the total energies of the FGT, NbSe,, and FGT/NbSe,
heterostructure, respectively. Three high-symmetric stacking
configurations are considered (see Fig. S1 in the SM [51],
which contains more DFT calculation details), and the most
stable one is the Te-centered structure shown in Fig. 1(a),
yielding the highest E}, of 1.73 eV per supercell (equivalent
to 42meV/A2). The phonon spectrum of FGT/NbSe, cal-
culated using density functional perturbation theory shows
no imaginary frequency (Fig. S2 [51]), indicating that the
heterostructure is dynamically stable. Moreover, our ab initio

molecular dynamics simulations performed at 230 K for up
to 20 ps confirm the thermodynamic stability of the system
(Fig. S2 [51]).

We next investigate the electronic properties of the most
stable configuration of FGT/NbSe, based on DFT calcula-
tions and Wannier functions [50] with the inclusion of the
SOC. The band structures of FGT/NbSe, projected onto the
top NbSe, layer and FGT are shown in Figs. 1(b) and 1(c),
respectively, both of which are metallic and pronouncedly
hybridized around the Fermi level. Moreover, as shown in
Fig. 1(b), band splittings are revealed at the time-reversal-
invariant I" and M points for NbSe,, which are attributed to the
magnetic proximity effect of FGT. These observations suggest
that the vdW-type coupling between FGT and NbSe; indeed
plays a crucial role in tuning both the electronic and magnetic
properties of the heterostructure. However, the absence of a
global or “curved” band gap over the whole BZ of FGT/NbSe;
hampers calculations of the topological invariant from hybrid
WCCs [80].

To explore the potentially hidden band topology in each
layer of NbSe;, we employ the approach introduced earlier
to construct the layer-resolved effective Hamiltonian. Here,
we mainly focus on the top NbSe, monolayer because it
is proximal to the FGT overlayer. As shown in Figs. 2(a)
and 2(b), the band structures calculated from the effective
Hamiltonian agree well with the DFT results of the top NbSe;
monolayer-projected band structures around the Fermi level,
validating the approximation employed in constructing the
layer-resolved Hamiltonian. When switching on the ferromag-
netism of FGT, band splittings around the I" and M points
are also reproduced. Significantly, well-defined “curved” band
gaps emerge in Figs. 2(a) and 2(b), separating the bands into
“occupied” and “unoccupied” states, enabling the calculations
of WCCs and the corresponding topological invariants [80].

When the FGT magnetization is on, the Chern number
is calculated by C = X (27) — X (0) [78,79], where X (k,) =
al > X%i(ky), i denotes the band index, and a, is the lattice
constant along the x direction. The WCCs X;(k,) are assumed
to be smooth functions of &, within k, € [0, 27 ]. When the
FGT magnetization is off, the Z, topological invariant is given
by Z, = |X () — X (0)| mod 2. Based on the effective Hamil-
tonian, we calculate the WCCs of the top NbSe, monolayer
and find C =1 (Z; = 1) in the on (off) case, as depicted in
Figs. 2(c) and 2(d).

As another manifestation of the nontrivial band topology,
we calculate the corresponding topological edge states of the
top NbSe, monolayer, as shown in Figs. 2(e) and 2(f). When
the FGT magnetization is switched on, only one topological
edge state connecting the “occupied” and “unoccupied” bulk
bands is present, consistent with C = 1. Notably, there is also
a trivial edge state, which starts from the “unoccupied” bands,
crosses the “curved” gap, and finally returns to the “unoc-
cupied” bands. When the FGT magnetization is off, there
are two topological edge states connecting the “occupied”
and “unoccupied” bulk bands, consistent with Z, = 1. These
observations are reminiscent of magnetic topological insula-
tors [81-83], where ferromagnetism trivializes one subset of
the Z, topological states, converting the system into quantum
anomalous Hall insulators with C = 1.
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FIG. 3. (a) Lattice structure of a slab of the top NbSe, monolayer oriented along the [010] direction, where the red arrows indicate the
trimerized lattice distortion. (b) The corresponding DFT band structure. (c) Topological edge states of the slab shown in (a), where the warmer

color denotes the states at the right edge of the slab.

To reveal the origin of the nontrivial band topology of
the top NbSe, monolayer, we isolate it from a fully re-
laxed FGT/NbSe, heterostructure to study its own electronic
and topological properties via DFT calculations. As shown
in Fig. 3(a), the isolated top NbSe, monolayer exhibits a
trimerized lattice distortion due to lateral compression caused
by FGT, forming a 2 x 2 reconstructed structure. With the
inclusion of SOC, a gap is opened between the two inter-
secting bands characterized by the d. and d,, orbitals of Nb,
as illustrated in Fig. 3(b). Notably, the band structures of a
normal 2 x 2 NbSe, supercell are compared in Fig. S3 [51],
showing that the band crossings due to band folding cannot
be gapped by the SOC without lattice distortion. Given the
existence of time-reversal symmetry and a “curved” band gap,
we can calculate the Z, topological invariant of the system and
find Z, = 1. Moreover, as shown in Fig. 3(c), Dirac-cone-like
topological edge states are revealed along the [010] direction
in the slab structure. Based on these results, we reach the
conclusion that the emergence of the nontrivial band topology
in the top NbSe, monolayer arises from the concerted effect
of the trimerized lattice distortion and SOC.

In addition to the top NbSe, monolayer, we also construct
the layer-resolved effective Hamiltonians of the second to
sixth NbSe, layers, with the resulting band structures shown
in Fig. S5 [51]. We find that only the top NbSe, monolayer
opens a “curved” band gap and possesses the nontrivial band
topology. Indeed, the binding energy between FGT and the top
NbSe, layer and that between any two of the rest of the NbSe,
layers are calculated to be 42 and 28 meV /A2, respectively,
indicating a stronger interaction in the former case. Conse-
quently, the top NbSe, layer exhibits the distinct trimerized
lattice distortion, which further induces the nontrivial band
topology, while the rest of the NbSe, layers stay trivial. This
is because the trimerized lattice distortion occurs only in
the top NbSe, monolayer due to the direct proximity effect
of FGT.

Earlier studies demonstrated that NbSe, atomic layers are
Ising superconductors characterized by high in-plane criti-
cal magnetic fields (H, 6”2) that well exceed the corresponding

Pauli paramagnetic limits (H),) [18-22]. For the FGT/NbSe,
heterostructure, the FGT overlayer inevitably affects the
electrical potential environment surrounding the top NbSe,
monolayer, and thus, in principle, could alter the strength of
the Ising SOC. The more recent experimental observation of
superconductivity in the FGT overlayer of FGT/NbSe, [42]
indicates that superconductivity in the top NbSe, monolayer
must persist. Here, we explore the robustness of the Ising pair-
ing character in the top NbSe, monolayer by assuming that its
superconductivity is preserved. In particular, we calculate H cHz
using the pair breaking formula [84—86]

T 1 MBHCH;/HSOC 1y
m(f)“”(i*W)“”(i)‘"’ @

where T is the superconducting critical temperature without
the in-plane magnetic field, ¥ (x) is the digamma function,
wp is the Bohr magneton, kg is the Boltzmann constant, and
Hsoc = Asoc/2up with Agoc the SOC energy splitting aver-
aged over the Fermi surface. The spin-projected Fermi surface
of the top NbSe, monolayer is depicted in Fig. 4(a), where the
associated Agoc is estimated to be 49 meV. In Fig. 4(c), we
show the temperature dependence of the in-plane critical mag-
netic field for different 7, with 5.4 K being the experimentally
reported value [42]. When the temperature is far below T,

FIG. 4. (a) Spin-projected Fermi surface of the top NbSe, mono-
layer. (b) Temperature dependence of the in-plane critical field H, 0”2
for different 7.
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our calculations show that HCH2 /H, > 1, indicating that the
Pauli paramagnetic limit H,, [87] is strongly surpassed. There-
fore, the Ising pairing nature in the top NbSe, monolayer
is robust against the presence of the ferromagnetic FGT
overlayer.

Before closing, we briefly discuss the feasibility of real-
izing topological Ising superconductivity in the FGT/NbSe,
heterostructure. By taking advantage of the layer-resolved
effective Hamiltonian, we demonstrate that the top NbSe,
monolayer possesses a nontrivial band topology characterized
by C = 1 and the topological chiral edge state. Even though
this topological edge state is located at ~0.2 eV above the
Fermi level, it can participate in the superconductivity under
proper electron doping [88] or electric gating [89,90] of the
samples. Earlier studies [28,81,91,92] showed that the layer-
resolved chiral edge state is likely to survive in vdW-type
heterostructures due to the lack of backscattering channels.
Combined with the more recent experimental observation
of superconductivity in the FGT/NbSe, heterostructure [42],
this system can therefore harbor both the chiral edge state
and Ising superconductivity, providing a compelling platform
for realizing a topological Ising superconductor along its
quasi-one-dimensional edges. Based on the present study, two
aspects are crucial in designing topological superconductors
consisting of vdW heterostructures. First, the interfacial vdW
coupling should be strong enough to induce stable lattice
distortions in the underlying superconducting layer or lay-
ers to promote the emergence of a nontrivial band topology
[93]. Secondly, the superconducting substrate, e.g., NbSe,,
should contain multiple layers to ensure that the interface is
superconducting, which in turn can give rise to topological
edge states and Majorana excitations. These considerations

may also find relevance in other closely related vdW het-
erostructures consisting of 2D semiconducting magnets and
2D superconductors [94-96].

In conclusion, we have investigated the layer-resolved
topological properties of the Ising superconductor NbSe,
proximity coupled to the 2D ferromagnet FGT and found
that the top NbSe, monolayer develops a nontrivial band
topology, while the remaining NbSe, layers maintain their
band triviality. The nontrivial band topology arises from the
concerted effect of the SOC in NbSe, and trimerized lat-
tice distortion caused by the FGT overlayer, characterized by
Z, =1 in the absence of ferromagnetism. By switching on
the FGT magnetization, the band topology of the top NbSe;
monolayer is converted from Z, = 1 to C= 1. We have also
demonstrated that the Ising pairing nature is well preserved
in the top NbSe, monolayer. These findings help to shed light
on the microscopic understanding of the existing experimental
observations in FGT/NbSe, and related systems and provide
appealing platforms for realizing topological Ising supercon-
ductivity. Moreover, the generic approach demonstrated here,
beyond the prevailing empirical phenomenological treatments
of topological superconductivity, may find broad applicability
in other related systems.
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